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ABSTRACT

For n x n Vandermonde matrix V,, = (a;-* )1<ij<n with translated Cheby-

shev zero nodes, it is discovered that VnT admits an explicit QR de-
composition with the R-factor consisting of the coefficients of the trans-
lated Chebyshev polynomials of degree less than n. This decomposition
then leads to an exact expression for the condition number of its subma-
trix Vi, = (aéil)lgigmggn (so-called rectangular Vandermonde matrix),
bounds on individual singular value, and more. It is explained that how these
results can be used to establish asymptotically optimal lower bounds on con-
dition numbers of real rectangular Vandermonde matrices and nearly opti-
mal conditioned real rectangular Vandermonde matrices on a given interval.
Extensions are also made for V,, with nodes being zeros of any (translated)
orthogonal polynomials other than Chebyshev ones.

It is also discovered that for V;, 1 with translated Chebyshev extreme nodes,
V,?:rl admits an explicit QR-like decomposition with the same R-factor, but
the Q-factor is no longer has orthogonal columns, except @7Q taking a spe-
cial friendly form. This QR-like decomposition also yields similar conclusions
to those for V,, with translated Chebyshev zero nodes.

Applications to the study of sharpness in existing error bounds for the con-
jugate gradient method and the minimal residual method for linear systems
and the symmetric Lanczos method for eigenvalue problems are also dis-
cussed.
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Abstract

For n x n Vandermonde matrix V,, = (a§_1
nodes, it is discovered that V,I' admits an explicit QR decomposition with the R-factor
consisting of the coefficients of the translated Chebyshev polynomials of degree less than
n. This decomposition then leads to an exact expression for the condition number of
its submatrix Vi, = (a§_1)1§i§k71§j§n (so-called rectangular Vandermonde matrix),
bounds on individual singular value, and more. It is explained that how these results
can be used to establish asymptotically optimal lower bounds on condition numbers of
real rectangular Vandermonde matrices and nearly optimal conditioned real rectangular
Vandermonde matrices on a given interval. Extensions are also made for V,, with nodes
being zeros of any (translated) orthogonal polynomials other than Chebyshev ones.

It is also discovered that for V;,;; with translated Chebyshev extreme nodes, Vn?:s-l
admits an explicit QR-like decomposition with the same R-factor, but the Q-factor is no
longer has orthogonal columns, except Q7' Q taking a special friendly form. This QR-like
decomposition also yields similar conclusions to those for V,, with translated Chebyshev
zero nodes.

Applications to the study of sharpness in existing error bounds for the conjugate
gradient method and the minimal residual method for linear systems and the symmetric

Lanczos method for eigenvalue problems are also discussed.

)1<ij<n With translated Chebyshev zero

1 Introduction

Given n numbers aq, aa, - - -, oy, called nodes, the associated Vandermonde Matriz is defined
as
1 1 1
d f al az DY an
Vi = , o , . (1.1)
n—1 n—1 n—1
@ Qg QA

In [10], we established various asymptotically optimal lower bounds on condition numbers of
real V},. The key idea was to use the coefficients of Chebyshev polynomials of the first kind to
arrive at lower bounds on the norms of V,,! and the explicit computation of the £,-operator
norm of V, ! with (translated) Chebyshev zero nodes with the help of Gautschi’s formula [6].
Two similar bounds were also obtained by Beckermann [2].
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ported in part by the National Science Foundation CAREER award under Grant No. CCR-9875201.



This paper is devoted to the study of V,, with (translated) Chebyshev zero and extreme
nodes. Various inequalities involving its singular values are obtained, as well as results that
have applications to the convergence rate of the Conjugate Gradient method for positive
definite linear systems, the minimal residual method, and the symmetric Lanczos algorithm
for eigenvalue problems.

By default, we denote and order the singular values of an n-by-m matrix X as

Ul(X) < UQ(X) <--- < Umin{m,n}(X)' (12)

Matrix condition numbers are usually defined for square matrices, but they can be extended
without difficulty to non-square matrices. We define X’s Frobenius condition number by

min{m,n} min{m,n} 1

def o 2 _
KE(X) = Z [J(X)] Z [Uj(X)]Q

J=1 J=1

The first factor in the right-hand side is just X’s Frobenius norm || X||p. If the rank of X
is less than min{m,n}, then o3 (X) = 0 and thus xp(X) = co. Later in Section 3,
¢,-condition number x,(X) will be defined, too, for 1 < p < co.

Notation. Throughout this paper, C**™ is the set of all n x m complex matrices,
C" = C™!, and C = C!'. Similarly define R™™ R", and R except replacing the word
complex by real. I, (or simply I if its dimension is clear from the context) is the n x n
identity matrix, and e; is its jth column. The superscript “*” takes conjugate transpose
while “T” takes transpose only. We shall also adopt MATLAB-like convention to access
the entries of vectors and matrices. ¢ : j is the set of integers from ¢ to j inclusive and
i 14 = {i}. For vector u and matrix X, u(; is u’s jth entry, X; ;) is X’s (4,j)th entry,
diag(u) is the diagonal matrix with (diag(u))(; ;) = u(j); X's submatrices Xz .5), X(re,:)s
and X(. ;.;) consists of intersections of row k to row £ and column ¢ to column j, row k to row
¢, and column ¢ to column j, respectively. || is the largest integer that is smaller than &;
while [£] is the smallest integer that is larger than &.

Some of the estimates for condition numbers in this paper are not intended to be best
possible but rather to correctly show their asymptotical speeds as £ and n goes to co. For
this purpose, we shall use

a, ~ b, to mean that there are constants c1, c2, di, and do
such that c;n® < ay, /b, < con®, and a,, ~ by, if a, /b, — 1 as
n — oo.

2 Chebyshev polynomials
The nth Chebyshev polynomial of the 1st kind is

T.(t) = cos(narccost) for |t| <1, (2.1)

1 no1 n
- §<t—|—\/t2—1> ~|—§(t— t2—1) for |t > 1. (2.2)



It frequently shows up in numerical analysis and computations because of its numerous nice
properties, for example |T,,(t)| < 1 for |[t| < 1 and |T,,(¢)| grows extremely fast for [¢| > 1. It
is known (see, e.g., [11])

14t
T, (— )| =
(i)

t+1 1
T, (L)‘ zg[A?—kAt_”] for 1 #¢ >0, (2.3)

where
def VE+1
TV
Given two (real or complex) numbers w # 0 and 7, the nth Translated Chebyshev Polynomial
in x of degree n is defined by

for 1 ¢> 0. (2.4)

To(x;w,T) def To(x/w+T), (2.5)
Q™ + Ap_1,2" 1+ -+ a1 + aon, (2.6)
where aj, = aj,(w, T) are functions of w and 7 in (2.18). Their explicit dependence on w and
T is often suppressed for convenience. Define
25—-1
2n
translated Chebyshev zero nodes: 15, = w(tjn —7), 1 < j < n. (2.8)

Chebyshev zero nodes: tin = cosOjp, Ojn = m, 1 <j<n, (2.7)

It can be seen that t;, (1 < j < n) are the zeros of T,,(t), while ¢3, (1 < j < n) are the zeros
of T, (x;w, 7). Define

Chebyshev extreme nodes: Tin = €08 Vjp, Vjn = lﬂ', 0<j<n, (2.9)
n

translated Chebyshev extreme nodes: 75, = w(7jn — 7), 0 < j <. (2.10)

Tin (0 < j < n) are the extreme points of T),(t) on [—1,1]. For integer m > 1, define upper
triangular R, € C™*™, a matrix-valued function in w and 7, as

agp a1 a2 ' Aom-—1
air a2 v Glm-1
def -
Ry = Rpp(w,7) = a2 a2m—1 , (2.11)
m—1m—1

i.e., the jth column consists of the coefficients of Tj_1(x;w, 7). In [10], Sy, p(w, T) is defined
by
n 1/p

Snp(w,T) = Z lajn|P for 1 < p < oo.
7=0

Also explicit formulas were found for p = 1 and 7 = 0:

1[(1 1) (1 1\

n
1 1 1
~ | — 1+ —~= 2.13
2(@\* +|w2>’ (213)



and for all real 7 with |7] > 1:

A (e ) e
~ % <w1|+\7|>+\/<w1|+\7|>2—1 . (2.15)

No explicit formula or tight bounds are known for other 7, however. For p # 1, Sy, ,(w,T)
relates to Sy, 1(w, 7) by inequalities

(n+1)"Y8, 1 (w,7)
[(n+1)/2]7Y7 Sy 1 (w,0)

(w,T), (2.16)

<
< (w,0), (2.17)

where 1/p+1/p’ = 1.
In the rest of this paper, by default, w # 0 and 7 are two prescribed numbers, but when
there is an interval [« 5] in the context, they are given by

_pB-a o a+p
W= >0, 7= i a (2.18)
The linear transformation
oz 2 a+ 3
t(x)_w+T_ﬁ—a(x 5 > (2.19)

maps z € [a, 3] one-to-one and onto ¢t € [—1, 1]. The inverse transformation is z(t) = w(t—7).

3 A general lower bound for V},

This section concerns V;, with all a; € [, 3] but otherwise general. The results will be used
in the later sections.

We start by defining ¢, vector and operator norm. Given 1 < p < oo, the £,-norm of
vector u and the ¢j-operator norm of matrix X are defined as

" v 1 X

Xu

fullpy = (St |+ 10 = ma XU
j=1

£0 ullp -

It is proved that [9] | X, = | XT ||/, where 1/p+ 1/p' = 1.
Let, throughout this paper,
Vien = (Vi) ¢ 1:0)



be the submatrix of the first & rows of V,,. We define!

T
def . Hvknqu/
lub,(V; = min ——— Vi
u P( k,n) u;g Hqu’ > ’%P( k,n)

def || Vinllp

= luby(Vien) (3:1)

Such definition is unlikely new, and is consistent with the case for p = 2 and the square
matrix case. In fact luba(Viy) = 01(Vin), Vin's smallest singular value, and for k = n, it
can be shown that lub,(V},) = ||Vn_1H;1. We claim

1/p’
luby (Vi) < ——

< 7&3_1@/ @7 (3.2)

Let v be the vector of the coefficients of Ty, 1 (x;w, 7) = Tj,—1(x/w+7) such that v(j11) = a;x—1
for 0 < j <k—1. Then

Vkva = (Tp_1(an/w+7) Tp_1(ag/w+T) - Tp_1(an/w+ T))T

which yields ||V, |,y < n'/? because [Ty_1(z/w 4 71)| < 1 for x € [a, #]. We therefore have

b (Vi) — sy Wty IV /v
P nmj

ERk Ul V|l k1 ANV
et Tl = Tl ()
as expected. We have proved the following theorem.

Theorem 3.1 For V,, with all nodes a; € [a, 3],

Sk—Lp’ (w, T)

£p(Veen) 2 Vinllp Y

) (3.3)
where w and T are defined as in (2.18).

Theorem 3.2 Let V,, be with all nodes o € [, (], and suppose max; || > nmax{|cl,|5]}
for some n > 0.

1. If —a = (3, then

Sk-1,1(53,0)

Hp(Vk-,n) Z maX{l,nkilﬂkil}W

(3.4)

1
2[k/2]r il

max{@ w1 ;)kl (B4 v +B2)H}- (3.5)

1 Xullp

lullp

YFor matrix X € C™** and k < n, it should be defined as lub,(X) = min,o



2. If 0 < a< g, then

1 op1s Sk—11(w, T)
k—1 pk—1 k—1,1\W,
Kp(Vin) > max{l,n" "3 }W (3.6)
1 gk—1y Sk-1,1(8/2,1)
k—1 pk—17 Pk—1,1 )
> max{l,n""f }W (3.7)
1 2,1 ko
CYRV PRV X max B—I— + @4—5 ;
k—1
et (2+ﬁ+2\/1+5) } (3.8)
The right-hand side of (3.7) is a lower bound for ky(Viy) for 0 = a < (3, too, by
Theorem 3.1.
Proof: Since max; || > nmax{|a|,|5|}, we have
k-1 1/p
Wil = max Vel = max (Dajvp)
i=0
> max{l,mjax\aj\kfl}
> max{1,7* al" B (3.9)

Now if —a = 3, then w = # and 7 = 0, and by (2.13) and (2.17)
Y Ll (1 \
Sp—17(8,0) 2 [k/2]7 P Sp-1,1(8, 0) ~ [k/2]7 /P35 5t L+ 2 :

This, together with Theorem 3.1 and (3.9), lead to (3.4) and (3.5).
IfO0<a<f thenw=(8—a)/2<3/2and 7 < —1. Since Sp_1 (W, 7) = Sp—1,p(|w], |7])
and it is increasing in |7| and decreasing in |w| [10], we have by (2.15) and (2.16)

k—1
1/2 1 1
St () 2 KPS s o7) 2 K2 ) ~ kg (St e )

This, together with Theorem 3.1 and (3.9), lead to (3.6) — (3.8). [

4 'V, with Chebyshev zero nodes

In this section, V;, has the translated Chebyshev zero nodes a; = t% (1 < j < n), except
possibly those Vj ,, in Theorem 4.3. It can be proved that [11]

To(tin) Ti(tin) To(tin) -+ Tu—1(tin)

VIR, - T, def To(jfzn) Tl(:th) T2(f2n) Tnl:(th) | (4.1)
TO (tnn) Tl (tnn) T2 (tnn) e Tn—l.(tnn)

TIT, = (n/2)diag(2,1,1,...,1). (4.2)



Notice that T', is real while V,; and R,, may be complex if w or 7 is. This essentially gives
a QR decomposition for VI after normalizing T',’s columns to have unit norm. Extracting
the first k& columns from the both sides of V,I' = T, R,;! yields the following theorem [11].

Theorem 4.1 Let V, have the translated Chebyshev zero nodes a; = t% (1<j<n), andlet
upper triangular Ry, be defined as in (2.11) and T}, as in (4.1). Then VI = (T0) . 1:0) R;l.

4.1 Condition number kp(V )

By Theorem 4.1, we have

W —% T —
Vkﬂ‘ﬁfn = Rk [(Tn)(,lk)] (Tn)(:,lzk)Rkl

= R;*(TzTn)(lk,lk) Rlzl
= (n/2) R, *diag(2,1,1,...,1) R, (4.3)
VenVib) ™t = (2/n) Ry diag(27',1,1,...,1) Ry, (4.4)

where Vk’n is its complex conjugate. Consequently,

> loi(Vin))? = gtrace(Ri*diag@’l’l""’1)R’;1)
J
2
1 L CRER ROl (4.5)
1 2 ?
5 = —Hdiag(2_1/2,1717-'-71)RZ
7 o) '
2]671
~n '[Sj2(w, 7)), (4.6)
=0

where Z; means the first term is halved. (4.5) involves R,;l, making it a little hard to use

without inverting Ry first. We might be better off by using />, [0 (Vie)]? = Vimllr-
Nevertheless it relates the singular values to the coefficients of Tj(z;w, 7) in a nontrivial way.

Theorem 4.2 Let V), have the translated Chebyshev zero nodes. Then

k

[asy

[Sj2(w, T,

2
KF (Vi) = [[Vienllr -

§=0
Previously similar estimates (bounds) were done for a; =t on [, 3] (while Vi, in Theo-
rem 4.2 may be complex) and for the following cases.

e Gautschi [6]: k =n, —a = or aff > 0, and {-condition number;

e Li[10]: k=n, —a = or af > 0, and ¢,-condition number.



Lemma 4.1 Let aj =t (1 <j<n)on |a,8]. Then max;|o;| = nmax{|al,|B|}, where
{ (2 + 52 cosg) ~ 1= gm® + O(n™), if af >0,
n= _ _ .
(%—I—lg‘scos%)wl—llg;&r?%-(?(n Y, ifaB <0

and § = min{|a/l, | 5|}/ max{|al,|5|} < 1. Consequently for 1 <k <mn

s 1 - V0002 L O((k - 1)2074), ifaff >0,

1— DO 22 L O((k - 1)2074), ifaBf <0,
Proof: The expression for 7 is a consequence of ¢, = w(t;, —T) = 5= cos —77 4 Bta +O‘ . The
asymptotical expansion for 7~ follows from expandlng (k—1)In and then exp((k: 1) Inn).

|
With this lemma, we have

Vinllr < VEknmax{l, maXlttr *1} ~ VEn max{1, |a, Iﬂl}]k_I, (4.7)
Venlle = max{1, max|t5, "1} ~ [max{1, |al, |8]}]* (4.8)

Together they imply
> [0Vl = Vil & [max{1, |al, [5]}]*". (4.9)
J

Let us now specialize Theorem 4.2 to the cases —a = ( or a8 > 0. By (2.16), (4.9), and
Theorem 4.2, we have

k—1
ke (Vin) * [max{1,|al, [B}" ) Sji(w, 7). (4.10)
7=0

First the case —a = . Then w = and 7 = 0. (4.10) and (2.12) yields
wp(Vin)  ~ max{1, B*71}Sk1.1(5,0)

max{<;+ myH, (B+ m)“}. (4.11)

Thus the nearly optimal conditioned V} ,, are those with 3 ~ 1.

Next, consider the case a3 > 0. Without loss of generality, assume 0 < o < 3. (4.10)
and (2.14) yields

23

Kk (Vien) 9 max{l,ﬂkil}Sk_Ll(w, T) (4.12)
2 max{l7ﬂkil}sk—l,l(/6/27 1)7
and if, addition, a = 0 < 3,

wr(Vin) A~ maxmax{l,3*1}S,_1,(8/2,1)

2 T 1\ k-1
max <ﬁ+1+2 62+6> ,<2+ﬁ+2\/1+ﬂ) . (413)

23



Thus the nearly optimal conditioned V} , with o = 0 < 3 are also those with 3 ~ 1.

Since kp ~ kp, all (4.11) — (4.13) for k = n can be deduced from results in [10]. They, in
fact, together with Theorems 3.1 and 3.2 for k = n were the foundation in [10]. Now we have
similar conclusions for Vj ,, with nodes in [«, 5] for all k. This is summarized in the following
theorem.

Theorem 4.3 If —a = 3 or a8 > 0, then subject to (max; |a;[)"~ 1 < [max{|al,|8]}]"
min kg (Vi) ~ [max{1, |af, [B1}]" 7" Sk-11(w, 7),

and thus Vi, with aj = ttr (1 <j<mn)onla,f| is a nearly optimally conditioned one on
the interval. In partzcular

_ RHS of (4.11), for —a = p3,
min g (Vi) ~ { RHS of (4.13), for 0=a < f.

But questions such as what asymptotically optimal lower bounds and/or nearly optimally
conditioned Vandermonde matrices are for interval with —a # 3, a < 0, and 8 > 0 were not
answered in [10]. With Theorem 4.2 here, we are one step closer as we shall explain. Answers
to both questions would be firm if we could show that the right-hand sides of (3.3) and (4.10)
were equivalent in the sense of ~. We suspect this would be very much true because it would
be reasonable to expect S;1(w,7) to be (almost) nondecreasing as j increases, but we have
no proof for now. So we formulate a conjecture as follows, which has been known true for
—a = or af > 0, by examining (2.12) and (2.14).

Conjecture 4.1 For a < 3, w and 7 defined as in (2.18),

e

—1
Sji(w,T) ~ Si—11(w,T).

<.
Il
o

4.2 Extreme examples for CG and Lanczos

A key component in [11] for devising examples to achieve the sharpness of the existing error
bounds for the Conjugate Gradient method (CG), and symmetric Lanczos method is the
computation of min‘u( =1 HVanUHQ for V,, of this section. The convergence analysis of the
minimal residual method (MINRES) (for Ax = b with normal A) ends up with the same
computation, too, except possibly complex ;. It is proved in [11] that

—-1/2

k—
Z (4.14)
=0

Hanqu B
luyl=1
or av; = t¥ on |« as a consequence o A). uation (4.14), however, is valid for
f y t;:l , 0], q f (4.4). Equati 4.14), h i lid f

= t% for any w # 0 and 7 with or without the interval [o, (] in the context. A proof can
be gotten along the same line as in [11]; see also Subsection 5.2.



4.3 Bounds on individual singular values
We start with (4.4). Let the diagonal entries of its right-hand side be d; (1 < j < k). Then

o k-1 o k-1

2 2 .
:EZ’WO” s dJ:ﬁZ |aj,1¢| fOFQS]ﬁk‘.
=0 i=j—1

By Schur theorem [3, p.35], {d; }§:1 is majorized by the eigenvalues of (kandT’n)*l which are
{[aj(Vk,n)]_z}le. Recall our default ordering (1.2) on singular values to get

01 (Vi) 2 > [02(Vin)] 2> -+ > [ox(Viw)] 2.

What the majorization means is if we let {dl }k | be the non-increasing reordering of {d; }*
ie.,

Jj=b
di > dy > - > dj,
then 4 4
1 1
-2 ,
S loj(Vin) 2= di for1<i<k (4.15)
Jj=1 j=1
which can also be equivalently stated as

k k
> 1o (Viw)l” Z for 1 <i<k. (4.16)
J=t J=i

Let us look at what we can draw from them. (4.16) implies

k
0i(Vien)] ™ Z for 1 < <k,
or, equivalently
~1/2
oi(Vien) > Zdl for 1 <i<k. (4.17)

Take ¢ =1 in (4.15), combining with (4.17), to get for the smallest singular value
~1/2
! 11742
Sd| <oia<[d] (4.18)

The lower bounds in (4.17) are guaranteed very sharp for i = 1 because of (4.18), but may
not be so for i # 1. Our numerical calculations for various interval [«, 3] shows that they
are pretty good for the first few smallest singular values, and then deteriorate as ¢ becomes
bigger. But for max{|«|,|5|} ~ 1, the lower bounds are sharp for both ends of singular values
(i.e., largest and smallest ones).

Exactly the same thing can be done with (4.3) upon extracting the diagonal entries of
R, *diag(2,1,1,...,1) R,;l. But these diagonal entries relate to the coefficients in a much
more complicated way. Detail is omitted.

10



5 V,, with Chebyshev extreme nodes

Since there is n+1 extreme points for 7;,(¢) on [—1, 1], it is more convenient in terms of formula
writing for us to work with Vj,;; than V,,, and this is what we will be doing in this section.
Throughout this section V41 will have nodes a1 = T;;L for 0 < 5 < n. Most developments
in the section resemble those in the previous section, but much more complicated computation
is involved, owing to the fact that S, below does not have orthogonal columns in contrast
to T',, which does. It can be seen that

To(ton) Ti(ton) To(t0n) - TnlTon)
e jb(Tin) 11(7Qn) 15(7?n) tee I%(TQn)

Vi Rog1 = Snt o : : : : (5.1)
Ib(Thn) 1&(7hn) 7&(7hn) tee Ih(Thn)

. . £
Spn+1 is always real, while V41 and R, may not. We now compute Y, 41 do SZ 115041-
To this end, we notice

(Sn+1)(i+1,j+1) = Tj(Tin) = cos j¥i = cos %ﬂ,

and therefore for 0 <14,7 <n

n

(ShSn)iit1j+1) = Z(SZ—H)(H-LI@—&—I)(Sn+1)(k+1,j+1)
k=0

= Z T3 (7in) T (Tkn)
k=0

n
= Z €08 1¥%p, COS jVkn
k=0
1 ¢ 1 o
= 35 2 cos(i + J)Urn + 3 kz_:ocos(i — 7)%n.- (5.2)

We now compute » ;' cos {0y, where £ is an integer. We claim that

n n+ 1, if £ =2mn for some integer m,
D cos iy =4 0, if ¢ is odd, (5.3)
k=0 1, if £ is even, but £ # 2mn for any integer m.

Since ¢9y,, = (¢k/n)m, the case £ = 2mn is clear. Assume that ¢ # 2mn for any integer m,
and then cos ¢ # 1, where ¢ = ¢w/n. Denote « = /—1. We have

n

2 z”: cos (0, = 2 Z cos k¢ = Zn: [emp n e_‘k‘z’}
k=0 k=0

0

n n

- Sl

k=0 k=0

11



1—[e]™ 1= [ee]™ !
1—e? 1—e
1 — etnt)e 1 _ o—ulntl)e
et | 1—e
1+ cosng — cos ¢ — cos(n + 1)¢é
1—-coso¢

= 1+ (-1

upon noticing cosng = cosfw = (—1)¢ and cos(n + 1)¢ = cos(fm + ¢) = (—1)’ cos . (5.3) is
proved. Consider now £ =i+ j,and 0 <4, j<n. Since0<i+j<2nand —n<i—j<n,
for some integer m

1+53=2mn & 1=35=0, or 1=35=mn;
1—j=2mn & 1=]j.
It follows from (5.2) and (5.3) that
n+1, fori=j=0o0ri=j=n,
5+1, for0#i=j#n,

(Trt1)i1,4+1) = 1, for i # 4, both odd or even,
0, for i # j, one odd and one even.

(5.4)

Equation (5.1) yields V,I,, = Sn+1R;_1H. Extracting the first k£ columns from the both
sides yields the following theorem.

Theorem 5.1 Let V41 have the translated Chebyshev extreme nodes a; = Tjt;l (1<j<n),
and let upper triangular Ry be defined as in (2.11) and Sp4+1 as in (5.1). Then VkT,n+1 =

(Sns1)m By

5.1 Condition number xg(Vj,11)

Let eodq and eeven be two column vectors of generic dimensions? (i.e., determined by the

context): all the odd entries of eo4q are ones and the even entries are zeros, and all the odd
entries of eqven are zeros and the even entries are ones. It can be verified that

n T T n T T
Thi1 = 5 n+1 T €odd€odd Tt CevenCeyven + 5 (6161 + €n+1en+1) : (55)

A rough bound for Y, is?

n

5In+1 <Y1 <2nl, 4 (5.6)
which is probably good enough for most occasions. The left inequality is obvious and the
right inequality can be proved as follows.
n

n
||Tn+1”2 < b + ||(eodd 6even)Hg + 9

= n+[n/2] <2n.

2With generic dimensions, this is to accommodate their later use in Appendix A.
3X <Y for two Hermitian matrices means that Y — X is positive semidefinite.
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(5.6) implies immediately

Iy,

IN

g (Crt1) (1, 1:) < 20 1, %Ik < [(Tn+1)(1:k,1:k)]_1 < gIk (5.7)

n n
Better bounds will be given in Appendix A, where complicated computations are involved.
For example, the upper bound in (5.6) can be improved to n(l + O(1/v/n))I,+1 which
consequently will improve inequalities in (5.7), too. But for now, we are content with what we
have here for clarity. Also given in Appendix A are the quadratic form y* [(Tn_i_l)(l:k’l: k)] ! Y
that is needed for compute some CG and MINRES residuals exactly, where y € C*. By
Theorem 5.1, we have

Vi1 Viint * 1 (Sng1) 1k)] (Snt1) i Ryt

= R
(Vient1 VkT,n+1 Ry,

(o) (1, 1:k) Rk ; (5.8)

Ry |
E*(Sn+15n+1)(1k1k)R_
ko (
(T lklk] Ry, (5.9)

where Vk7n+1 is its complex conjugate. Consequently,

SR < 2oV <20 1B (5.10)
J
k— 1 k—1
1 1 2
— w,T) — < 2Y [Saw, ). (5.11)
n i3 el ZJ: o (Ves )~ 15 7

Theorem 5.2 Let V41 have the translated Chebyshev extreme nodes T ;{1 Then

-1 -1
1 2
Vsl o E Si2(w, 7] < kr(Vins1) < Vsl - E [Sja(w,7)]
Jj=0 7=0

As what we did for Theorem 4.2, we may specialize this theorem onto interval [o, 3] with the
cases —a = [ or aff > 0 in an almost the same way to conclude that (4.10) — (4.13) remain
true with Vj,, there replaced by Vj 41 here. Detail is omitted.

5.2 Extreme examples for CG and Lanczos

Vip+1 here provides another example to achieve the sharpness of the existing error bounds
for CG, MINRES, and the symmetric Lanczos method. We shall just compute (or estimate)
minj, =1 HVan +1ull2 and the rest would be straightforward minor modifications to what in
[11] and thus will be omitted.

Our inequalities (5.12) and (5.14) below are more general than what CG needs. They are
valid, regardless whether all nodes are positive or not. It follows from a theorem in [11] that
1 ]—1 2

Iumlln vk 2 = [61 (Vi1 Vi, 1) ler
e

13



By (5.9), we have

_ * —1
ef Vent1Viins) et = " [(Tor)@mamy) v

where y € CF and Y(j) = aoj = Tj(7). Immediately with (5.7), we get

1 VLl 2
< min Vi1l < . (5.12)
V2Tkr ~ lupl=t  Vn Thr

Dk € 3 IT(T)I (5.13)

where

Notice that in Appendix A, exact expressions for y* [(Tn_i_l)(l:k.’l:k)]_l y are given. They
will yield exact, but complicated, min|u( b= HVan 4qull2. In terms of studying sharpness for
the existing CG and Lanczos error bounds, (5.12) is good enough. So we omit giving out the
exact optimal values here. Now for a given g € C"*!, we have

Viming (g 1 < win Idiag(g) Vi, yyull2 <\/ﬁmaxj lagnyl | 2 (5.14)
lgll2 V2T ks ~ lugyl=1 lgll2 - lgll2 Lir

. an . are valid for ;41 = 75, for 0 < 7 < n for any w and 7 with or without
(5.12) and (5.14) lid f i+ ;;Lf 0<j4<nf # (0 and ith ith
the interval [a, (] in the context.

Meinardus [12] showed that if 0 < o < 3, and g € C** with

1/7n, for j € {0,n},

- 5.15
G 2/7t, for1<j<n-—1, o
then T
diag(9) VL 1u -
! g@)m&H2:2[Q+A;ql7 (5.16)

lugy|=1 llgll2

where 6 = /3 and As is defined by (2.4). This is not exactly the way Meinardus [12] stated,
but an equivalent form. Note that V,,11 = Vj 41 for k = n+1; so the left-hand side of (5.16)
is nothing but

. ||diag(g)Van+1u||2
luy =1 llgll2

for k=n+1 and g as in (5.15).

Numerical tests indicate that for 1 <k <n

][diag(g)Van+1u\|2

-1
min .
luqyl=1 gll2

<2 {A’g‘l + Ag(k_l)}
Our (5.14) can lead to a lower and a upper bound (for all k) that differ by at most a factor
of 24/26/a because min; |g;| > 1/y/B and max; [g(;)| > y/2/a. For comparison purpose,

let cite the following restatement of a result also due to Meinardus [12]: If all a; € [av, []
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Figure 5.1: Ratios of 2 [AZA + Ag(kil)} over miny, =1 W

[6,1]. Left: g;y =1 for 1 <j <n+1; Right: g defined by (5.15).

. — Ltr
, where aj 11 = 7, on

(not necessarily the translated Chebyshev extreme nodes, of course) and 0 < «, then for any
geCrtl,
[ diag(9) V41 ull2
min
ful=1 lgll2

for all 1 < k < n+ 1. Figure 5.1 plots the ratio of the right-hand side of (5.17) over its
left-hand side for a1 = Tjt;L on [6, 1] with two different g. It is interesting to notice a sudden
drop at k — 1 = n for g being the vector of all ones, and for g as in (5.15), the ratio is one at
k — 1 = n guaranteed by (5.16) and for all other k the ratios appear no bigger than /2. So

we put forward the following conjecture.

-1
<2[abt Aty (5.17)

|diag(g)V,7, , ull2
llgll2

-1
Conjecture 5.1 The ratio of 2 A’g_l + A(s_(k_l)] over miny, =1 s no

bigger than /2, if ajy1 = i € [, 8] with 0 < o and g defined by (5.15).

5.3 Bounds on individual singular values

Let the diagonal entries of Ry R} be
k—1
(Sj = e]TRkR,’gej = Z \aj_liIQ for 1 < ] < k‘,
i=j—1
and the diagonal entries of Ry [(Tn+1)(1:k,1:k)]_l R} be Sj (1 <j<k). Then by (5.7)
1 < 1 . N 2
%53' < 5j = e]TRk [(Tn—l—l)(l:k,l:k)] RkG? < ﬁekaRke? = E(SJ
Let the nonincreasing re-ordering of §;’s and 5]-’8 be 5}«’s and Sjl-’s, respectively, i.e.,

5t

Lo sgl §sgls...>g
L>el > >0k 6>l > >0

J J
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Equation (5.9) implies, by Schur theorem [3, p.35],

i B T . 4

Do (Ve ™ 2 3425030 forl<i<h (5.18)
j=1 j=1 J=1

k k _ 9 k

Do (Vene)] ™ £ D4 <D T6) forl<ish (5.19)
j=i Jj=i J=i

Now (5.19) implies

5t for 1 <i <k,

[Ui(vk,n+1)]_2 < ;

SN
™M=

j=i

or, equivalently
—-1/2

k
0i(Vems1) > \/z > for 1 <i<k. (5.20)
J=t

Take i = 1 in (5.18), combining with (5.20), to get for the smallest singular value

—-1/2

k ~1/2
\/Z 3ok < 01 (Viems1) < V21 M . (5.21)
7j=1

Our comments at the end of Subsection 4.3 apply here, too.

6 V, with other orthogonal polynomial zero nodes

Part of the material in Section 4 can naturally be extended to V,, whose nodes are the zeros
of the nth translated orthogonal polynomial from any orthogonal polynomial system. We
shall outline the detail here. Let p;(t), j = 0,1,2,..., denote a sequence of normalized
orthogonal polynomial with respect to some weight function w(¢) on an interval which may
be open, half open, or closed. For a list of well-known orthogonal polynomials such as T,
we have been dealing with so far, Legendre polynomials, and etc, the reader is referred to [4,
p.57] or any books on orthogonal polynomials. Orthogonal polynomials have many beautiful
properties. Useful to us here are that p,(t) is guaranteed to have exact n distinct zeros* tin,
j=1,2,--- n, in the interval, and [7]

n
1, if r = s,
Z)\jnpr(tjn)ps(tjn) = { 0 otherwise for0<r,s<n-1 (6.1)
]:1 b )

as the result of the fact that the Gaussian quadrature formula

/¢>(t) w(t)dt = Ajno(tjn)
j=1

4Up to now, t;,, is reserved for the zeros of the nth Chebyshev polynomial of the first kind. It, along with
other previously reserved notation, will be reassigned in this section.
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is exact for all polynomials of degree no higher than 2n — 1 and [ p.(t)ps(t) w(t)dt = 0
for » # s and 1 for » = s, where the integral is taken over the support of w(t), \j, are
Christoffel numbers for p,. For numerical values of the nodes and Christoffel numbers for
various orthgonal polynomials, the reader is referred to [1].

Given w # 0 and 7, define translated orthogonal polynomials by

def
pn(z;w,7) = pulz/w+7),
= annxn + an—1n$n71 + -+ a1px + aon,

whose zeros are
th =wtjn—7), 1<j<n.

Let V,, be with a; =}, and set R, as in (2.11) but with a;; here. We have

po(tin) p1(tin) p2(tin) -+ Pn-1(tin)

VTR, = P, def Po({f%) p1(?2n) p2(1.52n) Pn—l‘(t%) ’ (6.2)
Do (tnn) y4! (tnn) D2 (tnn) o Pn—1 (tnn)

PIA, P, = diag(1,1,1,...,1), (6.3)

where A, = (Ain, A2n, -+ Aun). Therefore VI' = P, R;!. Extracting the first k columns
from the both sides of VI = T, R’} yields V,;Fn = (Pn):1:0) R,;l, similar to Theorems 4.1.
Let Agpn = (An)(1:k,1:1)- We have
r 7 —%k T —
VenMenVin = By [(Pr)ian] Men(Pr) Ry '
= R (PIAWP) k1 Ry

= R;*R;, (6.4)
(VenDenViln) ™' = RiRj. (6.5)
Upon noticing min; A\jp, Iy < Ag, < max; Aj, I, we have
1 —1112 2 1 —11|2
sy g 1 e = 2oVl < S IR e (6.6
1
min A, &5 < ——— < max\, P (6.7)
;o Z 07 (V)P "
where .
def 2 =
€:
Py = ||Rillp = Z a?j-
§=0 i=0

Now bounds on g (V} ;) can be easily obtained in terms of a;;. For CG or MINRES residuals,
we have exactly

1 —-1/2

ur(?)ifil Idiag(9) Viipull2 = jZO Ip; () ; (6.8)
where g = (VA 1n, VX2n, - -+, VAnn )T . We may also get bounds on individual singular value
0j(Vien), following the lines of previous sections. For similarity reason, detail is omitted.
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7 Conclusions

Vandermonde matrices with translated Chebyshev zero and extreme nodes are shown to have
various interesting properties, derived from simple QR or QR-like decompositions. These
decompositions allow us to obtain the behavior of their condition numbers, and bounds on
individual singular value.

It turns out that the simple QR decompsotion for V,, with translated Chebyshev zero
nodes is shared by a much large class of V,,, i.e., those with nodes being translated zeros of
any orthogonal polynomials. Consequently we can get about the same things as we did for
V,, with translated Chebyshev zero nodes.

There are two immediate applications of studying Vandermonde matrices with translated
Chebyshev nodes. The first one is to establish asymptotically optimal lower bounds on
condition numbers of real rectangular Vandermonde matrices and nearly optimal conditioned
real rectangular Vandermonde matrices on a given interval. Previously similar results were
obtained for real square Vandermonde matrices in [2, 10]. The second application is its
implication to the convergence of the Conjugate Gradient method for positive definite linear
systems and the symmetric Lanczos algorithm for symmetric eigenvalue problems. It is
observed that superlinear convergence [8, 13, 14] often occur for the two methods; while
existing error bounds only guaranteed linear convergence. But little study has been done as
to the sharpness of the existing error bounds. Results in this paper can be used to construct
examples as in [11] for which errors of approximations by both methods are comparable to
the existing error bounds at all iteration steps.
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Appendix

A (Thi1)ak1:0) and its inverse
(Yrt1)(1:k,1:1) 18 defined in Section 5. We shall do two things here:

e to bound (Yy11)(1:%,1:%) from above and below by scalar multiples of Iy, more sharply
than in (5.7);

e to compute exactly the quadratic form y* [(Tn-l—l)(l:k,l:k)} ! y, instead of estimates by
the fairly sharp lower and upper bounds used to get (5.12).

The former will lead to lower and upper bounds on [(Tn-i-l)(l:k,l:k)] _1, too. The latter gives
exact residual errors for CG and MINRES on certain linear systems.
The case for small n, i.e., 1 < n < 3, can be easily exhausted. In fact, we have

4 0 1 0
3 01
2 0 0 5/2 0 1
Tii= (g 5) Tea= (02 0] aa= {177
0 1 0 4
So we shall assume n > 4 from now on. Denote
def _ def
k2], kg S k2. (A1)

For y € C*, set

Yodd = D Y@y Yeven = D Yi)- (A.2)

odd even 1
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A.1 The case k£ <2

There is not much to say about k = 1 since (Yy41)(1,1) = 7 + 1, a scalar. For k = 2,

n+1 0
(Tn-f—l) :2,1: _< n >
(1:2,1:2) 0 241

A2 Thecase3<k<n+1
We have

n n
(Trnt1)(k1k) = 511« + €oddCadd + Cevenoyen + 5616?
n T
= 5 [Ik + (61 Ceodd Ceeven)(el Ceodd Ceeven) }

n
= Sk + Wac W), (A.3)

where
¢ = V 2/na Ws3e = (61 Ceodd Ceeven)- (A4)

We use Sherman-Morrison-Woodbury formula [5, p.95] to find its inverse:
(Ip + W3 Wa) ™t =1 — Wae(I + We Wae) ' Wi.. (A.5)

Noticing €ond60dd = /’{:gr and eg\,eneeven = k5, we have

1 ¢ 0
WiWse = | ¢ k3 0O
0 O CQkQ_
whose eigenvalues are
2k; n+ 2k + /¢ n+ 2k — /€
AM=—=, =———"—"" M=—F-"—"—,
n 2n 2n

where & = n? — 4nky + 4(k5)? + 8n. It can be proved that Ao and A3 increase as k does,
and thus with the help of 2 < k:; < ”TH and 1 < k; < &, we have

2

S )\1 S ]-a
n
n+4+\/n2+16< ) <2n+1+\/8n—|—1
on = 2 = 2n ’
n+4—\/n2—|—16< 5 <2n+1—\/8n—|—1
2n = = on '
With which, we deduce that
n n+4—+vn?+16 n n+1++/8n+1
5 (1 + o ) Iy < (Tont1) ik, 100) < 5 <1 + o™ I..  (A.6)
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Next, we compute the quadratic form y* [(Tn+1)(1:k71:k)] ! y. We will use (A.5) and

1 < 0
T+Wiws, = 1+(¢ Cky 0 |,
0 0 %k
i+l ¢ 0
(I +WEWs)™t = -4 2 0 :
1
0 0 1+¢2ky

where ¢ = (2k3 — 1)¢? + 2 = (2[k/2] — 1) 2 + 2. Then

y*WSe = (y(l) (Yodd <yeven) >
n o, _ . 2k +1 2¢?
§y [(TnJrl)(l:k,l:Ic)] ! y = yvy— |:C2|y(1)|2 - %RE (y(l)yodd)
2¢2 ¢? 2}
+ c ‘yodd‘ + 1+C2k2_’yeven’ 5
* L2 [2em2tn), . 8
YV (Cn) ]y = Y [ch|y(1)| = 3 RE (Y(1)Yodd)

+i|yodd|2 + ————— [Yevenl’ | ,
cn? n(n+2|k/2])
where RE (-) takes the real part of a complex number.

A.3 Thecasek=n-+1

Now it is Yp41 itself. Similarly

Y1 = —(Ix + Wi WL),

o] S

Cor] ™ = = (1= Wil + WEWs) WL,

n

where

¢= V 2/n, Wye = (61 Ceodd En+1 Ceeven)-

(A.9)

(A.10)

(A.11)

Equation (A.5) remains true with W3, replaced by Wy.. But Iy + WZ;W46 takes different

forms, depending on oddity of n + 1.

The case k = n + 1 and is odd. Now k) = (n+2)/2 and k, = n/2. It can be verified

that
1 ¢ 0 0
T _ ¢ k3 ¢ 0
WaWae=1g "¢" 1 o
0 0 0 %y
whose eigenvalues are
2n+2 —2y4n+1 L1 2n+2+2v4n+1
2n ) ) 9 27’L *
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With which, we deduce that

2n+2—2v/4n +1

n n n+2+2V/4n+1
1+ Tnir < Tos1 <= 1+ Ini1.  (A12)
2 2n 2 2n
Next, we compute the quadratic form y* [Y,11] ' y. We will use (A.10) and
2
2 = 0 O
2(n+1) 2
I+ W47;W4e = \/> n n 0 ’
0 2.2 0
0 O 0 2
2n41 1 1 0
noooym
- 5 0
I L
n " 2von
0 0 i
Consequently
Yy Wi = (y(l) CYodd Y(n+1) Cyeven) ) (A.13)
N N 2n+1 o 15 9  2n+1 9
SV Tuiy = Yy - [ 1 Wl + 5 Wodal” + ==y )]
1 1 1
———(CRE —RE — ——(CRE
WC (¥(1)Yodd) + 5 RE (Y(1)Y(n+1)) \/%C (Y(n+1)Yodd)
1
+2<2’yeven|2:| )
_ 2 2 |2n+1 1 Qn +1
* 1 _ * 2 2
yTay = y—n[ . Y1)l +ﬁ|yodd| + \y(n+1>|

1 1
—RE(y(1)Yodd) + 5-RE (Y)Ynt1)) — ERE (Y(n+1)Yodd)

1
+‘yeven|2] .
n

The case k = n+ 1 and is even.
verified that

Now k; =

1 ¢ 0 0
o | ¢ ks 00
WieWae =14 79" 1 ¢
0 0 ¢ (ky
whose eigenvalues are two copies of
n+1—-—+vV8n+1 2n+1++v/8n+1
2n ’ 2n )
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(n+1)/2 and k; = (n+1)/2. It can be



With which, we deduce that

n n+1—+8n+1
1+
2 2n

2n

n 2n+14++v8n+1
> In+1 < Tn—l—l < 5 (1 + ) In+1

Next, we compute the quadratic form y* [T, 11]""y. We will use (A.10) and

I+ WEw, =

(I+ W4€W46)71 =

Consequently, we have (A.13) and

\/%C (RE (y(1)¥Yodd) + RE (Y(n-+1)Yeven)

N an—1 " 2n+1
PL T,y Yy — [ n
1
2 2 [2n+1
—1 _ 2
vl Ly = Ey*y— - [ ™ (ly)l

2
\/; 0 0
2n+1
ntl g g
o 2 /2|
2 2n+1
0 n nn
1
“5yam 0 0
3 0 0
0 2n+1 1
4711 21/%
0 N

1
(lyy* + [y I?) + §C2 (Iodd|* + [Yeven|?)

~—

|

+ |y(n+1)|2) + (’yodd’2 + ‘yeven‘Q)

S

1
_E (RE (y(l)yOdd) + RE (y(n+1)yeven)>:| .
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(A.16)



