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Abstract.

Let Abe anm x ncomplex matrix. A decomposition A = QH is termed a generalized polar decomposi-
tion of A 1f Q is an m x nsubunitary matrix (sometimes also calied a partial isometry) and H a positive
semidefinite Hermitian matrix. It was proved that a nonzero matrix A € C™*" has a unique generalized
polar decomposition A = QH with the property #(Q")= #(H), where Q" denotes the conjugate
transpose of Q and A(H) the column space of H. The main result of this note is a perturbation bound for
Q when A is perturbed.
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Throughout the paper. we use the following notation. C™*" is the set of m by
ncomplex matrices; C"*" < C™ " is the set of m x n complex matrices having rank
r;and %, = C"*"is the set of n x n unitary matrices. For Ae C™*", #(A) denotes
the column space of 4. Further 4” and A denote the conjugate transpose and
Moore-Penrose inverse of A, respectively. I is the n x n unit matrix and

1Y), e C™*" is defined by
I = 1”0 .
™ 0 0O

12 1s used to denote the Euclidean length of a vector or the spectral norm of
a matrix and |- || the Frobenius norm of a matrix.

First of all, let us summarize some essential definitions and properties concerning
a generalized polar decomposition (for details, see Sun & Chen [6]).

QeC™ "isan m x nunitary matrix if QQ = I (m > n) or QQ* = I'" (m < n);
and Qe C™ " an m x n subunitary matrix (sometimes also called an m x n partial
isometry) if |Qx|l, = | x|, for all xe#(Q"). Every matrix 4 x C™*" can be decom-
posed as A = QH, where Q € C™ " is unitary or subunitary and H € C"*" Hermitian
positive semidcfinite. The decomposition such that Q is unitary is called a polar
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decomposition of A, otherwise a generalized polar decomposition. With the help of
singular value decomposition (SVD), we can construct a few generalized polar
decompositions of a matrix. Let

Q0
1 A=UsVH 5=
(1) U2Ve, <0 0>

beaSVDof Ae C' ", wherer < min{m,n}, U e, and Ve %, Q = diag(s,,...,q,),
;> 0,i=1,...,r then for any integer p > r, we have

) A=UsVvi =UIP, V) [V@ g) V"} = Q,H,
where

Q
(3) Q,=UIP VY and H= V(O g) |68

p running from r to min{m,n}. It was proved that the decomposition 4 = QH is
unique under the condition:

(4) A(Q") = A(H),

where Q e C™*"is subunitary and H € C" " positive semidefinite Hermitian (see, e.g.,
Ben-lIsrael & Greville [ 1, p. 255]). Thus the unique decomposition A = QH satisfy-
ing (4) can be given by (2) and (3) with p = r.

Perturbation bounds associated with the polar decomposition of a nonsingular
matrix can be found in [2, 3, 4, 5]. In the following we will present a perturbation
bound for the subunitary factor Q in the generalized polar decomposition.

LEMMA 1. Let U e, and

(5a) z:(ﬁ 8>e¢:;"*", f:(i g>e¢:,m*",

(5b) Q = diag(oy,...,0,), Q =diag(é,,...,6,).

Then

(6) UL = EV|p = min {o,5;} |UIY, — I9.V .
1<i,j<r

ProOF. Without loss of generality, we prove this lemma for the case m = n;
otherwise by considering suitably augmenting matrices the case m # n degenerates
to square one.

Assume that m = n and set ¢ = min, «; ;,{0:. 6;},

(7) r=3-oIv

m,n?

r=%—o1,
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I and I are two diagonal matrices with diagonal elements nonnegative. It is easy to
verify that

®) U =EV];=UT +oly),) — (I + oI )V 7
= lo(UIY, — L), V) + (UL = TV)|;
=a’ UL, — LD VI
+ 20 [(UID, — IO VUL — TVY] + |UT — T'V||2.

Here tr denotes the trace of a matrix, # the real part of a complex number. We claim
that

9) Ar[(UID, — IO VYUT — TV > 0.
So (8), together with (9), leads to
WUz =2V = |UIY, — 19,V
which proves (6). We have to prove (9).
(10) 22t [(UID, — ID VUL — V"]
=tr[(UIY, — I VYU — TV)! +(UT — TV)UIY, — I, V)]
= w[(UAULY, — I)V) + UL, - 1D, VU]
+ [0,V = UL VT + VA,V — UL )]
= tr[(2ID, — UMD,V — VI U]
+ tr[QIY, — UID VA — VIO U

We have employed a well-known property of the matrix trace: tr MN = tr NM for
two matrices M and N with suitable dimensions. Partition

M x
UHID vV + VHID U = ( )
’ ! * *
M is an r x r Hermitian matrix. Since
(ORI, V + VEIR U, < IUTIR VI, + (IVHID, UL, < 2,

m, m,

every diagonal element of M is a real number less than or equal to 2. This leads to the
conclusion that the diagonal elements of 2I” — M are nonnegative. Thus from (5)
and (7), it follows that

{219, — UMD v — VIS UM = a[(217 — M)(Q — oD)] > 0.
Similar arguments also show
tr[2I9, — UID VA — VIO U] > 0.

The two inequalities above and (10) establish (9). |
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THEOREM 2. Let U, Ue,, V.Vei, and Z, £, Q, Q be of forms (5). Then
(11) |USVH —~ UZVH|p > min {06} |UID, VH - UID VH|,.

1<i,j<r

ProoF. It follows from the unitary invariance of || || and Lemma 1 that
\wzvi — OEVH|, = |0*UE — EVHV |,

> min {o,,6;} |UPUILY, — I VEV|,
iJj

> min {o,,6;} |UID VT — U1, V¥
i J

A restatement of Theorem 2 is as follows.
THEOREM 2A. Let A, AcCr™",
A=QH and A=QH
be generalized polar decompositions of A and A respectively satisfying (4). Then

(12) 14 — Allp = min {JA" [ L 1A' IQ — Ol

PrOOF. Suppose that A and A admit SVDs
A=UzV" and A=ULVH
where U, U, V, V, 2, 5 are as described in Theorem 2. As we remarked before,
Q=UID V" and Q=UID VH

On the other hand, note that

min o;=[A"];", min ¢;= |A|;".
l<i<r 1<j<r
Thus (12) is nothing but (11). ]

Sun and Chen [6] prove that under the conditions of Theorem 2a
(13) 204 = Alp= 1471512 — Qlr.

From the point of view of numerical analysis, when A is perturbed to 4, |4 — A|
may be sufficiently small, thus ignoring the difficulty in determining the numerical
rank, we have approximately

[A*]l;* = min o;x min ¢;,= |4"[;"
1<i<r l1<j<r
xmin{[[A7|;L A7)} = min {0,6;}.
1<i,j<r

This suggests that inequality (12) improves inequality (13) by a factor 2.
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