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BOUNDS ON PERTURBATIONS
OF GENERALIZED SINGULAR VALUES AND
OF ASSOCIATED SUBSPACES*

REN-CANG LIt

Abstract. The sensitivity of the generalized singular value decomposition of a matrix pair to
perturbations in the matrix elements is analysed. It is shown how the chordal distances between the
singular values and the angular distance between the generalized singular spaces can be bounded in
terms of the angular distances between the matrices. The main results are generalizations of several
results on the standard singular value problem.
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1. Introduction. The generalized singular value decomposition (GSVD) for a
matrix pair of two matrices with the same number of columns was proposed by Van
Loan in 1976. This article addresses the following question: when a matrix pair is
perturbed, by how much can its generalized singular values (GSVs) and subspaces
associated with its GSVD change? This problem was first analysed by Sun in 1983.
(Paige also gave a bound for GSV variations in 1984.) Our main results that are
different from those of Sun and Paige are generalizations of several results on the
standard singular value problem.

Throughout the paper, capital letters are for matrices, lowercase Latin letters are
for column vectors or scalars, and lowercase Greek letters are for scalars; Cm*n is
the set of m x n complex matrices; U, C Cnxn is the set of n X n unitary matrices,
Cm = Cmx1, C = C!; R is the real number set. The symbol I(") stands for the
n X n unit matrix, and O, for the m x n null matrix (also we just write I and 0 for
convenience when no confusion arises). AT, AH and A+ denote the transpose, con-
jugate transpose, and Moore—Penrose inverse of A, respectively. R(X) is the column
space, the subspace spanned by the column vectors of X, and Px is the orthogonal
projection onto the column space R(X). It is easy to verify that

Px = XX+, Pxx = X*TX.

We will consider unitarily invariant norms || - || of matrices. In this we follow [34,
pp. 74-87]. To say that the norm is unitarily invariant on C™*" means it satisfies,
besides the usual properties of any norm,

(1) HUAVH = NAH, for any U € Up,, and V € Uy,.

(2) |A|| = || All2, for any A € Cmx®, rank A = 1.
Two unitarily invariant norms used frequently are the spectral norm | - |2 and the
Frobenius norm || - || .
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In this paper, very often matrices with different dimensions enter our arguments
together, so we adhere to the agreement made on [34, p. 79]. In this way, we have

ICliz]| D]
(1.1) |lcD|| < , forany C € Cmxn D e Cnx¢,
ISl DNz
This inequality will be used extensively below. Henceforth, the symbol || - || without

any subscripts is reserved for a unitarily invariant norm.
For any A € Cmxn, its singular value decomposition (SVD) may be written as
(see, e.g., [34] and [7])

(1.2) A=UXVH ¥ = diag(o1,02,...),

where U € Uy, V € Un, and o1 > -+ > 0 are singular values (SVs) of A. With
the help of SVD, any unitarily invariant norm can be written as HA” = ®(01,02,...)
where ® is a symmetric gauge function (see, e.g., [23] and [34]). The set of SVs of
A is denoted by o(A). Due to the numerical stability of SVD, it has been applied to
a variety of practical problems with moderate dimensions. It is an especially major
tool for solving ill-conditioned problems in linear algebra. There are quite a number
of excellent papers written for various topics relating to SVD and its applications in
the literature; see, e.g., [7], [8], [9], [22], [23], [27], [34], [36], [40], and other references
therein.

Motivated by SVD, Van Loan [38] and Paige and Saunders [25] suggested several
forms of the GSVD of two matrices having the same number of columns. GSVD
immediately attracted the attention of a number of numerical analysts. Now, a few
algorithms for its numerical computation are available, and applications to practical
problems are also being made; see, e.g., [10], [12], [13], [14], and [38].

As to the perturbation theory for the standard singular value problem, the follow-
ing result has been known for nearly thirty years. It was proved by Mirsky [23] with
the help of a powerful theorem for Hermitian matrices of Lidskii [21] and Wielandt [42].
Let A, A € Cmx>n and let a1 > -+ > aq and &y > - -+ > &q (¢ = min{m,n}) be their
SVs, respectively. Then for any unitarily invariant norm || - ||

(1.3) ||diag (1 — a1, ... g —0g) || < ||A—g||

Also, Wedin [40] has generalized the celebrated Davis—Kahan sin § theorems [4] relating
to the invariant subspaces of two self-adjoint operators to cover the SVD. A problem
which naturally arises is how the generalized singular values (GSVs) and associated
subspaces behave under a perturbation. In 1983, Sun [30] gave a detailed analysis
of this problem. In that paper, he generalized several noted results for the standard
singular value problem. Although [30] is an excellent paper, there are still a few
questions left to be answered. For example, the generalization of (1.3) to cover a
general unitarily invariant norm is still open. Part I of this paper is written for this
purpose.

The paper is divided into two parts. In the first part, we concentrate our attention
on the perturbations of GSVs, and in the second part we focus on the perturbations of
subspaces associated with GSVD. The main idea comes from Li’s recent papers [17],
(18]. Our results are completely different from those in Sun [30].

Now, we outline definitions relating to GSVD. Readers are referred to Sun [30]
for the motivations of these definitions.
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DEFINITION 1.1. Let A, B € Cn*n. A — AB is called a regular matriz pencil
of order n if det(A — AB) # 0 for A € C. A complex number pair (a, 3) # (0,0) is
termed a generalized eigenvalue of a regular matrix pencil A—AB if det(3A—aB) = 0.
Denote by A(A, B) the set of the generalized eigenvalues (counted according to their
algebraic multiplicities) of A — AB.

DEFINITION 1.2. Let A € Cmxn and B € Cpxn. A matrix pair {A, B} is an
(m, p, n)- Grassmann matriz pair (GMP) if rank(g) =n.

DEFINITION 1.3. Let {A, B} be an (m,n,p)-GMP. A nonnegative number-pair
(o, B) is a GSV of the GMP {4, B} if

(1.4a) (o, B) # (0,0), det(B2AHA—a2BHEB)=0, «,f8>0,
ie.,
(1.4b) (o, B) = (VA Vi), where (A, u) € A(AHA,BEB) and A, u>0.

The set of GSV of {A, B} is denoted by o{A4, B}.

The fact we should bear in mind in giving (1.4b) is that for H, K € Cnxn,
H, K >0,if (A, u) € \(H, K), then (JA], |u|) € MH, K).

Clearly, if {A, B} is an (m,p,n)-GMP, then AHA — ABHB is a definite matrix
pencil, i.e., tHAH Az + tHBH Bz > 0 for all 0 # z € Cn, and vice versa. The definite
pencil AH A—ABH B has n generalized eigenvalues, hence GMP {4, B} hasn GSVs. A
well-developed perturbation theory for the generalized eigenvalue problem of definite
pencils is available; see, e.g., Sun [31], [32]; Stewart [28]; and Li [17]. Perturbation
bounds for the generalized singular value problem can be obtained with the help of the
close relation between the two problems. However, the bounds obtained in this way are
often unsatisfactory, just like the perturbation bounds for the SVs of a single matrix A
obtained through the perturbation bounds for the eigenvalues of the Hermitian matrix
AHA. So special attention deserves to be paid to perturbations for the generalized
singular value problem.

GSVD has several forms in the literature. In this paper, we adopt the following
form (see Van Loan [38], Paige and Saunders [25], and Sun [30]).

THEOREM 1.1 (GSVD). Let {A, B} be an (m,p,n)-GMP. Then there exist ma-
trices U € U, V € Up, and Q € Cn*" nonsingular such that

(1.5a) UHAQ = T4, VHBQ = Y,
where

(1.5b) ¥a =diag(a1,a2,...),

(1.5¢) Yp=diag(...,0Bn-1,0n),

meaning that ¥4 is zero except for the diagonal starting in the top left corner (leading
diagonal), and L g is zero except for the diagonal finishing in the bottom right corner
(trailing diagonal). amyr = =an=0,9m<n; f1 = =PFnp=0,ifp<n;
and s, B; >0, a2+ 52=1,i=1,2,... ,n.

By Definition 1.3, we have 6{4, B} = {(a;,3i), i = 1,2,... ,n} for the (m,p, n)-
GMP {4, B} in Theorem 1.1.
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LEMMA 1.1. If {A, B} is as described in Theorem 1.1, then for any unitarily
invariant norm || - ||,

(1.6) IRl < l1z+]l and [l@-1|| <|iz],

where Z = ( g).
Proof. Bearing rank Z = n and Z+Z = I in mind, we have

(UH VH)ZQ=(EA):, Q:Z+<U V) (5;;)

Q-1 = (zH, 5H) (UH VH)Z.

Now, from the above equations, (1.1), and

I(52)
(1.6) follows. 0

Remark 1.1. We note that in order to have rank n,m+p>n Whenm+p=n
we can choose () = Z-1 and get a trivial GSVD with

‘ (S, ) =1,
2

(1.7) o{4,B} = {(1,0),-..,(1,0),(0,1),..., (0, )}.

m p=n—m

We use the chordal metric on the Riemann sphere to measure the difference be-
tween two generalized singular values, and metrics on the Grassmann manifold to
measure the difference between two matrix pairs (see Sun [29][35] and Li [16]-[18]).
For (o, 3) # (0,0), (v,8) # (0,0), the chordal distance between the two points is
defined by

def |6a — 70|
Ve +82/[v[? + [5]2

(1.8) p((a,B),(7,8))

Let X, Y € Cmx» (m > n) both have full column rank n, and define the angle
O(X,Y) between X and Y as [34]

(L9 OX,Y) Y arccos((XHX) I XHY (YHY)-1YHX(XHX)~$)-} > 0.

Here and in the following, A > 0 (4 > 0) denotes that A is a positive definite (non-
negative definite) Hermitian matrix. A'/2 is the unique positive definite (nonnegative
definite) square root of A > 0; and A~1/2 = (A1/2)-1 for A > 0. The difference
between these two points in the Grassmann manifold can be measured by appropri-
ate unitarily invariant norms of sin©(X,Y) or of Px — Py. The reader is referred to
Lemma 3.1 below for the relations between the unitarily invariant norms of sin 0(X,Y)
or those of Px — Py.
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LEMMA 1.2. Let X, Y € Cmxn (1 < n < m — 1) have full column rank n.
Suppose that Y = (Y,Y1) € Cmx™ is a nonsingular matriz with

~ H
Po1- (5 ) S € Cmxn,

st
Then for any unitarily invariant norm || - ||,
|sin®(X,Y)|| = ||(SHS1)~:SHX(XHEX)~#|.

Lemma 1.2 is now well known. For a proof of it, the reader is referred to, e.g., Li
(17, Lemma 2.1].

Throughout this paper, {A, B} and {A, B} are always reserved for two (m,p, n)-
GMPs except when otherwise stated.

Part 1. Perturbation bounds for GSV. In §2 we study a geometric repre-
sentation of a GSV and pairing problems for two sets of GSVs. The former is similar
to the statements in [17] for a real generalized eigenvalue, and the latter may be of
general interest apart from the role it plays in this paper. We present the main results
concerning GSV in §3 and give their proofs in §4.

2. Geometric representation and pairing. By Definition 1.3, it is evident
that every GSV can be represented by a pair (c, 3) of real numbers o and 3 satisfying

(2.1) a,B >0, a?+f62=1.

Thus a 1 to 1 correspondence between the set of GSVs and a quarter-circular arc I' of
the unit circle is established in the following way. (c, ) satisfying (2.1) corresponds
to a point z € T, as shown in Fig. 1. Therefore, every z € I' determines a number pair
(a, B) satisfying (2.1) by its coordinate. Moreover, (a,3) determines a unique angle
6 = 6(a, 3) = arccos @ = arcsin 3, (0 < 8 < %). For convenience, in the following text,
we treat z and (o, 8) equally and write z = (a, 3). The symbol I' is always reserved
for the quarter-circular arc.

Fi1G. 1. Geometric representation: z = (a, ).
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Given (a, 8), (v,0) corresponding to z, w € I, the notation

(2.2) (@,8) < (1,8)  ((a.f) 2 (7,9))
(2.3) (. B) < O(v,8)  (8(a, B) < 6(7,96));

and the notation z < w (2 < w) means that (2.2) holds. We will use the notation
(zwv) to mean that the points z, w, v € " appear in the order z < w =< v. Similarly,
we can deal with more than three points. A distance on I' is defined by (refer to (1.8))

d(z,w) d;f P( (a7B)> (716) )

It is easy to prove that (T, d) is a complete distance space (see Proposition 2.1 below).
PROPOSITION 2.1 (Li [17]). Let (o, 3), (77,6) be two GSVs. Then

p((a,B),(7,6)) = sin |6(c, B) — 6(7,6)|-

Now, we consider the pairing problem for two sets of GSVs.
PropPOSITION 2.2. Let (ai,ﬁi) and (v4,6;), i, = 1,2,...,n be 2n GSVs ar-
ranged in increasing order, respectively, i.e.,

(2.4) (a1,81) <+ 2 (om,Bn) and (71,61) =+ = (n,6n).
Then

(2.5) min élfgxnp( (0, 85): (Ve (g)r 62)) ) = lrgfgnp( (s> B5)s (135 65) )-
The minimum in (2.5) is taken over all permutations of {1,2,... ,n}.

Proposition 2.2 may be of great importance. The reader will find that all our
bounds in §3 involve permutations of {1,2,... ,n}. Generally, except for their exis-
tence, they are unknown. Proposition 2.2 may be the only result now available which
tells us what the exact permutations are in a few cases (refer to Theorems 3.1 and
3.2, Corollary 3.1, Remark 3.1, and Lemma 4.2). An insight into the importance of
Proposition 2.2 can also be learned by noting some facts arising from the perturbation
theories for the standard eigenvalue and singular value problems. Recall that for 2n
real numbers a1 < -+ < o and 1 < -+ - < 7y, we have

jmax la; — ;| = min max Ja; - Tu)

and more generally, for any unitarily invariant norm || - [,
Hdlag (al = Y1y yQn — 7”)” = m}}anlag (al e 716 S FI y Qp — 7;1(71))”7

where min, is taken over all permutations of {1,2,...,n}. If a; and ~; are no longer
real but may be complex, the situation becomes very complicated, and the above two
equations are no longer true. The fact that we have not yet completely solved an open
problem [23] of extending the well-known Weyl-Lidskii theorem (see, e.g., [34]) to the
spectral perturbation of a normal matrix should be partially attributed to the fact
that we do not know what a proper pairing of 2n complex numbers is. (Much work
on such extensions has been done by several mathematicians; see, e.g., [1] and [2].)

The following proposition will help us to finish our proofs for the nonsquare case
in §4.
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PROPOSITION 2.3. Let (i, 3;) and (7v;,6;), 4,5 = 1,2,... ,n, be 2n GSVs; let
D, @ > 0 be two integers; and define

(Oén+i,ﬁn+z‘) = (Yn+i, 6nts) = (1,0), 1=1,2,...,p;

(O‘n+p+jy ,Bn+p+j) (’)’n+p+1a 5n+p+]) (0,1), J=L12,...,q

Also, let pu be a permutation of {1,2,... ,n+p+ q}. Then there exists a permutation
7 of {1,2,...,n} such that for any unitarily invariant norm || - ||

(2.6)
|diag (p((@1,81), (Vu(1)s6u)) )s-- - o( (@ntp+a, Brtp+a)s (Vu(ntpta)s Suinipra) ) )|
2 ”diag (P( (alaﬁl)y(’7‘r(1),5-r(1)))a--~ ap( (an,ﬂn) (’Y‘r(n), -r(n) )”

In order to keep the paper fairly short, we do not give the details of the proofs of
Propositions 2.2 and 2.3, which are based on constructive arguments.

Proposition 2.2 solves the problem: Find a permutation 7 of {1,2,...,n} such
that

(2.7)

an 1Iéla.<x p( (Otj,ﬁj)7 (7u(j)v5u(j)))

= rn#deiag (p( (al,ﬂ1)7(7p(1)76u(1)))7'" »P( (an,ﬂn) ('Yu(n)’ 1(n) ))“2
[diag (£((e1,81), (1), 6r1)) ) -+ s ( (@ Br) s (Frimys Brmy) ) )|,

max p((25,8), (7, 6-()) )-

Let ¢ and v be two permutations of {1,2,... ,n} with the property

(@), Bony) =+ 2 (an)» Bemy)  and (V1) 1)) =+ = (Tun» Bum));

then 7 = v¢~! is a solution to the problem. In other words, T satisfies (2.7). Generally,
there is no global solution (independent of || - ||) to the optimization problem

(2.8)  min||diag (p((0a1,81), (Vu()r 8u) ) -+ » P (@, Bn)s (Vry» Bumy) ) )|

if the minimum is taken over all permutations of {1,2,... ,n}. To see this, we give
a counterexample: n = 2, z; = (al,ﬁl) = (1,0), 22 = (az,ﬂg) = (v3/2,1/2),
wi = (y,61) = (1/2,V3/2), w2 = (72,62) = (0,1), and || - || = || - . It is easy

to verify that z1 < 22, w1 < wa. Therefore ¢, v and 7 = v¢=1 are all the identity
permutation of {1,2}. Only two permutations exist: one is the identity permutation
w, i.e., w(i) =i for i = 1,2; the other is p defined by u(1) = 2, u(2) = 1. It is easy to
verlfy that

Hdlag (p( (al,ﬂl)v(7w(1)’6w(l)))7p( (a%ﬂ?) (7w(2)7 w(2) ) ”2

3 .
= —\g—_ <1l= |Idlag (P( (al,ﬁl), (’7;;(1)76#(1)))7/)( (02’132)? (7#(2)’6#(2)) ) )”2 ’
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whereas

|[diag ( p( (a1, 51)s (Fu(r)s Buny) ) ( (@2, B2)s (V@) 6wi) ) I

f v = ||diag (p( (a1, 81), (Hu(rys Bu) ) p( (@2, B2), (V) 6u2) ) )l o

Remark 2.1. || - ||2 is unitarily invariant, and for || - ||2, Proposition 2.3 is a
corollary of Proposition 2.2. To see this, we note that the spectral norm of a diagonal
matrix is the maximal modulus of its diagonal elements (refer to (2.7) ), and that the
values of the qualities before > in the inequality (2.6) are reduced if the permutations
v are replaced by those optimal ones obtained analogously to the permutation 7 of
Proposition 2.2 by arranging (ai,ﬂi) and (7;,6;) in ascending order. Under these
optimal permutations, (1,0) must be paired to (1,0), and (0,1) to (0,1); and thus
(1,0) and (0,1) can be eliminated as required. We note that for a general unitarily
invariant norm, Proposition 2.3 may not be regarded as a corollary of Proposition 2.2
(refer to the counterexample above).

Remark 2.2. Proposition 2.3 plays an important role in our proofs in §4. In
fact, in order to complete our proof for the cases m # n and/or p 79 n, we augment
A and B of an (m,p,n)-GMP {A, B} suitably to a bigger GMP {4, B}, with A B
being square, and o{A4, B} being a union of o{A4, B} with a few (1,0) and/or (0,1).
Proposition 2.3 guarantees the possibility of removing the added (1,0) and/or (0,1)
from the bounds via those for the case m = p = n (refer to §4).

3. Main perturbation theorems for GSV.
THEOREM 3.1. Let {A, B} and {A B} be two (m,p,n)-GMPs, and let o{A,B} =
{(os,8:), % = 1,2,--- ,n} and U{A B} = {(aj,ﬂj) j = 1,2,...,n}. Then there

exists a permutation 7 of {1,2,...,n} such that
(31) 1111a<x p( (ajaﬁj)v (&T(j)ng(j)) ) < || Sin@(zv Z)HQ’
where

THEOREM 3.2. The conditions and notations are as described in Theorem 3.1.
Then there exists a permutation p of {1,2,... ,n} such that

(3.3) [P( (3, 8) (G Buti)) )] F< ||sin©(Z, Z)|

-

j=1

For two square matrix pairs, we have Theorem 3.3.
THEOREM 3.3. To the assumptions of Theorem 3.1, we add that m = p = n.

Then there exists a permutation T of {1,2,... ,n} such that
(34)  max p((as,8), (@) Bri) )
— min |[(ZHZ)"¥(AEVB — BHUA)(ZHZ) 3
U, Ve 2

We present two corollaries obtained from Theorems 3.1 and 3.2. But first we need
the following lemma.



PERTURBATION BOUNDS FOR GSVD 203

LEMMA 3.1. If X, Y € Caxt (¢ > t) have full column rank t, then Pg(Y —
X)(YHY)" %, PH(Y - X)(XHX)"%, and sin O(X, Y') have the same nonzero singular
values, where Py = I — Px, and P} =1 — Py. Moreover if their nonzero singular

values are 01, 02, ..., the nonzero singular values of Py — Px are 01, 01, 02, 02, ....
Therefore,
(35a) 1P~ Pxle= IP£(Y = X)(YHY)™3|l2 = | PFH(Y - X)(XHX) "%
' = [|sin (X, V)]l2,
(3.5b)

1 1 1
J3lIPy = Pxllr = 1Px (Y = X)(YHY) 2 |[F = |Pp(Y — X)(XHX)"%|F
= ||sin®(X,Y)| F.
Proof. Choose U € Uy such that

UHX — (X1> . UHY = (Yl> XL, Y € Ctxt,
0 Y,

Obviously, X1 is nonsingular. Thus we have
Py — Px =Y(YHY)-1YH — X(XHX)-1XH

=U YV + YY) Y - IO V(Y + YY) YA UH
(YAY: + YY) 1Y V(Y{n + YHY2) 1Y
and
(Py — Px)H(Py — Px) = (Py — Px)?

(3.6) U 10 Y (YHY: + YHYs)-1VH 0 i~
0 V(YY1 + YY) 1Y

On the other hand, from

follows
(3.7) (PH(Y - X)) (Y HY)-1(PE(Y - X))"
= (g Y2(Y1HY1 _+_(})/2HY'2)_1Y2H) UH,
Note also that
AV (YY1 + Y5Y2) 1Y) = MY Ya (YY1 + Y Y2) 1)
M =YY + Y 12)1)
MI - (YY1 + YY) ~1YH),

and
sin? O(X,Y) = I — (V{11 + Y1%) 3y (Y'Y + Y Ya) s
= A(sin® ©(X,Y) ) = MI - YAV (YY1 + Y Ye) 1)
=M - Yi(Yv1 + YY) 1Y H),
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where A(-) denotes the set of nonzero eigenvalues of a matrix. From (3.6) and (3.7 ),
we deduce that if the nonzero singular values of P (Y — X)(YHY )2 are o1, oo,

, then so are those of sin ©(X,Y’), and moreover, those of Py — Px are o1, 01, 02,
02, ..., S0

1Py = Pxllz = [[P£ (Y = X)(YHY) 2|2 = || sin©(X, Y)],

%HPY — Px|lr = |Px (Y - X)(YHY) 2 |F = || sin O(X, Y)| r.

These prove the first equations in (3.5a) and (3.5b). By a symmetry argument, other

equations in (3.5) also hold. O
COROLLARY 3.1. The conditions and notations are as described in Theorem 3.1.
Then there exists a permutation T of {1,2,... ,n} such that

(3.8)  max p((a;,8), (@) Bri) )

1<j<n

< min {|[(Z - 2)(ZH2) 1, |(Z - 2)( 27 2) "} ]}

COROLLARY 3.2. The conditions and notations are as described in Theorem 3.2.
Then there exists a permutation p of {1,2,... ,n} such that

(3.9) \J i [p((05:85), @ty Buc) )]2

J=1

<min {|(Z - 2)(Z42)"}|r, (2 - 2)(252) ]|¥ } .

The inequalities (3.1) and (3.3) correspond to two inequalities for perturbations
of the ordinary SVD. Let A, A € Cm*n, with 0(A) = {a1,...,a,} and o(4) =
{@1,...,dq}, ¢ = min{m,n}. We also assume a; > --- > ag > 0and @y > - >

&g > 0. Then
. — <
(3.10) max fag — &) < [|A - Allz,

q
> la; — &2 < ||A - Allr,

Jj=1

(3.11)

which are nothing but the inequalities (1.3) for the special unitarily invariant norms
I-ll2 and ||-||. The generalizations (3.1) and (3.3) of (3.10) and (3.11) are new. A few
other generalizations have appeared in the literature. Sun [33] proved the following
generalization of (3.10):

(3.12a) ) . .
max p( (aj,8;), (@-): Br()) ) < max p(([|Azll2, [|B2), (| Azll2, || Bz|l2) )

1<ji<n
lzllz=1

(3.12b) <N Z+I21Z = Z|l2,



