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ON PERTURBATIONS OF MATRIX PENCILS
WITH REAL SPECTRA

REN-CANG LI

ABSTRACT. Perturbation bounds for the generalized eigenvalue problem of a di-
agonalizable matrix pencil 4—AB with real spectrum are developed. It is shown
how the chordal distances between the generalized eigenvalues and the angular
distances between the generalized eigenspaces can be bounded in terms of the
angular distances between the matrices. The applications of these bounds to
the spectral variations of definite pencils are conducted in such a way that extra
attention is paid to their peculiarities so as to derive more sophisticated pertur-
bation bounds. Our results for generalized eigenvalues are counterparts of some
celebrated theorems for the spectral variations of Hermitian matrices such as the
Weyl-Lidskii theorem and the Hoffman-Wielandt theorem; and those for gener-
alized eigenspaces are counterparts of the celebrated Davis-Kahan sin 8, sin 26
theorems for the eigenspace variations of Hermitian matrices.

The paper consists of two parts. Part I is for generalized eigenvalue pertur-
bations, while Part II deals with generalized eigenspace perturbations.

1. INTRODUCTION

The study of perturbations of eigenvalues and eigenspaces of a matrix always
demands a great deal of attention not only by operator theorists, but also by nu-
merical analysts. During the past few years significant advances have been made
in the perturbation theory for the generalized eigenvalue problem Ax = ABx.
By now, almost all the celebrated perturbation theorems for the standard eigen-
value problem Ax = Ax have been generalized to the generalized eigenvalue
problem by several authors, e.g., [3, 5, 6, 11-18, 21-22, 24, and 25-29]. Stew-
art’s and Sun’s book [25] is a very well-written comprehensive review for both
the development of perturbation theory for the standard eigenvalue problem
and that for the generalized eigenvalue problem.

As to the perturbation of eigenvalues of the standard eigenvalue problem
Ax = Ax, we have the following well-known result due to several mathemati-
cians. Let A and A be two n x n Hermitian matrices, and let Ay, ..., A, and
Al, ..., An be their eigenvalues arranged in ascending order, respectively. Then
Sor any unitarily invariant norm ||| ||| (for definition see §2 below),

(L.1) || diag(As — A1\« .oy A — Al < |I14 — AJ||.
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It is worth mentioning that if the norm used in (1.1) is the Frobenius norm,
then, and only then, (1.1) even holds for normal matrices 4 and A with their
eigenvalues arranged properly [8].

As to the perturbation of eigenspaces of the standard eigenvalue problem
Ax = Ax , Davis and Kahan [4] studied the case for a Hermitian matrix (opera-
tor); their results are now known as sin 6, sin26, tan 8, tan 26 theorems, and
have influenced much later work on the same topic, e.g., Sun [29] and Stewart
[24]. The case for a general matrix was studied by Stewart [22], and his method
has a simple extension which can be used to deal with the generalized eigenvalue
problem Ax = ABx.

The above-mentioned results are playing important roles in the perturbation
theory for the standard eigenvalue problem; therefore it is of great importance
to generalize them to the generalized eigenvalue problem.

A few generalizations of (1.1) to definite pencils were made by Stewart [24]
and Sun [28]. Sun [29] extended the Davis and Kahan theorems [4] to definite
pencils as well. Our generalizations in this paper are applicable not only to
definite pencils, but also to a wider class of matrix pencils.

The paper is organized as follows. Preliminaries necessary to our presentation
are outlined in §2. The main results for generalized eigenvalue perturbations
are presented and proved in §3. Applications to definite pencils are given in §4.
Section 5 contains the main results for generalized eigenspace perturbations,
whose applications are given in §6. We conclude our paper with miscellaneous
remarks in §7.

2. PRELIMINARIES

Throughout the paper, capital letters are for matrices, lowercase Latin letters
for column vectors or scalars, and lowercase Greek letters for scalars; C™*”
denotes the set of m xn complex matrices, %, C C"*" the set of nxn unitary
matrices, C” = C™*! C = C!, and R is the real number set. The symbol
I™ stands for the n x n unit matrix (also we just write I for convenience
when no confusion arises). 4 >0 (4 > 0) means that 4 is a positive definite
(positive semidefinite) Hermitian matrix, and 4 > B (4 > B) means A, B
Hermitianand 4—B >0 (4—B > 0). The matrix A!/? is the unique positive
definite (semidirect) square root of 4 > 0, and A~'/2 = (4Y/2)~! for 4 >
0. The matrices A7, A” , and A* denote the transpose, conjugate transpose,
and Moore-Penrose inverse of A, respectively. % (X) is the column space,
the subspace spanned by the column vectors of X, and Py is the orthogonal
projection onto the column space Z(X). It is easy to verify that

Py=XX*, Pyn=X*X.

We will consider unitarily invariant norms [||-||| of matrices. In this we
follow Mirsky [20] and [25]. To say that the norm is unitarily invariant on
C™>" means it satisfies besides the usual properties of any norm, also

(1) N1U AV || = |||4]|| forany U € %,, and V € %, ;

(2) 1114]l] = ||4|l, for any 4 € C™*" rankA4 = 1.

Two unitarily invariant norms used frequently are the spectral norm ||- |, and
the Frobenius norm | +||r. It is well known that any unitarily invariant norm
[II-lll on C™*" corresponds to a symmetric gauge function ®(&,, ..., Ey),
where N = min{m, n}, and vice versa. By extension according to this property,
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we define a unitarily invariant norm || -||| on C™>*™ (m; < n, n; < n) consis-
tent with the original one as |||4||| = ®(dy, ..., 0n,,0,...,0) if 4 € Cm>m
with singular values oy, ..., oy, (N; = min{m,;, n;}). In the second half of

this paper, very often matrices with different dimensions enter our arguments
together, so we make the following agreements: assume we first have a matrix
space with sufficiently large dimension M x N and with a unitarily invariant

norm [||+||| on it; then by the extension mentioned, on every matrix space with
smaller dimension there exists the extended unitarily invariant norm denoted
also by [||+]||. In this way, we have (see [25, Chapter 2, §3])
ICl201ID1] !
(2.1) [[|ICDJ|| < { for any C € C"*", D e C"™'.
NCHHIDN2

Consider the pencil 4 — AB with A, B € C"*" arbitrary constant matrices.
The pencil is said to be regular if det(4 — AB) # 0. Denote by

Gi2={(a, ) #(0,0):a, B C}.

The pair (a, f) € Gy, is called a generalized eigenvalue of a regular pencil
A —AB if det(fA — aB) = 0. Nonzero vectors x,y € C" are termed the
generalized eigenvector (the right generalized eigenvector, sometimes) and the
left generalized eigenvector corresponding to (a, f), respectively, if fAx =
aBx, By7A =ayB. It is easy to see that if (a, ) € Gy, 2 is a generalized
eigenvalue of A—AB,sois (£a, &B) for any complex number & # 0. The pair
(a, B) € Gy, is said to be real if there exists 0 # & € C such that o, ¢ €
R; for an instance, (i, i) is real. The spectrum of a regular pencil 4 — AB
consists of its all generalized eigenvalues (counted according to their algebraic
multiplicities), and is denoted by A(A4, B). (And similarly, A(4) denotes the
spectrum of the square matrix A4.)

Roughly speaking, the class of matric pencils treated here is that of diagonal-
izable pencils with real spectra.

Definition 2.1. A regular matrix pencil 4 —AB of order n is diagonalizable, or
normalizable, if there exist invertible matrices X, Y € C"*" such that

{ YHAX = A = diag(ay, ..., an),
YABX = Q = diag(B1, ..., Bn).

We denote by D, (n) the set of n x n diagonalizable pencils of order .

(2.2)

To study the perturbation of generalized eigenvalues, we need metrics on
G;,» and on the space of matrix pencils. Let (a, 8), (y,9d) € Gi,2. G. W.
Stewart [21] was the first one who used the chordal metric on the Riemannian
sphere,

def |0 — yB|
Ve + B2V +10]2
to measure the difference between the two points. We shall adopt the chordal

rgetric, too. To measure the difference between two regular pencils 4 —AB and

A — AB of order n, Sun [27] was the first one who realized that metrics on
the Grassmann manifold of all n x 2n matrices having full row rank are more

(2.3) p((a, B), (v,9))
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suitable than any other natural metrics such as ||(A—/;1v , B—B)||>. In this paper,
we will employ

dy(Z,Z) Y sin®,(Z, Z2)|2 = |l - ZZEZ, Z{))y?

- = || Pzs — P32, 2
s dr(z,2)% ||1sin OHZ, Z)||r = |1 - Z.ZH Z, 2{|/?
= 7§||PZH = PsllF,

where
(2.6) Z=(4,B), Z=(A,B),

and the angular matrix ©,(Y, )~’) between two matrices Y and Y € Cmx4
(1 < m < q), both having full row rank, is defined by

2.7) 6,(Y, ¥) ¥ arccos((YYH)"\2YYH(YYH)- 1Y YH(YYH)~1/%)=1/2 > 0.
One must note that rankZ = rankZ = n, which can be easily verified by
the regularity of 4 — AB and that of A4 — AB. For a detailed discussion of
the above definitions and results, the reader is referred to [25, Chapter 2,§4].
In the literature, several pseudometrics on G; , also entered the study for
perturbations of generalized eigenvalues at whiles (see Elsner and Lancaster
[5], Li [11, 13]). Although these pseudometrics are not metrics, they are all
equivalent to the chordal metric.

The perturbation of generalized eigenspaces in Part II requires the definition
of the angles between two subspaces with the same dimension. Let X;, X; €
Cr*! (1 <1< n—1) have full column rank. The angle between 2] = #(X)
and 2] = #(X,) is defined by

(2.8) O, 7)Y diag(6:, ..., 61),

where 0, ..., 0, are the eigenvalues of ©,(X {’ s X f’ ). Two different choices
of the bases of 2] and 2] may result in two different angular matrices, which

differ one from the other only by a unitary similarity transformation. Hence,
8, #1) is well defined.
Lemma 2.1. Let X;, X, € C™! (1 <I<n-1) with XHX, = XHX, =1,
and let 25 = R (X1) and 23 = R(X)). If X = (X, X) € #,, then for any
unitarily invariant norm |||-||| we have |||sin®(21, 27)||| = ||| X7 X,]|| .

For a proof of this lemma, the reader is referred to, e.g., [25, Chapter 1].

Lemma 2.2. Let X, X, e Crx! (1 <1< n—1) have full column rank. Suppose
that X = (X1, X;) € C"*" is a nonsingular matrix with

X,_l _ WIH W = cnx!
pr—dg WH ) 1 .



