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Abstract

This paper presents the development of Ramberg–Osgood and Three-Parameter Power model
prediction equations for the moment–rotation(M–θ) behavior of flush end-plate connections with
one row of bolts below tension and compression flanges. A finite element model (FEM) of the
connection region along with the connected beam and column is developed for load deformation
analyses, which included material, geometric, and contact nonlinearities. The FEM model was
verified with test results conducted and reported forflush end-plate connections in the literature
during the 1980s. A matrix of test cases was obtained by varying the geometric variables of flush end-
plate connections within their practical ranges. The connectionM–θ data for these test cases were
obtained by FEM analyses, which were then curve fitted to Ramberg–Osgood and Three-Parameter
Power model equations to obtain parameters defining these equations. Finally, prediction equations
were developed for parameters of the model equations as functions of geometric variables of the
flush end-plate connections.
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1. Introduction

Moment rotation(M–θ) characteristics of bolted or bolted/welded steel connections are
indicative of the connection’s stiffness, strength, and ductility. Experimentally obtained
M–θ behavior is entirely dependent upon and highly sensitive to the connection’s
geometric variables (i.e., plate/angle thickness, bolt diameter, bolt pitch, bolt gauge, etc).

Studies relating to rotational stiffness of beam-to-column connections historically go
back to early 1900. Wilson and Moore [1] conducted several tests to establish the
relationship between moments and relative rotations of beam–column connections. Prior
to 1950, riveted connections were tested by Rathbun [2]. Next, the use of high-strength
bolts as structural fasteners was tested by Bell et al. [3]. Douty and McGuire [4] reported
the importance of end-plate thickness on the strength of connections based on a limited test
series of five flush end-plate connections.

Subsequently, the behavior of header plate connections was experimentally investigated
by Sommer [5]. Since the late 1960s, flush end-plate and extended end-plate connections
for use as moment connections have been investigated extensively by Ostrander [6] and
Johnstone and Walpole [7], respectively. Srouji et al. [8] conducted several experimental
testing and yield line analyses on flush end-plate connections with one and two rows of
bolts below the tension flange. In this study yield line analysis closely predicted the strength
of the connection. Azizinamini and Radziminski [9] performed 18 static tests on top and
seat flange angles and double web angle connections. It was shown that the geometric
parameters significantly affected theM–θ performance.

Several researchers have proposed experimentally based theoretical and mathematical
models to represent theM–θ behavior of the tested connections. Many research projects
have been carried out in the past few decades to classify the connection types and to
develop the mathematical model for connection stiffness. Frye and Morris [10] collected
145 test data and classified seven types of connection tests ranging from the weakest
single web angle connection to the stiffest T-stub connection. They modeled theM–θ

relationship by a polynomial function which was previously adopted by Sommer [5].
Ang and Morris [11] collected 32M–θ results from experiments, conducted from 1934 to
1976, and grouped into five types, namely the single web angle, the double web angle, the
header plate, the top and seat angle and the strap angle connections. The Ramberg–Osgood
function presented by Ramberg and Osgood [12] was used to represent the standardized
moment–rotation relationship for the five commonly used connection types. Packer and
Morris [13], Zoetemeiijer [14], and Phillips and Packer [15] utilized straight and curved
yield line mechanisms to predict end-plate moment capacity in flush end-plate connections.

Bijlaard and Zoetemeiijer [16] conducted studies on semi-rigid frames and concluded
that a complete classification of semi-rigid connections must take into account the ratio
between the connection stiffness and the beam stiffness. Bjorhovde et al. [17] concluded
that the framework and its members and connections exhibit semi-rigid nonlinear response
characteristics. They also reported that connection flexibility can produce significantly
larger second-orderP–∆ effects in the structure that must be accounted for in the design.
Bjorhovde et al. [18] developed a scheme to classify connections using test and theoreti-
cal data. This scheme uses stiffness, ultimate strength, and ductility requirements, which
is applicable to old and new connections. Barakat and Chen [19] incorporated connection
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stiffness considerations into the established AISC-LRFD design approach using two pro-
posed connection models. The first model uses a modified initial stiffness representation
and the second model is determined by the beam-line method. Xu et al. [20] used empirical
data to represent the stiffness of partially restrained (PR) connections. However, the result-
ing moment–rotation curves offered little practical value to thedesigner, since connection
behavior (i.e. strength and stiffness) ishighly dependent on the connecting members.

Yee and Melchers [21] developed mathematical equations for end-plate moment
connections using experimentally obtained data. Kishi and Chen [22,23] extended the
collection of the steel connectionM–θ datato include results from 300+ tests, classified
into seven connection types. They introduced severalM–θ models, of which the Three-
Parameter Powermodel gained most attention. Stark and Bijlaard [24] introduced
simplified methods to develop bilinear models to represent typical nonlinearM–θ curves.

The aforementioned studies and others used the time consuming experimental data
to developM–θ equations, which limits the variation of connection geometry in the
test matrix. While some researchers such as Krishnamurthy [25], Ghassemieh et al. [26]
and Bahaari and Sherbourne [27,28] developed detailed finite element method (FEM)
models for large capacity extended end-plate connections and compared their analysis
results with those of experiments, the development of FEM-based model equations was
outside the scope of their studies. Summer et al. [29] conducted a series tests on four
bolt extended unstiffened and the eight bolt extended stiffened end-plate connections
along with a validation study utilizing thefinite element method. This study showed that
extended moment end-plate connections can be designed to provide ductility in seismic
force resisting moment frames.

Thus, this paper presents the development of two types ofM–θ model equations for
flush-endplate connections with one bolt row below the tension flange (Fig. 1) based
on material, geometric, and contact nonlinear FEM analyses of connection region. The
accuracy of the FEM and its results are verified by using experimentally obtainedM–θ

curves by Srouji et al. [8]. A test matrix with 34 test specimens isintroduced by varying
the geometric variables of the flush end-plate connection within its practical range from
low to intermediate to high values. These test cases were analyzed using the developed
FEM model and the resultingM–θ data were curve fitted to Ramberg–Osgood [12] and
Three-Parameter Power model [22,23] equations, and regression equations were developed
for the parameters defining these model equations. Finally, predictedM–θ curves using
Ramberg–Osgood and Three-Parameter equations were compared with those obtained
from experimental FEM analyses.

2. Finite element model

A three-dimensional nonlinear FEM connection model, for the flush end-plate
connections of the type shown inFig. 2, is generated using the finite element analysis
software package, ANSYS. Since a plane of symmetry exists along a section through the
beam web, one-half of the connection region including column and beam was modeled.

In the three-dimensional model, 8-noded solid isoparametric elements were used to
model the beam, column, end-plate and bolt. The complex interaction between the surfaces
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Fig. 1. Configuration of flush end-plate connection.

of the end-plate and column flange, bolt head/nut and end-plate, and bolt shank and end-
plate were modeled with the node-to-node contact and target elements. The welds were
modeled with three-dimensional tetrahedral elements.

The end-plate and bolt material behavior was described by bilinear stress–strain curves
as shown inFig. 3with initial slope of the curve being taken as the elastic modulus,E , of
the material. After several trials to best calibrate the FEM model with the experimental
results obtained by Srouji et al. [8], the post-yield stiffness identified as the tangent
modulus,Et, was taken as 10% of the initial stiffness(Et = 0.1E). Plasticity-based
isotropic hardening, which uses the von Mises yield criteria coupled with an isotropic work
hardening assumption, was used to obtain the response of the connection in the inelastic
region.
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Fig. 2. FEM model of the flush end-plate connection.

In the early finite element studies of bolted connections such as those by Choi and
Chung [30], pretension effects in the bolts caused by the tightening of each bolt were sim-
ulated by applying compressive forces equivalent to proof load (70% of bolt’s ultimate
tensile strength) to the end-plate at the location of the bolt head and nut. This would in-
troduce difficulties in monitoring the variation of the bolt force during the analysis. Thus,
ANSYS’s bolt pretension element was used, which is a three-dimensional line element
that acts as a connecting element to connect the two imaginary parts of the bolt shank.
The pretension element, as shown inFig. 4, contains nodes “I” and “J” located at an arbi-
trary section through the bolt shank length which are connected with a link element. The
aforementioned section is selected arbitrarily in order to comply with different mesh con-
figurations. Node K is the pretension node with one degree of freedom,ux , with the actual
line of action in the pretension load direction. The underlying bolt elements can be solid,
shells, or beam elements, of any order of polynomial. When the pretension is applied on
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Fig. 3. Idealized material behavior used in the FEM analysis for: (a) end-plate, beam, and column materials and
(b) A-325 high strength bolts.

the node K, the link element joining nodes I and J will be in tension; this in turn pulls the
two imaginary sections of the bolt towards eachother to compress the connecting surfaces.

During the pretensioning of a physical bolt, turning of the nut reduces the unstretched
grip length of the bolt, thereby inducing pretension. When the desired pretension is
achieved and the wrench is removed, the new unstretched grip length becomes locked.
The pretension element used applies the same procedure during the loading in the
same sequence. First, the specified pretension load is applied incrementally to capture
contact nonlinearity, and possible nonlinearities induced by material yielding. For example,
tightening a 3/4 in bolt with 28 k pretension load may yield a 1/4 in end-plate at the
pretensioning stage. At this point in the analysis, the pretension section displacement is
locked for the pretensioned bolt. Once all bolts are pretensioned and locked, external load
is applied incrementally to capture nonlinearities due to material, geometric, and contact.
Since the monotonic convergence of nonlinear problems by the finite element method in
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Fig. 4. ANSYS’s pretension element.

general is problem dependentand not guaranteed, improved convergence was obtained
with an energy-based method.

3. Comparison with experimental test results

The experimental data obtained by Srouji et al. [8] were used to validate the FEM model
developed in this research. The details of the test specimens are presented inTable 1and
are identified by Fl-db-tp-h indicatingone bolt row flush end-plate connection (Fl), bolt
diameter(db), end-plate thickness(tp), andbeam depth(h), respectively. The comparison
of typical three-dimensional finite element and experimental results for applied moment
versusrotation are depicted inFigs. 5through7. In these figures theM–θ plots obtained
from FEM analyses are those of converged solutions with respect toboth mesh refinement
and load steps.

4. Selection of test cases

To conduct the parametric study, it was decided to vary the geometric variables within
the practical ranges of flush end-plate connections based on usual detailing practices given
in Srouji [8] as tabulated inTable 2. Based on the ranges of variables defined in this table,
the following procedure was adopted to select the beam dimensions:

1. Four values of beam depth,h, were selected based on maximum and minimum value
of h given inTable 2. The four values selected were 10, 16 24 and 30 in.

2. For each value of beam depth, four values of beam flange width,bf (= bp, end-plate
width), were considered as follows:h/6, h/5, h/4 andh/3. However, a limitation was put
on bf suchthatbf ≥ 2 in.

3. For each value of beam flange width, four values of beam flange thickness,tf , were
considered as follows:bf/35, bf/26, bf/16 andbf/6. A limitation was put ontf suchthat
tf ≥ 0.1 in.
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Table 1
Geometric variables of the tests conducted by Srouji [8]

Test Test Bolt End-plate Beam Flange Pitch Gage Yield
no. designation diameter thickness depth width pf g stress

db tp h bf

1 Fl-3/4-1/2-16 3/4 (in.) 1/2 (in.) 16(in.) 6 (in.) 1 1/2 (in.) 3 1/2 (in.) 55.48 (ksi)
F1-19-13-406 19 (mm) 13 (mm) 406 (mm) 150 (mm) 38 (mm) 90 (mm) 382 (MPa)

2 Fl-3/4-3/8-16 3/4 (in.) 3/8 (in.) 16(in.) 6 (in.) 1 1/2 (in.) 3 1/2 (in.) 59.45 (ksi)
Fl-19-10-406 19 (mm) 10 (mm) 406 (mm) 150 (mm) 38 (mm) 90 (mm) 410 (MPa)

3 Fl-5/8-1/2-16 5/8 (in.) 1/2 (in.) 16(in.) 6 (in.) 1 7/8 (in.) 3 3/4 (in.) 53.98 (ksi)
Fl-16-13-406 16 (mm) 13 (mm) 406 (mm) 150 (mm) 48 (mm) 95 (mm) 372 (MPa)

4 Fl-5/8-3/8-16 5/8 (in.) 3/8 (in.) 16(in.) 6 (in.) 1 3/8 (in.) 2 3/4 (in.) 56.95 (ksi)
Fl-16-10-406 16 (mm) 10 (mm) 406 (mm) 150 (mm) 35 (mm) 70 (mm) 393 (MPa)

5 Fl-5/8-3/8-10 5/8 (in.) 3/8 (in.) 10(in.) 5 (in.) 1 1/4 (in.) 2 1/4 (in.) 51.90 (ksi)
Fl-16-10-250 16 (mm) 10 (mm) 250 (mm) 125 (mm) 32 (mm) 57 (mm) 356 (MPa)

6 Fl-5/8-1/2-10 5/8 (in.) 1/2 (in.) 10(in.) 5 (in.) 1 1/2 (in.) 3 (in.) 55.80 (ksi)
Fl-16-13-250 16 (mm) 13 (mm) 250 (mm) 125 (mm) 38 (mm) 75 (mm) 385 (MPa)

7 Fl-3/4-1/2-24A 3/4 (in.) 1/2 (in.) 24(in.) 6 (in.) 1 3/4(in.) 3 1/4 (in.) 57.53 (ksi)
Fl-19-13-610A mm 19 (mm) 13 (mm) 610 (mm) 150 (mm) 45 (mm) 83 (mm) 397 (MPa)

8 Fl-3/4-1/2-24B in. 3/4 (in.) 1/2 (in.) 24(in.) 6 (in.) 1 3/8 (in.) 2 3/4 (in.) 57.53 (ksi)
Fl-19-13-610B mm 19 (mm) 13 (mm) 610 (mm) 150 (mm) 35 (mm) 70 (mm) 397 (MPa)

Fig. 5. Comparison of converged FEM obtained moment–rotation plot with experimental results obtained by
Srouji et al. [8] for Fl-5/8-1/2-10.
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Fig. 6. Comparison of converged FEM obtained moment–rotation plot with experimental results obtained by
Srouji et al. [8] for Fl-5/8-3/8-16.

Fig. 7. Comparison of converged FEM obtained moment–rotation plot with experimental results obtained by
Srouji et al. [8] for Fl-5/8-3/8-16.

4. For each value of beam depth, four values of beam web thickness,tw, were considered
as follows:h/160, h/133, h/107 and h/80. A limitation was put ontw suchthattw ≥ 0.1 in.

Based on the combination of the aforementioned variables by keeping each variable at
its intermediate value one at a time while varying other variables from low to intermediate
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Table 2
Practical ranges for geometric parameters Srouji [8]

Parameter Low Intermediate High

g 2 1/4 (in.) 2 3/4 (in.) 3 1/2 (in.)
57 (mm) 70 (mm) 83 (mm)

db 5/8 (in.) 3/4 (in.) 1 (in.)
16 (mm) 19 (mm) 25 (mm)

pf 1 1/8 (in.) 1 3/4 (in.) 2 1/2 (in.)
29 (mm) 44 (mm) 63 (mm)

bp 5 (in.) 7 (in.) 10 (in.)
127 (mm) 178 (mm) 254 (mm)

tp 5/16 (in.) 1/2 (in.) 3/4 (in.)
7.94 (mm) 12.70 (mm) 19 (mm)

tf 0.18 (in.) 0.375 (in.) 0.50 (in.)
4.60 (mm) 9.50 (mm) 12.70 (mm)

tw 0.10 (in.) 0.1875 (in.) 0.25 (in.)
2.54 (mm) 4.76 (mm) 6.35 (mm)

h 10 (in.) 24 (in.) 30 (in.)
254 (mm) 609 (mm) 762 (mm)

to high, 256 of the different beam cross-sections obtained, which fell within the range of
the variables given inTable 2. From the 256 cases, the 34 most proportional test cases were
selected for the regression analysis.

5. Development of M–θ equation

The finite elementM–θ results obtained from the selected 34 cases in the preceding
section were curve fitted to the Ramberg–Osgood and Three-Parameter Power models.
First, brief backgrounds on both model equations are presented.

The Ramberg–Osgood model was originally proposed by Ramberg and Osgood [12]
and later standardized by Ang and Morris [11]. The general form ofthe moment–rotation
curve of the model is:

θ

θy
= |M|

My

[
1 +

( |M|
My

)ξ−1
]

(1)

whereMy andθy are characteristics moment and rotation, respectively, which define the
position of the intersection point P inFig. 8 through which a family of Ramberg–Osgood
curves passes, and the shape of which is influenced by the shape parameter,ξ . This figure
shows that, as the shape parameter increases, theM–θ curve becomes more flexible. The
Ramberg–Osgood model requires only three parameters, and experimental data can be
fitted to the model.
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Fig. 8. Ramberg–Osgood model.

The Three-Parameter Power model was originally proposed by Richard and Abbott [31]
and Chen and Kishi [23,32] to predict the moment–rotation(M–θ) characteristics of semi-
rigid connections. There are three independent parameters that define this model equation,
which are: initial stiffness,K i , ultimate moment,Mu, and rigidity parameter,ζ . This
equation is described by:

M = K iθ[
1 + (θ/θ0)

ζ
] 1

ζ

(2)

where
Mu = ultimate moment capacity
ζ = rigidity parameter
K i = initial connection stiffness
θ0 = reference plasticrotation defined by:

θ0 = Mu/K i . (3)

Fig. 9 shows the schematicof the Three-Parameter Power model with different values
of rigidity parameter,ζ , whichdefines a more flexible model asζ increases.

In this study, the 34 test cases selected were analyzed using the FEM connection model
developed inSection 2. The M–θ data points obtained from these analyses were curve
fitted to Eqs. (1) and (2) by minimizing their error-squareto obtain model parameters
My, θy, andξ and Mu, θ0, andζ for the Ramberg–Osgood (RO) and Three-Parameter
Power (TPP) equations, respectively. Consequently, regression equations were developed
for the aforementioned parameters of each equation in terms of geometric variables of
the connection region. Inthe development of the prediction equations, theindependent
variables (connection geometric variables) are defined as:
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Fig. 9. Three-Parameter Power model.

g = the gage distance
db = the nominal bolt diameter
pf = the bolt pitch
bp = the width ofend-plate
tp = the thickness of end-plate
tf = the beam flange thickness
tw = the beam web thickness
h = the beamdepth
Fy = material yield stress.

Thedependent variables for each of the model equations are defined as follows:
For the Ramberg–Osgood model:
My = Characteristic moment
θy = Characteristic rotation
ξ = Shape parameter
For the Three-Parameter Power model:
Mu = Ultimate moment
θ0 = Reference plastic rotation as defined by Eq. (3)
ζ = Rigidity parameter.
From regression analyses, Eqs. (4)–(6) predict independent parameters of the

Ramberg–Osgood equation for characteristic moment, characteristic rotation, and shape
parameter, respectively. Similarly, Eqs. (7)–(9) represent independent parameters of the
Three-Parameter Power equation for ultimate moment, reference plastic rotation, and
rigidity parameter, respectively. Sensitivity and error band analyses were conducted to
validate the behavior of each equation to the variation of independent variables and the
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error associated with each equation, respectively. The details of these studies are presented
in Farooqi [33].

(Ramberg–OsgoodM–θ Parameters):

My = e0.507(g)−0.003(db)
1.130(pf)

0.448(bp)
0.139(tp)

0.095

× (tf)
0.117(tw)0.134(h)1.136(Fy)

0.296 (4)

θy = e−6.266(g)0.555(db)
0.231(p f )

2.938(bp)
−0.499(tp)

−0.563

× (tf)
−0.080(tw)−0.485(h)−1.102(Fy)

−0.062 (5)

ξ = e16.315(g)0.077(db)
0.974(p f )

0.946(bp)
−1.009(tp)

−0.478

× (tf)
−0.287(tw)−0.451(h)0.011(Fy)

−1.363 (6)

(Three-Parameter Power modelM–θ Parameters):

Mu = e2.915(g)−0.017(db)
1.521(pf)

−0.107(bp)
0.070(tp)

0.060

× (tf)
0.064(tw)−0.009(h)1.085(Fy)

0.140 (7)

θ0 = e−2.030(g)0.517(db)
0.164(p f )

1.167(bp)
−0.012(tp)

−1.528(tf)
−0.191(tw)−0.707

× (h)−1.817(Fy)
−0.352(Mu)

0.884(n)−0.600(Rki )
−3.686(dm/dθ)3.559 (8)

ζ = e3.370(g)−0.174(db)
2.013(p f )

−0.277(bp)
0.286(tp)

0.814(tf)
0.275

× (tw)0.240(h)1.928(Fy)
0.640(Mu)

−1.759(Rki )
−1.021(dm/dθ)1.011. (9)

It should be noted that the variables with powers close to zero or unity can be dropped
from Eq. (4) through (9). For example,(tw)−0.009 and (dm/dθ)1.011 can be dropped
from Eqs. (7) and (9), respectively. Also, in obtaining Eq. (8) for θ0 as defined by
Eq. (3), the experimentally obtained value of initial stiffness,K i , by Srouji [8] is based on
incrementally loading and unloading the test specimens during the course of experiment.
Thus, the unloading slopes of theM–θ curves are used to indicate the initial connection
stiffness. This concept is also supported by Bjorhovde and Brozzetti [34].

Moreover, derivatives of Eqs. (1) and (2) with respect to the connection rotation exist,
and they represent the connection’s tangential stiffness,Kt. Thus, the initial connection
stif fness can be calculated and is bounded when a small value of rotation(θ = 10−6 rad)
is substituted in the expression forKt [35]. For example, Eq. (10) (below) presents the
expression for the initial stiffness obtained from Three-Parameter Power model equation.

K i = M

θ [1 − (M/Mu)n]1/n
. (10)

By being able to obtain parameters such asK i and Mu for a given connection, the
mathematical equations presented here can beused in the practical design procedures. For
example, the above information can be used to classify a connection based on the choice of
either “reference length” or “ultimate strength level” developed by Bjorhovde et al. [18].

Figs. 10–12 show comparisons between typical FEMM–θ results and the predicted
Ramberg–OsgoodM–θ model values obtained by employing Eq. (1) through (3). It can
be seen from these figures that the predicted curves give very close correlation with
experimental FEM in the elastic region, while it predicts stiffer M–θ in the post-yield
regions.
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Fig. 10. Comparison of experimental FEM withpredicted Ramberg–Osgood model: FEP 2 3/4-3/4-1 3/4-5-1/2-
3/8-3/16-24-36.

Fig. 11. Comparison of experimental FEM withpredicted Ramberg–Osgood model: FEP 2 3/4-1-1 3/4-7-1/2-
3/8-3/16-24-36.

Similarly, Figs. 13–15 compare predictedM–θ obtained from Three-Parameter Power
model equation using Eqs. (7)–(9) with thoseobtained from the FEM analyses. These
graphs show excellentcorrelation over the elastic and inelasticM–θ regions. Test case
designations are as follows: FEP-g-db-pf-bp-tp-tf -tw-h-Fy, where FEP stands for flush end-
plate connection.
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Fig. 12. Comparison of experimental FEM withpredicted Ramberg–Osgood model: FEP 2 3/4-3/4-1 1/8-7-1/2-
3/8-3/16-24-36.

Fig. 13. Comparison of experimental FEM andfitted Three-Parameter Power model: FEP 2 3/4-3/4-2 1/2-7-
1/2-3/8-3/16-24-36.

6. Conclusions

A three-dimensional nonlinear finite element (FEM) model was generated by using the
FEM software package ANSYS version 6.0 for flush end-plate connections with one row
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Fig. 14. Comparison of experimental FEM and predicted Three-Parameter Power model: FEP 2 3/4-3/4-1 3/4-
7-1/2-3/8-1/10-24-36.

Fig. 15. Comparison of experimental FEM and predicted Three-Parameter Power model: FEP 2 3/4-3/4-1 3/4-
7-5/16-3/8-3/16-24-50.

of bolts below the tension flange. Three-dimensional isoparametric 8-noded elements were
used to model the end-plate, beam, column, and bolts. The welds were modeled with three-
dimensional tetrahedral elements. Nonlinearanalyses were adopted to account for material,
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geometric, and contact phenomena. ANSYS’s bolt pretension element was used to simulate
the effects of slip critical bolts with proof load. A bilinear material model was used with
initial stiffness,E , andpost-yield stiffness,Et = 0.1E . Thedeveloped FEM model and its
associated nonlinear algorithm were used to obtain theM–θ behavior of the connections’
geometry tested experimentally by Srouji [8].

A test matrix of 34 test cases was developed by varying the flush end-plate’s geometric
variables within their practical ranges. The FEM model was used to analyze the 34
test cases forM–θ data, which were curve fitted to Ramberg–Osgood and Three-
Parameter Powermodel equations to obtain defining parameters. Regression equations
were developed for the prediction models for flush end-plate connections. It was shown
thatboth models predicted theM–θ plots closely, with the more accurate model being the
Three-Parameter Power model.
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