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Final Review

Gauss-Jordan Elimination [1.2]
Reduced row-echelon form (rref)

Rank [1.3]
rank(4) = number of leading 1’s in rref(4)
dim(im A4) = rank(A4)

Linear Transformation in Geometry [2.1, 2.2]
Linear transformation: 7:R" - R", T'(X) = AX
Scaling/Orthogonal projection/Reflection/Rotation/Shears

Inverse of matrix [2.3]
Fine the reduced row-echelon form of an augmented matrix[ 4|/, ].

Matrix multiplication [2.4]

Properties of matrix multiplication:
AB#BA.

A(BC)=(4B)C
A(B+C)=A4AB+A4C

If BA=1 ,then B=A4".

Consider 7:R" > R", T(X) = Ax
Image: [3.1]
Def.: im(T)=im(A4)={y:y = A4x forallx e R"} c R"
Properties:
« 1m(A4) is a subspace of R"(im(A4) contains zero and is closed under linear

combination)
Kernel: [3.1]

Def.: ker(T)=ker(4)={xeR":4x=0}cR"
Properties:
« ker(A) is a subspace of R™( ker(4) contains zero and is closed under linear
combination)

Applications:
« Find im(A4)and ker(A4).
. Find dimensions of im(A4) and ker(4).
. Find bases of im(A4) and ker(4).
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Span: [3.1]
Consider v,,---,v, eR". span(v,,---, v, )={cy,+---+c, V,, forallc,---,c, e R}

Subspace of R" [3.2]
W < R" and W contains the zero vector of R” and W is closed under linear combination

Linear independence: [3.2]
Vectors v,,---, v, are linearly independent if none of them is redundant.

Basis of a subspace: [3.2]
Consider v,,---,v, € R". Vectors v,,---, v, form a basis of a subspace V of R" if

V=span(v,,---,v,) and ¥,,---,V_ are linearly independent.

Find a basis of R" or a subspace of R".
Vectors v,,---, v, form a basis of R" iff matrix [v,,---,V,] is invertible.

Linear relation: [3.2] ¢V, +:--+c¢, V, =0

Trivial linear relation: ¢,# +---+¢, v, =0 iffc,=---=c, =0

m

Dimension: [3.3]
Consider a subspace V' of R". The basis of V'is formed by vectors v,, -,V

m*

dim(V') = m (number of vectors in basis of V')

Consider 7:R" 5> R", T(X) = AX
dim(im A) =rank(A)
dim(ker A) = m —rank(A)

and  dim(im A4)+dim(ker 4) =m

dim(R")=n
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Summary

Consider a linear transformation 7 :R" — R", T(X) = AX . A is an n x m transformation

matrix with m <n . The following statements are equivalent:

« The linear system A% =0 has a unique solutionx =0.
. rank(A4)=m (number of free variables = m —rank(A4)=0).

. ker(4)={0}

« There is only the trivial relation among the column vectors v,,---, v~ of matrix 4

(The column vectors v, ---, v ~of matrix 4 are linearly independent.).

o dim(ker A)=m—rank(A4) =0 (zero vector is redundant)
o dim(im 4) =rank(A4)=m

If m =n, then we can add a few more to the list
« A isinvertible
o rref(4)=1,

. im(4)=R"

Coordinates: [3.4]
Consider vectors v,,---, v, € R" that form a basis of a subspace / of R", i.e.
B=(¥,,-++,V ). The B—coordinate of any vector ¥ € V' is [¥]; = [c,,*-, ¢, ] if
X=cy +--+c, vV,
or in matrix form
cl
X=[Vv,1 1 |=S[x]

c

m

Two types of questions: S[X]; =X or X = S[X];

B —matrix B and standard matrix A: [3.4]
B=(,---,v,) of R". Consider a linear transformation 7:R" — R".

A is the standard matrix of the transformation. (7'(X) = AX)
B is the B —matrix of the transformation. ([T ()?)]B =B [)?]B)

B=[[T0)], - [T6)]; ]
Let S=[v,---V,], we have
AS=8B, A=SBS™', B=S"'4S (4 and B are similar matrices)
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Subspace of a linear space [4.1]
A subset W of linear space V' is a subspace of V' if 1) W contains the neutral element of '
and 2) W is closed under linear combination.

Dimension of a subspace: [4.1]
Consider a subspace W of a linear space V. The basis of W is formed by elements

fiooes o, then

dim(W) = m (number of elements in basis of V)

Orthonormal vectors and orthonormal basis: [5.1]
Vectors i,,---, i, € R" are orthonormal if they are all unit vectors and orthogonal to each

other. i, u; = 50.

Vectors #,, -+, i, € R" form an orthonormal basis of a R", i.e. #=(ii,, -, i,) .

Orthogonal projection on a subspace V: [5.1]
The orthogonal projection of X onto a subspace V spanned by #=(ii,, -, ii,,)

proj, (¥) =% =x-x"

= 2=[ (@ - X)i, + -+ (i, )i, )]

Orthonormal Complement: [5.1]
Let ¥ be a subspace of R”, the orthogonal complement ¥ is defined as
Vi={3eR":v-x=0forallv eV}

Angle between two Vectors: [5.1]
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Gram-Schmidt Process: [5.2]
Vectors v,,---, v, € R" form a basis of a subspace V of R",i.e. B=(¥,,---,V, ). The

Gram-Schmidt process converts 8= (v, -+, v, )to #= (i, -, i,)
proj, (¥) =% =x-x"

= )?—[(Ijll )?)L?l +oeeet (ﬁn )?)17!,1)]

Vv, 0V
| _"
Uy ==

%

= 1 _ = ol o —1
Va V, =V, =V, =V, — (i, V)i i = V)
27 |-t

a

v, V=, = =V, [ (@), e+ (@, V)i pt
J J Jo T J [ I Fas Vi S Fav i i =1
J .

a

Determinant: [6.1, 6.3]
2 x 2 matrices
3 x 3 matrices: Sarrus’s Rule

n X n matrices:
Laplace expansion down the i-th row

det(A4) = (=1)" a, det(4,) for fixed i
j=1
Laplace expansion down the j-th column

det(4) =Y (-1)"*/a, det(4,) for fixed
i=l1
Geometrical meaning of determinant [6.3]
In 2D,

Area of parallelogram formed by vectors v, and v,
= |det(4)| =|det[v, v,] =[]

In 3D,
Volume of parallelepiped formed by vectors v,, v, and v,

= |det(4)| =|det[7, 7, 7] = 7| Hv;” Hv;”
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Properties of Determinants: [6.2]

det(AB) = det(4)det(B)
det(47")=1/det(4)
det(4") = det(A)

det(diag(a,)) = ﬁ a,

Summary
Consider a linear transformation 7:R" — R", T(X) = AX . 4 is an n x n transformation

matrix. The following statements are equivalent:
« A isinvertible
o rref(4)=1,
o det(4)#0
. rank(A4)=n (number of free variables = n—rank(A4) =0).
« The linear system A% =0 has a unique solutionX = 0.
. ker(4)={0}

« im(4)=R"
« There is only the trivial relation among the column vectors v,,---, v of matrix 4
(The column vectors v,,---, v of matrix 4 are linearly independent.). v,,---, v form

a basis of R”
o dim(ker A)=n—-rank(A4)=0 (zero vector is redundant)

o dim(im 4)=rank(A4)=n

Orthogonal Matrix: [6.3]

An n x n matrix Q is an orthogonal matrix if 0'Q=1, .
det(Q) =+1

Cramer’s Rule: [6.3]

AX=b.Ais an invertible n x n matrix (det(4) = 0)
det(4; ;)

T det(A)

9 seey
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Eigen Problem: [7.1, 7.2, 7.3]

Consider an n x n matrix 4 . 0= v € R" that solves 4 ¥ = A for some scalar A is called
the eigenvector of 4. A is called the eigenvalue associated with the eigenvector.

If ¥ is an eigenvector of matrix 4, then ¥ is an eigenvector of matrices 4>, 4°, ... with
AV =2, 4 =27, ...

Characteristic Polynomial f,(4) =det(4—- A1)

Find Eigenvalues and Eigenvectors: [7.2, 7.3]

Eigenvalues:
Solve f,(A)=det(4—-A1,)=0
Algebraic multiplicity of eigenvalue
Eigenvectors:
Solve AX =A% or (A-AI)%=0

Eigenspace and Eigenbasis: [7.3]

Eigenspace:
E, =ker(A-Al))
Geometric multiplicity of eigenvalue A =
dim(E,) = dim(ker(4—A1,)) =n—rank(4—- A1)
Eigenbasis:
A basis of R” that consists of eigenvectors (,,---, v,) of 4.

To find eigenspace and eigenbasis
1) Solve f,(A)=det(4—-A1,)=0.

2) Find E, =ker(4—- A1) spanned by eigenvectors and dim(£).
3) Compute s = Zdim(E . ) and compare with n:
j

If s = n, then the eigenbasis exists and it consists of all the eigenvectors found in
step 2).

If s < n, then the eigenbasis does not exist. But still, the eigenvectors found in
step 2) are linearly independent.
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Diagonalization: [7.4]

Consider a linear transformation 7:R" — R", T(X) = AX . 4 is an n x n transformation
matrix. Suppose the eigenbasis for 4 exists: 2= (v,,---, V,) . The D—coordinate of any
vector ¥ e Vis [¥], = [¢,++, ¢, ] if
X=¢vy+-+c, v,
or in matrix form
G
x=[v--v 1 : |=S[Xx],

where S =[v,---V ]

Let D be the 2 —matrix of the transformation. ([T(x)] = D[x],).
As we learned from section 3.4, that

D= I:[T(vl)]n o [T(vn)]njl
and matrices 4 and D are similar, i.e.

AS=SD, D=S5"4S

Because ,,---, v, are eigenvectors of matrix 4, we can show that matrix D is diagonal.

« Ann x n matrix 4 is diagonalizable if and only if there exists an eigenbasis for 4.
. Ifan n x n matrix 4 has n distinct eigenvalues, then 4 is diagonalizable.

Algorithm - Diagonalization: [7.4]

1) Solve f,(A)=det(A—-A1,)=0.
2) Find E, =ker(4—- A1) spanned by eigenvectors and dim(£).

3) Compute s = Zdim(E l/) and compare with n:
j

If s = n, then the eigenbasis exists and it consists of all the eigenvectors found in
step 2). Let S=[¥---¥, ] and compute D=S"4S.
If s < n, then the eigenbasis does not exist thus matrix A is not diagonalizable.




