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1 Introduction

Given n numbers ag, ao, - - -, a, called nodes, the associated Vandermonde Matriz is de-
fined as
1 1 1
o1 a9 e o
v e (1.1)
a?il agfl ant

It is perhaps one of the best known structural matrices, arising from polynomial interpo-
lation and others [3]. It is invertible if all nodes «; are distinct, i.e., a; # «a; for i # j,
and in fact

det(V) =[] (ei—ay).

n>i>j5>1

Vandermonde matrices are notoriously ill-conditioned [14, p.428], i.e., its condition number
can become arbitrarily large, even for modest n. This is not surprising because moving
one node arbitrarily close to another will make V' arbitrarily close to a singular matrix.
Therefore the question of importance about V' is not how bad a Vandermonde matriz V
can be but rather what one can hope for at best from V as far as its condition number
is concerned. In the past, Gautschi and his coauthor had systematically studied the
condition number estimation in [7, 8, 9, 10, 12], where various condition number bounds
in terms of the nodes «; have been established, as well as bounds in terms of dimension
n only. Most notably, in [12] two lower bounds in terms of n were obtained for positive
nodes (a; > 0) and real symmetric nodes (oj + an41—; = 0) to which we shall return
for comparison purposes later. A similar bound was obtained by Tyrtyshnikov [20], too.
It is worth mentioning that despite of its notoriously ill-conditioning, there is a way to
compute its singular value decompositions to a highly relative accuracy [6, 16].

Although V is well-defined no matter if all or some of «; are real or complex, this
paper is confined to real Vandermonde matrix V only, i.e., all a;; are real, except briefly
in Section 12. Throughout this paper, some notation is ezclusively reserved for one as-

signment, including V' and its nodes a; and amax def max; ||, along with many others in
Table 1.1. Vgyn, is one of those V' whose nodes are real symmetric.

The major objective of this paper is to bound the ¢,-condition number k,(V) =
V][IV, from below, in terms of n or n and amax. Many asymptotically optimal
bounds have been established. By asymptotically optimal bounds we mean those that will
give

]1/" (1.2)

asymptotic speed L im [min kp(V)
oo L -

exactly, where min is taken over some prescribed subset or the entire set of Vandermonde

matrices. Particular attention will be given to the case p = oco. In a sense, considering
p = oo is sufficient because of the exponential growth of (V') and because (see (3.9))

Pk, (V) < koo (V) < n2/Pry(V), (1.3)



and thus they all have the same asymptotic speed. Nonetheless, whenever it is possible to
establish sharper bounds on k, (V) directly instead of indirectly through bounds on ks (V)
combined with (1.3), we shall go for the sharper ones. To show what kind of consequences
our bounds may imply, we give these examples:

1/n 1/n
lim {minﬁp(vsym)} = lim [minmp(V)] = 1+V2, (1.4)
1/n
lim [mi;%)lip(V)] = (1+v2)% (1.5)
n—oo |a;>

What we can draw from them is that for best possibly conditioned V' and Viyy,, without
restriction on nodes «;, both x,(V) and #,(Veym) g0 to 0o as fast as (1 ++/2)", and that
subject to all o being nonnegative x,(V) goes to oo as fast as (1 + Vv2)?". Related,
roughly speaking it was proved in Gautschi and Ingese [12] that subject to all a; being
nonnegative the best possible condition number goes to co at least as fast as 2", while
with symmetric nodes it goes to oo at least as fast as (v/2)". In Tyrtyshnikov [20], this
is improved to the point that the best possible condition number goes to co at least as
fast as 2", regardless of the nodes being nonnegative or symmetrical. Clearly they are far
from asymptotically optimal.

Asymptotically optimal results subject to amax being fixed or bounded, are obtained
here, too. They seem to be the first of their kind. For example, we shall have

1/n 1/n
lim [ min Hp(V):| = lim [ min KP(V):| =2+5
N—00 | amax<1/2 N—00 | amax=1/2

which remains true with V' replaced by Viym.

Another instructive outcome of our study shows that both min,; r,(V) and
ming; >0 kp(V') subject to amax being fixed behave qualitatively, as functions of amax,
like Figure 1.1, where initially as amax increases, both ming; £,(V) and ming;>o (V)
decrease until at aumax = Qopt When global minimums of k,(V') are reached, and then they
start climbing again. Notice aopy may be different for the two, but aope = O(1) in both
cases.

Although our study here does not yield optimally conditioned V', i.e., V that achieves
min k,(V) under various circumstances, it does, however, say that a nearly optimally
conditioned V' with nodes in [—max, ®max] (i.€., With amax fixed, a;’s vary within the
interval) is the one defined with the translated Chebyshev nodes in a slightly larger interval
(so that the two exterior nodes are —amax and amax, respectively) and similarly for V' with
nodes in [o, #], where 0 < o < 3 = amax. If all a; are allowed to vary freely along the
entire real line, a nearly optimally conditioned V is the one defined with Chebyshev nodes
(for which amax = cos 5> = 1); If all «; are forced nonnegative but otherwise free, a nearly
optimally conditioned V' is the one defined with the translated Chebyshev nodes in the
interval [, §] = [0,1]. However, those nearly optimally conditioned V' are truely by the
word “nearly”, that is to say they are just nearly optimal but not optimal, according to
those few optimally conditioned V' computed by [9] under the condition that the optimal
V' is unique (for any fixed n).



min Kp(V)

0] A opt=C (1) o

Figure 1.1: Qualitative behaviors of min,; £,(V') and ming; >0 kp(V') as amax varies

We also extend our results for V' to Confluent Vandermonde matrices V., and rectangu-
lar Vandermonde matrices, i.e., the sub-matrix V; of the first k£ rows of V', and will briefly
explain how to apply our main technique to Vandermonde-like and complex Vandermonde
matrices.

The rest of this paper is organized as follows. A cornerstone of our study is the use
of the absolute sums of the coefficients of the translated Chebyshev polynomials of the
first kind. They are defined and computed for a symmetric interval or a nonnegative
interval in Section 2. Section 3 reviews the /,-vector and /,-operator norms, and norm
equivalence relations, and in particular we argue that the asymptotical speed of k,(V) is
independent p. Our upper bounds on mink,(V') are obtained by the computations for
V with the translated Chebyshev nodes. This is done in Section 4. Section 5 proves a
general bound on V with nodes restricted to a given interval [«, §]. Section 6 applies
the general bound to derive various asymptotically optimal bounds on min , (V') with or
without fixing amax. Equation (1.4) is a consequence of results in the section. Section 7
applies the general bound in Section 5 to the case when all o; > 0 and derives various
asymptotically optimal bounds, including those that lead to (1.5). Sections 8, 9, and 10
consider rectangular Vandermonde matrices, where results are very much parallel to those
in Sections 5, 6, and 7. Attempts are made in Section 11 to extend those results to a
confluent Vandermonde matrix V¢ ; however, we only succeed in establishing lower bounds
on kp(V,) without knowing whether these bounds are asymptotically optimal. Section 12
explain how to apply our main technique to Vandermonde-like and complex Vandermonde
matrices. Finally Section 13 draws a few concluding remarks, presents open problems,
and outlines some future work.

Notation We shall stick to the global assignments in Table 1.1, unless otherwise explicitly
stated. 1 < p < 400 and 1/p + 1/p’ = 1. Besides those, R™*" is the set of all m x n



V, aj, amax Vandermonde matrix V, its n nodes, and amax = max; |a;;

Veym V' with symmetric nodes: a; + a1 = 0;

[ov, 5] the interval that contains all nodes oy, see (5.1);

w, T parameters defining transformation t(x) = x/w + 7, and whenever
there is [a, 8] in the context, they are defined by (4.3);

V[%(g} {V s all Q; € [’)/,5]};

T,(t), Tn(x;w,7) Chebyshev polynomial, its translation T, (x;w, 7) def To(x/w+T);

0;, t; 0; = %W, and t; = cos;: zeros of T),(t), defined by (4.1);

xj xj = w(t; — 7): zeros of T, (x;w,T), defined by (4.2);

Ajn = ajn(w, T) coefficients of T}, (z;w, 7) defined by (2.6);

S p(w,T) (Z}l:o ]ajn|p> v defined by (2.8).

Table 1.1: Special Notation

real matrices, R = R™! and R = R!. sign(¢) is the sign of £ € R. |¢] is the largest
integer that is smaller than &; while [£] is the smallest integer that is larger than &. For
two sequences of numbers: a,, and b,

an ~ by, means a, /b, — 1 as n — +o00;

an = O(by,) means c; < ap/b, < co for constants ¢; and ¢y and n large enough;

an = On(by,) means n® < a, /b, <n® for constants d; and dy and n large enough.
In our use later in this paper, both a,, and b,, grow exponentially in n, and thus the hidden
factors n% in a, = O,(b,) are less significant, comparing to the exponential growth. It
can be proved that

an = On(by) = lim ¢}/ = lim b'/" (1.6)

n—oo n—oo

if one of the limits exists.

2 Coefficients of Chebyshev polynomials

Chebyshev polynomials of the first kind can be defined recursively as

To(t) = 1,
Ti(t) = t,
T.(t) = 2tT,_1(t) — Th—2(t) forn>2.

T,(t) is the nth Chebyshev polynomial. Alternatively on the interval [—1,1], T, (t) =
cos(n arccost), and thus

T, (—t) = cos(n(m — arccost)) = (—1)"T,(t). (2.1)
Other useful formulas are

Tu(t) =

<t+\/t2—1>n+%(t— t2—1)", (2.2)

1
2



2l |
= > (2j>t”‘2f #*-1). (2.3)

j=0
The nth Translated Chebyshev Polynomial is defined by
To(z;w,7) dof To(x/w+T), (2.4)
obtained upon applying the transformation
t(x) =z/w+T. (2.5)

Here and in the rest of this paper T, is overloaded with distinctions according to its
argument(s). It can be seen that T, (x;w, ) is a polynomial of degree n in x. Write

To(z;w, T) = appz™ + An_1nZ™ 4+ a1z + aon, (2.6)

where aj, = ajn(w,7) are functions of w and 7 which, wherever referenced, should be
either clear from the context or will be explicitly stated. It can be seen that

U = 2" /w™ for n > 1. (2.7)

But closed formulas for aj, for all j < n are hard to get. Luckily we do not need them.

What is needed is
n 1/p

def
Sup(w,7) E | D laml | (2.8)

=0

a function of w and 7, too. Successful computation of S, ,(w,7) is crucial to our later
development. But in its generality, an explicit formula for S, p(w, 7) is hard to come by,
too. Nevertheless we still manage to find formulas for S, 1(w, ) for two different cases
7 =0 or || > 1. Notice Sy, p(w, ) and Sy 1(w, T) are related by the following inequalities

(n+ 1)_1/p,5n71(w,7') < Sppw, ) < Spa(w, 7). (2.9)

The first inequality can be improved when 7 = 0 for which, by Theorem 2.2, only [(n +

1)/2] of all a;y, are nonzero. Therefore,
[(n+1)/2]7Y7'S,, 1(w,0) < Spp(w,0) < Sp1(w,0). (2.10)

Both (2.9) and (2.10) can be proved by using Holder inequality

1/p 1/p'

STgai< [ Sl > g (2.11)
j=1 j=1 j=1

1/p
and the fact that (Z;n:1 \ﬁj\p> is decreasing in p [13, Lemma 1.1].

7



Theorem 2.1 1. S, p(w,7) = Spp(|wl, |T]);
2. In |w|, Spp(w,T) is decreasing while |w|™Sy p(w, T) is increasing;

3. If |7] > 1, Sy, p(w, T) is increasing in |7|.

Proof: Because T,,(t) is either even or odd, 7Y )(t) is either even or odd. Thus ]T,sj )(t)] =
]T,gj)(\tm. With (2.5), it can be seen that

d’ d’ d’

@Tn(x;w,r) = an(x/w +7)= w*ijn(t)
and thus .
ajn(w,7) = ]1' %Tn(x;wﬂ') » = wj;!TT(lj)(T) (2.12)
from which it follows that
N . » 1/p
Snp(w,7) = w_jﬁTr(Lj)(T) = Snp(lwl; I7]), (2.13)

=0
and that as |w| increases, Sy p(w,T) decreases and |w|™Sy ,(w, T) increases. This proves
Items 1 and 2. For Item 3, we claim that ‘quj)(t)‘ increases as ¢ does for ¢ > 1, this is

because the zeros of T\ (t) are all within (—1,1), and thus sign(T,gj) (t)) = sign(t"7) =1
for t > 1 and therefore for t > 1, T,gj)(t)‘ = T,gj)(t) is increasing. n

Lemma 2.1 For T, (x;1,0) = T,(t), i.e., w =1 and 7 =0 in (2.5), we have
1. apn-1n=ap-3n=---=0, t.e, Tn(t) = appt" + an72ntn_2 + an74ntn_4 + ey
i

2. sign(an—2in) = (—1)"

Proof: Ttem 1 is a consequence of (2.1). We now prove Item 2 by induction. It holds for
n < 1. Assume it holds for n — 1 or less. For i > 1

An—2in = 2an—2i—1n—1 — On—2i;n—2 = 20(n—1)-2in—1 — A(n—2)—2(i—1),;n—2>

where commas in some subscripts are inserted as separators for clarity. Thus

(*1)ian—2m = 2(*1)ia(n—1)—2z‘,n—1 - (*1)% n—2)—2(i—1),n—2
= 2(-1)'ag-1)-2i;n—1 + (—1)%1a(n—2)—2(i—1),n—2
> 0,
and thus it holds for n. By induction, this completes the proof. |

Theorem 2.2 For T, (x;w,0) = T,(x/w), i.e., 7 =0 in (2.5), we have



1. ap—1n=ap-3n,=--=0, i.e, Tn(x/w) = Appa" + an—ann_Q + an—4n$n_4 + ey
2. sign(an_2in) = (—1)sign(w").
3. Sp1(w,0) =|T,(¢/w)|, where . = \/—1 is the imaginary unit. Thus

Sur(w,0) = ;[<Wl|+ 1+|wl’2> +<|wl‘—1/1+‘w1|2> ] (2.14)
(1 [ 1\
~ 2(|w’+ 1+w|2> : (2.15)

Proof: It can be seen that '
ajn(w,0) = ajn(1,0)/w’. (2.16)

So Item 1 is a consequence of Item 1 of Lemma 2.1. Now by Item 2 of Lemma 2.1,
sign(an—2in(w,0) ) = sign(an—2in(1,0)) - sign(w" ) = (—1)’sign(w"),
which is Item 2 here. By Items 1 and 2, we have
Sn1(W,0) = |ann — an—2n + Ap—an — - |,
and thus Sy, 1(w,0) = |T),(¢/w)| and (2.14) by (2.2). This proves Item 3. |
Theorem 2.3 For w # 0 and |7| > 1, we have
1. If T > 1, then sign(aj,) = [sign(w)}’, and thus

. Tn( 1;“}77)’ ifw > 0’
Sn,l(waT) - { (_1)”Tn(_1;w77')’ z'fw < 0;

2. If 7 < —1, then sign(aj,) = (—1)"[sign(w)})’, and thus

B (—1)”Tn(*1;w77—)’ ifw > 0,
Sn,l(waT) - { Tn( 1;@;77'), wa < 0;

3. Thus for || > 1,

n

Spi(w,m) =T, <‘M1| + \ry) ~ % <‘W1| + \ry) + \/<‘w1| + \71)2 -1 . (2.17)

Proof: These are consequences of (2.12) and the fact that sign(Tflj)(t)) = sign(t"7) =
(—=1)"=J for |t| > 1. n



REMARK 2.1 Condition |7| > 1 in Theorem 2.3 can be weakened slightly to || > cos 5

because the zeros of T),(t) are t; = cos 0}, 6; = 2] L7 (1 < j < n). Therefore S|gn(T(j)( ) =
sign(t"7) (for |t| > cos 7-), the key fact that i 1S eritical to the proof.

Theorems 2.2 and 2.3 established S, 1 (w, 7) exactly in terms of values of T}, (x;w, T) at
+¢ or £1. The case for |7] < 1, except when 7 = 0, is still left open. This is caused by the
irregularities in the signs of a;y, for |7| < 1 and 7 # 0.

Theorem 2.4 Letw >0 andn > 2
1. wSp1(w,0) is decreasing in w if w < max{y/n — 1,v/2} or n is odd;
2. wSn1(w,1) is decreasing in w if w < max{n — 1,v/2};
3. \/WS (w,1) is decreasing if w < /n — 1(v/n — 14 /n).

Proof: 1) By (2.14), we have

[n/2] n 1\"2-1 1\’
wSp1(w,0) = Z (2].) <w) <1+w2) for odd n,

J=0

[n/2]-1 n 1\ 21 1\’ 1\ "™/2
= Z ( > <) (1 + 2) +w <1 + 2) for even n.
prd 29 w w w

So wSp 1(w,0) is always decreasing in w for odd n > 1. For even n, however, all terms are
decreasing in w, except possibly the last one. But

Ao AN Y e
dww w? - w? w2+1

vn —1. It can be verified directly that wSs1(w,0) = w + 2/w is decreasing if

fw<
gf
y (2

2) B 3) and (2.17), we have

1 n
wSi(w,1) = w ( + 1>
w

[n/2] n—2;j j—1
2 1 1
-+ — 24+ — .
All terms are decreasing in w, except possibly the first one. But
1 " 1 " -1
dw<+1> :<+1> < " >§0
dw w w w

if w < mn—1. It can be verified directly that wSs(w,1) = 2/w + 4 4+ w is decreasing if

w < V2.

10



3) Again by (2.3) and (2.17), we have

2w S (w.1) 2w <1+1>”
—F———nl\W, = T\
V142w V142w \w

_,_me n l_,_l n—2j E+i j—1 24_1
V142w = 27 ) \w w o ow? w)’

All terms are decreasing in w, except possibly the first one. But

d 2w 1+1 "_2 1+1 nw2—2(n—1)w—(n—1)<0
dw /T4 2w \w T\ (1+2w)32(14+w) —

ifw<+vn—1(n—14/n). n

3 {,-vector and /,-operator norms

Let 1 <p<oo. Given u = (u1 po -+ pin) r € R", its ,-norm is defined as

1/p

n
lallp = D lwil” |
j=1

and [|uloo = limy . ||ul|, = max; |u;|. The associated £y-operator norm of A € R™*" is
defined as 1
Al = max 124l 3.1)
oFueR" ||ullp
It is proved that [17]
4l = 147,y
In particular, || Al = [|AT||1. All matrix norms are equivalent, and in particular, we have
for1<p,g<oo
min{m"/?=Y4 /Y [[Ally < Al < max{m!/PTHe YRy || A, (3.2)
To prove this, we cite the following inequality [13, Lemma 1.1]
ulls < [Jull, < nYP~V8ulls for 1 <p<s<ooanducR™ (3.3)
This follows from Hélder inequality. Now if p < ¢ and for v € R",
lAull, < lAul, <mM7=Y9)Aull,
lullg < llully < P9 ullg.
Therefore
- 1Al NAully g Aullg for p < . (3.4)

lallg = lullp, — ullq

11



Similarly, we have
va-1p 1Aulle 1Al /g1 14Ul
ullg = flull, g

Combining (3.4) and (3.5) yields (3.2). In particular if m = n, (3.2) becomes

m ¢ for p > q. (3.5)
n VP Alg < [ Allp < alVPHa A, (3.6)
Another useful inequality due to Kato [15, Page 29] is
1 /
IAll, < 1Al AN (3.7)
Define p-condition number x,(X) of nonsingular X € R"*" by
ip(X) = 1 X [l X - (3.8)
By (3.6), we see r,(X) and x,(X) differ by a factor n? for some |d| < 2. In particular

Pk (X) < kp(X) < n?Proo(X). (3.9)

4 Vandermonde matrices with translated Chebyshev nodes

The zeros of T),(t) are called

Chebyshev Nodes: t; = cosb;, 0; = 22_171' (1<j<n), (4.1)

n

and the zeros of its translated Chebyshev polynomial T}, (z;w, 7) as in (2.4) are called

Translated Chebyshev Nodes: x; = w(t; —7) (1 < j <n). (4.2)
Given interval [a, 3], set
8-« B+
= = — . 4'
w 5 > 0, 7 o (4.3)

Then the linear transformation ¢ = z/w + 7 defined in (2.5) maps x € [a, ] one-to-one
and onto t € [—1, 1]. The inverse transformation is x = w(t — 7).

This section, inspired by the results of Gautschi [8], computes ko (V') whose nodes are
the translated Chebyshev nodes for the case —a = (§ and the case 0 < a < (. But we are
still unsure how to deal with the general case o < 0 < 3 but —«a # .

First we compute ||V for V' with the translated Chebyshev nodes o; = z;. This is
relatively easy.

Vo

max 4 n, Z a1 ([9, Theorem 2.1])
j=1

n
= max n,w”_12|cosﬁj—7\”_1

j=1
= max {n, w"_lAn(T)} , (4.4)

12



where

An() =3 Jcos b — 7 (4.5)
j=1

It can be seen that A,,(—7) = A,,(7). In Appendix B, the asymptotical behaviors for A, (0)
and A(£1) are obtained, but its behavior for any other 7 is still unknown. Using on the
results there, we obtain the following theorem.

Theorem 4.1 Let o =z; (1 < j<n)asin (4.2) with (4.3).

1. If —a=£>0 (and thus w = [3), then

2 2
|V ]|oo ~ max {n, \/ nw"_l} ~ max {n, U—n a&;}(} ) (4.6)
7 T

2. If 0=a < g, then

IVl ~ e {251}~ e [} (@)

Proof: For —a = (>0, 7=0. By (B.2)

2 2 —(n—1) 2
WA (0) ~ T [Tt (cos o) T~ [ el

™ ™

. N _ o (n—1)7'('2 K —(TL—I) o _
since —(n — 1) Incos g ~ 4"~ — 0 = (cos ) ~1 For0=a< g, 7=-1. By
(B.4) and since A, (—1) = A, (1),

wnilAn(l) ~ wnl\/Ein — ﬂnl\/ﬁ
s s

_ o m e 2 N

B w1+ cos - T e

—(n-1)
since —(n — 1) In 2 BN (i . Ny W (#> ~ 1. [ |

1+cos % 16n2 1+cos %

In both cases —a = for 0 =a < g, 37, lz;["t = O(v/nalyl). But will this be
also true for arbitrary interval [, 5]7 We do not know. Nevertheless, we expect at least
this be true for all @ < 0 < 3. Figure 4.1 plots the ratio for various [«, 5] as n varies, and

it supports the following conjecture.

Conjecture 4.1 For the Chebyshev translated nodes xj, > %, lz;|" ! = O(vnalyl)
holds for a <0 < 3.

Conjecture 4.1 has already been proved for the cases —a = 3 or a = 0 or § = 0 by the
proofs of Theorem 4.1.
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-6~ [a,b]=[-0.5,1]

—o— [a,b]=[-0.5,1.5]

== [a,b]=[-0.5,2]
[a,b]=[-0.5,7]

-~ [a,b]=[-1,7]
== [a,b]=[-2,7]

i i i i i i i i i
(0] 50 100 150 200 250 300 350 400 450 500

Dimension n
n |n—1
Figure 4.1: Ratios % for several [a, ] with o < 0 < 8 and —« # 3 as n varies.

max

Theorem 4.2 (Gautschi, 1975) If aj + apqp1—j =0 for all 1 < j < n, then

S0 (48)

IV oo = e )
Ml >0 {Hajlf’(aj)l}

where

f@) =[] - a). (4.9)
j=1

Theorem 4.3 Suppose —a =3 >0, and let a; = z; (1 < j < n) as in (4.2) with (4.3).
Then V is a Viym, and

1 1 -1 1 3/4
wmin< 1, twll < M <wmaxy 1, Ste 3—, (4.10)
1+w?fn =~ Spi(w,0) 1+w?f 2n

where the first inequality is valid for n > 3 only.

Proof: With o = x; for all j, T),(z;w,7) and f(z) differ by a constant factor, and thus
f(x) = (1/ann)Th(x;w, 7), where ap, is as defined by (2.6). So (4.8) remains true with
f(z) replaced by T,,(z;w, 7). Now notice

T (—Lw,7)| = Spi(w,7), (because 7 < —1 and by Theorem 2.3)
n

1
Ty (zj;w0,7)] = Z|T’rll(tj)’:SiTej7

14



to get
V" oo w
= . 4.11
Sn,l(w,()) ( )

242
1+w tj

ming; > {Hwt] Trll(tj)|}

We now estimate the denominator, but first notice that

14 w?? 1+ w? cos® 6;
Ad:efmin{j \T;L(tj)]} min{ tuwicosb }

;20 | 1+ wt; t;20 | 1+wcosf; sind;

14+ w?cos?h 1
> p omin -0 2Ly 49
0<o<n/2 | 1+ wcosf sinf

We can show for 0 < 6 < 7/2

2 2 2.2 2 2
min 1’1—|—w 1+ cos Ggl—i—w cos 9<max Ll—i—w 14 cos” 6 (4.13)
1+w ) 1+ cosf 1+ wcosf 14w ] 1+cosd
by differentiating
14+ w?cos?f 14 cosb
1+wcosh 1+ cos?b
with respect to cosf. Next we can show
1 20 1
min —— 0 Lo g3/ (4.14)
0<f<m/2 1+ cosf sinf
by elementary calculation [8, page 345], and finally
1 29, 1 1 29; 1
min %% , < oSl - (for odd n)
0<9;<r/2 1+ cosf; sin0; 1+ cost; sinb; j=ntl
= 1,
1 20, 1 1 20; 1
min oSl . < oS . (for even n)
0<9;<n/2 1+ cos@; sinb; 1+cosf; sind; j=n
a2 T
_ 1+ sin” 5~ ' 1
1+sing. cosq-
< 1. (if n > 3)
Together with (4.14), they imply
1 20, 1
2% 334 < min % <1, (4.15)

T 0<0;<n/2 14+ cost; sinb; —

with the last inequality true for n > 3 only. Putting (4.12), (4.13), and (4.15) together,

we have ) )
. 1+w 2n 1+w
mln{l,w}WSAgmaX{l,w}n (416)
(4.10) is a direct consequence of (4.11), (4.12), and (4.16) above. |

15



Theorem 4.4 (Gautschi, 1975) If a; >0 for all 1 < j <n, then

e )
IV e = o T ) [} (4.17)

where f(x) is defined as in (4.9).

Theorem 4.5 Suppose 0 < o < 3, and let o = xj (1 < j < n) as in (4.2) with (4.3).

Then 5
—a 1
Scosg Ve . fG-a

n(1+52) " Sulen) T m /TR a) (415)

Proof: By similar reasoning to the beginning of the proof for Theorem 4.3, we have

V"o _ w

Spi(w, ) mim<i<n {[1+w(t; — 7T ()]}

and

min {[1+w(t; —7)][T;(¢;)|} = min {<1+5+04+ﬁ_0‘(;059j) N }

1<j<n 1<j<n
> min 1+ﬁ+a+ﬂ_ac059 .n ,
0] <m/2 2 2 sin 6

where the last minjg<,/2{-- -} achieves its minimum n\/(1+ 8)(1 + «) at

_ (B-a))2
1+ (B+a)/2

€08 Opmin = < 0.

N

This yields the second inequality in (4.18). The first inequality holds because

. 0+« -« n
in {1+t =T} < (10552 2 0, ) B (forodd
-2
= (1 + g _g 04) ,
. b+a -« n
nin. {1+ w(t; - DT} < (1 + 5 + 5 Cos 6, S0l | . (for even n)
2
< (1 N B+ oz) n _
2 CoS 5,
This completes the proof. |

Theorems 4.3 and 4.5 say that for V' with translated Chebyshev nodes on [«, 3] if
—a=for0<a<fora<f<0,then
2|V o

5o~ O (4.19)
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4 -~ [a,b]=[-0.5,1]
—o— [a,b]=[-0.5,1.5]
== [a,b]=[-0.5,2]

[a,b]=[-0.5,7]
3.5 7| == [a,bl=[-1,7]
== [a,b]=[-2,7]

L
N
a
T
I

N
T
L

n VY| IS (1)

1.5

L ]
i

(o] 10 20 30 40 50 60 70 80 90 100
Dimension n

0.5

v

Figure 4.2: Ratio Ww'ﬂ

> for several [«, 5] with & < 0 < f and —« # 3 as n varies.

(The case [o, ] for a < B < 0 can be turned into [—3, —a], a case that is covered by
Theorem 4.5.) But what happens when o« < 0 < § and —« # (37 Figure 4.2 plots the
ratio for various [a, 3] as n varies, where ratios were carefully performed by MAPLE. This

figure supports the following conjecture.

Conjecture 4.2 (4.19) would still be true for a« <0 < but —a # 3.

Theorem 4.6 Let a; =x; (1 < j < n)asin (4.2) with (4.3).

1. If —a= (>0, then

' 33/4 334 2\ V(14 v2)n
mlnﬁ Roo (V) < Tﬁopt Sn,1(Bopt, 0) ~ 9 <> W’

—a= s

where Bopt = wWopt = (n/An(O))l/("_l).
2. If 0 =a < 3, then

/8;;31; + \/5(1 + \/5)277,

min "QOO(V) < Sn,l(ﬂopt/27 ]-) ~ 4(%71’)\/5/4

0=a<f - ) /1_|_ (ji:)t

where 33, /2 = wh = (n/An (1)) =0

)

Proof: 1) Assume —a = (3. By Theorem 4.3, we have

1 3/4
o) gm0, A0 0),(,0)

(V) = 1
koo(V) < max{ o™

17
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whose right-hand side we would like to minimize, ideally. But that’s not easy; so instead
we shall attempt to minimize the factor

A = max{nwSp 1(w,0),w"A,(0)Sy, 1(w,0)}.

This is is a good compromise because the growth of S, 1 (w, 1) dominates that of the factor
before “x”. To do so, we notice:

1. By Theorem 2.1 w"S,, 1(w,0) is increasing in w.
2. By Theorem 2.4 wS,, 1(w,0) is decreasing in w if w < max{y/n — 1,v/2} or n is odd.

So for w < max{y/n — 1,2}, A is minimized when the two quantities within max{---}
are equal, i.e, at

Wl = n/An(O) = w= (H/An(O))l/(nil) = Wopt

at which A = nwept S, 1 (Wopt, 0). Notice that v/2 > (n/A,(0)Y~ D — 1 (as n — o),
and on the other hand, for w > max{yvn — 1,v2}, A > A,(0)2"/2S,,1(v/2,0) which is
much bigger than nweptSn,1(wWopt, 0) for large n. Therefore! A is minimized at w = Wopt
for large n. Substitute w = wqpy into the right-hand side of (4.22) to get (4.20), except
the asymptotic part for which we refer to (6.13).

2) By Theorem 4.5, we have

< 271\/?—1—;5 . % x max{nwSy1(w,1),w"Ap(1)Sp1(w,1)} (4.23)

whose right-hand side we would like to minimize, ideally. But again instead, we shall
attempt to minimize the factor

Koo(V)

A = max{nwSp 1(w,1),w"A,(1)Sy1(w,1)}.

This is is a good compromise because the growth of S, 1 (w, 1) dominates that of the factor
before “x”. To do so, we notice:

1. By Theorem 2.1 w"S), 1(w, 1) is increasing in w.
2. By Theorem 2.4 wS,,1(w, 1) is decreasing in w if w < max{n — 1,/2}.

So for w < max{n — 1,v/2}, A is minimized when the two quantities within max{---} are
equal, i.e, at
W =n/Aa(1) = w= (/A1) =0

opt

at which A = nw;E)tSn,l(w;t, 1). Notice that 1 > (n/A,(1)"/™1) — 1/2 (as n — o),

and on the other hand, for w > max{n —1,v/2}, A > A,,(1)2"/25,,1(v/2,1) which is much

Tt appears that A is minimized at w = wopt for all n > 2. We know this is true for large n through
an asymptotic analysis, and for small n through direct verifications (which can only be done for finitely
many n, unfortunately), but a rigorous mathematical proof eludes me.

18



2 | 3 [ 4] 5 [10]2 | 40 |
Bopt || V2| V2 [1.33]1.28]1.16 | 1.09 | 1.05
+ 2 8/3 | 1.47 | 1.38 | 1.21 | 1.11 | 1.06

Table 4.1: Bopt and ﬁjpt in Theorem 4.6

bigger than nwjptSn,l(w:pt, 1) for large n. Therefore? A is minimized at w = w;%t for

large n. Substitute w = wjpt into the right-hand side of (4.23) to get (4.21), except the
asymptotic part for which we refer to (7.17). |

Table? 4.1 lists the first few Bopt and ﬁ;rpt as given in Theorem 4.6.

5 Condition numbers of Vandermonde matrices — a general
theorem

We shall start by establishing a general theorem on x,(V') for

a < mjinaj < mjaxaj < 4. (5.1)
The case o = 3 is of no interest, because then V is of rank 1 and thus k,(V) = +oo
(unless n = 1). There are lots of ways to realize (5.1), and it is tempting to always let
a = min; a; and § = max; «;; but that may not be always possible for theorems that
require —a = . Recall w and 7 defined by (4.3), and define

Omax mjax |l (5.2)
Lemma 5.1
n .
max{n, nafi} = [V =Y lamaxl’ ™" = max{1, af1}, (5:3)
j=1
n
max{n, nall} > ||V« = max n,z la "™t 3 > max{n, a1}, (5.4)
j=1
max{n, nafial} = [Vl 2 max{nl?, aZial}, 55)
_ S_1 /(wT) 8_11<<.d7')
1 s Prolp\G 7)) Pn-11W T .
[yt > Sty en) s S (5:6)

+

opt for all n > 2, but again a rigorous mathematical proof is

2Tt appears that A is minimized at w = w
elusive.
3Through numerical computations, it seems that both Bopt and ﬂgpt monotonically decrease to 1. It

would be of interest to prove it rigorously.
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Proof: The middle equation in (5.3) is due to the known formula for || - || [5, Page 22] and
the middle equation in (5.4) is due to [9, Theorem 2.1]. Inequalities in (5.3) and (5.4) are
their consequences. Let e; be the jth column of the n x n identity matrix. Then

HVT61||:D’ = nl/p,»

IV enlly > ol

max*

Vilp =1Vl > {

This yields the second inequality in (5.5). Use (3.7), (5.3), and (5.4) to arrive at the first
inequality there.
We now show (5.6). Let v be the vector of the coefficients of T}, (z;w, 7) = T —1(x/w+

. T
7), i.e., v = (app—1 A1n—1 - Ap—1n—1) . Then
T
VT = (Th-1(an/w+7) Th—1(ag/w~+7T) -+ Tpo1(an/w+ 7))

which yields |[V7v|, < n'/P" because |Tj,—1(z/w + 7)| < 1 for z € [a,3]. We therefore

have
||va’ Sn—l,p’(va) > Sn—l,l(“-);'r)

Vel =~ wl = n

by (2.9). |

V=l =1Vl >

REMARK 5.1 The last inequality in (5.6) can be improved when —a = 3 (and thus 7 = 0)
because of (2.10): if —a = (3, then

Sn—l,p’ (wu 0) n 1/p Sn_171(w, O)
nt/r — \[n/2] n

An interesting observation also for the case —a =  (and thus 7 = 0) is as follows. For
even n, Tp,_1(z;w,0) is odd, i.e., ag—1 = agp—1 = --- = 0, and thus only the odd rows of
V got picked up by VTv, completely discarding all the even rows; while for odd n, for the
same reason only the even rows of V got picked up by V7v, completely discarding all the
odd rows. Therefore, we conclude that if —a = (3, then

V="l > : (5.7)

Snfl,p’(wao) > Snfl,l(wvo)

-1
>
[, > ek 22 Sl

(5.8)

for any V that has the same odd rows as V if n is even or the same even rows as 'V if n
1s odd. This remark applies to some of the later lemmas and theorems, too.

Theorem 5.1
n—lS ,
kp(V) > max {S’n—Lp/(w,T), Ymax nz/l’l,) (@, 7) } , (5.9)
nt/p
n—1
> max { Sn*l’i(w’ T), OnaxSn—11(0, 7) } . (5.10)
nl/p n
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Proof: Tt is an immediate consequence of Lemma 5.1 and (2.9). i

This is the most general theorem of this paper for a lower bound on k,(V). It is
its various applications combined with results in Section 4 that lead to many interesting
asymptotically optimal bounds. There are at least two different ways to apply Theorem 5.1
to any given V:

1. Take av = minj; and = amax and then compute the right-hand side of (5.9)
or (5.10). But unless @ > 0 or —a = (3 by coincidence, we may have to compute
Sn—1,1(w, ) in a brute force way because no explicit formula has been found yet. In
this case, both « and § are nodes of V.

2. Take —a = = amax (and thus w = amax and 7 = 0) and then use the explicit
formula for S;,_11(@max,0) to compute the right-hand side of (5.10). In this case,
one of a and [ is guaranteed to be a node for V.

REMARK 5.2 Another consequence of Lemma, 5.1 is

Snfl,p/(wa’r): if Omax < 17
Kk, (V) > n-lg . 5.11
V)2 s 5T i e > 1 (5.11)

upon noticing that ||V, > n'/?" if amax < 1, and ||V, > a2l if amax > 1. (5.11)

max

is slightly weaker than (5.9). But we still state it here for later use in the proof of
Theorem 6.3.

6 Condition numbers of Vandermonde matrices whose nodes
are in [o, §] with —a =

In this section, we apply Theorem 5.1 and (5.11) to the case —a = f3.

Theorem 6.1

Sn—l,p/(O[maX, 0)7 /[/f O'max S nl/[p’(n—l)]’
kp(V) > ot Sn—1 (Qmax, 0)
nl/v

(6.1)

s Af Qmax > nt/P' (=1,

Proof: Apply Theorem 5.1 to the case —a = [ = apax (and thus w = amax and 7 = 0) to
get

(6.2)

a?n;)l(sn— / amax, O
V) 2 {1 s 0), B 0

We shall minimize the right-hand side of (6.2). By Theorem 2.1, the first quantity within
max{---} in (6.2) is decreasing in amax; while the second one is increasing in cyax. There-
fore the right-hand side of (6.2) achieves its minimum when the two equal, i.e.,

nl/P — a&;l = Qpax = nl/P' (n—=1)]

X

which yields (6.1). [
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Theorem 6.2

St (0P D) 0) < min s, (V) < min sy (Vagm) < n'/? (33/4/2> - Sp1(1,0).  (6.3)
@ @

Proof: The right-hand side of (6.2), as a function of ayyax, achieves its minimum at apax =

nt/P'(=1] That gives the first inequality. The second inequality is true because {Vym } is

a subset of all Vandermonde matrices. We now prove the third one. To this end, consider
V' = Viym with Chebyshev nodes ¢;. Then ||[V||; < n and ||V||o = n, and thus by (3.7)

1 /
IVl < IVIZIVIEY <n.

Apply Theorem 4.3 to the case —a = =1=w to get ||V} < (33/4/2) -n~18,1(1,0)
and then to get

[Vl < a2V oo < 07 (3/4/2) - n715,4(1,0).

So for this Viym, kp(Veym) < nl/p (33/4/2) - Sn,1(1,0), as needed. [ |
We include min £y (Vsym) in (6.3) mainly because Vandermonde matrices with symmet-
aj

ric nodes were heavily studied by Gautschi and his coauthor [8, 9, 12]. Moreover, assuming
that the optimally conditioned V' is unique, Gautschi [9] showed that the optimally con-
ditioned V must have symmetric nodes. However, whether this uniqueness assumption is
true or not is an open problem.

The third inequality in (6.3) was proved by simply picking a special V' with Chebyshev
nodes. This turns out to be good enough, as we shall see later, in yielding the correct
asymptotic speed in our notation @, but it does not produce the best possible factor n¢
hidden in the notation. For p = oo, however, a tighter upper bound is possible by using
the V' with the translated Chebyshev nodes in [—fopt, Bopt], where Bopt, = (n/An(O))l/("fl)
as in Theorem 4.6. Of course, one may use this V for all p, but doing so will not only lead
to a more complicated bound but also the resulted bound may not be much better due to
more complicated estimation of ||V||,. For this reason, we shall state a sharper version of
Theorem 6.2 for p = oo only as follows. It is sharper because of B,y > 1 and Theorem 2.4.

Theorem 6.2’

Sn—l,l(nl/(n71)7 0) < min "ioo(v) < min ﬁoo(‘/sym) < (33/4/2> ﬂopt Sn,l(ﬂopta 0)7 (64)

aj Qg

where Popt = (n/An(O))l/("_l).
Proof: 1t is a consequence of Theorem 6.2 for p = co and Theorem 4.6. |

In what follows, we shall establish theorems that are of the same spirit as Theorems 6.2
and 6.2' but with an.x subject to a constraint.

Theorem 6.3 Let 0 > 0 and set 0' =6/ cos 5. If § <1, then

3/4

Omax <0 Qmax=0 4

8 Su1(8,0);  (6.5)
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and if § > 1, then

5n715n71,p’(57 0) 1/p33/4 [COS %] n—1

(6")"Spa(6,0),  (6.6)

< min k,(V) <n

np T Omax=90 2
St (7 IL0) < min wy (V) < 0t/ (3/4/2) - 8,(1,0). (6.7)

Inequalities (6.5), (6.6), and (6.7) remain valid with V' replaced by Viym.
Proof: 1) Observe that {V : amax =0} C{V : amax < J}. So

min _k,(V) < min k,(V). (6.8)

Omax <6 Omax=0
This is the middle inequality in (6.5).

2) Apply (5.11) to the case —a = 3 = amax < 6 < 1 (and thus w = amax and 7 = 0) to
obtain

HP(V) > Sn—l,p’ (amax; 0) > Sn—l,p/(67 O)
By Theorem 2.1. This gives the first inequality in (6.5).

3) Apply (5.11) to the case —a = f = § = apax (and thus w = § and 7 = 0) to obtain the
first inequality in (6.6).
4) Take —a = 3 = 0/cos 5= = ¢, and aj = z; (1 < j < n), the translated Chebyshev
nodes as in (4.2). Then

T
T =0, Qmax =max|o | = Fcos — =,
2n

§<w=p=1¢.
Theorem 4.3 says that for the V' with those nodes

2 1 3/4
1+w}33/4 5,([2 )3 , o<1,
n

e le o
14w 2n — 5,33/4
on’

V" oo

— < 1
S (0,0) = wmax{

it 5> 1,

where we have used

1 14w 14w
max =
w>0 | 14 w? 1+ w?

_ V2l max{l 1+w}:1. (6.9)

w1 2 7wl | 14 w?

Now employ |V, <nif § <1 and ||[V], <né® 1 if § > 1, and |V, < 2P|V
to get the last inequalities in (6.5) and in (6.6).

5) A proof of (6.7) can be done in the same way as for Theorem 6.2.

6) Finally, when V is replaced by Viym, the first inequalities in (6.5), (6.6), and (6.7) still
hold because any Viyrm is a Vandermonde matrix. The middle inequality in (6.5) remains
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valid, too, because (6.8) is true with V' replaced by Viym. The last inequalities in (6.5),
(6.6), and (6.7) hold because they all were proved by bounding some x,(Vym). n

There are stronger versions of (6.6) and (6.7) for p = oo, too, just as we did for
Theorem 6.2.

Theorem 6.3" Let 6 > 1 and set §' =6/ cos 5. Then

511—15”_171 ((5, 0) <

< 33/4 max{n, An(o)(y)n_l}é/

min ke (V) Sp,1(0',0), (6.10)

n T amax=0 - 2 n
33/4
Sp_11(n/™= 0) < migémoo(V) gTwlsn,l(wl,O), (6.11)

where wi = min{&’, (n/An(0)Y DY It can be seen that wy = (n/Ay(0)Y Y for n
sufficiently large. Inequalities (6.10), and (6.11) remain valid with V' replaced by Viym.

Proof: Only the second inequalities in (6.10) and (6.11) need proofs. For (6.10), it follows
from the proof of Theorem 6.3, upon using ||V |« = max{n,w” 1A, (0)} which for large
n is proportional to /n " ! instead of ||V || < nd""!. The second inequality in (6.11)
is obtained by approximately minimizing

334 max{n, An(0)(a/ )"}

max /
Omax SnJ (amaxv 0)7

2 n
subject t0 amax < 0, where af ., = Omax/cos5-. That w; = (n/An(O))l/(”_l) for n
sufficiently large is due to (n/An(O))I/("_l) ~ (271'/11)1/[2(”_1)] ~ 1. |

We shall now investigate the tightness of the upper bounds and the lower bounds in
(6.3) of Theorem 6.2, (6.4) of Theorem 6.2, (6.5) and (6.6) of Theorem 6.3, and (6.10)
and (6.11) of Theorem 6.3/, as well as the asymptotical speeds of £,(V) minimized over
certain set of Vandermonde matrices. We shall do so only for p = oo; for any other p,
Sp—1,p in the lower bounds will have to be weakened by using (2.10) so as to apply the
same lines of arguments here. Also as far as asymptotical speed is concerned, it suffices
to only look into the case p = oo.

For p = oo, p’ = 1. Since

In(n—1) 2+In%(n—1) N
n—1 2(n —1)2 ’

L VI
Theorem 6.2 says that (V) is no smaller than

Sp1a(n'/ 71 0) = — L (1+V2)! [1 +0 (1“2(”_1)”

n—1

+(—1)"—1M(1 +v/2)ln [1 ~-0 <ln2(” - 1)>]

n—1
1+v2)r!
~ o (6.12)
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On the other hand, Sn,1(17 O) = %(14_\[) (1+\[) and for ﬁopt — (n/An(()))l/(”_l),

V2/4 /24
Soaors 0= (i) (V) [1+0<1nn”)>]
" 2 —\/5/471\/5/4 . lnn)
+(=1) (ﬂ) 5 (1+V2) [1-0( - )]
2\V¥4 1 L 1
- (w) s (6.13)
Therefore
Sn,1(1,0)
Sn_m(rlzl/(n-l),O) ~ (VR (6.14)
Sn1(Bopt, 0) 9\ V2/4 i
St (n/=10) "~ <7T> (1+v2)nV?4, (6.15)
i oo (Vo). minsiee(V) = On ((14V2)"). (6.16)

Even though Gopt ~ 1, Sp.1(Bopt, 0) is about (2/77)\/5/4 n~V2/4 times smaller than Sn,1(1,0).
We now turn to the bounds in Theorem 6.3. We claim

1+/0241\" )
14+V62+1 '

(6.17)

This is because

SLEVIAL (o 1y (“V‘T) < (e D) "
Tl+VE241 1+/62+

since —nlncos - ~ g—i — 0 = (cos£~) " ~ 1. With (6.17), we have, by (2.15),

1<

8" Sp,1(8,0) 8" Sp,1(8',0) " 0.5,,1(0,0)

Sn-1,1(6,0)  65,1(6,0) " Sp-11(6,0)
n—1 2 "
N (Cosl) LHVORHLY et
2n 14+V02%2+1
~ 14+V62+1, (6.18)
8" Sn1(8,0) 8" Spa(d, ) d"8,1(0,0)
5"71 Sn,l,l(é, 0) - 1) nSn71(5 ,0) 5” 1 Sn 1 1(5 0)
14 +/6"
~ 1+ver+1 x (14+62+1)
1+V62+1
~ 14V (6.19)
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’ Inequality H Ratio ~ \ for bounds on
(6.3) V2SR p1ve min
(6.4) (1+\@)33/4 (%)\@/4 % pV2/4 N
(6.5) (1+‘[ (1 +v024+1) x nd amin , amiri for 6 <1
(6.6) i(1 +v02+1) x nt amiri for § > 1
(6.10) B /EA+VEE 1) x plf?
(6.7) M x  nl/V2 amig for 6 > 1
(6.11) CoRSR (2)31 x a2t
Table 6.1: Ratios of the upper bounds over the lower bounds for p = co

For the bounds in Theorem 6.3/, we notice

max{n, A, (0)(6")" 1} = A, (

e i

wi = (n/An(0)"71 ~

1

for any given 4 > 1 and n sufficiently large. Using on the analysis above, we arrive at
Table 6.1 for the asymptotic behaviors for the ratios of the upper bounds over the lower
bounds in the corresponding inequalities. Given that S, 1(d,0) goes to +00 exponentially,
our upper bounds and the lower bounds in Theorems 6.2, 6.2, 6.3, and 6.3’ are very tight.
These bounds, together with Theorem 2.1, lead to the qualitative behavior of ming; £, (V)

as aumax varies, depicted in Figure 1.1.

inequalities, we conclude that

nodes).

For a fixed amax, nearly optimally conditioned V' are the ones with
the translated Chebyshev nodes on the symmetric interval that is
slightly larger than [—oumax, Qmax] (S0 that amax are part of the

From how we got the upper bounds by these

(6.20)

In addition to Table 6.1, the analysis above yields the asymptotical speeds of min £ (V)

for various cases, summarized in the following theorem.

Theorem 6.4 We have

min _ Keo(V),

Omax <9

min Koo (V)
aj

min Koo (V)

Qmax =

min ke (V)
Qmax=0

i 1%
arrlgi%tS HOO( )

(6.21)

(6.23)

On (14 V2)"),

O<(51+ 1+0 2)”) ford <1, (6.22)
on((1+ 1+52)”) for § > 1,

0, (14 V2)") for 6> 1.

(6.24)



Equations (6.21) — (6.24) remain valid with V' replaced by Viym .

This is a very informative theorem, for example,

min (V) minreo(V) = O ((2+\/5 )n), (6.25)
min_fo(V) = Op (14 V5)"). (6.26)

Except (6.22), all other equations in Theorem 6.4 are in terms of O,(---). It is quite
natural to wonder whether this is really necessary. Examining the proof of Lemma 5.1
which results in Theorem 5.1 and (5.11), we find that the factor 1/n in the lower bound by
(6.6) for p = oo originated from ||V | s > oL for aunax > 1. This could be a very crude
estimate at least for those V' that are (nearly) optimal. It is conceivable that in (nearly)
optimal cases, nodes «; would be well separated in a sense. Guided by Theorem 4.6, we
would expect in (nearly) optimal cases ||V | ~ max{n, (constant)\/n - a?_1}. If this is
indeed true, the lower bounds in Theorem 6.2' and Theorem 6.3’ can be improved to the
point that they differ from the corresponding upper bounds by constant factors! We make

this observation formally into the following conjecture.

Conjecture 6.1 Let p = oo. For optimally conditioned V,
n
> Jay"7! > (constant)*v/n - ol (6.27)
j=1
and consequently all O (---) in Theorem 6.4 could be replaced by O(---).

Let us comment on why (6.27) would imply the second claim in this conjecture. In fact
with (6.27), the lower bounds in (6.4) and (6.11) could be improved to

Sn,m([n/(constant)]l/Q(”_l), 0),

and the factor 1/n in the lower bound in (6.10) could be improved to 1/y/n. Then,
asymptotical analysis similar to the one we did above would would lead to the second
claim.

Our lower bound from Theorem 6.2 compares favorably to those of Gautschi and
Inglese [12] which were established only for two special cases:

1. For positive nodes (co;; > 0 for all j) and n > 2,

1\ Y@=t
1+ <1 - ) , (6.28)

v

Foo(V) (n—1)

n

= n2" 14+ 0(1/n)]. (6.29)
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€S, 1(“(1/("’1)‘0) 1 Gl(pos. nodes)
5 S, ("".0)/ Gi(sym. nodes)

- (Un-1)
-6 ours S, 10 0)

60| Gl(pos. nodes)
Gl(sym. nodes)

V)
s

Lower bounds on K
Ratios of lower bounds
=
15

10° & 1 1 1 1 1 1 1 1 1 10° 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
n n

Figure 6.1: The first inequality of (6.3) for p = oo vs. (6.28) and (6.30)

2. For real symmetric nodes (a; + apq1—j = 0 for all j) and n > 4,

n—2)/2
(n—2) [1 +(1- %)_2/@_1)}( / , for even n,
Roo(V) > B (6.30)
3)-2/(n—1)] ("=3)/2
(n—3) [1—1—(1—5) } , for odd n
_ n(v2)"2[1+O(1/n)], for even n >4, (6.31)
B n(v/2)"3[1 +O(1/n)], for odd n > 5. '

Figure 6.1 plots our bound Sn,l,l(nl/(”_l),()) against these two. What shows in the figure
is somewhat expected because of (6.12), (6.29), and (6.31). Later in Section 7, we shall
see min ko (V') for positive nodes grows at a pace much faster than for general nodes, and
thus the estimate (6.29) is very crude. Our lower bound is also far better than these of
Tyrtyshnikov [20]:

ko(V) > 2"72/\/n in general, or (6.32)
ko(V) > 272 ifall joy| < 1orall o] > 1. (6.33)
REMARK 6.1 What about minimizing over [a, 8] with o < 0 < 87 (We leave the case
aff > 0 to the next section.) We would have similar bounds if we had found a formula
for Sy, 1(w, ) and had proved the conjecture we put forward at the end of Section 4. But
we have not done either. For the moment, we shall explain an idea to get bounds, albeit
unlikely (asymptotically) optimal, and leave the details to the reader. Let
Omax = max{|al, 5}, Omin = min{|a|, 3}.

Then
[*5min75min] g [O‘,ﬂ] g [5maXa 5max]
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which implies
V[_5minv5min} g V[D&,ﬁ] g V[_amaxuémax]

which implies

min  ky(V > min vy > min 1%
Qmax Sémin p( ) - VEV[Q’B] H/p( ) - max %5max K/p( )
N A (6.34)
i Vs > i V-
am'cfxn%%min Klp( Sym) - amanxléglmax K/p( Sym)

Depending on the magnitudes of dmin and dmax, various inequalities on Vr%in kp(V') can
Va8

be established with the help of Theorems 6.3 and 6.3’.

7 Condition numbers of Vandermonde matrices whose nodes
are in [o, ] with 0 < a < f3

Assume throughout this section
0<a<p.

Notice that the case a < 8 < 0 can be turned into this case by reversing the signs of all
«; while leaving norms ||V, and ||V 7|, unchanged. So results in what follows apply to
the case o < 8 < 0 as well after minor modifications.

Let 0 < a < aj < max;joj = omax < B. Then 7 < —1, and thus by Theorem 2.1
Sp—1p (w, ) is decreasing in w and increasing in |7|. Given «; and thus the constraints
0<a<a; <pBonaandf, it follows from (4.3) that w achieves its smallest value and
|7| its biggest values at the same time when

a=minaj, = amax = Maxo; (7.1)
J J

at which the right-hand side of (5.9) is maximized over all possible feasible o and 3 subject
to 0 < o < j < . For this reason assignments (7.1) will be kept throughout this section,
unless otherwise explicitly stated.

Theorem 7.1 Suppose a; > 0, and o and 3 defined by (7.1). Then

av 1S, 1 y(w, T
rp(V) = max {Sn—l,p’ (w,7), == nl/l;z;]’o .r) } , (7.2)
nilsn— / max 2,1
> max {Snl,p’ (amax/Qa 1) s Pmax I;Lpl/;? : / : ) } ) (7'3)
Snfl,p’ (amax/2a 1) s Zf Qmax < nl/[p’(n—l)]’
= agl;isn—l,p’ (amax/2v 1) (74)

1/ s Zf Qmax > nl/[p’(n—l)]‘
n
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Proof: (7.2) is (5.9) with (7.1). (7.3) holds because of w < amax/2 and 7 < —1, and the
monotonicity of S,,_; v (w, ) in its two arguments by Theorem 2.1. Also by Theorem 2.1,
the first quantity within max{- - -} in (7.3) is decreasing; while the second one is increasing.
Therefore the right-hand side of (7.3) achieves its minimum when the two equal, i.e.,

nl/r' — O/nllgi = Qe = /P (n=1)]
which yields (7.4). n
Theorem 7.2
/ 2
(/D) < mi < 1pY2
Sn—1p (n /2, 1) < Créuz% kp(V) <n 1 Sn1(1/2,1). (7.5)

Proof: The first inequality is true because the right-hand side of (7.3) achieves its minimum
at amax = nV/P’=D] We now prove the second one. To this end, take 0 = a < 8 = 1,
and consider V' with translated Chebyshev nodes x;. Then ||[V||;1 < n and ||V = n, and
thus by (3.7)

1 ’
VI, < IVIVPIVIL < n.

Apply Theorem 4.5 to the case 0 = o < f =1 (and thus w = 1/2 and 7 = —1) to get
Ve < (2v21n)71 S, 1(1/2,1) and then to get

IVl < nPIV T oo < nP(2v20) 71 Spa(1/2,1).

So for this V, ,(V) < n'/P(2/2)71 S,,1(1/2,1), as needed. [

The second inequality in (7.5) was proved by simply picking a special V' with the
translated Chebyshev nodes in [0, 1]. For the same reason that led to Theorem 6.2/, for
p = oo a tighter upper bound is possible by using the V with the translated Chebyshev
nodes in [O,ﬂ;;t], where ﬁ;;t = 2(n/An(1))1/(”71) as in Theorem 4.6. This gives the
following theorem.

Theorem 7.2/

A

Sn—-1,1 (nl/("_l)/Q, 1) < min Ko (V) 6‘—’;“

20 2 U

Sn1(Bope/2: 1), (7.6)

where By = 2 (n/An (1)),

Proof: Tt is a consequence of Theorem 7.2 for p = co and Theorem 4.6. |
Theorem 7.3 Given 0 <~y < 4§, let

" :5—7 o - 2 " T:_(S—i—’y T,:T1+c 1 11-c¢
0 2’ l+c 0 70 §—7’ 079 0l+c)’
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where ¢ = cos 5. If 6 <1, then

Sn—1p(wo,70) < min  K(V) < nl/pESnJ(w',T’) < nl/pESnJ(wo,To), (7.7)
VEV[,Y,(;]
Qmax=0
where
5 —
= = 7 (7.8)
VI+eyT+9yT+c+20—v+c¢
B 5= =@ +~r+2) 7* (1>
2/T+9V1+6 16T +(1+6)3/24n? i)

and if § > 1, then

618, 1 (wo, T0)

nl/p min  k,(V) < nl/p=sn—1 Sml(wl,T/) < nl/p=sn—1 Sn.1(wo, 70).

VeVl

Amax=0

(7.9)

Proof: Pick any 0 < a < v < ¢ < f3, we still have (5.11). For o = « and § = 9,
in particular, we deduce the first inequalities in (7.7) and (7.9). To prove the second
inequalities, we take o = 7, and let 3 be determined. Set a; = x;, and then pick 3 such
that =1 =9, i.e.,
-« T [BH+a 1+¢ 1—¢

+

y Syt =g te

5:1‘1 :w(tl—’i'):

which gives

1—c¢ 2 1+c¢ 11—-c¢
:(5 6— = = / — 1_7 — /.
B=0+0-Mi wsw =, T ( 7’01+c> T

Apply Theorem 4.5 to get

—_

[V loe < = Snalw, 7).

Now ||[V]l, <nif§ <1and [|[V], <né®tif § > 1 and |V, < n'/?||V"!|«. Thus if
<1,
rp(V) < 0PIVl < n'PE S (w,7);

and if 6 > 1,
kp(V) < n! VP V=t o < nl/Pen 1= S, ) (w, 7).

This completes the proofs for the second inequalities in (7.7) and (7.9). The third inequal-
ities hold because W’ > wg and |7/| < |79 |

The theorem below is essentially Theorem 7.3 for v = 0.
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Theorem 7.4 Let § >0, and let 0' = [2/(1 + ¢)]d > 0, where ¢ = cos 3¢ If § < 1, then

5/
Sp1,(8/2,1) < min k,(V)< min (V) <n/P ————8,1(8/2,1); (7.10
1,9 (6/ )_VGVM p(V) < N p(V) < VIS 1(67/2,1);  (7.10)

Omax=0
and if § > 1, then

6”_15,1_1,:0/ (5/2, 1) <

nl/p - VeV, 2 2 1+
Amax=0
(7.11)
/ 2
 (nVP =D 1) < i <t Y25 (1/21) 12
Su-1yr (1 f20) < min mp(V) < nt?EESua1/2,) (7.12)
Proof: 1) Observe that {V € Vig 5 : amax = 0} C Vg 5. So
min kp(V) < min  ky(V). (7.13)
VeVg,s P VeV 4 b
Amax=0

This gives the middle inequality in (7.10).

2) Apply Theorem 7.3 with 0 = 7 < 1 < ¢ to obtain the last inequality in (7.10) and to
obtain (7.11).

3) It follows from (7.4) that for 0 < apax <6 <1,
/@p(V) > Sn_l’p/(amax/Q, 1) > Sn—l,p’(5/27 1)

by Theorem 2.1. So the first inequality in (7.10) holds.
4) A proof of (7.12) can be done in the same way as for Theorem 7.2. [

There are stronger versions of (7.11) and (7.12) for p = oo, too.

Theorem 7.4’ Let 6 > 1, and let ' = [2/(1 + ¢)]6 > 6, where ¢ = cos 3. Then

6" 18,-1.1(6/2,1) max{n,2—("—1)An(1)((5/)n—1} 5

< i (V) < Sp1(0'/2,1),
n = o = " Ve
Qmax=0
(7.14)
S, 11 (nl/("_l)/2, 1) < min keo(V) < Lsnl(al/m) (7.15)
’ - VEV[O,(;] - 2m ’ ’

where 6, = min{&, 2 (n/An(1))Y DY, It can be seen that 6 = 2 (n/An(1)Y D forn
sufficiently large.

32



Proof: Only the second inequalities in (7.14) and (7.15) need proofs. For (7.14), it follows
from the proof of Theorem 7.3 for v = 0, where instead of |V ||co < 76" ! we use ||V | =
max{n,w" 1A, (1)}, which is proportional to v/nd"~!. The second inequality in (7.15) is
obtained by approximately minimizing

n 2¢/ 1+l
subject t0 max < 0, where o, = [2/(1 + ¢)]oumax. That & = 2 (n/An(1))Y™V for n
sufficiently large is due to (n/A, (1)) ~ 271 (ng)V/BO=D)  o-1, n

We shall now investigate the tightness of the upper bounds and the lower bounds in
Theorems 7.2, 7.2/, 7.3, 7.4, and 7.4'. Again, we shall do so only for p = co (and thus
p/ =1). Since

In(n —1) n —24+1n%(n —1)
n—1 (n—1)2 ’

Theorem 7.2 says that koo (V) is no better than

Tnfl(l + Zn_l/(”_l)) = W(3 4 2\/5)71—1 |:1 +0 (ln2n(n_—11)>:|
_ V2 02(n —
o ()
(3+2v2)n !
T o )VE (7.16)

On the other hand, Sn,1(1/27 1) = %(34-2\/5)”4_%(3_{_2\/5)—%7 and for ﬂc—;)t -9 (n/An(l))l/(nfl)7

(nr)~V2/4

Sur (B /2,1) = T(3+2x/§)" [1+0<msl__;)>]

0 g s amyn 1o (D)

(3+2v2)"
~ (7.17)

Therefore

Sn1(1/2,1) 1/v2
: ~ (3+2v2
Sp_11 (nl/(n—l)/271) (3+ \f)n ’
Sn1 (B /2, 1)
Sp—11 (n¥/(»=1)/2,1)

min roo(V) = Oy ((3+2f2 )"). (7.18)

(3 +2V/2) (nm) V¥4,
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Even though ﬁjpt ~ 1, Spa( ;;t/Q, 1) is about (7r/n)‘/§/4 times smaller than S, 1(1/2,1).
Now it is clear that (6.28), the estimate in [12], is far from sharp. Let us turn to Theo-

rem 7.3. First, we claim

n

2

it L+ (&) -1
2

L30+|7'0’+\/(WIOJr|7'o|) -1

To this end, we notice that {d:ef ( - iﬂ) >1,and ¢¢ <1, and

1, IR l+c [ 1 1 2 2 \?
— — -1 = — — _
wf%7%+¢<w4ﬂ70 5 (WO+70C+¢<M]%mC> T s

~1. (7.19)

1+c¢
2

Y

1 1 2
— + | 70| + — +|n|) -1
wo wo

Therefore 1 > ¢ > (3<)" ~ 1 because nln 3¢ ~ —% — 0. This proves (7.19). With
(7.19), we have, by (2.17),

Sn 1((,«),,7',) Sn 1(&)0,7’0) 1 < 1 >2
, _ Sn, e ) —1 ) 7.20
Sn—1,1(wo,70)  Sn—1,1(wo,70) wo 7ol wo 7ol (7.20)

For the bounds in Theorem 7.4', we notice

max{n, 2" " DA, (1)) = 27(=DA, (1)) m,\/Z:anl,
& = 2(n/A,ANYY L1

for any given § > 1 and n sufficiently large. Using on the analysis above, we arrive
at Table 7.1 for the asymptotic behaviors for the ratios of the upper bounds over the
lower bounds in the corresponding inequalities. The conclusions are that these bounds are
very tight. These bounds, together with Theorem 2.1, lead to the qualitative behavior of
Ming ;>0 Koo (V) &S amax varies, depicted in Figure 1.1. Also,

For a fired amax, nearly optimally conditioned V' are the ones with
the translated Chebyshev nodes on an interval slightly larger than (7.21)
[0, max] (S0 that amax s a node).

In addition to Table 7.1, the analysis above yields the asymptotical speeds of min ke (V)

for various cases, summarized in the following theorem.
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’ Inequality H

Ratio ~

for bounds on

(7.5)

4432
4

(7.6)

Fo

minaj >0

(7.7)

(VIFy+V1+6)?
2VI+y VIt

min subject to amax = 0 for 6 <1

VEV,6

(7.9)

(/741532
2Tty V1t

min subject to amax = 0 for 6 > 1

VeV

(7.10)

(14+/1+5)?
2140

min subject to apmax = 0 for § <1

VGV[Oyg]

(7.11)

(1+v/1+5)2
2v/1+6

(7.14)

(A+vI+6)2 1
2146 ™

min subject to amax = 6 for § > 1

VGV[O’(;]

(7.12)

S

4+43v2
4

(7.15)

Fo

X

V24

min subject to apmax < 6 for § > 1

VGV[O’(S]

Table 7.1: Ratios of the upper bounds over the lower bounds for p = oo and nonnegative

nodes

Theorem 7.5 For 0 <~ <6,

VeVl

Omax=0

VeVl

Omax=0

min Keo(V
VEV[Oyg] OO( )’

And finally,

min = Keo(V)
VEV[OA;]

Omax=0

min = Keo(V)
VGV[()’(;]

Omax=0

min  Keo(V)
VEV[O’(;]

min koo (V) = Oy

a; >0

1 1 2
min  ko(V) = O +|7'0|+\/<+|TO|) —1
wo wo

1 1 2
min = Keo(V) = Oy 0" +\To]+\/<+|7'o\> -1
wo wo

n

n

0 ([5—1/2 P11 ] )

On (1L +VI+38)™)

O, ((3 + 2x/§)”)
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((3+ 2\@)”) .

ford <1,

ford > 1;

for 6 <1,

ford > 1,

ford > 1;

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)



With constants and modest factors n? hidden, this theorem is perhaps more informative
than the previous ones, for example,

min  keo(V) = (9((11+2\/30)">,
VEV(1/4,1/2)
Qmax=1/2

min  keo(V) = O, ((10 + 4\/6)”) :
VEV[LQ]

Qmax=2

min = Koo (V), min - feo(V) = O <(5 * 2\/6)”) ’
Vevio,1/2 VeVi,1/9
amale/Q

min  ko(V) = O, ((4 + 2\/5)") .
VEV[()’Q]

Qmax=2
For the same reason that led to Conjecture 6.1, we have

Conjecture 7.1 Let p = oo, and all oj > 0. For optimally conditioned V,

n
Z la;|"™1 > (comstant)?y/n -l L, (7.28)
j=1

and consequently all Op(---) in (7.25), (7.26), and (7.27) could be replaced by O(---). The
On(--+) in (7.23) could be replaced by O(---), too.

8 Rectangular Vandermonde matrices — a general theorem

The results we have established so far can be extended to a k x n rectangular Vandermonde
matrix by which we mean the first & rows of V in (1.1), denoted by Vj.

V}, is rectangular, unless k = n; and it has rank k if there are at least &k distinct nodes
among {a;}7_;. Then V.F'u = 0 for some u € R¥ if and only if u = 0.

Our first task here is to explain what we mean by a p-condition number «,(V}) of Vj.

Recall that s, (V) o V][IV ~=Y,. It is natural to replace ||V, by ||Vkl|l, which is still

well-defined. But what about extending ||V ~1||,? For any given 1 < p < 400, we define

e VT /
luby (V) % min 1Vl

(8.1)
w0 ||ully

Such definition is unlikely new, and is consistent with the square matrix case. In fact for
k =n, it can be shown that lub,(V) = ||[V~1||71. Therefore, we define

kp(Vie) < ([ Vil /1uby (V). (8.2)
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Lemma 8.1

k
max{k, kaf i} > |Vl = Z |amax ! > max{1, a1}, (8.3)
j=1
n
max{n, nakil} > [[Villo = max { n, S a1 b > max{n,akzl},  (8.4)
j=1
R max{1, o) > ([Vil, > max{n'/?, okl (8.5)
1/p El/ppl/e
luby(Vi) < —— i (8.6)

Sk—1p(w,7) = Sp—11(w, )’

An even sharper bound than the second inequality in (8.6) can be proved too, similarly
to (5.6). If —a = 3, then

[k/21\ VP kY/Ppl/v
)< () s =

As a result of Lemma 8.1, we have, similarly to theorems in Section 5,

Theorem 8.1
k:—lS ,
kp(Vk) > max {Sk—l,p’ (w,7), Qmax 21/1; (w, ) } 7 -
Sk—1p' (@max, 0), if Qe < M/ =1)]
kp(Vi) = 1Sk 1 (Omax, 0) (8.9)

1/p/ s if Qmax > nt/' k=1,
n

Proof: (8.8) is an immediate consequence of Lemma 8.1. Now apply (8.8) with —a = =
max (and thus w = amax and 7 = 0) to get

(8.10)

k—1
amaxsk—l,p’ (amam 0)
nl/Pl ’

Kvp(vk) > max {Skl,p/(amaxa 0)7

By Theorem 2.1., the first quantity within max{---} in (8.10) is decreasing in auyayx; while
the second one is increasing in amax. Therefore the right-hand side of (8.10) achieves its
minimum when the two equal, i.e.,

nl/P" — a’;ﬂ—a}( = Qe = nt/P'ED]
which yields (8.9). ]
Lemma 8.2 Let Z € R¥*™ with rank k. For 1 < p, ¢ < oo, we have

min{k /P14 pt/a=YPYub,(Z) < lub,(Z) < max{k'/P~1/4 pY/a=YVPlub,(Z).  (8.11)
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Proof: Similarly to (3.4) and (3.5), we have for u € R¥

T T T
-y 1270y 127 ully g 1270y

< for p' > ¢,
[[ully [l [[ully
T T T
1o~ (U/p'=1/q)) 1Z7 ully < 12" ul|,y < -1/ 1Z7 ully for g/ < .
[[ully [l [l
This, together with the definition (8.1) of lub,, lead to (8.11). n
Lemma 8.3 Let W € RF*F with rank k, and let
Z=WW --- W W(;,1:0) e R, (8.12)
—_— ——

[n/k]
where £ = n — k|n/k], and W(:,1 : £) is the first £ columns of W in the MATLAB-like

notation. Then

luby(Z) < gyl m) /KT IW 5 < ) VB Y2 (8.13)
—1
luby(Z) = [y )]~ /KNI G 2 [ (b ) VE] T Ln/k YL, (8.14)

where
¢p(k,n) € max{k/P12 nl/27VPY (5 n) € max{nl/P712 1270y (8.15)

As a consequence,

[Qsp(kyn)]il < |pr(Z)71 < ¢p(kan)\/E

Eln/k] S Wl = [n/k]
Proof: Notation X <Y for two symmetric matrices means that ¥ — X is nonnegative
definite. We have

(8.16)

ln/k|WWT <227 < [n/E]WWT, (8.17)
Therefore
Ty 7T
(/I3 < uba(2) =y fmin 2 < gk
As a result, we have (8.13) and (8.14) by Lemma 8.2 with ¢ = 2. [

9 Rectangular Vandermonde matrices whose nodes are in
[, B] with —a = f3

Lemma 9.1 In Lemma 8.3, let W € R¥** be the Vandermonde matriz with nodes being
the zeros of T (z;w,0) defined with —a = =6 > 0, and define Vi, = Z there. Then

, 1+6 ) [pp(k,n)]™t  lub, (Vi) ™t 146 334, (k,n)
5m1n{1,1+52} kv [/ ] < 51(6,0) §5max{1,1+52} ok (9.1

where ¢p(k,n) and Py(k,n) are defined by (8.15).
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Proof: Apply Theorem 4.3 to W here which is a k x k Vandermonde matrices with nodes
being zeros of Ty (x;w,0), to get

. 14611 _ W s 146 3%/4
1 S oo 1, -2 te 2
5“““{’1+52}k—sk71(5,0)—5max "T+62f 2k (92)
Now apply (8.16), noticing
lub, (Vi) ™" lubp (Vi) ™" W1l
Sk1(6,0) (W oo Sk1(6,0)
to complete the proof. |
Theorem 9.1
3/4
Sy (VPO 0) < mmine (V) < Y2E DB el
Qaj
k,n /(1.
Yolksn) o a1/ 6-0) ). 9.3)

Vk[n/k]

Proof: The first inequality holds because the right-hand side of (8.10) achieves its minimum
at omax = nt/P'E=D] - We now prove the second one. To this end, we shall use the Vj
constructed in Lemma 9.1 with § = n'/'(5=1] > 1. We have by (9.1) that

) V2B k)

" —1 o 1/
luboo (Vi)™ < 5 2\/%Ln/kj

which, together with ||Vi||eo < kY/Pn1/P' 681 = E1/Pp2/P" by (8.5), completes the proof. W

Theorem 9.2 Let § > 0, and set ' = —9. If 6 < nt/P' k=D then

o
CcOoSs n

/ 3/4
Sk—1(0,0) < min _ky(Vy) < min _k, (Vi) < k1 /Pp2/p (V2 + 1)35 84y, )

8" Sk.1(8,0);
Omax <0 Omax=0 4\/ELn/kJ kyl( )

(9.4)

and if § > n/P'E=D] then

5E18 1, (6,0)  33/44), (k, n) (cos )"

(8")"Sk,1(87,0),

< min _kp(Vi) < kM /Ppl/p

nl/P’ Qmax=0 2\/E|-n/kJ
(9.5)
3/4
Skil’p, (nl/[p,(k/‘—l)]’ 0) < m1<% /{p(vk‘) < W kl/pn(Qk—l)/[P’(k—l)} X
a; <
k ’

Vk|n/k]
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Proof: 1) Observe that {Vj : amax =0} C{Vk : qmax < 0}. So

min _k,(Vy) < min _kp(Vi). (9.7)

Oémaxgd Omax=
This is the middle inequality in (9.4).

2) Apply (8.9) to the case —a = f = amax < d to obtain x, (Vi) > Skp_1p(Qmax,0) >
Sk—1,(9,0) because Sk_1 p (Qmax, 0) is decreasing in amax by Theorem 2.1. This gives the
first inequality in (9.4).

3) Apply (8.9) to the case —av = 3 = § = aypax to obtain the first inequality in (9.5).

4) We now prove the third inequality in (9.4) and the second inequality in (9.5). To this
end, take —a = 3 = 6/ cos g = &', and let V} be constructed as in Lemma 9.1. Then

™

Omax = Max |a;| = [ cos oy J,
S<w=p=1¢.
Lemma 9.1 says that for this Vj
~1 3/4
luby, (V) < wmax{l, 1+w2} 3%/ %)y (k, n)
Sk.1(w,0) I+w 2VE|n/k]|
5, (\/§+ 1)33/4¢p(k’,n) 1f6 < nl/[p/(k_l)]
- Wk|n/k| ’ - ’
- 344y (k, m) i 5> /P (=D)]
Wk\n/k| N

Now employ ||[Villeo < EYVPn2/P if § < nM/W'E=Dl and ||[Ville < kPP 61 if § >
pl/ P (k=1 o complete the proof.

5) A proof of (9.6) can be done in the same way as for Theorem 9.1. n

Comments similar to those in Section 5 apply here.

10 Rectangular Vandermonde matrices whose nodes are in
[, B] with 0 < a < 3

Assume throughout this section
0<a<p.

For the same reason as in Section 7, assignments (7.1):

0 <a=mina; < 8 =maxao; = Gmax
J J

will be kept throughout this section, too, unless otherwise explicitly stated.
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Theorem 10.1 Suppose oj > 0, and o and (3 defined by (7.1). Then

U Sk 1/ (W, T
kp(Vk) > max {Sk—1,p/ (w,7), 21/1]’5 ( )} ; (10.1)
kilS —1,p max/2, 1
> max {Skl,p/ (amax/Q, 1) : QmaxPk 17,;)1/(])?5 / ) )} ’ (102)
Sk—l,p/ (amax/za 1) ) Zf |amax| < nl/[p’(k‘—l)]’
= kol : 10.3
Oma -1 (Oma/2,1) if [Omax| > n!/Wk=DL (10:3)
nl/p/ b max

Proof: (10.1) is (8.8) with (7.1). (10.2) holds because of w < amax/2 and 7 < —1, and the
monotonicity of S,_1 ,/(w,7) in its two arguments by Theorem 2.1. Also by Theorem 2.1,
the first quantity within max{- - -} in (10.2) is decreasing; while the second one is increasing.
Therefore the right-hand side of (10.2) achieves its minimum when the two equal, i.e.,

nl/p, e O/I?Il_a)lc = Qmax = nl/[p/(k_l)]
which yields (10.3). n

Lemma 10.1 Let W € RF** be the Vandermonde matriz with nodes being the zeros of
Ti(x;w, ) defined with 0 < o < 3, and define Vi, = Z as in Lemma 8.3. Then

[k, )] By cos F b, (Vi)' (ki) (8- a)
k3/2[n/k] (1+¢%2)—-thwno = 2Wkln/k]/ 1+ B)(1+a)

(10.4)

Proof: Apply Theorem 4.5 to W here which is a k x k Vandermonde matrices with nodes
being zeros of Ty (x;w, ) defined with 0 < a < 3, to get

BleosZ [IW 8-

a
. 10.5
f(1+ 55e) = Sl ) = 2k 0 T ) (10:5)
Now apply (8.16), noticing
luby (Vie) ™t lubp (Vi)™ W o
Skaw,m) W e Spalw,7)’
to complete the proof. [ |
Theorem 10.2
, 1/py (2k=1)/[p' (k=1)]
Secrys (VO /2,1) < min (Vi) < S0 Yplk,n)
a; >0 2\/ELn/k;J 1+ nl/[p'(k=1)]
Sp1 (nt/ P11 /9 1y, (10.6)
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Proof: The first inequality is true because the right-hand side of (10.2) achieves its min-
imum at amax = /=Dl We now prove the second one. To this end, let V; be
constructed as in Lemma 10.1 with 0 = o < 3 = /P (=D Then

1/[p/ (k—1)]
lub, (Vi) ™! < Uplk,n)n
Wk|n k|14 nt/lP'(k=1)]

Sk,l(nl/[p/(k_l)}/l 1).

The proof will be completed by noticing that for this Vi, ||Vill, < k/Pn?? by (8.5).

Theorem 10.3 Let 0 < 6, and let &' = 26/(1 +¢) <6, where ¢ = cos 5. If § < pt/(k=1),
then

kP2 (kon) 8

Sk—1(0/2,1) < min _kp(Vy) < min  ky(Vi) < Sk,1(5’/2, 1);

0<a, <8 0<a, <5 Wkln/k]  V1+
QAmax=0
(10.7)
and if 5 > n'/B=1 | then
S ls, y e (8/2,1) Y/ g (ki) / 10enk—1 (o7 ’
%ﬂ_ min p(Vi) < Bl o) (et 1\(/‘%sk,1(5 /2,1), (10.8)
0<a; <6
Omax=9
, 1/py, (2k=1)/[p" (k—1)]
Sk—1,p/ (nl/[p (k=1)] /2, 1) < min kp(Vi) < W Yplk,n)
0<a; <& 2VE|[n/k|\/1 4 nl/lP (k=1)]
Sp1(n!/P'E=D1 /2 1y, (10.9)
Proof: 1) Observe that {Vj : 0 < oj < aumax =0} C{Vi : 0 < 0 < aumax < 0} So
min k,(Vi) < min  k,(Vi). 10.10
o0, p(Vk) o p(Vk) (10.10)
Amax=0

This gives the middle inequality in (10.7).
2) Apply (10.3) to get

K'p(vk) > Sk—l,p’ (amax/2> 1) > Sk—l,p’(é/Qa 1)

because Sk_1, (Omax/2,1) is decreasing in amax by Theorem 2.1. This gives the first
inequality in (10.7).

3) Apply (10.3) to get the first inequality in (10.8).

4) We now prove the third inequality in (10.7) and the second inequality in (10.8). To this
end, take 0 = o < (3 (to be determined by requiring amax = 0), and let Vj, be constructed
as in Lemma 10.1. Then

1+c_

5 5, w=p/2=275/2.

Omax = Max |oy| =
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Lemma 10.1 says that for this V4

lub, (Vj)~? < Yp(k,m)b _ Pp(k,n) ¢
Ska(w,0) ~ 2VE|n/k|vVI+ B  2VE|n/k|VI+ o

Now employ ||[Vill, < kYPn?/?" if § < nV/P'E=Dl and ||V, < EV/Ppl/P'eF=1if § >
nl/P' (=1 o complete the proof.

5) A proof of (10.9) can be done in the same way as for Theorem 10.2. |

Comments similar to those in Section 7 apply here.

11 Confluent Vandermonde matrices

The standard Vandermonde matrix (1.1) is singular whenever «; = o for some i # j. It
can be generalized to handle nodes not all of which are distinct. This leads to so-called
Confluent Vandermonde Matrices, e.g.,

1 0 0 1 1 0
(05} 1 0 a4 Qs 1
az 201 2 04421 a?) 205

ozz11 3a§ 6a12 a% a% 3a§ ’
a% 404}L 1204% ag o5 404451
o] Sai 2007 oy oz dag

where a; = as = a3 and a5 = ag. The second, third, and sixth columns are obtained by
“differentiating” the previous column. Confluent Vandermonde matrices arises in Hermite
interpolation [2]. Adopting the formulation in [14], we define confluent Vandermonde
matriz V., as follows.

Nodes {a;}_; are ordered so that equal nodes are contigu-
ous, i.e.,
(11.1)
Q; = O (Z<]) = 0 =041 = = 0.
Define
Ve = (filen) falaz) -+ fulom)), (11.2)
where vector function f;(t) is defined recursively by
oD e , '
£(t) = (3 t "t if g = 1 or o # a1, (11.3)
T fie1(t), otherwise.

As far as defining V, is concerned, «; can be real or complex. But as so far in this
paper, we shall focus on real «;. In what follows, we shall mainly emphasize on explaining
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a technique to derive lower bounds on ky(V.), rather than writing out every possible
bounds we can get. For the sake of presentation, we assume, in addition to (11.1),

There are ¢ distinct nodes «j;, having multiplicities
ki,ko, ..., kg, respectively, where k1 + ko + --- + ky = n.

This implies that the first k1 «;’s are equal, the next ks o;’s (11.4)
are equal, and so on. Define kpax = max; k;.
All previously introduced notation still applies.
Lemma 11.1 Assume (11.1) and (11.4). Then
Ve llp > max {7 azt}. (11.5)
Proof: Use [[Ve|lp = [V erllyy and [[Vellp = [V enlly to get (11.5). n
Lemma 11.2 For 0 <k <n,
d nn—1)---(n—k+1)]?
‘dkan(x;w, 7)| < [n( ) w(k ) for z € [a, B]. (11.6)

Proof: 1t follows from T),(z;w,7) = Ty (x/w + 7) = T,,(t) that

dk

A Tu(wsw,m) = T 1),

wk™ ™

where t = t(z) = x/w + 7. It suffices to show that |T,(Lk) B <mn—1)---(n—k+1))? for
t € [-1,1] since t(z) maps z € [o, (] to t € [—1,1]. By Markov’s Inequality [4, Page 233],

max |T,Ek)(t)| < (n—k+1)? max |T,§k_1)(t)|
te[—1,1] te[—1,1]
<
< [nn—=1)---(n—k+1)]* max |T,(t)|
te[—1,1]
= [an—1)--(n—k+1)P,
as expected. |

Lemma 11.3 Assume (11.1) and (11.4). Then

kmax_l
-1 i w Sn—1,p/ (w, )
Ve[l > min {17 [(71_1)2} } oy (11.7)
Proof: Let v be the vector of the coefficients of the translated Chebyshev polynomial
; T
Tn71(:1:;w,7'), 1.€., Vv = (QOnfl Aip—1 " * anfln—l) . Then
VI = / (k1—1) T
e V= (Th-1(ar;w,7) T _q(ap;w) - T,)° (o) - - e )
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which yields, by Lemma 11.2, for 1 < p’ < co

/ 29p 210
B / (n—1) [(n=1)(n—2)---(n—kj+1)]
Ve olly, < ; <1p + [w] ot [ T
(11.8)
V4 / / ] /
_12p _122p _12]4:7117
T oY (N [ (L (Y (S LR
=1 w w whi
n, if w>(n—1)2
S -1 2 pl(kmax—l)
n [(nw)] , otherwise
_ 2 p/(kmax_l)
= nmax{l, [(nwl)} } (11.9)
which gives
_ 2 kmax_l
VIl <nt/? max{l, {(” D ] } (11.10)
w

This is proved so far for 1 < p’ < oo, but it can be verified that (11.10) holds for p’ = oo,
too. We therefore have

- [[wlly vl
IV, T|| /= max >
o wek [|[Vlully = Vvl
kmax_l
. w Sn—1 p’(w77_)
> 9.
= mln{l, |:(n_ 1)2:| } nl/p/ )
as was to be shown. [ |

Theorem 11.1 Assume (11.1) and (11.4). Then

max nl/v

kmax_l
rp(Ve) = min {1, [(wl)g] } x max{(/?" a1} Sno1p(@7) (11.11)

Proof: 1t is a consequence of Lemmas 11.1 and 11.3. |

As for how to apply Theorem 11.1 to any given V., our comments right after Theo-
rem 5.1 still work.

REMARK 11.1 When k. =1, ie, f =nand ky =--- =k, =1, V. = V. Miraculously
lower bound (11.11) for k,(V.) becomes the lower bound (5.9) for x,(V). In general, we
may also use (11.8), instead of (11.9), in estimating ||V, 7}||,. The drawback is making the
final lower bound on k,(V.) more complicated.
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REMARK 11.2 Applying Theorem 11.1 to cases —a = [ or 0 < a < § will lead to ex-
plicitly computable lower bounds for k,(V; ), as we did in Sections 5 and 7. Details are
omitted. The next question is are those bounds or some of them asymptotically best possi-
ble? In Section 5 and 7, we answered similar questions for V' with successful computations
for V' with translated Chebyshev nodes, thanks to the work by Gautschi [8]. But what
now? It is conceivable that the key here would still be some computations for V., with
special nodes. This is yet another one of the many open problems we have put forward so
far.

REMARK 11.3 Lemma 11.3 is made possible by Lemma 11.2 which was proved with the
help of Markov’s Inequality. Another classical inequality for the same purpose is Bern-
stein’s Inequality [4, Page 233], using which we can obtain the following: For 0 < k < n,

. def . def
ifa<a= mlnjozj<b:e max; oj < 3, then

nn—1)---(n—k+1)

W e G “})2]

This inequality improves (11.6) in the numerator part, but has complications in the de-
nominator, and also it requires the interval [a, 5] be (slightly) larger than the smallest
interval containing all nodes, as follows.

a mv ‘)

a b -1 +1

<

‘ d

WTn(!T;waT)

w for x € [, B]. (11.12)

This can be bad because larger [a, 3] will weaken the effectiveness of S, ,y(w,7) in the
later bounds on (V¢ ), for example S, ,y(w, 7) is decreasing in w. Therefore, as far as the
asymptotical sharpness of derived lower bounds is concerned, using Markov’s inequality is
most likely a better choice.

REMARK 11.4 Along similar lines to Sections 8 and 10, rectangular confluent Vander-
monde matrices can be defined and lower bounds on their condition numbers can be
established, too.

12 Possible extensions to Vandermonde-like matrices and
complex Vandermonde matrices

This section outlines two possible extensions to (confluent) Vandermonde-like matrices
and complex Vandermonde Matrices.
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A Vandermonde-like matrix V is defined by

Po(Oél) po(OéQ) T po(an)
o def 2} (91) p1 (92) B pl(én) | (12.1)
Po1(@f™Y) pai(ad™) o paoa(apt)

where p; is a polynomial of degree i. For practical considerations, often these p; form a
family of orthogonal polynomials and thus satisfy a three-term recurrence relation, often «;
are the zeros of p, in the family. As to the conditioning of V' with orthogonal polynomials,
Gautschi [11] derived an explicit formula for its condition number in Frobenius norm in
terms of the associated Christoffel numbers. Reichel and Opfer [18] developed a progressive
way to control the condition number for 1% by Chebyshev polynomials. However what we
are going to outline is a technique to obtain a lower bound on ;@oo(f/) in the most general
setting, i.e., p; is a polynomial of degree i, and all o € [o, f].
Expand T),(z;w, 7) as a linear combination of py(z),p1(z),...,pn(z):

Tn(x; W, T) = aOnpO(x) + alnpl(x) +---+ annpn(w)a
and define, similarly to S, ,(w, ),

1/p
n

gn,p(wa T) = Z |ajn|”

§=0
Then it can be shown that, using the lines of arguments from Lemma 5.1,

§n_17p/ (w,T)

-1
||V Hp 2 nl/p/

(12.2)
Often getting a lower bound on H‘N/Hp is rather straightforward, and with that a lower
bound on np(‘7) is readily established. This technique obviously is adaptable to a confluent
Vandermonde-like matrix whose definition can be found in [14].

Now we consider a complex Vandermonde matrix. We still use the symbol V' but with
complex ;. Suppose that all o lie in the ellipse £ with foci o, 8 € R, and semimajor axis
R and semiminor axis r, as shown in Figure 12.1. It can be shown that [19, Page 203]

max [Tn (2w, 7)| = Tn(2w, 7)o (510) /248 = Tn(R/w).

Therefore, resembling Lemma 5.1, we have

Sp—1p (w, T)
nt/r T, 1 (R/w)

V=", > (12.3)

What we have above is a brief description of possible extensions. More study along
these lines will be pursued in future papers.
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Figure 12.1: Ellipse & with real foci o and 3, that contains all o

13 Concluding remarks, open problems

We have obtained a series of lower and upper bounds on the condition number (V') of
a real Vandermonde matrix V. These bounds are proved to be asymptotically optimal,
except possibly the one in Theorem 5.1 in the case when interval [« (] is not one of the
three kinds: 1) symmetrical (—a = 3); 2) nonnegative (« > 0); 3) non-positive (3 < 0).
Le.,, a <0< @ but —a # 3. These bounds improve significantly those of previous ones
by Gautschi and Ingese [12] and Tyrtyshnikov [20].

Our results led us to deduce the qualitative behaviors of optimally conditioned Van-
dermonde matrices as the largest absolute value ap.x of all nodes varies, as shown in
Figure 1.1 at the beginning of this paper. Our proofs yielded nearly optimally conditioned
Vandermonde matrices in various circumstances.

We still do not know whether the lower bound in Theorem 5.1 is in general asymptoti-
cally optimal. Based on what we have here, what is left is the consideration of the interval
[, B] with o < 0 < B but —a # 3. We suspect it would be, but no proof yet. The crucial
step in answering this question would still lie somewhat in the estimation of the condition
number of the Vandermonde matrix with the translated Chebyshev nodes.

We believe various Oy, (- - -) in this paper could be replaced by O(- - -). See the arguments
that lead to Conjecture 6.1.

Another problem for which we do not yet have a completely satisfactory solution is
finding rather accurate estimations for, or better yet — an explicit formula for S, 1(w, 7)
for interval [, 5] with o < 0 < 8 but —a # 3.

We do not know whether the lower bound in Theorem 11.1 for confluent Vander-
monde matrix V; and those implied by it for symmetrical or nonnegative interval [a, (]
are asymptotically optimal.

We demonstrated how the technique could be applied to Vandermonde-like matrices
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and to complex Vandermonde matrices. Many questions remain. Extensions to complex
Vandermonde matrices with nodes sitting on a straight line passing through the origin in
the complex plane are a bit obvious and perhaps even trivial.

Extensions are certainly possible for rectangular confluent Vandermonde matrices sim-
ilarly defined as in Section 8.

Answering these problems will be the subject of future research.
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A Asymptotical behavior of foﬂ/ *[cos 6]" 1 df

For n =1 and n = 2, we have
/2 /2
/ [cos 0] 1 df = g, / [cos 0>~ do = 1.
0 0
By integration-by-parts,
/2 /2
/ [cosO]""tdo = / [cos 0] 2 dsin @
0 0
w/2
= [cosf]" 2 sinH‘gﬁ) + / [sin 6]%(n — 2)[cos 0] 3 db
0
w/2
_ / (1= [cos 012) (n — 2)[cos 0] df
0

/2 /2
= (n— 2)/0 [cos 0] 3 dh — (n — 2)/0 [cos 0] db.

Therefore

n—1

w/2 _ w/2
/ [cosf]"1do = n-2 / [cos 0] db
0 0

DN T
_ (n=2)! ‘ { 3 for odd n, (A1)

1, for even n,

where N!! is the product of all every other positive integers, starting at N down to 1, e.g.,
50=5-3-1,6!!=6-4-2. Now for odd n =2m — 1,

(n=2)' (2m-3)!!  (2m-2)! (2m —1)! I
=11 2m-=2)1  [2m—-22 ~ 2272[(m —1)]2 2m—1’ (4.2)
and for even n = 2m,
(n—2)1'  2m-—2)  [2m—2)1]? 22" 2[(m — 1)!]? (A3)

mn—1"" 2m-D1!  (©2m-1)! (2m —1)!
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By Stirling’s asymptotic formula [1, Page 18], we have

(2m —1)! I'(2m) V21 (2m)2m—1/2 g=2m 23/2
~ = m

22m—2[(1m — 1)1]2 = 2m=2[0(m)]2 "~ 92m—2 (\/ﬂmm—l/Q e—m)2 NG 1/2.

Therefore it follows from (A.2) and (A.3) that

23/2 ;pN1/2 1 2 1
(ﬂ, . 2)” N 7*271_ (5) E = ;%7 for odd n,
(n—1)! V2 (ﬁ)—l/Q_ T 1
23/2 \ 2 V2’

for even n.

This together with (A.1) gives

w/2 T
n—1
/0 [cos 6] df ~ 1/ e (A.4)

B A,(0) and A,(1)

We have
n [n/2] n 2
An(0) = Z |cos ;"1 =2 Z [cos 0]t =2— . — Z [cos 0] 1.
j=1 Jj=1 n Jj=1
Therefore
w/2
TAN0) < / fcos 6]~ df
2n —n/(2n)
/2 T
< n—1 o
< /0 [cosO]" ™" df + oy
w/2
= n(0) > / [cos 0]t db
2n w/(2n)
/2 -
> /0 [cosO]" ™" db o
They yield
w/2 w/2
n [cosf]" 1 dfh —1 < A, (0) < 271/ [cos )" df + 1. (B.1)
™ Jo ™ Jo

Now with the help of (A.4), we get

An(0) ~ 2?” : \/Z = ﬁ (B-2)
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For A, (1), we have

An(1) = Z(COS 0;+1)" =2 Z (cos 2) =2 p. Z (cos 2) .

Jj=1 J=1

Therefore

IN

™ 2(n—1)
/ (cos 9) do
—x/(2n) 2
e 0 2(77,71) T
< Z 7
< /0 <cos 2) df + o

w/2
p )21 g9 4
/0 (cosf) + 5

T T 0 2(n—1)
—A,(1) > / (cos ) do
n2n-1 ( ) 7/(2n) 2

An(1)

non—1""

IN

IV
o\:‘
7N

o

O

)]

N D
~_
N
3
|
=
Q
S
|
)
¥

AV
[\)
S—
a
)
—
o
o
%
D
N—
N
3
=
o8
>
|
3

They yield

n /2 n /2
P2 05020 dg — 9n2 < (1) < 2 [T (cos 020D g 4 972, (B.3)

™ Jo ™ Jo

Now with the help of (A.4), we get

n2" |w n e
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