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ON PERTURBATION THEOREMS FOR
THE GENERALIZED EIGENVALUES OF REGULAR MATRIX PAIRS{}

REN-cANG LrI*

(CoMPUTING CENTER, ACADEMIA SINICA, BEUJING, P.R.CHINA)

ABSTRACT

In this paper, we study the Bauer-Fike type theorems for regular matrix pairs and
its general form. Besides these, we also obtain some bounds for measuring approximate
generalized eigenvalues and for the perturbation of generalized eigenvalues concerning an
approximate generalized invariant subspace. To estimate all these bounds, p-Hélder norm
and an ad hoc pseudo-metric called p-Chordal matric which isn’t a metric on the Riemann
sphere when p # 2 are used.

§1. INTRODUCTION

As to perturbations of eigenvalues of matrices, Bauer-Fike Theorem[3] is well-known, and its
generalized version has also been deduced in Kahan et al.[5] and Li[6] so as to it can be applied
to non-diagonalizable case. Note that the results in Li[6], which also generalize one of the results
in Kahan et al.[5], improve slightly the results in [5]. On the other hand, for perturbations of
generalized eigenvalue problems, we have similar results obtained by Elsner and Sun[1]. One of the
aims of this paper is to improve slightly some of results in [1] and to generalize them to general
regular matrix pair case. We remark that the norms used later are not confined to spectral norm,
i.e., 2-Holder norm.

We use the following notation: capital letters for matrices, lowercase Latin letters for column
vectors and lowercase Greek letters for scalars; Also we use C™*" for the set of m by n complex
matrices, C™ = C™*!, C = C'. I™ stands for the n by n unit matrix (also we just write I for
convenience when no confusion arises). A7 and A¥ denote the transpose, conjugate transpose of
A, respectively. For p > 1, x € C" and A € C™*™, we use

], = (Z&I”) :

=1
Al = max [[Az],
=1

to denote the p-Holder norm of vector & and matrix A, respectively, where x = (£1,---,&,)T.
1.1 Regular Matrix Pairs Of Order n.
DEFINITION 1.1. Let A, B € C"*". Matrix pair {A, B} is called a regular matriz pair of order n,
if
det(A 4+ AB)is not zero, identically, for A € C. (1.1)
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25 Perturbation Theorems for Generalized Eigenvalues

DEFINITION 1.2. The generalized eigenvalue set of a regular matrix pair {A, B} of order n is
defined by
A(A, B) = {(a, B) # 0| det(BA — aB) = 0, a, § € C}, (1.2)

and each element («, 3) € A(A, B) is a generalized eigenvalue of the regular matrix pair {A, B}.

The canonical form of a regular matrix pair has been known a century ago, and here we just
cite a theorem of Weierstrass(1867) (see e.g., Gantmacher[2]).

THEOREM 1.1(WEIERSTRASS). Let {A, B} be a regular matrix pair of order n, then there exist
invertible matrices P, Q € C™*™ such that

A=PJsQ, B=PJsQ, (1.3)
where
J 1)
Ja= ( [(nz)) EES < N) ) (1'4)
ny +ng = n, (1.5)
J =diag(Ji(\1),- - J- () € CP X (1.6)
A1
Ji(\) = R e CrOxn) 1 <<y, (1.7a)
Y
i
’I’L()\,) =nNq, (17b)
=1
N = diag( N, ... NU)) e craxme, (1.8)
0 1
NG = R eClixli 1<j<s, (1.92)
0
le = N2, (19b)
j=1

Here \; and \; (i # j) may be equal.

As to above decomposition, we call {Ja, Jp} is the Weierstrass-Jordan canonical form (WJCF')
of regular matrix pair {4, B}. It is clear that (A\;,1) (if ny > 1),1 <4 <7 and/or (1,0) (if ne > 1)
are generalized eigenvalues of {A, B}. Now partitioning 7(™) and I("2) in (1.4) as

1) = diag( 1) Lo 7)Y 1) — Qiag (TR ... 1))

)

then we get submatrx pairs {J;(\;), ["*)} (1 < < r) and {IH) NG (1 < j < s). We call
these pairs Weierstrass-Jordan canonical submatriz pairs (WJCSP) of order n(A;) (1 <i <), [;
(1 <j <), respectively.

A very important regular matrix pair is the diagonalizable regular matrix pair.
DEFINITION 1.3. A regular matrix pair {A, B} of order n is diagonalizable, or normalizable, if
there exist invertible matrices P, @ € C™*™ such that

A=PAQ = Pdiag(al,---,an)Q}

i (1.10)
B = PQQ = Pdiag( 31, -, 3,)Q
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1.2 Metric.
A peculiarity is the use of a pair of positive number (p, q) for a dual number pair, i.e.,

%—f—é:1forq>1;p:1forqz—i—ooandp:—i—ooforq:l. (1.11)
From Definition 1.2, we see that every generalized eigenvalue is represented by a nonzero complex
pair, therefore the two generalized eigenvalues represent the same one if the two components of
one generalized eigenvalue are the product of the corresponding components of the other with a
nonzero complex number. Hence we introduce the following pseudo-metric on the Riemann sphere:
Let («, 8), (7,0) be two generalized eigenvalues, define

|0cc — B3]
) 6 )
D 0 = A T T
Clearly, p = 2, pp((a, 8), (7,96)) is just the well-known Chordal Metric and is denoted simply by
p((a, B), (,6)) in literature. Unfortunately, (1.12) isn’t a metric on the Riemann sphere when
p # 2 (this can be seen by noting that p,((0,1),(1,1)) # pp((1,1),(0,1)) ). Nevertheless we will
simply call (1.12) p-Chordal metric
Let {A, B} and {C, D} be two regular matrix pairs of order n, and denote A\(A, B) = { («, 5i),
1<i<n} ANC,D)={(v,%), 1 <i<n}. Corresponding to (1.12) we define p-spectral variation
of {C, D} with respect to {4, B} by

S {C. D} = max min py((ai, B:), (77,67)), 1 < p < +o0. (1.13)

1<j<n 1<i<n

1 <p< 4o (1.12)

1.3 Moore-Penrose Inverse and Orthogonal Projection.

Readers are referred to Sun[4, pp.28-43] for definitions and properties of Moore-Penrose inverse
and orthogonal projection. Here we just cite some of them for later use. Using AT to denote the
Moore-Penrose inverse of A € C™*™ then we have

(1) At = (A" A)=TAH if rankA = n, therefore ATA = 1(");

(2) At = AH(AAH)=1 if rankA = m, therefore AAT = 1(™),

Here rank A stands for the rank of A.

Let X € C™*™ R(X) be the column space, the subspace spanned by the column vectors of

X. It can be proved that
Pyn=X'X

is the orthogonal projection onto the column space R(X*), a rank X-dimensional subspace.
§2. LEMMAS

LEMMA 2.1. Suppose D; = diag(dgj), o -,d55')) e C"*", j =1,2. Then for any 1 < p < 400, we
have

| (D1 Do) llp = max (10717 +1d;”1)7 (2.1a)

H( ) = max (|7 + |d?|")5. (2.1b)

Moreover, if every column of X = (x1,~-,xm)T e C™*" (x; € C*, 1 < i < m) has only one

nonzero element, and every row of Y = (y1,--+,yn) € C™*" (y, € C™, 1 < i < n) has only one
nonzero element. Then for any 1 < p < 400, we have

1Xlp = max {llill 3, (2.2a)

¥l = mass il (2.20)

A very simple and easy proof, omitted here, of this lemma may be given by just recalling the
definition of p-norm.
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LEMMA 2.2. Suppose {Ja, Jp} is of form (1.4)-(1.9), and (6J4 — vJg)invertible, where v, 6 € C
and {/|y|P + (6| = 1. Then there exist (c, 3) such that

_ e |
1(0T4 = vTB) " (Ja TB)lp < V2D =,

=1 Pa

1 <p<+oo, (2.3)

where (a, 3) is one of (A;,1) (1 <4 < r) or (1,0), m is the maximum order of all WJCSPs
corresponding to («, 3), and

_ |0c — By
Ylalt + 112/ IP + (o]

Pq = pl]( (aaﬂ)v (73 5))

PRrROOF: Let’s introduce the following notation:

= J

JAB(dJAnyB)( N) ; (24)
where
j = dlag( jl(/\l)a T j’f()\’!) )a (25&)
oA —7y 0
Ji(A) = 8Ji(Ni) — IO = A J1<i<r, (2.5b)
5
oA —
N:diag(N(ll),---,N(lS)), (2.6a)
[

N = §70) — 4N — R ,1<j<s, (2.6b)

oy
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Simple verification shows

(6Ja — ’ZJB)_l(JA; JB)
() (7 ) (7))

Ji(A) 1

N) -1

T R CIen)

75 N &)

N) -1

N) =1 ()

We remark here that if d;i) (i=1,2;1 <j<mn)in Lemma 2.1 is replaced by matrices with
appropriate orders, then more general conclusions may be obtained. In fact for (2.7) we have

~ ~ —1

_ Ji(a) TN (), i) )l
8Ja —~Jg) " H(Ja, J =m IC P 2.8
[(6Ja —~vJB)" (Ja, IB)lp i%X< ”(N(Ij)_1,N(1_7)—1N(l_j))||p (2:8)

Now we are in the position of estimating the upper bounds for the terms in the right hand

of (2.8). First, we take [|(J;(\;) ~'Ji(\i), ji(/\i)_l)Hp = ||7;(\i) ~1(Ji(Mi), )|l into consideration.
Denote

)
i —7

D= o with appropriate size and d =



29 Perturbation Theorems for Generalized Eigenvalues

Since
SNi—~ & -t
Ji(x) Tt =
1)
N —
1 d -t
B 1 -
oA — od
1
= I —dD D)2 — ... 4 (—gD)"i)-1
S (1= dD+ (dD) = -4 (=dD)" ™)),
Hence

J(Az) (i), D)
= Ji(\) “Y(\i + D, )

Ml_ S (M — (\id = 1)D + (\id — 1)d(D)? = - - - 4+ (\id — 1)(=d)" ) =2 (D))~

[ —dD + (dD)? — - - + (—dD)"*)~1 ) ,

)

together with Lemma 2.1, we have

n(X;)—1 . 1
[BACH OGN ] Wl—ﬂ (Nil?+1)7 + Z |5)\15|_J7L‘1 ' (|’Y|Lq)\j_|5|;'|)q
j=1
1 s n(Ai)—1 2
STl R ; [oX =1
1 RO 1
<V D 7 (2.10)
ey

As to the estimation of ||(N %) 1 N) =1 NG|, = | NG =1 (1, NG|, it follows from the
invertibility of (6J4 — vJp) that if ng > 1 then 6 # 0, otherwise ny = 0, (2.10) is enough for the
proof of Lemma 2.2. Assume ns > 1, hence § # 0. Denote

d=

C‘n\Q

then it can be verified that

NG =Y NGy = NG =11 D)
11

:% > d'D' | (I,D)
=0

1;—1
& (D] DJ+1)
j=0

SN
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Together with Lemma 2.1, we have

NG =11, NGy E:‘ 2
” ( ’ HP — |5‘ ‘5|J
l;j—1

leN}: (2.11)

%ﬁﬁj‘JC%ﬁ%)
The combination of (2.11) with (2.10) leads to (2.3). Q.E.D.

§3. BAUER-FIKE TYPE THEOREMS AND ITS GENERAL FORM

THEOREM 3.1. Suppose that regular matrix pair { A, B} of order n is diagonalizable, and admits
the decomposition (1.10). Assume also that {C, D} is another regular matrix pair of the same
order n. Denote

Z=(AB), W=(C,D).
Then

,1<p<+oo. (3.1)
p

-1
SEqA),B}{C7D}SH(Q Q)(PZHPWH)<Q Q1>

PROOF: Arbitrarily choose (v,d) € A(C, D). It is easy to see that we only need to study the case
when (7, 6) ¢ A(A, B) and without loss of generality, we assume that {/|v|P + |§|P = 1. It follows
from the singularity of §C —~D that ZW1(6C —~yD) = §(ZW1TC) —~v(ZWTD) is singular. On the
other hand, simple verification shows
—8(ZW1C) +(ZW'D)

=0(A—ZW'C) —~(B - ZW'D) — (A — vB)

=Z[6(ZTA-WTC) —~(Z'B-W'D)] - (JA—~B)  (by ZZT =1)

- r{uq.oo) [@z-ww () e -6 te

= P(5A — »9)-
{QA—¢U4MJD(Q Q)uyH—pW@<Q4 QJ)(EZﬁO_J}Qwam

Hence the matrix in the brackets [ | of (3.2) must be singular, this shows that for any consistent
matrix norm || - ||, we have

1§H®A%D1MJD(Q Q)U&HHW”<Q1 Q1)<6ﬂ2)H

<loa =g ol [(¢ ) @ —ren (47 o)) ()

thus

R LI P i | N 0 I

We know that || - ||, (1 < p < +00) is consistent, therefore (3.3) is valid for norm || - ||,. By
Lemma 2.1 and by {/|y[P 4 |§[P = 1, we have

)

B B . ‘50&1‘ — 'Yﬂz|
I6A = 72) (A, Q)] * = min ’
p 1<isn §/]oy |7+ [Bi]9 /7] + [8]P
ST ,
() - -
p
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The above equation, (3.3) and (1.13) lead to (3.1). Q.E.D.
REMARK 3.1: It follows from (3.1) that
S 5y 4C. DY < QUIQ [l Pz — P, 1 < p < +o0. (3.4)

If we let p = 2 in (3.4), then (3.4) is just the Bauer-Fike type Theorem proved in Elsner and Sun[1]
(see also Sun[4, pp.278-281]).

THEOREM 3.2. Suppose that {A, B} is a regular matrix pair of order n, and admits WJCF as
described in Theorem 1.1. Assume also that {C, D} is another regular matrix pair of the same order
n. Z, W are defined as in Theorem 3.1. Then for any (v, ) € A(C, D), there exists (o, 5) € A(4, B)
such that

—1
1+p1q+[-)q--+p;31 S\Q@H<Q Q>(PZHPWH)<Q Ql)

where

,1<p<+oo, (3.5)
p

0o — B9
q = Pq 7/8 ) 76 = ’
o= Pl ) 000 = e B ¥ o

(o, B) and m are as described in Lemma 2.2. We define that the right hand of (3.5) is equal to
zero when py = 0 (the reasonability of such definition can be seen by limiting procedure).

PROOF: If (v,0) € A(A, B), then (3.5) is obviously right. Without loss of generality, we assume
that (7v,0) ¢ A(A4, B) and that {/|y[? +[6[? = 1. Thus §(ZW'C) —v(ZW1D) is singular, while
dJ4 —vJp is nonsingular. Using the same technique in the deduction of (3.2), we get
—8(ZWTC) +v(ZW'TD)
= P(5JA — ’)/JB)'

610 =20 aw) (9 ) o= ren (V7 00 ) () 1] @

Similarly to (3.3), the following inequality can be obtained for any consistent matrix norm

624 =27l = (9 )= run) (U7 )| ()| 0

(3.6) is valid, especially for || - ||, (1 < p < +00), combining (3.6) with Lemma 2.2, we finally get
(35).  QED.

REMARK 3.2: If [ is the maximum order of all WJCSPs in WICF of {A, B}, then from (3.5), we
have

S(‘I) C,D -1
ZlfA’B}{l } §€/§H(Q Q)(PZH_PWH)<Q Q1>

7=0 (s{%) ;,{C.D})I b

, 1<p<+oo. (3.7)

When p = 1, then ¥/2 = 1, if, in addition, at this time [ = 1, i.e., {A, B} diagonalizable, then (3.7)
is just (3.1) with p = 1. Hence Theorem 3.2 may be regarded as a generalization of Theorem 3.1.

COROLLARY 3.1. The conditions are as described in Theorem 3.2, | as in Remark 3.2. Then

SE‘Q’B}{C, D} < max { l

1 1
It

U ,ln}, 1<p < +oo, (3.8)

1=92( g )t —run (77 )

The proof of Corollary 3.1 is easy, and it is only needed to take the features of the function of
the left hand of (3.7) into consideration (see Li[6]). The following lemma (see Li[6] or Lin[7]) also
enables us to deduce a corollary of Theorem 3.2.

where
(3.9)

P
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LEMMA 3.1(L1[6] or LIN[7]). Suppose that T > 0. Equation
—r(l4z4--+2"H =0

has a unique positive solution x, which satisfies

1 2
n n if 7 <1
xg{TlJrT o BT=s (3.10)
TR 4T, ift > 1.
COROLLARY 3.2. The conditions are as described in Corollary 3.1, then
2
nt4nt, ifn <1,
{A B}{C D} < { ) (3.11)
T+, ifn>1,

where 7 is defined by (3.9).

We see that (3.8) is better than (3.11) if [ = 1, while (3.11) is better than (3.8) if I > 2. Tt is
worth mentioning that all conclusions containing m and/or ! remain valid if m and [ are replaced
by the order n of regular matrix pairs considered.

§4. APPROXIMATE GENERALIZED EIGENVALUES

The following question is frequently considered in matrix computations: Let {A, B} be a
regular matrix pair of order n, (v, ) approximate generalized eigenvalue obtained by some means,
x a corresponding approximate generalized vector. How close is (7, ) to a generalized eigenvalue
of {A, B}. It is the aim of this section to give an answer to this question.

THEOREM 4.1. Suppose that regular matrix pair { A, B} of order n is diagonalizable, and admits
the decomposition (1.10). Assume also that (v,d) is its an approximate generalized eigenvalue,
x € C™ an approximate generalized vector corresponding to (7,0) and ||z|l, =1 (1 < p < +00).
Denote Z = (A, B), then there exists (o, 3) € A(A, B) such that

PzH< ox >
—yz )|,

The proof, omitted here, of Theorem 4.1 is similar to that of Theorem 4.2 below.

pa((a, 8),(7,8)) < 1QULIQ "Il y1<p< oo (4.1)

THEOREM 4.2. Suppose that {A, B} is a regular matrix pair of order n, and admits WJCF as
described in Theorem 1.1. Assume also that (v, d) is its approximate generalized eigenvalue, z € C™
an approximate generalized vector corresponding to (v, 9¢) and ||z||, =1 (1 < p < +00). Denote
Z = (A, B), then there exists (a, ) € A(A, B) such that

ox
Pya <w)

pq q —1
<2
T < Yk,
a q

, 1 <p < oo, (4.2)
P

where («, 3), m and p, are as described in Lemma 2.2.

Proor: If (v,9) € )\(A B), then (4.2) is obviously right. Without loss of generality, we assume

B3), m
(v
that (v, ) ¢ AM(A, B) and that {/|’y|P + |6|P = 1. Denote

ezéAa:—’me:Z( 0w >
—yzx

It is easy to verify that
dAx — yBx = P(6J4 — vJB)Qx,
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and that
0Ax —yBx =e
=277 (since rankZ = n)
o) ()
= P(Ja,J YAVA .
(/a5 )< Q —y
Therefore

2= Q (6Ta =2 T5) " (Ja, T5) ( @ 0 ) Pyu (_‘S;Cx> ,

ox
PzH ( —’yl‘)
for any consistent matrix norm. Especially for || - ||, (1 < p < +00) the above inequality is valid.
Again utilizing Lemma 2.2, we will get (4.2). Q.E.D.

REMARK 4.1: As in Corollaries 3.1, 3.2, we also have the following inequalities: Suppose that the
conditions are as described in Theorem 4.2, then

from which follows that

) = 1Q (6 = vJB) " (Ja, Jo)|| H ( ¢ 0 ) H ‘

)

pq < max { m#ni ,mn}, (4.3)
1 2 .

) <{nm+nm, iftn<1, (4.4)

T Upm ifn>1,

where pg is as shown in Theorem 4.2, and

= V2/Ql, Q"I

ox
Far ( —yz >
The inequalies (4.2)-(4.4) are all valid, if m is replaced by [ or n, where [ is as described in
Remark 3.2.

REMARK 4.2: In order to make the right hands of (4.1)-(4.4) contain ||0 Az — vBz|| explicitly, we
may use the following estimation

ox
—yz
§5. EIGENVALUE PERTURBATION
CONCERNING APPROXIMATE GENERALIZED INVARIANT SUBSPACES

p

=127 (042 — yBa)|l, < 12|, ]|0Az — yBz],. (4.5)
p

DEFINITION 5.1. Let {A, B} be a regular matrix pair of order n, {A;, B1} be a regular matrix
pair of order t (1 <t <n-—1), and X € C"¥*. We call X = R(X) a t-dimensional generalized
invariant subspace of { A, B}, if

rankX =t¢, AXB; = BXA;. (5.1)
A throrough investigation have been made by Sun[8], in which a sufficient and necessary con-
dition, under which (5.1) is satisfied, has been given. We know from the hypothese of Definition 5.1

that
AA1, By) C MA, B). (5.2)

However, if (5.1) isn’t satisfied, i.e.,
0+ AXB, — BXA, = R e C"*t, (5.3)

then (5.2), generally, isn’t true. Thus the following question arises: Are there any relation between
A(A1, By) and A(A, B)? we will answer it by Theorem 5.1 below.
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THEOREM 5.1. Let {A, B} be a regular matrix pair of order n, { A1, B1} be a regular matrix pair
ofordert (1 <t<n-1), and X € C"*%,

rankX =t, AXB; - BXA; =ReC"™" (5.4)

Denote

Z=(AB), Z = <’gi)

(i) if {A, B} is diagonalizable, and admits the decomposition (1.10). Then for any (vy,0) €
A(Ay, By), there exist (a, ) € A(A, B) such that

pa( (. 8),(1,0)) < I Z1 I XTQ plIQIIp | ZT(AX By = BXAy)llp, 1 < p < +oc. (5.5)

(ii) Generally, {A, B} admits WJCF as described in Theorem 1.1. Then for any (v,d) €
A(A1, By), there exist (a, ) € A(A, B) such that

P, q —
e < I Q QU7 (AXB — BX AVl 1 << Hos, (56)
P pm T

q

where (a, 3) and m are as described in Lemma 2.2.

PRroor:

(i) If (v,9) € A(A, B), then (5.5) is obviously right. Without loss of generality, we assume
that (v,9) ¢ A(A, B) and that {/|y|P +|6[P = 1. Suppose that y is a generalized eigenvector of
{A1, By} corresponding to (v,d), and moreover ||y||, = 1, then

0Ary =By,

from which and

it follows that

dRy = (JA —vB)X By
= P(6A — yQ)QX Byy. (5.7)

On the other hand, we also have
SRy = 6ZZ Ry = 6P(A, Q) ( @ 0 > Z'Ry, (5.8)

the right-hand sides of (5.8) and of (5.7) give

st on - (9 ) 2Ry = xBuy
=00 XMQ oA )00 (U ) 2Ry = By
:>5C’y = By, (5'9)

where

C = (X"X) T XTQ (A — Q) (A, Q) ( @ 0 ) Z'Ry.
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By similar arguments, we also have

~Cy = Ayy. (5.10)
Combining (5.9) and (5.10), we get
vOy\ (I Ay _ (A,
() = Gir)eo=(5) = (5 )y =20
=z z))" Z{ (gf) Cy=y, (5.11)

since rankZ; =t for {A;, B1} being a regular matrix pair of order ¢. Take p-norm in the two sides

of (5.11)
~I
(3)] ret,
P

<N Z{ 1 XTQ IR 1 (5A — )~ (A, )1 ZT R

L< 1 Z{1ly

Again applying Lemma 2.1 to the above inequality, we will get (5.5).
(ii) Similarly to (i), we will also get (5.11) with C' defined by

C=x1Q 6avin) ntn) (¢ ) 2
and then apply Lemma 2.2 to complete our proof. Q.E.D.

REMARK 5.1: As we remark in Remark 4.1, the following inequalities can been deduced: Suppose
that the conditions are as described in Theorem 5.1(ii), then

pq < max { m#n# ,mn}, (5.12)
1 2
™ ™ ifn <1
nm A, ifn>1,

where m, p, are as in Theorem 5.1(ii), and

n= V2| 2] X QMR 2T (AX By — BX Ay)|l,.- (5.14)
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