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PERTURBATION BOUNDS FOR GENERALIZED EIGENVALUES. I†
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Abstract

For the perturbation of generalized eigenvalues of general regular matrix pairs, it is
difficult to estimate perturbation bounds in spite of the existing results. In this paper,
some bounds to redeem this defect are developed. To this end, we prove another version
of Henrici type theorem, from which we can deduce two upper bounds which could not
be deduced from the previous one.

§1. Introduction

So far, several bounds are available for the perturbation of the generalized eigenvalue problem
Ax = λBx (see Sun[1,3] and other references contained therein). However, it is very difficult
to compute some of these bounds concerning general regular matrix pairs. In this paper, our
attention is on the derivation of perturbation bounds which may be computed easily. We begin
with definitions of some numbers related closely to the sensitivity of generalized eigenvalues of the
problem Ax = λBx, and then develop our bounds for the perturbation of general regular matrix
pairs.

We use the following notation. Cm×n is for the set of m by n complex matrices, Cm = Cm×1,
C = C1; and Un for the set of n × n unitary matrices. For A ∈ Cm×n, AT and AH denote the
transpose, conjugate transpose of A, respectively.

Definition 1.1. Let A, B ∈ Cn×n. Matrix pair {A,B} is called a regular matrix pair of order n,
if

det(A + λB) 6≡ 0, λ ∈ C. (1.1)

Denote by R(n) the set of regular matrix pairs of order n, and

G1,2 = {(α, β) 6= (0, 0) : α, β ∈ C}. (1.2)

(α, β) ∈ G1,2 is a generalized eigenvalue, if

det(βA− αB) = 0. (1.3)

the set of the generalized eigenvalues of {A,B} is called the spectrum of {A,B} denoted by λ(A,B),
i.e.,

λ(A,B) = {(α, β) ∈ G1,2 : det(βA− αB) = 0}. (1.4)
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2 Perturbation Bounds for Generalized Eigenvalues. I

Theorem 1.1(Stewart[7]). Let {A,B} ∈ R(n). Then there exist U, V ∈ Un, such that

UHAV =

α1 ∗
. . .

αn

 ≡ TA ≡ ΛA + MA

UHBV =

β1 ∗
. . .

βn

 ≡ TB ≡ ΩB + MB

, (1.5)

where (αi, βi) ∈ λ(A,B)(1 ≤ i ≤ n), ΛA = diag (α1, . . . , αn) and ΩB = diag (β1, . . . , βn).

It follows from Theorem 1.1 that

Corollary 1.1. Let {A,B} ∈ R(n). Then there exist a nonsingular matrix P ∈ Cn×n and
V ∈ Un such that

A = P

α1 ∗
. . .

αn

V H , B = P

β1 ∗
. . .

βn

V H , (1.6)

where |αi|2 + |βi|2 = 1, i = 1, · · · , n. We call {A,B} a normal matrix pair of order n, if the two
upper triangular matrices appearing in (1.6) become two diagonal matrices.

The derivation of Henrici type theorem in Elsner & Sun[2] and Theorem 1.3 in Sun[3, Chap-
ter 4] are on the base of decomposition (1.6) duo to using the Chordal metric on Riemann sphere

ρ( (α, β), (γ, δ) ) =
|δα− βγ|√

|α|2 + |β|2
√
|γ|2 + |δ|2

. (1.7)

Therefore, perturbation bounds derived in such a way contain implicitly or even explicitly the
matrix P , and thus become difficult to compute out.

In passing (1.5) to (1.6), it is natural to premultiply both sides of (1.5) by

diag (
1√

|α1|2 + |β1|2
, · · · , 1√

|αn|2 + |βn|2
). (1.8)

this is feasible, since (αi, βi) 6= (0, 0) (1 ≤ i ≤ n). Hence P is closely related to
√
|αi|2 + |βi|2

(1 ≤ i ≤ n). In §2 we will define several numbers to reflect this relation and study them. These
numbers are proved to be useful in §3 and §4 below for drawing perturbation bounds.

§2. Numbers

Let {A,B} ∈ R(n). We denote by MA,B the set of unitary matrix pairs {U, V } appearing in
decomposition (1.5), and by

ρ(A,B) = {(α, β) ∈ G1,2 : det(βA− αB) 6= 0, |α|2 + |β|2 = 1}, (2.1)

the set of the normalized regular points of {A,B}. Set

σ(A,B) = sup
{U,V }∈MA,B

min
1≤i≤n

√
|αi|2 + |βi|2. (2.2)
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It is easy to see that
σ(A,B) ≤ ‖Z‖2, (2.3)

where Z = (A,B) ∈ Cn×2n and ‖ · ‖2 is the spectral norm for matrices.
To give a lower bound of σ(A,B) and to develop Henrici type theorem, we define also

σ(A,B) = inf
{U,V }∈MA,B

min
1≤i≤n

√
|αi|2 + |βi|2, (2.4)

ω(A,B) = inf
(α,β)∈ρ(A,B)

‖(βA− αB)−1‖2. (2.5)

Theorem 2.1. Suppose {A,B} ∈ R(n), the numbers defined above satisfy

σ(A,B) ≥ σ(A,B) ≥ [ω(A,B)]−1. (2.6)

Proof: That the first ≥ in (2.6) holds is obvious. We prove the second one. From (1.5) and
unitary invariance of ‖ · ‖2, we have for any (α, β) ∈ ρ(A,B)

‖(βA− αB)−1‖2 = ‖(βTA − αTB)−1‖2.
Since (βαi − βiα)−1 (i = 1, · · · , n) are the eigenvalues of (βTA − αTB)−1, so

‖(βA− αB)−1‖2 ≥ max
1≤i≤n

1
|βαi − βiα|

,

therefore

‖(βA− αB)−1‖−1
2 ≤ min

1≤i≤n
|βαi − βiα|

≤ min
1≤i≤n

√
|α|2 + |β|2

√
|αi|2 + |βi|2

= min
1≤i≤n

√
|αi|2 + |βi|2.

Since (α, β) is arbitrary, we have[
inf

(α,β)∈ρ(A,B)
‖(βA− αB)−1‖2

]−1

≤ min
1≤i≤n

√
|αi|2 + |βi|2.

This inequality holds for all decompositions of form (1.5), thus leads to (2.6). Q.E.D.

Theorem 2.2. Let {A,B} ∈ R(n). There exists a decomposition of form (1.6) such that nonsin-
gular matrix P ∈ Cn×n satisfies

|detP | ≥ [σ(A,B)]n ≥ [σ(A,B)]n ≥ [ω(A,B)]−n, (2.7)
|detP | ≥ σmin(Z)[σ(A,B)]n−1 ≥ σmin(Z)[σ(A,B)]n−1

≥ σmin(Z)[ω(A,B)]−n+1, (2.8)

where Z = (A,B), σmin(Z) stands for the smallest singular value of Z.

Proof: It is easy to verify thatMA,B is a bounded closed set in Cn×n×Cn×n, hence the supremum
value in (2.2) can be attained for some {U, V }, which together with (1.8) and (2.5) give (2.7). To
prove (2.8), we note that from decomposition (1.5),

|αn|2 + |βn|2 ≥ σmin(ZZH)

⇒
√
|αn|2 + |βn|2 ≥ σmin(Z),

the consequence of which and (1.8) and (2.6) is (2.8). Q.E.D.
In Bauer-Fike type theorems (see [2], [8]), the condition numbers of strictly equivalent trans-

formation matrices are employed. In the following, we derive some relations among the above
defined numbers and these condition numbers.
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Definition 2.1. {A,B} ∈ R(n) is called diagonalizable, or normalizable, if there exist invertible
matrices P , Q ∈ Cn×n such that{

A = PΛQ ≡ Pdiag (α1, · · · , αn )Q
B = PΩQ ≡ Pdiag (β1, · · · , βn )Q

. (2.9)

Theorem 2.3. Suppose that {A,B} ∈ R(n) is diagonalizable, and admits decomposition (2.9).
Set Z = (A,B), κ2(Q) = ‖Q‖2‖Q−1‖2 and

s(A,B)
4
= sup

(α,β)∈G1,2

min
(γ,δ)∈λ(A,B)

ρ((α, β), (γ, δ)). (2.10)

Then
ω(A,B) ≤ κ2(Q)‖Z†‖2 /s(A,B) , (2.11)

where Z† is the Moore-Penrose inverse of Z, i.e.,

Z† = ZH(ZZH)−1. (2.12)

Proof: For any (α, β) ∈ ρ(A,B), we have

‖(βA− αB)−1‖2 = ‖Q−1(βΛ− αΩ)−1P−1ZZ†‖2

=
∥∥∥∥Q−1(βΛ− αΩ)−1(Λ,Ω)

(
Q

Q

)
Z†
∥∥∥∥

2

≤ κ2(Q)‖Z†‖2‖(βΛ− αΩ)−1(Λ,Ω)‖2.

Because (see Li[8, Lemma 2.1])

‖(βΛ− αΩ)−1(Λ,Ω)‖2 = max
1≤i≤n

√
|αi|2 + |βi|2
|βαi − αβi|

, (2.13)

and (α, β) is arbitrary, we have (2.11). Q.E.D.

Theorem 2.4. Suppose {A,B} ∈ R(n), and

A = PJAQ, B = PJBQ , (2.14)

where {JA, JB} is the the Weierstrass-Jordan canonical form (see [5], [3] or [8]). Then

ω(A,B) ≤
√

2κ2(Q)‖Z†‖2
∑̀
i=1

1
[s(A,B)]i

, (2.15)

where ` is the maximum dimension of the Weierstrass-Jordan block pairs.

The proof of Theorem 2.4 is similar to that of Theorem 2.3. Instead of (2.13), at present time
Lemma 2.2 in [8] must be used in the proof.

Remark 2.1. In Theorems 2.3–2.4, s(A,B) appears. It depends only on the distribution of the
generalized eigenvalues on Riemann sphere. Generally,

0 < s(A,B) ≤ 1 and s(A,B) = 1 ⇔ λ(A,B) contains only one element. (2.16)

Obviously, computing ω(A,B) accurately is very difficult like the accurate computation of
σ(A,B) except in few special cases. However, giving a rough estimate of it may be possible since
the elements of λ(A,B) is finite (at most n), and finding a point (α0, β0) ∈ ρ(A,B) is likely
easy. Once such a point is available, an estimate of ω(A,B) can be made by Theorem 2.5 below.
Theorems 2.3 and 2.4 shed light on the choice of (α0, β0) as the one for which the supremum value
in (2.10) is attained. We can not expect that (α0, β0) chosen in this way is best (in fact it may be
far from the best one and even very bad).
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Theorem 2.5. Let {A,B} ∈ R(n), (α0, β0) 6= (0, 0), |α0|2 + |β0|2 = 1 and det(β0A − α0B) 6= 0.
Then

ω(A,B) ≤ ‖(β0A− α0B)−1‖2. (2.17)

§3. Upper Bounds for S{A,B}{C,D} I

Definition 3.1. Let {A,B} ∈ R(n). We call (see (1.5) )

4ν(A,B) = inf
{U,V }∈MA,B

ν(MA,MB) (3.1)

the ν-departure from normality of {A,B}.

It follows from the definition of a normal pair (refer Corollary 1.1) that if in (1.5) MA = MB =
0 then {A,B} must be a normal pair, whereas that {A,B} is a normal pair doesn’t guarantee a
decomposition of form (1.5) with MA = MB = 0. In view of this, Definition 3.1 has its own
drawback. Nevertheless, we argue that the drawback gives no negative effect to our estimates for
perturbation bounds. As a matter of fact, Theorems 3.2–3.3 below shows that Definition 3.1 is
more convenient than a definition of departure from normality for matrix pairs used and introduced
by Elsner & Sun[2] in the study of perturbations for matrix pairs.

Besides (3.1), we also introduce

4̄ν(A,B) = sup
{U,V }∈MA,B

ν(MA,MB). (3.2)

Lemma 3.1. Let R = D − M ∈ Cn×n be invertible, where D = diag (δ1, · · · , δn), M is strictly
upper triangular. If

m = ‖M‖2 6= 0, ‖R−1‖2 ≤ ε, (3.3)

then
min

1≤i≤n
|δi| ≤ m

/
g(

m

ε
) , (3.4)

where g(η) is the unique solution of equation g+g2 + · · ·+gn = η (η > 0) (see Sun[3, pp.156-157]).

Theorem 3.1(Henrici type). Suppose {A,B}, {C,D} ∈ R(n), and Z(PZH −PW H ) 6= 0, where
Z = (A,B), W = (C,D), PZH = Z†Z and PW H = W †W . If ν is any norm majorizing the spectral
norm, i.e., ν(·) ≥ ‖ · ‖2, and if

η =
4̃ν(A,B)

ν
(
Z(PZH − PW H )

) ,
then

S{A,B}{C,D} ≤ 1
σ̃(A,B)

η

g(η)
ν
(
Z(PZH − PW H )

)
, (3.5)

where g(η) as described in Lemma 3.1 and{
σ̃(A,B) = σ(A,B)
4̃ν(A,B) = 4̄ν(A,B)

or

{
σ̃(A,B) = σ(A,B)
4̃ν(A,B) = 4ν(A,B)

, (3.6)

S{A,B}{C,D} 4= max
(γ,δ)∈λ(C,D)

min
(α,β)∈λ(A,B)

ρ((α, β), (γ, δ)). (3.7)

If, in addition, 4̃ν(A,B) = 0, we assume the right-hand side of (3.5) is equal to

ν
(
Z(PZH − PW H )

)
σ̃(A,B)

,
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which coincides with the limit of the right side of (3.5) as 4̃ν(A,B) → 0.

Proof: (3.6) gives two possible way for assigning the values of σ̃(A,B) and 4̃ν(A,B). In the
following, we prove (3.5) only when they are assigned by the second pair of equations in (3.6) and
we omit the proof for the other case since the proof is similar.

We have noted that MA,B is a bounded closed set. Hence there exists a decomposition of form
(1.5) with ‖(MA,MB)‖2 = 42(A,B). For any (γ, δ) ∈ λ(C,D), assume first that (γ, δ) 6∈ λ(A,B)
and |γ|2 + |δ|2 = 1. Set

R = δ(ΛA + MA)− γ(ΩB + MB)
= (δΛA − γΩB) + (δMA − γMB),

thus
‖R−1‖2 = ‖(URV H)−1‖2 = ‖(δA− γB)−1‖−1

2 ≤ ‖δAx− γBx‖2,
where x is a generalized eigenvector of {C,D} corresponding to (γ, δ) with ‖x‖2 = 1, i.e., δCx =
γDx. Note

δAx− γBx = Z(PZH − PW H )
(

δx
−γx

)
, (3.8)

from which follows
‖R−1‖−1

2 ≤ ‖Z(PZH − PW H )‖2. (3.9)

On the other hand, the strictly upper triangular part of R satisfies

‖(δMA − γMB)‖2 ≤ ‖(MA,MB)‖2 = 42(A,B) . (3.10)

Now, if 42(A,B) = 0 (hence 4̃ν(A,B) = 0), then (3.5) is a staightforward consequence of (3.9).
Assume that 4ν(A,B) > 0, then from Lemma 3.1, (3.9) and (3.10), we have

min
1≤i≤n

|δαi − γβi| ≤
42(A,B)

g
(

42(A,B)
‖Z(PZH−PW H )‖2

) . (3.11)

This inequality is valid even for (γ, δ) ∈ λ(A,B), hence (3.11) holds for any (γ, δ) ∈ λ(C,D). So
(3.11) and (2.4) lead to

S{A,B}{C,D} ≤ 1
σ(A,B)

42(A,B)

g
(

42(A,B)
‖Z(PZH−PW H )‖2

) .

Now from the monotoneity of g(η) as a function of η > 0, we have for any norm ν majorizing ‖ · ‖2
42(A,B)

g
(

42(A,B)
‖Z(PZH−PW H )‖2

) ≤ η1

g(η1)
ν
(
Z(PZH − PW H )

)
,

where η1 = 42(A,B)
/
ν
(
Z(PZH − PW H )

)
. Set η = 4ν(A,B)

/
ν
(
Z(PZH − PW H )

)
, for which

0 < η1 ≤ η, therefore by the monotoneity of η/g(η) = 1 + g(η) + · · ·+ [g(η)]n−1 and the continuity
of g(η), we conclude (3.5) for the case σ̃(A,B) and 4̃ν(A,B) taking the second value pair of (3.6).
Q.E.D.

Remark 3.1. The appearance of σ(A,B) and 4̄ν(A,B) in (3.5) make the conclusion of The-
orem 3.1 less satisfying. In many cases, this doesn’t lessen the role of Theorem 3.1. In fact, the
estimations of a lower bound for4ν(A,B) and an upper bound for4ν(A,B) are often done for any
decomposition of form (1.5), therefore the obtained bounds is applicable to σ(A,B) and 4̄ν(A,B)
just like Theorem 2.1.

The following corollary is a consequence of (3.8) in the above proof.
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Corollary 3.1. Notation is as described in Theorem 3.1. If Z(PZH − PW H ) = 0, then the
spectrum of {A,B} is the same as that of {C,D}, i.e., λ(A,B) = λ(C,D).

From (see Henrici[4] or Sun[3, pp.155-156])

η

g(η)
≤
{

n , if 0 ≤ η ≤ n,

n
1
n η1− 1

n , if η > n,
(3.12)

we deduce from Theorem 3.1 the following corollary.

Corollary 3.2. The condition is as described in Theorem 3.1, then

S{A,B}{C,D} ≤ 1
σ̃(A,B)

max{nν
(
Z(PZH − PW H )

)
,

n
1
n [4̃ν(A,B)]1−

1
n [ν
(
Z(PZH − PW H )

)
]
1
n }. (3.13)

Now we are in the position to deduce two more concise perturbation bounds. Let

S(4, r) =


η

g(η)
, η =

4
r

for r > 0,

0 for r = 0.

Lemma 3.2(Elsner[6]). S(4, r) has the following property
(i) S(4, r) is strictly monotone in 4 and r,
(ii) r−1/nS(4, r) is strictly monotone in 4 and r.

Lemma 3.3(Elsner[6]). For given real τ ≥ 0, δ > 0 and positive integer n define

ξ = (δn−1 + δn−2τ + · · ·+ τn−1)1/n. (3.14)

Then ξ is the minimal number such that

min{S(τM, r), δM} ≤ ξM1− 1
n r

1
n (3.15)

for all M ≥ 0, r ≥ 0.

Theorem 3.2. Suppose {A,B}, {C,D} ∈ R(n), Z = (A,B) and W = (C,D). Then

S{A,B}{C,D} ≤ ‖Z‖2
σ(A,B)

c1

(
n,

σ(A,B)
‖Z‖2

)
‖PZH − PW H‖

1
n
2 , (3.16)

where c1(n, x) is defined by

c1(n, x) =

(
n−1∑
i=0

xi2n−1−i

) 1
n

. (3.17)

Hence using (2.3), we get

c1

(
n,

σ(A,B)
‖Z‖2

)
≤ (2n − 1)

1
n . (3.18)

Proof: It follows from Theorem 3.1 that

S{A,B}{C,D} ≤ 1
σ(A,B)

S(4̄2(A,B), ‖Z‖2r2),
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where r2 = ‖PZH − PW H‖2. Note that for any decomposition (1.5), we have

‖(MA,MB)‖2 =
∥∥∥∥UH(A,B)

(
V

V

)
− (ΛA,ΩB)

∥∥∥∥
2

≤ ‖Z‖2 + ‖(ΛA,ΩB)‖2 ≤ 2‖Z‖2
⇒4̄2(A,B) ≤ 2‖Z‖2.

Therefore together with S{A,B}{C,D} ≤ 1 and by Lemmas 3.2–3.3 we have

S{A,B}{C,D} ≤ 1
σ(A,B)

min{S(2‖Z‖2, ‖Z‖2r2), σ(A,B)}

=
‖Z‖2

σ(A,B)
min{S(2, r2),

σ(A,B)
‖Z‖2

}

≤ ‖Z‖2
σ(A,B)

c1

(
n,

σ(A,B)
‖Z‖2

)
‖PZH − PW H‖

1
n
2 .

Q.E.D.

Theorem 3.3. The condition and notation are as described in Theorem 3.2. Then

S{A,B}{C,D} ≤ ‖Z‖F

σ(A,B)
c2

(
n,

σ(A,B)
‖Z‖F

)
‖PZH − PW H‖

1
n

F , (3.19)

where ‖ · ‖F stands for Frobenius norm of a matrix, and c2(n, x) is defined by

c2(n, x) =

(
n−1∑
i=0

xi

) 1
n

. (3.20)

Again using (2.3), σ(A,B) ≤ ‖Z‖2 ≤ ‖Z‖F , we get

c2

(
n,

σ(A,B)
‖Z‖F

)
≤ n

1
n . (3.21)

Proof: It follows from Theorem 3.1 and ‖ · ‖F ≥ ‖ · ‖2 that

S{A,B}{C,D} ≤ 1
σ(A,B)

S(4̄F (A,B), ‖Z‖F rF ),

where rF = ‖PZH − PW H‖F . Note that for any decomposition (1.5), we have

‖(MA,MB)‖2F = ‖Z‖2F − ‖(ΛA,ΩB)‖2F < ‖Z‖2F
⇒4̄F (A,B) ≤ ‖Z‖F .

Therefore togther with S{A,B}{C,D} ≤ 1 and by Lemmas 3.2–3.3 show

S{A,B}{C,D} ≤ 1
σ(A,B)

min{S(‖Z‖F , ‖Z‖F rF ), σ(A,B)}

=
‖Z‖F

σ(A,B)
min{S(1, rF ),

σ(A,B)
‖Z‖F

}

≤ ‖Z‖F

σ(A,B)
c2

(
n,

σ(A,B)
‖Z‖F

)
‖PZH − PW H‖

1
n

F .
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Q.E.D.
Now, we present an example to illustrate the applications of Theorems 3.2–3.3 to give pertur-

bation bounds.
Example 3.1. n = 2. Denote i =

√
−1, Z = (A,B), W = (C,D),

A =
(

1 1
0 1

)
, B =

(
1 0
0 1

)
, C =

(
1 1
0 1

)
, D =

(
1 0

10−4 1

)
.

It is easy to compute out

λ(A,B) = {(1, 1), (1, 1)}, λ(C,D) = {(1, 1− 1
2
× 10−4 ± i

1
2
· 10−2

√
4− 10−4)},

S{A,B}{C,D} = 0.005

‖Z‖2 =

√
1 +

3 +
√

5
2

, σmin(Z) =

√
1 +

3−
√

5
2

, σ(A,B) ≥
√

2,

ω(A,B) ≤
∥∥∥∥( 1√

2
A +

1√
2
B)−1

∥∥∥∥
2

=
1
4

√
9 +

√
17, ‖Z‖F =

√
5.

Utilizing
‖PZH − PW H‖d ≤ ‖Z −W‖d /σmin(Z) (3.22)

(see Sun[3, Chapter 4, Theorem 4.6]) to estimate ‖PZH −PW H‖d (d = 2, F ), and (3.18) and (3.21)
to estimate c1(·, ·), c2(·, ·), we have

S{A,B}{C,D} ≤ 0.021486 (by Theorem 3.2),
S{A,B}{C,D} ≤ 0.020623 (by Theorem 3.3).

If, in addition, σ(A,B) is estimated by [ω(A,B)]−1 (refer Theorem 2.1), the computed bounds are
as follows

S{A,B}{C,D} ≤ 0.033552 (by Theorem 3.2),
S{A,B}{C,D} ≤ 0.032205 (by Theorem 3.3).
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