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PERTURBATION BOUNDS FOR GENERALIZED EIGENVALUES. IT}{
REN-cANG LrI*

(CoMPUTING CENTER, ACADEMIA SINICA, BEUING, P. R. CHINA)

ABSTRACT

As a continuation of Li[4], we still study the perturbation bounds for generalized
eigenvalues of general regular matrix pairs, but with a different method. Through esti-
mating the perturbation bounds of the coefficients of the generalized eigenpolynomials,
we obtain two perturbation theorems for the generalized eigenvalue problem Az = ABz.

§4. UPPER BOUNDS FOR Sy4 5 {C, D} 11

Notation in Li[4] is followed throughout this part.

In this section, we study perturbation bounds for generalized eigenvalues through the investi-
gation of the perturbation of generalized eigenpolynomials.

We define first a sequence of operators

Tp : CP" xC"™*"—C, k=0,1,---,n (4.1)
as: let {A,B} € R(n), Ti(A, B) is the sum of (}) £ ﬁlk)' determinants each of which is
constructed by replacing some k columns of B by the corresponding columns of A.

PROPERTY 4.1.
To(A,B) =det B, T,(A,B)=detA. (4.2)

DEFINITION 4.1. Let (a, 5) € Gy 2. We call

f(ev, B) = det(BA — aB) (4.3)

the generalized eigenpolynomial of {A, B} € R(n).
By the properties of determinant, one can verify easily that

THEOREM 4.1.

fla,8) = a*B* M (=1)* T, 4(4, B). (4.4)
=0

PROPERTY 4.2 (“SYMMETRY”).

Ty(A, B) = Tp_1,(B, A). (4.5)

tPublished in Math. Numer. Sinica, 11:1, 239-247, 1989, Engl. transl. in Chinese J. Numer.
Math. Appl., 11, 34-43, 1989.
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PROPERTY 4.3. .

1 d

We adopt the following compact notation. For 1 < k < n, let 2 ,, denote the collection of

strictly increasing sequences of k integers chosen from 1,2,---,n. In other words,
Qn={a:a= (a1, -, o), 1 <aqg <--- <oy <n}.
Set ar = (1,2,---,n). For a € Qp ,,, ay/c is for the complementary of a in ay, ie., ar/a € Qy_pp

consists of a strictly increasing sequence of n—k integers which doesn’t appear in a. We order Qy, ,,
by the usual lexicographic ordering. We shall denote by Ala|B] or by Al(aq, -, ax)|(B1, -, Br)]
the submatrix of A constructed from the rows ag,---, ) and the columns 3y, -, Gk, i.e., this is
the submatrix whose ijth entry is aq, g;, where A = (ai;)nxn-

Remark 4.1. Denote by A* the operator

AF A ARA, for A e CMXM (4.7)
where AFA is the kth compound of A4, i.e.,
©)x(k

AFA = (det A[Oz‘ﬁ])( )x(2) -

We see if B =1, then
Tw(A,B) = trA*A,

here and later tr stands for trace. Therefore, we can symbolically denote
Te(A, B) 2 tr gAFA 2 tr 4/A"F B, (4.8)

For the case when A or B is diagonal, (4.8) is natural and thus reasonable, because now tr 4 or
tr g can be regarded a weighted trace of matrices. (see Property 4.4 below)

PROPERTY 4.4. Let A =diag (A1, -+, \), then

k
tr AN B = > [[Xa: det Blas/ala;/al. (4.9)
Q€ i=1
Hence tr 4 is an operator mapping (nfk)z—djmensjonal linear space to C:  For C € (C(nik) (")

and C = (cap), @, B € Qp_pn,

k
trACé Z H)‘aicaz/aaz/a' (4.10)

a€Qy , i=1

Moreover, we have

= sup [tr AC|
2 ICll2=1

Cec(nﬁk)x(nﬁk)

- Y IR

(Xeﬂk,n =1

[,

n—k

. (4.11)
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PROOF: By the properties of determinant, (4.9) is obvious. Now, we prove (4.11). It follows from
[IC]l2 =1 that
Ical/aaj/oz‘ < 17 ac Qk,n;

which yields
k
= 2 Tl
a€Qy , i=1

On the other hand, for C' = diag {sign (Hf:1 An—kti)s ", Sign (]_[f:1 i)}, we have

k
raCl= 3 T[1a

QEQy , i=1

od [CIVERI IS ﬁ“af

QEQy , i=1

[CIEN

)

where sign (-) is the sign function. (4.11) is proved. Q.E.D.

4.1 Bounds by || - ||2. In this and the next subsection, the derivative of a map at a point is
employed.
Let A, B, C € C"*",
d
(DA A)(C) = %Ak(A +tC)|  ,1<k<n, (4.12)
t=0
d
(DATUAB)(©) = ST(A+10.B)| 0<k<n, (1.13)
t=0
d
(DpTi(A, B))(C) = ZT(AB+1C)|  0<k<n (4.14)
t=0

are respectively the directional, the partial directional derivatives of operators AF, T}, at points A,
(A, B) in the direction of C. We shall find bounds for the operator norm of DA*A, DATy (A, B)
and DTy (A, B) in the subsection, and for the Frobenius norm in the next subsection:

IDA* A2 2 sup |[(DA*A)(O)]|2. 1<k <, (4.15)

cecr

ICllz=1
|1 DATk(A, B)l2 2 sup [(DATr(A, B))(C)], 0 < k <n, (4.16)

fGl=1
|DBTk(A, B)2 2 sup |[DpTk(4,B))(C)|,0<k < n. (4.17)

Etamt

LEMMA 4.1 (SVD). Let A € C**". There are U, V € U,, such that

A=UXV =Udiag (v1,---,vn)V, (4.18)

where v; = v;(A) > 0 (1 <i < n) are singular values of A.

LEMMA 4.2 (BHATIA-FRIEDLANDI[1]). Let A € C"*™ with sigular values are v; > -+ > v, > 0.
Then for 1 < k < n,

kK k
IDAR Al => T vi- (4.19)

i=1j=1
i
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In particular, this implies
IDARAlly < k|AJIEY 1 <k <n. (4.20)

LEMMA 4.3. Let A, B € C"*™. Then

n

R [T EY (w21)

IDATL(A, B2 < knAuél(

L n
IPsTi(A Bl < (0~ BB ()4l 0 <k < (1.22)

PROOF: By Lemma 4.1, A has a singular value decomposition (SVD)
A=U%V, U,V elU,,

thus from Property 4.3, we have

1 d*
Tw(A,B) = = det Udet V —- det(tX 4+ U BVH)
k! dtk —o
= det U det Vtr s A" (U7 BV H).
The chain rule of differentiation produces

DpTi(A, B) = det U det VDptr s A" *(UH BV )
= det U det VDtr s Dyu gyu A" H (U BVIDp (U BV ).

So by Property 4.4, Lemma 4.2 and ||[Dg(U” BV)||; = 1 (induced norm of operator), we get
ID8Tu(A, B2 = || (trs) o )| IPwn 5y A" 5 BV || Do (U BV )

n ek
< ()1 - mpom v

— (- () 1,
which proves (4.22). Inequality (4.21) is a consequence of Property 4.2 and (4.22). Q.E.D.
LEMMA 4.4. Let A;, B; € C**™ i =1,2. Denote by
My = max{||4;ll2,i = 1,2.}, May = max{||B;||2,i = 1,2.}. (4.23)
Then for 0 < k <n
Tk (A1, Br) — Ti(Az, By)

n _ k1T
DIz — e+ 0~ 0022 () Ll 12 ~ Bl

< kMg (n -k

(4.24)
[Tk (Ay, Br) — Ti(Asz, Ba)|

k1T _ n e
< =0ty (e = Bl + kg (" V1Bl s - A
(4.24)
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PRrooFr: We bound |Tk(A1, Bl) — Tk(AQ, Bg)| by

Tk (A1, B1) — Ty (A2, Ba)|
< |Tk(As, Br) — Ti(A2, By)| + [T (A2, By) — Ti (A2, Ba)|. (4.25)

Consider the map f : [0,1] — C™*™ defined as f(t) = (1 —t)A; +tAs. By the mean-value theorem
(8.5.4 in [3]), we get

|T% (A1, B1) — T, (A2, B1)|
< sup | Dy Tr(f(t), Br)ll2|Df(t)]l2
0<t<1

n
< s KO (" ) IBlallAz ~ Arll - (By Lemma 4.3
0<t<1 n

n
n—=k

On the other hand, Property 4.2 and (4.26) yield
Tk (A2, B1) — Ti(Az, B2)| = [T —x(B1, A2) — Tj(B2, A2)|

n
< -t () lalglBe - Bl (a2

< m( )|Bl||3-’€||A2 Al (4.26)

(4.24) is a consequence of inequalities (4.25)—(4.27). Similarly,
Ty (A1, By) — Ty, (A2, Bs)|
< |Tw (A1, Br) — Ti(Ay, B2)| + [Tk (A1, B2) — Ti(Az2, Ba)|
yields (4.24'). Q.E.D.
THEOREM 4.2. Let {A, B}, {C,D} € R(n). Denote by

Moy = max{]|All2,]|Cll2}, Mz = max{]|Bll2, | D2} (4.28)
Then
1
nr n— n— ®
Stap{C, D} < (A D) (Mo + [|Bll2)" € = Allz + (Maz + [|Cll2)" | D = Bll2] ™,
(4.29)
1
n» n— n— w
Sam{C. D} < s (Mo ID1R)" 1O = Al + (Moo + 42"~ |D — Bl
(4.29%)
More concisely but less sharply, we have
1
nn _1
Sta.e){C: D} < —ops [2max(Man, Ma))' 7 (IC = Alla + |10 = Bll2) . (4.30)

PROOF: Suppose that f(«, 3), g(a, 5)
respectively. It follows from (4.4), (4.24) and
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that if |a|> + |3]? = 1 then

n

(e, B) = gla, B)| < D |Ti(A, B) = Ti(C, D)

k
n—

Il
»—Ao

el n
< (n —k)Mmkl(n_

JICISID - Bl
k=0

+

ZkM;ql( >||B|g Fl|C — Allz  (by Lemma 4.4)
=1
= n n—k—1
=X (") g - Bl
=0

+n2( )Mé“flIIBIIS"“IC—AIIQ

=1
=n[(Maz +[|Cll2)" "D = Bllz + (Ma1 + || Bl|2)"|C — All2] .
(4.31)

Decompose {A, B} as in (1.6) such that (2.7) holds, then for any (v, d) € A(C, D) with |y|? +|§|> =
1, by (1.6) and g(v,d) = 0 we have

H|«saz 98 = T 08| = Tl 8) = 9030

n

T~(A R\In n-l — n—1 o
< [O’(A, B)]" [(MZZ + ||C||2) ”D BHQ —+ (M21 + ||B||2) ||C A”Z] .

This produces

T (. 3. (3,6))
=1

< m [(M22 + HC||2)H_1HD — Bll2 + (M2 + HB||2)"—1HC _ A||2] .

Therefore, there is at least one (o, 3;) satisfying

p((ei; Bi), (7,6))

< "
~ o(A,B)"

1
n

[(Maz + [|Cll2)" D = Bll2 + (May + [|B]|2)"H|C = All2] ™,

which prove (4.29). Similarly, employing (4.24°) instead of (4.24) leads to (4.29). (4.30) is the
straightforward corollary of (4.29) or (4.29’). Q.E.D.

Remark 4.2. In the above proof, if decomposition (1.6) employed is chosen such that (2.8),
instead of (2.7), holds, then we will get upper bounds slightly different from (4.29), (4.29’) and
(4.30) in the way of replacing o(A, B) by

[Omin(Z)] 7 [0(A, B)]1 5. (4.32)
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4.2 Bounds by |- ||r. The subsection gives perturbation bounds in a similar way by attempting
to bound A
[DaTi(A, B)|lp = sup [(DaTi(A, B))(C)],
e
e (4.33)
IDeTi(A, B)lr = sup [DpTi(4, B))(C)l,
Cecnxn
IClr=1
for 0 <k <n.
LEMMA 4.5 (BHATIA-MUKHERJEA[2]). Let A € C™*", and
det, : C"*"— C (4.34)
be the determinant map. Then
D detn (A) |7 < n'~2[AIE, (4.35)
where
d
(Ddet,(A))(C) = T det,, (A +tC) , C e, (4.36)
t=0
A
|Ddet,(A)||r = sup [(Ddet,(A4))(C). (4.37)
cecrx
ICllF=1
LEMMA 4.6. For A, B € C"*™,
IDATL(A, Bl < n~ 7" (n ! k) IBIE A, 0 < k <, (4.38)
PaTi(A, Bl <k ()4l - T B oSk < (3)
PROOF: Analogously to the proof of Lemma 4.3, we have
k
Ti(A,B) =detUdet V. > []va, detn (U BVH)[ar/alas/al. (4.40)
a€Qy n i=1
Set
0o (UE BV = (U BVH)[as/alar/a.
Obviously, g, : C**" i C(»=k)*(n=k) ig linear, and
d
H’DUHBVHapa(UHBVH)HF 2 sup —gpa(UHBVH—i—tC)
cecn dt t=0llF
IClr=1
<1 (4.41)

Now, according to the chain rule of differentiation, we get

Dpdet, oo (UFBVH) = Ddet, Do (U BVH)Dg (U BVH),
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So by the above equation, (4.40), (4.41) and Lemma 4.5,

k
IDsT(A B)lr < 3 [ ve. [P detu rpa @BV,
a€Qy y, i=1
k k k—1
n—k n—k—
< D vt =05 [lea@ BV}

a€Qy y, i=1

k
n—=k
<| S IIve | =0 BI5". (4.42)

a€EQy n i=1

Using Lagrange’s method of undetermined multipliers, it can be see that if y;,---, vy, are n non-
negative real variables subject to the constraint Z?zl y?> =M >0, and if

k
f(y17"'>yn) = Z Hyaﬂ

QEQy , i=1

then f attains a maximum value given by

o= () (V)

_nzk n—k—1[T _k
IPSTLA Bl < (0~ 0= 2 B3~

Applying this fact to (4.42) gives

which is nothing but (4.39). Inequality (4.38) is a consequence of (4.39) and Property 4.2.
Q.E.D.

LEMMA 4.7. Let A;, B; € C**™ i =1,2. Denote by
Mp1 = max{||Ai||lr,i = 1,2.}, Mps = max{||Bi||r,i = 1,2.}. (4.43)
Then for 0 < k <n
Tk (A1, Br) — Ti(Az, By)|
<KTEMETI T (n ﬁ k) 1Byl 1 Az — Aq ||

_k

n— L n
R Y e (S [ER (.44
Tk (A1, B1) — Ti(Az, B2)|

n—k

_k -1 — n _
N e O [N S Ve

—_k

n—k n—k— n s
R (9 [EN A (142)

A proof of this lemma can be given in much the same way as for Lemma 4.4. The following
theorem can be proved similarly to Theorem 4.2.
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THEOREM 4.3. Let {A, B}, {C,D} € R(n). Denote by
Mgy = max{||A||r, |C||r}, Mp2 = max{|B||F,|D|r}.

- _k 1 _n-k n n—
(Zkl Mgt (nk>||BF ‘ﬁ) |C— Allr

k=1

+ (fm— B Mg ( ) 'OHF) o

Then

S¢a,B1{C, D} <

o(A, B)

1
n

)

1 ik

n—1 n n
+ (Zm—k)l-w 1 —(k)||A||F> 1D Bl

k=0

More concisely but less sharply, we have

Siam{C.D} <~ fmax(Mpr, Mpo)) % (IO — Al + D — Bllp)*,

(A, B)
<Zk “ipt (k>>l

where

42

(4.45)

(4.46)

(4.46")

(4.47)

(4.48)

Remark 4.3 By the same arguments as in Remark 4.2, we see that o(A, B) appearing in (4.46),

(4.46’) and (4.47) can be replaced by
[omin (Z)] [0 (A, B)]' 7.

Ezample 4.1 n = 2. {A,B} and {C, D} are as described as in §3, Example 3.1. Table 4.1
displays the bounds of St4 p}{C, D} according to our theorems, where the second line and the

third line are computed with the estimations

o(A,B)>vVZ and o(AB)>[wAB) > ——
9+ V17
for (A, B), respectively.
Table 4.1
(4.29) (4.29") (4.30) (4.46) (4.46") (4.47)

0.01618 0.01618 0.017989 0.013899 0.013899 0.014459

0.025267 0.025267 0.028091 0.021704 0.021704 0.022579
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