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THE p-RELATIVE DISTANCE IS A METRIC*

ANDERS BARRLUNDT

Abstract. The conjecture that the p-relative distance, op(a, @) = |a — &|/ {/|alP + |&|P, is a
metric is proved.
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1. Introduction. The p-relative distance between a and & € C is defined as

(1.1) op(a, &) = & for 1 <p < 0.

lalP +afp

For convenience, we define 0/0 := 0.
Li [2] presented the conjecture that the p-relative distance is a metric. It is trivial
that

op(a, ) =0 if and only if o = 3,
op(a, B) = 0,(B, ).

However, it has been an open question whether

(1.2) op(a, B) < op(a, ) + op(v, B).

Li [2] proved (1.2) for a, 3,y € R. Day [1] proved (1.2) for p = oo. In this paper we
prove (1.2) for «, 8,~v € C.

The paper is outlined as follows: In section 2 we prove a simple lemma which is
used to prove (1.2) in section 3. We will let ||z||2 denote the Euclidean vector norm.

2. A simple lemma.
LEMMA 1. Let 1 <p<oo. Ifx >0 and y > 0, then

1+ P

2.1
21) 14 yp

> min(z, 1/y).

If t >y >1, then also

(2.2) i ii;ﬁ > Valy.

Proof. Tt x < 1/y, then aPy? < 1, which implies that 1 4+ 2P > 2Py? + 2P =
(1 + yP)a?, from which (2.1) follows. If > 1/y, then aPy? > 1, which implies that
14+ yP < aPy? + yP? = (1 4+ aP)yP, from which (2.1) follows.
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If u>wv > 1, then (uv — 1)(u —v) > 0, which implies that v + u?v > u + uv? and

1+ u?
1402

>

ele

This inequality with v = 27/2 and v = yP/? gives (2.2). 0

3. The proof.
THEOREM 1. Let a, 3,7 € C and 1 < p < oco. Then

(3.1) op(a, B) < op(a,y) + 0p(7, B),

where g, is defined by (1.1).
Proof. Without loss of generality, we prove (3.1) in the cases with |«| < |3|. The
cases with || < || are proved by swapping « and ( in the rest of the proof.
In cases with |y| < |a| < |5], we get
la—8l  _ _la—nl -8
< +
SalP +18P ~ /lalP+18lP /ol + 8P
Sl Iy -4l
< - = op(a,7) + op(7, B)-
lalP+ 1l /1 "

In cases with o = 0, the inequality (3.1) is trivial.
Next we consider cases with 0 < |a| < |8] < |v|. In these cases (2.1) gives

YR _ 8| VIR o1, _‘ﬁ
(3.2) SPTTE |l v rer 2 min(|or/B], la/v]) = 5
YlaP 18P _ Ja| &1+ 18/al ’ ‘mln(|ﬁ/0¢| 18/~]) =

1Bl +IvlP 1B1/1+ /Bl

We also have

(3.3) ‘f

Qp(a76) =

)

a
la =]+ |=|IB-7=
Y
Combining (3.2) and (3.3) gives (3.1). _

Finally, we consider cases with 0 < |a| < |y| < |B]. Let re?t = 3/a and
rye%2 = 4/a be the polar decompositions of 3/« and 7/a, respectively. Then (3.1)
can be rewritten as
(3.4)

V1+7? —2r cosb, - /1473 — 21y cos 0y \/7“1 +7ri— 27°1r2 008(91 — 92)

We now derive some inequalities which can be combined to a proof of (3.4). Since
1<ry<ryand 1 <p < oo, we have

> |la—p|.

e

(3.5)
D D _ D T T 1-1/p
ry+r =1+ = / : xP + ) de = ! / (- D dx
ro — 1 7‘2—1 ro—1 J; P + 1y
/ ( P )11/P 71— grf 1
< dx = .
T —To P +1 1 —To
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Combining (3.5) and {/r7 + 15 > /1 + 75 gives

{/rf—l—r‘;’({/l—i—r’f— {/1—|—T§>(r2—l)> (/1—1—7“5((/7“1174—7“5— (/14—7"{))(7“1—7“2),

which can be rewritten as

7“1—1 < 7‘2—1 KT — T2
S1+77 /1 +08 T+

The second inequality (2.2) in Lemma 1 gives

(3.6)

1 D
(3.7 T > \/r1/ro

1—|—r§
and
1+ 1 1477 1
3.8 s = — R > P ro = 1 To.
(3.8) Ve o \ 14 (r1 /)P T e V2 =1/v/r

From the trigonometric identity sin(z + y) = sin(x) cos(y) + sin(y) cos(z), we get
[sin(z + y)| < |sin(z)|| cos(y)[ + [ sin(y)|| cos(x)| < [sin(z)] + [sin(y)],

which implies that

(3.9) [sin(01/2)] < |sin(82/2)] + [sin((6; — 61)/2)].
From the trigonometric identity sin?(x/2) = 1_%8(1’), we get
2 _ To — 1
(3.10) \/1 + 75 —2rgcosfy = ’ [%/Esin(é)gﬂ)] )
and
2 2 . o T — T2
(311) L + 5 27"17‘2 cos(¢91 92) = ‘ |:2MSIH((91 o 02)/2>:| 2.

Combining (3.6), (3.7), (3.8), (3.9), (3.10), and (3.11) gives

L (\/1+7‘§—27‘2c0392 N /13 + 13 — 2ry7r9 cos(0y —02))
re.
A Y]
-1 _
I SR | FVT( r2)
28/14r7 . 1+7r? .
T4 sin(0y /2 2 V/rirssin((6; — 05)/2
_mﬁ (02/2) ) Vg VI ((61 = 62)/2) ,
> [ T — 1
- _2\/7Tlsin(01/2)

That is, we have proved (3.4) and hence also (3.1). O

= \/1—|—rf — 2r; cos ;.
2
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