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Abstract

We deal with two recent conjectures of R.-C. Li [Linear Algebra Appl. 278 (1998) 317—
326], involving unitarily invariant norms and Hadamard products. In the particular case of the
Frobenius norm, the first conjecture is known to be true, whereas the second is still an open
problem. In fact, in this paper we show that the Frobenius norm is essentially the only invariant
norm which may comply with the two conjectures: more precisely, if a norm satisfies the claim
of either conjecture, then it can be controlled from above and from below by the Frobenius
norm, uniformly with respect to the dimension. On the other hand, both conjectures remain
open in the relevant case of matrices with an upper bound to the rank. As a first partial result
in this direction, we prove the first conjecture for matrices of rank 1 and for any unitarily
invariant norm. © 2001 Elsevier Science Inc. All rights reserved.

AMSclassification: 47A50; 65F99
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1. Introduction

In a recent paper [3] Li, within the framework of a unifying approach to some
spectral stability results in matrix theory, formulated a twofold conjecture (stated be-
low as a Conjecture 1.1) involving unitarily invariant norms and Hadamard products.

Given two matricesA = [a;;] and B = [b;;], we denoted o B:=[q;;b;;] their
Hadamard product, whereas the symfppl ||| denotes a generic unitarily invariant
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(u.i.) norm (we recall that a matrix normis called u.ij|ifA||| = |||U AV ||| whenever
U andV are unitary, see [1]). As usual, we assume that every u.i.norm is normalized
in such a way that

|l diag(1, 0, ..., 0)[|| = 1, 1)

where diag{q;}) denotes the diagonal matrix with entrigs}. Finally, || A|2 denotes
the spectral norm (i.e. the largest singular valueApfwhereag| A || denotes the
Frobenius norm.

The following conjecture was formulated in [3].

Conjecturel.1. Let||| - ||| beaunitarilyinvariant norm. Then there exist constants
c1, c2 = 1 dependingonly on ||| - ||| (but not on the dimension) such that, for every
square matrix G, there hold

61< min I|W1I|2'|IIW0GIII)> min__ ||[P o Gl 2

W nonsingular P permutation

c2 ( min _[[[WoGll|-||IIW "o GT|||> > min_||IPoGlI” (3)
W nonsingular P permutation

In [4] the second author has proved that any u.i. norm which satisfies (2) or (3) is
necessarily bounded from above (up to a multiplicative constant) by the Frobenius
norm, uniformly with respect to the matrix dimension.

In this paper we prove that a similar bound holds also from below, thus concluding
that the Frobenius norm is essentially the only norm which may comply with the
conjecture. Note that Conjecture 1.1 can be splitinto two independent claims, namely
(2) and (3): in fact, in [3] it was proved that the former holds true (with= 1) if
[l - 11| is the Frobenius norm, whereas the validity of the latter for this norm is still
an open guestion.

Theorem 1.1. Let ||| - ||| be a unitarily invariant norm, and suppose there exists a
constant ¢1 > 1 such that

Cl( min |||W0G|||>> min __||[P o G| (4)
W unitary P permutation

holdsfor every matrix G. Then ||| - ||| is equivalent to the Frobenius norm, uniformly
with respect to the dimension. More precisely

i HAllE < [1IAJl] < c1llAlle - for every matrix A. ®)

Smilarly, if assumption (4) is replaced by

cz< min |||WoG|||-|||W*oGT|||)> min _ |[|P o G|||?, (6)
W unitary

P permutation

then (5) holdstrue aswell, with ¢ replaced by ,/c2.
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Since (2) and (3) imply (4) and (6), respectively, as an immediate consequence of
Theorem 1.1 we obtain the following statement.

Corollary 1.1. Let||| - ||| beaunitarily invariant norm, which satisfies (2) for every
matrix G and for some universal constant ¢; > 1. Then (5) necessarily holds true.
Smilarly, if (3) is satisfied, then (5) holds true with ¢ replaced by ,/c>.

The main idea underlying the proof of Theorem 1.1 consists in finding matices
of arbitrarily large dimension, such that the left-hand side of (4) is much smaller than
the corresponding right-hand side. This sort of counterexamples can be constructed
with some degrees of freedom with respect to some parameters, and the possibility
of letting these parameters vary allows one to obtain (5). We just mention that the
matricesG needed to obtain the first inequality in (5) are quite different from those
used in [4] to prove the second inequality (in fact, the two constructions are in some
sense dual to each other).

Despite of the negative result of Theorem 1.1, the interest for Conjecture 1.1 is far
from being exhausted, since a closer look at Li’'s [3] motivations for his conjecture
reveals that it would be of particular interest to prove it (or disprove it) w@en
has some special structure, for instaihe = A; — ; or G;j = (A — uj)/JAilkj.

Note that, in both cases, the rank®fs at most 2, whereas the matrices we construct
in our counterexamples have larger and larger rank as the matrix dimension grows.

In fact, in the particular case whe@has rank 1, we can prove that (2) (as well
as a weaker form of (3)) is satisfied by any u.i. norm.

Theorem 1.2. Let G be a square matrix such that rank(G) = 1. Then

min |[W2- [[[WoGlll=_min__||[PoGll| )
W nonsingular P permutation
and
. -1 T i 2
min [[[WoGll|-[IW oG l[l=_min__ [|[[PoG]l| (8)
W unitary P permutation

for every unitarily invariant norm||]| - ||.

The proof is based on the following matrix inequality, which seems to be of some
interest in itself.

Proposition 1.1. Let X, Y, W be square matrices of the same size, such that W is
invertible. Then for every u.i. norm
IW= 2 IIXWY || > ||| diagis* (X)) diagisT (¥))]]], 9)

where diag(s¥ (X)) (respectively, diagist(¥))) denotes the diagonal matrix with
the singular values of X (respectively, of Y) along the diagonal, arranged in non
increasing (respectively, non-decreasing) order.
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The paper is organized as follows. In Section 2 we prove Theorem 1.1, whereas
in Section 3 we prove Proposition 1.1 and Theorem 1.2. Finally, in Section 4 we
prove some auxiliary statement which might be useful in further investigations of
these kinds of problems.

2. Proof of the main result

This section is entirely devoted to the proof of Theorem 1.1.
We introduce two sequences of matri¢&%} and{V;} of order Z, such that each
Uy is orthogonal, defined as follows:

Vi Vi
Vi Vi
The second inequality in (5) was first established in [4]. Here we shortly recall how

it can be obtained.
Choose an integér > 1 and a diagonal matri® of order Z, and let

G:=VD.

Vo:=[1], Viy1:= |: i| , Ug:= Z_k/ZVk, k> 0. (10)

Since every entry o¥y is either 1 or—1 andD is diagonal, for every permutatidh
the singular values aP o (Vi D) coincide with those ob. Hence

min  |||P o Gl||| =|||D]||| for every u.i. norm. (12)
P permutation

On the other hand, sind2 is diagonal we have
UyoG=Uro (Vi D)= (Uro Vi) D

and, sincel; o V; is the matrix with every entry equal to®2, the matrix(Uy o
Vi) D has rank 1 and its non-trivial singular value equals the Frobenius noBn of
Recalling (1), we find

IlUx o G||| = ||D|lg for every u.i. norm. (12)
If assumption (4) is satisfied by some u.i. norm, then in particular

cilllUkoGlIl =2~ min [[[P oGl
P permutation

and from (11) and (12) we obtain | D||r > |||D|||. Then the second inequality in
(5) is established, sindeis arbitrary and is an arbitrary diagonal matrix of order
2 (given a matrixA of any order, it suffices to take &the diagonal matrix with the
singular values oA along the diagonal, and fill it out with zeros until the dimension
is a power of 2).

Since Uy is real hencdJ; = UkT, the same computations can be repeated with
Ufo G in place of Uy o G. Then assuming (6) instead of (4) and arguing in the
same way, one obtains the second inequality in (5), witteplaced by, /c>.
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We now turn our attention to the first inequality in (5). Basic to our construction
is the following simple lemma of linear algebra.

Lemma2.1. Letn > 2 be an integer. Then there exist n vectorsin R" 1, denoted
byv;,i =1,...,n, suchthat

1
<vi,vj)=8ij—;, 1<i, j<n. (13)
Proof. Letesq, ..., e, be orthonormal vectors iR", and let

1 n
b:= E Z e;
i=1
denote their barycentre. Then sgt=¢; — b, i =1, ..., n. By a straightforward
computation, one can check that

1
Note thatu; € R". However, since the vectofs;} are linearly dependent (indeed,
their sumis the null vector), they are contained in some subspdteaffdimension

n — 1, and this proves our claim due to the invariance of the scalar product.

Choose an integér > 1, letn:=2* and letG be the matrix of orderi2— 1 par-
titioned into blocks as

Vi Onn—1 (2n—1)x(2n—1) k
G:= ’ eR , =25, 14

|:Onl,n Onl,n1:| " ( )
where O; ; is the null matrix of ordefi x j and Vi is given by (10). Note that
every entry of the blocl is £1; a simple argument then reveals thatRifs any
permutation matrix of order2— 1, then

[IIPoGl|| >1 foreveryu.i.norm

Indeed, any permutation matrikof order 22 — 1 has at least one entry equal to 1 in
the upper left block of order. Moreover, ifP is the flip matrix of order 2 — 1, then
P o G has just one nonzero entry equal to 1, thus we obtain
min  |||[PoGl||=1 foreveryu.i. norm. (15)
P permutation

Let E; denote the matrix of order = 2¢ with all entries equal to 1, and 1@
be an arbitrary diagonal matrix of the same size, different from the null matrix. We
claim the existence of an orthogonal matrix of order21, whose upper left block
of ordern coincides with

Ei D/(v/nlID|F). (16)

To prove this claim, note that the above matrix has equal rows, and that the scalar
product of two of them is equal to/&: since by Lemma 2.1 there existvectors in
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R"~1 satisfying (13), we can use these vectors to complete the rows of block (16),
thus obtainingn orthonormal vectors if®?*~1. Finally, then rows thus constructed
can be completed to an orthonormal basi&8&f1, and our claim follows.

Therefore, leU denote an orthogonal matrix of ordet 2 1, having the matrix
in (16) as upper left block of order(note that this block matches the corresponding
one in (14)). Hence, recalling (10), we have for every u.i.norm

11U o GIII=IDIE I (Ex D//n) o Villl = I DIIg 1| (Ex 0 Vii/v/n) DI
=IDII (272 Vi) DIl = IDIFH 11U DI
= IDIE DI,

sinceUy is unitary. On taking the minimum, we obtain

; -1
min [[|[U o Gll| < [IDIg"IIIDII].
U unitary

Now, if (4) is satisfied, then from (15) and the last inequality we obtain
cilllDIl| = IIDlle

and the first inequality in (5) is established, sifizés an arbitrary diagonal matrix
of order a power of 2.

Similarly, if (6) holds instead, then the first inequality in (5) follows in the same
way (replacing, of coursey with ,/c2).

3. Thecase of rank-one matrices

Before proving Theorem 1.2, let us introduce some notation. Given a ndatriix
ordern, we let

51(A) = 52(A) = -+ = sn(A)
denote its singular values arranged in non-increasing order, and we define

k
1Al =D si(A), 1<k<n,
i=1

the Ky Fan norm of ordek. Note that| - ||1) coincides with the spectral norin ||2
(although we use both notations, no confusion should arise).

Given a vectorx, we letx? (respectivelyxt) denote the vector obtained from
x by rearranging its entries in non-decreasing (respectivley, non-increasing) order.
Finally, diagx) denotes the diagonal matrix with the entriesxadlong the main
diagonal.

Letx, y € R". According to a standard notation (see [1]), we say xtiatweakly
submajorized by, in symbolsx <y, y, if
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k

k
ij gZle., 1<k <n.
j=1 j=1

We also writey >, x whenx <y, y.

Proof of Proposition 1.1. Given two matricesi, B it is known (see [1, p. 72]) that

k k
[siaB) > []si;(Asnrai,(B)
j=1

j=1

forall1 <i; <--- < iy < n.Choosing, for every X k < n, thek-tupleiy, ..., i
which maximizes the right-hand side, we obtain using the Hadamard product

ﬁsj(AB) > ﬁ (st osT(B))i_, 1<k<n,
j=1 j=1 /
which, in its turn, implies (see [1, Example 11.3.5]) that

sY(AB) =, sV (A) osT(B). (17)
Now choose matriceX, Y, W with Winvertible. Since

W= t2lWY | > |[Yvl, vecC”,
from the minimax principle for singular values we obtain

stWY) = WG (), 1<k <n.
Using (17) with the choicel :=X and B:= WY and combining it with the last in-
equality, one obtains

SHXWY) > [WHZEsH (X) o sT(Y).
Writing W = W || W 1|, this can be rewritten as

SYXWY) >y sY(X) osT(Y)

and, observing that' (X) o s'(Y) is the vector of the singular values of the diagonal
matrix diags' (X)) diags'(Y)), using Ky Fan norms we can rewrite the last weak
submajorization as

IXWY |l > | diagis¥ (X)) diags"(Y)llwy, 1<k <n

Due to the Fan Dominance theorem [1, p. 93] the last inequality is valid for every
u.i. norm, and (9) is establishedd

Proof of Theorem 1.2. Since rankG) = 1, there exist vectors, y € C" such that
G = [x; y;]. Now observe that

Wo[x; y;]1 = diaglx)W diag(y).
Letting X = diagx) andY = diad(y), inequality (9) yields for every u.i. norm
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min Wiz - |[|W o [x; y;111] = || diag(lx|¥) diag(ly[Ill,  (18)

W nonsingular

where|x| and|y| denote the vectors with entri€s; |} and{|y;|}. Observe that
|l diag(|x|¥) diag(|y|hIl] > » min [P o [x; y;11II, (19)

permutation
since the left-hand side is achieved wheris a suitable permutation matrix. On
combining (18) and (19), we see thatoccurs in (7), hence (7) is established since
the opposite inequality is obvious.
To prove (8), note that ¥V is unitary, then (18) implies

1IW o [xi y;1111 = 11| diag(|x[*) diag(ly|M)IIl,
W™ o Ly ;1111 > Il diag y[*) diag(|x| )],

Since the two right-hand sides are equal (indeed, (&g diag(|y|") and diag
(Iy|¥) diag(|x|") are permutationally equivalent), using (19) and repeating the above
argument, one obtains (8) 1

Remark 3.1. We were not able to prove the stronger statement that
min _[[[WoGll|-[IIW e GTlIl= min [[|[PoG]|P (20)

W nonsingular P permutation
for every u.i. norm wher@ has rank 1. We point out that (20) is equivalent to the
following matrix inequality:

NXWYI[] - 1YW EX*]]] > ||| diags* (X)) diags® (¥)]]* (21)

for every u.i. norm and arbitrary matricés W, Y such thaWW s invertible. In fact,
invoking the singular value decompositionX&ndY and using unitarily invariance,

we lose no generality if we assume th¥tY are real diagonal matrices. Then the
technique employed in the proof of Theorem 1.2 reveals that (20) and (21) are indeed
equivalent.

In view of this fact, a deeper investigation of the validity of (21) would be desir-
able.

4. Somefurther results

In the light of Theorem 1.2 we have a partial solution to the conjecture, in the
special case wher@ has rank 1. However, the proof techniques of the last section
are quite special to the rank-one case, and they do not seem to be useful to shed
some light on the more general case where ¢a@nks bounded from above by some
constant (as we have already mentioned in Section 1, the case whe¢é ranR
would be particularly relevant).
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In this section we prove two lemmas which, hopefully, might be of some use to
further investigate the conjecture. Finally, we will discuss a particular case where the
minimum over unitary matrices is achieved by a permutation.

If I,J C{1,...,n}andG is a matrix orden, G; ; denotes the matrix of order
|I] x |J| obtained fromG, cancelling all the rowgr;} such that ¢ I and all the
columns{c;} suchthatj ¢ J.

Lemma4.l. Let G beamatrix of order n > 1. Then there exist two subsets I, J C
{1,...,n}suchthat|7|+|J| =n+ 1land
min P o G|2 =min|g;il, 22
P permutation|| °Gli2 t:ej |g”| ( )
JjE

where we have set G = [g;;].

Proof. Let i denote the left-hand side of (22). Then, for every permutatiaf
ordern, there exists € {1, ..., n} such thajx < |g; s, |. Now define the matrid =
[a;;] as follows:a;; = Oif u < |gi;|, anda;; = 1 otherwise. Then the Konig—Frobe-
nius theorem (see [1, p. 37]) yields the existence bfxal submatrix ofA with all
entries 0, for some, [ such thak + [ > n. In particular, this implies the existence of
a submatrixGy y of G, with |[I| 4 |J| = n + 1, such tha < |g;;| whenever € [
andj € J, and henceg occurs in (22) for this choice dfandJ.

To prove the opposite inequality, letbe the permutation which yields the mini-
mum of the left-hand side of (22). This means that

p = max|giq|. (23)
1<i<n

Now consider the set of valués,; };<;: these ar¢l | pairwise distinct natural numbers
inthe range 1...,n and, recalling that/| + |J| = n + 1, it necessarily holds

{oitiet NJ # 0.
Choosingk € I such thaby € J, from (23) we have

12 18ko | = minigi;l,
jeJ
and hence alse occursin (22). O

Lemmad4.2. Supposel,J C {1,...,n}, andlet X be an invertible matrix order n.
If 7|+ |J| > n+ kfor somek € {1, ..., n}, then

1X 2 (X1,0) > 1, (24)
where si (X y) isthekth largest singular value of X ;. In particular,

IX 21X 7 sllg >k, (25)

where || - ||« isthe Ky Fan normof order k.

Proof. By a suitable rearrangement of the rows and columns, efe can assume
thatX, ; is an upper left block oX, i.e., that
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X, A
=[]

for suitable matriced, B, C. Note thatB hasn — |I| rows and|J| columns. Hence
dimkenB) > k due to our assumption, and we can find a subsp#cg ker(B)
such that dimb#) = k. If we pick an arbitrary vectov € .#, we haveBv = 0 and
hence

no= Q)

On the other hand, we have

=[] frx Qv ()

On combining the last two lines we obtain from the arbitrariness ef.#

- I X gl 1,1
inf > IX i3t
ve# ”v”
v#£0

from which (24) follows, sincey (X7, ;) is equal to the supremum of the left-hand
side of the last inequality, over all subspac&sof dimensiork (this is the minimax
characterization of thkth largest singular value of a matrix, see [1]]]

Remark 4.1. Inequalities (24) and (25) are sharp. Indeed i6 the flip matrix of
ordernandX; ; is an upper left block, theK; ; has max|/| + |J| — n, O} singular
values equal to 1, and the remaining are equal to 0.

We point out that the last two lemmas yield a direct proof of (7), in the case of the
spectral norm.
To see this, tak& with rankG) = 1, and letl, J C {1, ..., n} be according to
Lemma 4.1. Then we are reduced to proving that
min W2+ [W o Gll2 > min|gil.
W nonsingular {63
JE€
SinceGy, ; is a submatrix ofG, rankG; ; < 1 and we can find numbefs;}, {y;}
such thaiG; ; = [x; y;]. Since for everyVwe have|W o Gll2 > [|W; ;o G142,
hence to prove the last inequality it suffices to check that

—1 . > . ) . )
W IWeg o Gryllz > (min l)( min 1v1) (26)
for every invertible matriyV. Writing W; j o G1.; = diaglx) Wy ; diag(y) (and as-
suming that diagr), diag(y) are invertible, otherwise the right-hand side of (26) is
0 and the inequality is trivial), we have from (25) with= 1
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1w
<w

2 IWrsll2 = W2 - || diagx) "1 (W; s o Gy, ) diagy) Iz
2-IWr.s 0 Gy sll2ll diagx) 2 2ll diagy) ~til2

-1 -1
=Wtz 1Wr,s 0 Grllz(,min Ixi1) (, min 1y;1)

1<i<I| 1<j<V|

and (26) follows.

An intermediate step in the proof of equations such as (7) and (8) consists in
establishing the weaker statements obtained by replacing “invertible” with “unitary”
in the left-hand side. It turns out that this can be done wemas non-negative
entries, at least in the case of the the Ky Fan norm of highest order (also known as
the trace norm).

Theorem 4.1. Assume that G is of theform G = AA®, where A = [a[.j]ﬁjzl has
non-negativeentriesand A, @ are diagonal unitary matrices. Then

min [WoGlw=_min_[IPoGlu. (27)
W unitary P permutation

Proof. Since for every matrix
XoG=X0(AA0)=A(X 0 A)O

(which follows from the fact thatt and® are diagonal matrices), by unitarily invari-
ance we lose no generality if we assume tfiat A (i.e., thatG has non-negative
entries).

Since the spectral norm is dual to the Ky Fan norm of ordee [1]), we have

IW o Gli = IIW o Allgy = sup [tr(Wo A)X| = sup |> wijaijxji|.
IXll2<1 1Xl2<1| 57

WhenW s unitary, choosind( = W* one obtains
WoGlw = Z Wijaijwij| = Z lwijlai;.
ij ij

Observing thaf|w;; 2] is doubly stochastic, by a well-known argument due to Hoff-
man and Wielandt [2,3] one obtains the desired restilt.

Remark 4.2. It is not clear to us whether the above argument can be adapted to
handle any Ky Fan norm (and hence any u.i. norm), and whether the result remains
valid if the minimum on the left-hand side is extended over all invertible matrices
(including, of course, the normalization facto —1|,).
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