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Abstract.

This paper establishes converses to the well-known result: for any vector 4 such that
the sine of the angle sin f(u,4) = O(e), we have

def U Au

p(i) =

where A is an eigenvalue and u is the corresponding eigenvector of a Hermitian ma-
trix A, and “*” denotes complex conjugate transpose. It shows that if p(@) is close
to A’s largest eigenvalue, then 4 is close to the corresponding eigenvector with an
error proportional to the square root of the error in p(@) as an approximation to the
eigenvalue and inverse proportional to the square root of the gap between A’s first two
largest eigenvalues. A subspace version of such an converse is also established. Results as
such may have interest in applications, such as eigenvector computations in Principal
Component Analysis in image processing where eigenvectors may be computed by
optimizing Rayleigh quotients with the Conjugate Gradient method.
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1 Introduction.

Let A be Hermitian with an eigenvalue A and the corresponding eigenvector w.
The following is well-known: For any vector % such that the sine of the angle
sin @(u, @) = O(e), we have

def U*AU

(1.1) Rayleigh quotient p(u) = =A+0(e?)

Ur U

(see, e.g., [7, 8]), where “*” denotes complex conjugate transpose, and 0 <
O(u,u) < /2 is defined as

(1.2) O(u,u) = arccos
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In this paper, we are interested in establishing converses to this statement. Our
motivation is from eigenvector computations in Principal Component Analysis
in image processing [5, 9], where eigenvectors may be computed by optimizing
Rayleigh quotients with the Conjugate Gradient method. This paper is based
on an earlier technical report [4].

One may expect that if (1.1) holds then @ would be close to an eigenvector
u of A. But this may not be true without additional assumptions. Here are two
examples.

EXAMPLE 1.1. Let § > 0 (a tiny number, say 10~10), and

(L) ()

Then p(@) = 1+8/2 = (1 +6) — €2, where e = \/3/2. But the angle between @
and the eigenvector (1,0)* of A is w/6. This is caused by the small gap between
the eigenvalue 1 + § and the rest eigenvalue of A. This example demonstrates
that just because a Rayleigh quotient p(@) is very close to A’s largest eigenvalue
it does not mean vector @ is anywhere near any of A’s eigenvectors.

EXAMPLE 1.2. Let

A= 2 . a=1|o0
3 1

Then p(a) = 2 ezactly, but @ is orthogonal to the eigenvector corresponding to
the eigenvalue 2, nor near any other eigenvectors. This example indicates that a
problem may arise when the Rayleigh quotient approaches an interior eigenvalue.

This paper presents two converse results. (One in fact is a special case of the
other.) Examples 1.1 and 1.2 give hints as to what kinds of conditions we might
need for such converses to exist, e.g., a reasonable gap assumption, p(%) close
to A’s exterior (largest or smallest) eigenvalues, and/or additional restriction
on ¥ for interior eigenvalues. Our converses may not be immediately applicable
to estimate errors for practical purposes but rather they shed lights on how
accurate approximate eigenvectors computed via optimizing Rayleigh quotients
may be expected.

2 Main result.

The following theorem is in fact a special case (k = 1) of Theorem 2.2. But
because of its simplicity in conclusion and proof, we single it out.

THEOREM 2.1. Assume that n X n matriz A is Hermitian with eigenvalues

(2.1) A=A > >\,
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and corresponding orthonormal eigenvectors

(2.2) UL, Uy e oy Upy
If
ulAu
} = ! Z )\1 - 627
uiUy

where € > 0, then

(23) sin 0(u1,111) S €

NIYEEDYS

PRrROOF. We may assume uju; = 1. Write @3 = au; + Bv, where vLu; and
v*v = 1. This can be realized by taking a = ujt;, 0 = 4; — auy, 8 = V0*0, and
v="20/p1if > 0, or v any unit vector orthogonal to u; otherwise. It can be seen
that

|a| ZCOSQ(Ul,’[Ll), |ﬁ| :sinﬂ(ul,ﬂl).
We have
W ATy = |al® A + | 8)%v* Av.
Since v_Luy, v* Av < Ay. Now use @} Aty > A\ — €2 to get
Apsin? O(uy, 1) — €2 < |B[2v* Av < Ao sin® O(uq, 1),

and thus (A — \g)sin® O(uy, @) < €2, as expected. a

Notay [6], in our notation, proved the following inequality

- €
(2.4) tan O(uy, 4y) < e
if €2 < A\; — Xo. This is not a restrictive assumption. In fact our inequality (2.3)
is only useful when the assumption is true because sin@(u1, 1) < 1, always. It
can be shown (2.3) and (2.4) are equivalent.

Example 1.2 says that @ may be nowhere near an eigenvector even if p()
is close to an interior eigenvalue. Going through the above proof, we may find
that an additional condition: @ is orthogonal, say to uq, will prevent this from
happening.

COROLLARY TO THE PROOF. Assume that n X n matrix A is Hermitian
with eigenvalues (2.1) and corresponding eigenvectors (2.2). If @ is orthogonal
to uy,ug, ..., uk_1, and

u~:4~u S - e
(3

then

(2.5) sin O(uy, @) < <
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To state the next theorem, we need to define the canonical angles between two
subspaces spanned by the columns of X and of X respectively, where both X
and X have orthonormal columns. The canonical angle matrix [8, p. 43] (X, X )
is defined as

O(X, X) = diag(61, 6, ...,601),
where 7/2 > 01 > 63 > -+ > 0 > 0 and {cos6;}F_, are the singular values of
X*X. Thus for the spectral norm || - ||

|sin®(X, X)|| = sin6;.

THEOREM 2.2. Assume that n x n matriz A is Hermitian with eigenvalues
(2.1) and corresponding eigenvectors (2.2). Let Uy, = [u1, ug, . .., ux|, and let Uy
be n x k and have orthonormal columns. If

trace(Up AUg) > M + Ao + -+ + A — €,

then

€

V% = N1

PRrOOF. Write Uy, = U,Y + V Z, where V is n x £ and V*Uy, = 0. UF Uy, = I,
the k x k identity matrix, implies that Y*Y + Z*Z = Ij.. This can be realized by
taking Y = Uy Uk7 V= Uk U,Y . It can be checked that UV = 0. Orthogonahze
the columns of V to yield V with ¢ orthonormal vectors (¢ < k) and V = V Z.
Since must then UV =0, k+ ¢ < n. So

(2.6) |sin® (U, Uy)|| <

¢ < min{k,n — k}.

Let V*AV = QQQ* be an eigendecomposition, where @ is ¢ x £ and unitary,
and Q = diag(u1, pa, - . -, pe). Since V*Uy, = 0, all g; < Agy1; S0 we may arrange
w;’s in descending order, i.e.,

(2.7) Akl = p1 > 2 2> - 2> .
Let Ay = diag(A1, A2, ..., Ax). We have

UF AU, = Y*AY + Z*VFAVZ = Y*ALY + Z*QQQ* Z.
Thus

trace(U; AUy) = trace(Y*A,Y) + trace(Z*QQQ*2)
= trace(YY ™ Ag) + trace(Q*ZZ*QQ)
to give
trace((Iy — YY™)Ap) — €2 < trace(Q* ZZ*Q0Q).
Let the eigenvalues of I, — YY™ be

o1>012>-2>0 >0,
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which are also the eigenvalues of ZZ* (and of Q*ZZ*Q as well), including or
excluding some zeros. Therefore there are at most £ o;’s are nonzero. Notice that

o1 = ||sin® Uy, Uy) ||
Now since (they will be justified later).

(2.8) trace((Iy — YY™)Ar) > o1 + 02 k-1 + -+ + o\,
(2.9) trace(Q*ZZ*QQ) < op1 +oope + -,

we conclude that
(2.10) O1 A + 0o A1+ -+ oA — €2 <oipr +oopg+ -

Since at most ¢ o;’s are nonzero and ¢ < {k,n — k}, we have from (2.10) and
(2.7) that

¢
o < o+ Y 0i(p — Memign) + €
i=2
< o1 Ak41 + €,

to get o1 (Ax — Apr1) < €2 as expected. O

How does Theorem 2.2 do if compared to existing error bounds in terms of
residual? It appears this question is not easy to answer in its generality, i.e., for
k > 1. Nevertheless, for k =1, i.e., Theorem 2.1, it is sharper than [8, p. 250]

| Aty — p(ty )ty ||
p(i1) — Az

(2.11) sin O(uq,U1) <

b

a single vector version of Davis—Kahan sin 6 theorem [2]. Here all notation and
conditions of Theorem 2.1 and its proof are inherited. We shall now show the
right-hand side (2.11) is no smaller than that of (2.3). Denote r = Aty — p(@1) a1,
c = |a| = cosb(uy, i), s = |B] = sinf(u1, 1), and assume € < A\; — Aa. We
have

plin) = Ahi+s2p(v),
Aty = aluy + SAv,
r = 052[)\1 — p(0)]ur + BIA — p(t1)]v,
Ir? = [s*(A1 = p(0))]* + s*[|[A = plan)]o]*.

For comparison purpose, we make € as small as possible, for which p(ii;) = A\ —€2.
This gives
s2[\ — p(v)] = €%
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Next expand v as a linear combination of u; for i > 2 to get v = Y, &u;.
Then Y7, &[> =1, and

)
N
<
=
I

PRSI
1=2

I(A = p@)oll* = Y — p(a)’Iél”
=2

[p(ii) — Xo] Y [pliia) — Al[&]

i=2
= [p(@1) — Xo][p(i1) — p(v)]
= [p(@i1) = AoJ[A1 — € — p(v)].

Y

Put all together to get
[7]1? > c?e* + [p(i1) — A2](€2 — 52€?) = ®2 (A1 — Xa) > (A1 — €2 — \p)é?
upon using ¢ =1 — 52 > (A — €2 — X\3)/(A\1 — A2) by (2.3). Therefore

7| e
pli) = A2 ~ VA —e2 =X VA=A

as was claim.

We now justify the inequalities (2.8) and (2.9). To this end, we need a result
from majorization [1, 3]. Given two sequences of real numbers {a;}7"; and
{6}, we say that {8;}1", majorizes {a;}1, if

J J
Za% SZ@% for j =1,2,...,m
i=1 i=1

with equality holds for j = m, where {a}}™ is from re-ordering {a;}™, in
decreasing order, i.e.,

(similarly for {3} }7 ). We also use notation ] obtained from re-ordering {a;}™
as well but in increasing order.

The following lemma, together with the fact that the sequence of the diagonal
entries of a Hermitian matriz is majorized by the sequence of its eigenvalues
[1, Exercise I1.1.12, p. 35], yield both (2.8) and (2.9).

LEMMA 2.3. Lety1 > 2 > -+ > vy > 0. If {3:}%, majorizes {a,;}1™,, then

m m m
> 7Bl <D e <Y vbl
i=1 i=1 i=1
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PROOF. Set

J J J
:Zﬁja szzaia tJ:Zﬁzla pOZSOZtOZO'
i=1 i=1 i=1

Since {3}, majorizes {a;}7,, we have

pj < 85 < iy, Pm = Sm = tm
and thus
m m
Z%‘Oéi = Z(Si —8i-1)%
i=1 i=1
m m
= Z Si7Yi — Z Si—17%
= SmYm T Z ’Yz+1
S m'Ym + Z tl '71—}-1
m
Z%‘Oéi = SmYm + Z — Yit1)
i=1
m—1
2 Pm¥m + Z pi(yi — Yit1)
i=1
m
= Z,ylﬂ»j7
i=1
as required. O

3 Conclusions.
We conclude this paper with the following remarks.

(1) The results here show that the error in computed eigenvectors (eigenspaces)
via optimizing a Rayleigh quotient is expected to be about the square root
of the error in the Rayleigh quotient as approximations to the eigenvalues.
This could be bad news. Fortunately in the applications when it is used now,
computed eigenvectors (eigenspaces) with such accuracy are good enough
for the practical purpose [5, 9].
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(2) Example 1.2 shows that @ is in no way near an eigenvector even if p(@) is an
ezact interior eigenvalues. In actual computations as in [5, 9], a deflation is
performed after approximations to ui, ..., ug_1 is gotten in a way equivalent
to optimizing p(@) subject to @ orthogonal to the computed vectors. Of
course this is not the same as u L uy, ..., ur_1, as required by Corollary to the
Proof, but it makes sure @ has tiny component in directions of uy, ..., up_1.

(3) Replacing A by —A in Theorems 2.1 and 2.2 will yield results for the
eigenvectors corresponding the smallest eigenvalues.

(4) Inequality (2.3) is asymptotically sharp as the following example shows.

() ()

e
UM 9 @0, sinb(in,u) = e+ O(Y).

Uiy
Its subspace version (2.6) is asymptotically sharp, too. For example,

1 1 € 0

A= 2 . = —— 1], @=/[0],

3 v1+4 €2 0 1
trace(U3 AUs) = 5 — €2 + O(*), sin ©(Uy, Us) = € + O(€).

(5) It appears to be very complicated to compare Theorem 2.2 to Davis—Kahan
sin § theorem [8, p. 250] for k£ > 1 in general. But we did show Theorem 2.1
is sharper than the vector version Davis—Kahan sin § theorem.
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