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ABSTRACT

Let A — AB be a definite matrix pencil of order n, i.e., both A and B are n X n

Hermitian and c( A, B)d-'ifminxeCny”x”2=1|xH(A + iB)x| > 0. Suppose Y isan n X [
matrix with full column rank whose column vectors span an approximate invariant
subspace for A — AB. This note investigates the relation between eigenvalues of
A — AB and those of Y#AY — AY"BY. Our result for the spectral norm improves
Sun’s | Linear Algebra Appl. 139:253-267 (1990)). We also present bounds in Frobe-

nius norms and in general unitarily invariant norms.

1. INTRODUCTION

Let A be Hermitian with an eigenvalue A and the corresponding eigen-

vector x. The following is well known: For any vector & such that sin 8(x, %)
= O(e), we have

FHAT/THE = A + O(€?)

(see, e.g., Parlett [7]). Here the superscript H denotes conjugate transpose.
This result has been generalized to the Rayleigh quotient matrix case by Li
[2], Liu and Xu [6], and Sun [12]. Li [2] proved an open question raised by
Sun [12] and improved Liu and Xu’s results.
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In another direction, the result was generalized to the generalized eigen-
value problems for definite pencils by Sun [11]. In this note, we also consider
this kind of generalizations. We improve Sun’s result and present new bounds
in Frobenius norm and in general unitarily invariant norms.

In what follows, we use C™*" for the set of m X n complex matrices,
U, € C**" for the set of n X n unitary matrices, and I for the identity
matrix with suitable dimension which should be clear from the context. We
use [[-|l; for the spectral norm and | -l for the Frobenius norm. Given

d
Y € C™¥, ?;ﬂ(l’) denotes the subspace spanned by the column vectors
of Y.

2. PRELIMINARIES

Let A, B € C"™" be Hermitian. A — AB is termed a definite matrix
pencil of order n if

def
c(A,B)Y=  min [x¥(A+iB)x|>0. (2.1)

xeC" ixlla=1

Hereafter, we will use D(n) for the set of all n X n definite pencils. A
number pair (a, B) # (0,0) is called a generalized eigenvalue of A — AB if
det(BA — aB) = 0,0 # x € C" is an eigenvector associated with (a, 8) if
BAx = aBx. The set of all generalized eigenvalues of A — AB is denoted by
M A, B). There are a lot of equivalent definitions of an eigenspace for
A — AB € D(n). One of them is: A subspace % C C" is an eigenspace of
A — AB € D(n) if

dim( AZ + B%) < dim %.

The reader is referred to Sun [13] for others. Given £ € C", an [-dimen-
sional eigenspace of A — AB € D(n). Let X; € C"*! and 2] = #(X,). It is
known that

M XJ'AX,, X{'BX,) € AM(A, B). (2.2)

However, if X, € C"*! with rank X, = I for which (X)) is close to &, in
some sense, we cannot expect that (2.2) with X, replaced by X, remains
true. It is_the purpose of this note to investigate relations between
MXJFAX,, XFBX,) and A(A, B).
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Let A—ABeDn), Y& C™. and rankY =1l Define YHAY —
AYHBY € D() to be the Rayleigh quotient matrix pencil of A — AB with
respect to Y.

For two nonzero number pairs (a, 8) and (&, B), the chordal distance
will be used throughout:

def leB — Bal

p((a.B).(a.B)) = —.
( (&.8)) lal®* + 181> Vial® +181°

For two [-dimensional subspaces 2, = %#(X,) and 2’ Q(X ), the distance
between them will be measured by Il sin @( X,, X )H where H Il is a matrix
norm and

@(Xl, Xl)i-e—farccos (Xf(’)Xw xH )210)1/2 >0,

where X, = X,(XFX,)"V2, X,y = X,(XFX,)"!/2 It has been proved that
if
wlH

), where X,, W, € C"*("~D and W, € C"*/,
WZH

(X, Xz)_l = (

then

~ \ def

pp(%,%) = |isin G(Xl’ X~1)"p =”(W2HW2)~1/2W2HX1% ”p (23)

for p = 2, F (see, e.g., Li [2]).
For definite pencils, we have the following fundamental result due to
Stewart [8].

LemMA 2.1. Let A — AB € D(n). Then there is a nonsingular matrix
X € C™*" such that

XHAX = diag( @, ..., a,), XHBX = diag( By,---, B,)-

It is easy to see that «; and B; are all real, and can be made such that
aj.g + ,sz = 1. The following result is due to [9].
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LEMMA 2.2, In Lemma 2.1, if «} + B7 =1 for 1 <j < n, then

“X” <———1——— Hx-ln <M
2 c(A,B), Z\W-

For eigenvalue variations, Sun [10] proved the following:

LemMa 23. Let A~ AB &€ D(n), and let A=A+ E, B=B+F be
n X n Hermitian matrices. If

x U Ex 2 + (" Fx ?
max (/( ) ( ) <1,

=1 | (x#Ax) + (x/Bx)’

(2.4)

then A ~ AB € D(n). Moreover, let MA,B)={a,B),i=1,...,n} and
MA B) = {(cx ,B) j= .. n}. There exists a permutation T of {1...., . n}
such that

max p((a B, ( @, BT(]))) max p((xHAx x"Bx), (xHAx 1cHBx)).

1<j<n Ixlla=1

3. MAIN RESULTS

THEOREM 3.1. Let A — AB € D(n) with AA, B) = ((a B) j=
1,...,n}, and let &, =H(X,) be the eigenspace of A — AB assoczated with
{(a;, B, j = 1}, where X, € C**. Assume Z, = H(X,) is an I-di-
mensional approxzmute eigenspace of A — AB such that

def—————“i(AA BB))Hz 2. F) < 1. (3.1)

Let )t(XHAxl, XHBX D =& B) j=1..., I}. Then there is a permuta-
tion T of {1,. l} such that

max (o, 8) (&0 Bup)) < max p(( B). (e B))
[+1<j<n

(3.2)
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Theorem 3.1 improves Sun’s theorem [11] in two respects:

(1) Instead of (3.1), Sun assumes

max{[(A1 B)[:. 1) fi(A. Bl (20,5 <1
min{y/A,., (4} + B}) 1} <(4.B) Pl n) = 5

which is stronger than our assumption (3.1). Here A ; () denotes the
smallest eigenvalue of a Hermitian matrix; A, = X} AX)o, B, = X[{ BXy,,
and X, = X(X{X) /2

(2) The bound in (3.2) improves Sun’s bound by a factor
ICA, B)lls/c(A, B).

Proof of Theorem 3.1. It follows from £, being an [-dimensional
eigenspace of A — AB that there is X,y € C"*~8 with X}/ X, = I such
that

Ay
X({IAX() = ( A,

B
, XO”BXO=(1 Bg)’ (3.3)

where X, = (X}, Xp,) € C"*" nonsingular, X,, = X,(XX,)"!/2, and 4,
— AB, € D(), A, — AB, € D(n — ). By Lemma 2.1, there are P, € C"*/,
P, CO=Dx0=D hoth nonsingular, such that for i = 1,2

PHAP, = A,  PUBP,=Q,
where

A, = diag(ay o), 9, = dig( B, B),
A, = diag( oy, . ..., a,), Q,=diag( B ,,....B.).

and a]2+ﬁj2=l, j=1..., n. Set X, =X,P, for i=1,2 and X =
(X,, X;). Then we have

XPAX = diag(A,, A,),  X"BX = diag(Q,, Q,).
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Partition X! as

with W, e ¢~

8

)

|
———
et
= =
o) s
F =

Now we get

- - - A -
X1 AX,, =X} X“”( . )x* X
A,
Hy ! By iy Y HY

= (Wl Xw) A WX, + (Wz Xlo) AWy X

def -~

=A; + E. (3.4)

Similarly, we have

-~ - ~ H ~ - H ~
Xl% BX)o = (WIHXIO) QIWIHXIO + (WzHXm) szzHXw

=B, +F. (3.5)

Consider the following two matrix pencils:

X1 AX,, — AXBBX,, and A, — AB,, (3.6)

a relation for which is described by (3.4) and (3.5). First of all, the first pencil
of (3.6) is in O(]), and moreover

o Xfh A%y, X[iBX,) > (4. B). (3.7)
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We claim that under the assumption (3.1), A, — AB, is in D(]), too. In fact,
for every x € C!, as noted by Li [5],

\/( xHEx)2 + (JrHFx)2

< (W) "MW Ko (W o) " QWER,,)

2

W3 X1

- \H
(WzHXw) (A, ,) WHY
2 A0

N

2
Hv 2 . 2 2
< W5 Xl (smce ol + B = 1)

<lwirw,y [ fwiw,) wis, |,

<IX [ po(2.2)] [see (2.3)]

_lca sl

c( A, B) [pz(%’%)r (by Lemma 2.2),

SO

(xHEx)‘2 + (xHFx)2
~ - 2 - - 2
(xHXféAme) + (xHXféBwa)
2
ICA. B)l; 1
< ———
c(4, B) C(Xf(I)Axlo’ le(I)BXw)

[Pz(%’jﬁ)]z

_ s, B)ll;

= (A B)2 [Pz(%’g‘;})lz <1 [by (3.1)].
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By Lemma 2.3, we have proved A~l - AB] € (1), and moreover there is a
permutation 7 of {1, ..., [} such that

max p(( ;. B). (&), Briyy))

l<]<l

< max p((x”)zf(’) A)wa, x”)ZI%B)Ele), (XH[{‘X, x”élx))
llxlle=1

flx "Exx "B, x ~ x"Fxx A x| 1
T : 2 <A, B)
hxllz=1 S ) _— c(A,
i \/ (x"X[jAX o) + (x HX{%Bme)

\/(xHAlx HBlr)

Ay Byx — QA x

X | max xH(WzHXm)H ~ _ 2 - - 2 (WZHXN)X
xls=1 ‘/(xHX{(’)Ame) + ("X [ BX %)

WHX,, I3 - s

M max p((xHAlx,xHle),(aj;Bj))' (3.8)

C(A,B) Ixliz=1

I+1gj<n

With the help of the minimax property of the eigenvalue of definite pencils
[8], we can prove

max p((r Ax, x"B x) ( ])) < max p((ai’Bi)?(aj)Bj))'
Jalle=1 l1<igl
l+]<]<n l+1<]<n

So it follows from (3.8) that

max p(( . B;) ( &)y B "(])))

1<J<l
WX, 12
<A m o Pl B (o B))
l+1<J<n
(A, Bl \? .12
o] e el B (o B paln )]
+1<]<n
Our proof is completed. u

The following theorem deals with the Frobenius norm.
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THEOREM 3.2, Under the conditions of Theorem 3.1, there is a permuta-
tion w of {1,...,1} such that

\/]2 [ P((a,, 8wy éww))r

< max p((a;,B). (« ﬁ))"(A’B)“Z- (3.9)
S i<l P PR AT c( A, B) ‘/1_.772 ’ '

I+1<gj<n

where 8 = (A, Blls/c(A, B)o,(Z,, 2) pF(Z,,2,), and 7 is defined by
G.1.

Proof. We have shown that under the conditions of Theorem 3.1, the
second pencil in (3.6) is in D(/) and hence W} X, is invertible. Using (3.4)
and (3.5), we get

-1

(X8) AR (W) K,0) " @, = (KEBR,,)(WiKy,) A,
= (WFZ,)" (A, MQ, — Q,MA), (3.10)

where M = (WX, XWX ))~'. By Lemma 2.1, there is P, € C"*! non-
singular such that

PH(X[AX,)P, = A, = diag(&,...., &).

PH(XHBX),) P, = O, = diag( B,..... B).

where &jZ + éjz =1 for i = 1,..., [ Substituting those decompositions into
(3.10), we get

R A (wirgo) o, - [ A (wirg)

~ - H
= PI(Wy'X,o) (A MQ, — Q,MA)). (3.11)
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It was proved by Li [3] that there exists a permutation @ of {1,..., I} such
that

!

;[ p((e. B). (@uiyy, me))r

j=1

<[[(wir%) Al

|

-1 ~ | - - -1
[Pl HXI() ] 1_91[Pf1(W1HX10) ]A1I|F' (3.12)
Note that
ALMQ, — Q,MA, = Go M,

where o denotes the Hadamard product of matrices and G = (ay,,; B; —
Br.ia) € C" =P Thus from (3.11) and (3.12), it follows that

\/é:[ ((a 8)- (@, Bw(ﬁ))r

< IT?fl p(( %, By (af’ Bf'))”(WIHXIO)ISI ”2“1;1H“2
I+ I\Sj\<n

| (wigo) | wako(wes,)

< max p((a"B')’(aj7Bj))“WlH 2 (VVlH)Zmy1 9 1“3

1<ig!
xwiwny [ fovewa)w g [ oviwn) AW R -
(3.13)
We now bound factors in (3.13) one by one. By Lemma 2.2,
w! (A, B)|.
Wil <t 0 =X « ===,
P (Wz”) . Ve(A. B)
2, ! !
2 = — ~ - < s
] C(XSAXUhX]}(I)BXw) c(A. B)
2 . ,  llca. Bl
lowiw,) 2|, = 1w, 13 < 1x 15 < 4. Bl

c(A,B) 7
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and by (2.3) (W W,)~ 1/ZWHX 1ol = (;”271,2’1) for p = 2 or F. Finally,
we deal with the hardest one, ”(WHXw) f”g

Xli(l) WIWIHX10

X lXlo - X%W2W2HX10

~Xrx
X \%%
(nxnz ” ”2)

= il = b s )

which produces

Hy ! FH Hy 7! e
“(Wl XlO) ”2 =“(X10W1W1 Xl()) 9
1 X2
<
2
V1 ixi|aw,wew,) ™ L ix- e
1 1
<
Ve(A, B) /1 - »?
Substituting all those estimates into (3.13) leads to (3.9). [ ]
For a general unitarily invariant norm, we have Theorem 3.3 below. To
say that a norm ||| - |l is wnitarily invariant on C™*" means it satisfies,
besides the usual properties of any norm, also
() Novavili =l Alll foral U e U,, and V € U,;
@ Al =lAll; forany A € C™ ", rank A = 1.
The spectral norm || -|l; and the Frobenius norm |||l are two frequently
used ones.

THEOREM 3.3. Under the conditions of Theorem 3.1, there is a permuta-
tion o of {1,...,1} such that

diag( p(( ay, By). (&a-(l)’ éa(l)))’ e P(( ar, By). (&6(1)’ é‘f(l)))) m
I(A, B, &

u

<w (A, B) m , (3.14)
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where 8, = (A, Bllo/c(A, B)? po(2,, &) llsin ®(X,, XD, and 7 is
defined by (3.1).

Proof. The proof is much like that of Theorem 3.2, except that the
inequality (3.12) is replaced by the following one proved in Li [4]:

diag( P((al» Bi). (&aaw éa(l)))’ s p(( a, By)., (&"(”’ 'é"(”)))m

< Slwrzo) £,

X]“A]‘[ﬁfl(W]Hilo)Al]Ql - Ql[ﬁfl(leilo)

I

for some permutation o of {1,...,[}. [ ]

With the inequality (3.2) for the spectral norm in mind, we would find
that the inequality (3.9) might not be the one as expected. Most probably, we
would expect

I<i<
[+1<j<n

! 2
\/’2[p((aj,ﬁ,-),(&wm,ﬁwu)))] S max, p((e. B). (o, B)) -8
i=1
(3.15)

to be true, which is stronger than (3.9). However, I was unable to prove it. A
similar argument applies to (3.14).

4. CONCLUSION

We have proved three inequalities regarding the eigenvalues of Rayleigh
quotient matrix pencils of a definite pencils. They are generalizations of their
counterparts for Rayleigh quotient matrices proved in Li [2], Liu and Xu [6],
and Sun [12]. Our result for the spectral norm improves Sun’s [11], and our
results for the Frobenius norm and general unitarily invariant norms are new,
and seem to be improvable. We conjecture that (3.15) might be true.

The author wishes to thank referees for many helpful suggestions.
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