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ASYMPTOTICALLY OPTIMAL LOWER BOUNDS FOR THE
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Abstract. Lower bounds on the condition number min (V') of a real Vandermonde matrix
V' are established in terms of the dimension n or n and the largest absolute value among all nodes
that define the Vandermonde matrix. All bounds here are asymptotically sharp, similar to those
in Beckermann (Numer. Math., 85 (2000), pp. 553-577), but bounds here are sharper and cover
more cases. Also, qualitative behaviors of min k,(V'), as well as nearly optimally conditioned real
Vandermonde matrices, as functions of the largest absolute value among all nodes are obtained.
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1. Introduction. Given n numbers ay, as,...,a, called nodes, the associated
Vandermonde matriz is defined as
1 1 1
(65} (65) (7%
(1.1) v
Oé;lil agfl az—l

It is perhaps one of the best known structured matrices, arising from polynomial
interpolation and others [3]. It is invertible if all nodes a; are distinct, i.e., a; # «;
for i # j (Vandermonde matrices are also notoriously known to be ill-conditioned [13,
p. 428], [10]). Its condition number can become arbitrarily large, even for modest n.
This is not surprising because moving one node arbitrarily close to another will make
V' arbitrarily close to a singular matrix. Therefore the question of importance about
V is not how bad a Vandermonde matriz V' can be but rather what one can hope for
at best from V as far as its condition number is concerned.

Although V is well defined no matter if all or some of «; are real or complex, this
paper is confined to real Vandermonde matrix V only, i.e., all ; are real. Throughout
this paper, some notation is exclusively reserved for one assignment, including V' and

its nodes o; and amax dof max; |a;|, along with many others in Table 1.1. Viyn, is one
of those V' whose nodes are real symmetric with respect to 0, i.e., a; + ap—;4+1 = 0.
The major objective of this paper is to bound the ¢,-condition number ,(V) =
VI,V =Y, from below in terms of n or n and aumax. Asymptotically optimal bounds
have been established. By asymptotically optimal bounds we mean those that will give

(1.2) p = asymptotic speed % lim [min Hp(V)]l/"
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min Kp(V)

(0} dopt=o(1 ) Xnax

Fia. 1.1. Qualitative behaviors of mina; kp(V) and ming ;>0 £p(V) as amax varies.

exactly, where min is taken over some prescribed subset or the entire set of real
Vandermonde matrices. This is done through establishing bounds like

(1.3) cin®™ < min kp(V)/p" < con®,

written for short as mink,(V) = O,(p™), where ¢1, c2, di, and dy are constants.
Particular attention will be given to the case p = co. In a sense, considering p = co
is sufficient because of the exponential growth of ko (V') and because

(1.4) ”_2/p“p(v) <heo(V) < n2/p“p(v)>

and thus all k,(V) have the same asymptotic speed. Nonetheless, whenever it is
possible to establish sharper bounds on , (V) directly instead of indirectly through
bounds on ke (V) combined with (1.4), we shall go for the sharper ones.

In the past, Gautschi and his coauthor had systematically studied the condition
number estimations in [6, 7, 8, 9, 11], where various condition number bounds in
terms of the nodes a; have been established, as well as bounds in terms of the dimen-
sion n only. In [11] two lower bounds in terms of n were obtained for positive nodes
(a; > 0) and real symmetric nodes (a; + ap41—; = 0). However, bounds in [11] are
far from asymptotically optimal. It is Beckermann [2] in 2000 (see also [1]) who ob-
tained asymptotically optimal condition number estimations for all real Vandermonde
matrices for the first time.

This paper is based on the technical report [17] which was written before the
author came across Beckermann’s landmark paper [2]. But we have more detailed
and refined analysis and cover more cases, and tighter lower and upper bounds, too.
Specifically, the major differences are as follows.

1. We obtain a qualitative plot in Figure 1.1 which shows how min,,; #,(V') and
ming; >0 kp(V') subject to a fixed amax behave qualitatively as functions of
Qmax- What Figure 1.1 says is that initially as apyax increases, both min, #,(V)
and ming;>o kp(V') decrease until at amax = Qopt When global minimums of
kp(V') are reached, and then they start climbing again. Notice aopy may be
different for the two cases, but a,py = O(1) in both cases.
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2. We consider mink,(V) under various constraints: (1) all a;; € R, (2) all
a; >0, (3) max = 6 OF Qmax < 6 (6 < 1or é > 1), with or without assuming
all a; > 0. Essentially only the first two cases were considered in [2], but not
the third one which itself has many subcases and is conceivably important
in practice. Suppose that we seek polynomial approximations to functions
by interpolation on [a, §]. For the approximations to be any good, most
likely, the nodes must be distributed over the entire interval, and in particular
mina; ~ « and § =~ max; ;. This will make amax = max{|a|, |5}

3. Our lower and upper bounds are tighter: we have do — d; = 1 always in
(1.3) for mink,(V') over real a; or nonnegative a; > 0 (see Remarks 5.1).
Although Theorem 4.1 for the same purpose in [2] is for p = 2, it was remarked
that bounds for the £,-condition number can also be achieved similarly with'
dy —dy =2 —1/p. Our bounds for p = co can be even tighter. In fact, for
p = oo the approach by Beckermann [2] would give dy — d; = 2, while our
best results in later sections give dy —d; = v/2/4, and therefore smaller upper
over low bound ratios for large n; see Tables 5.1 and 6.1.

4. Also for p = oo, we have results that give d; = do = 0 for ap.x < 6 or for
amax < 6 and all o;; > 0, where § < 1 is given, while no results as such? were
presented in [2]; see Tables 5.1 and 6.1. Both in [2] and here it is obtained
exactly

p=1+V2 for rroléin kp(V),and p=(1++2)? for rni>r(1J kp(V).
@ Q2
It is worth mentioning that despite its notorious ill-conditioning, there is a way to
compute its singular value decomposition to highly relative accuracy [5, 15], and
sometimes very accurate solutions to Vandermonde linear systems [3, 13].

Although our study here does not yield optimally conditioned V, i.e., V that
achieve min ,(V), it does, however, conclude what nearly optimally conditioned V
are for various cases:

1. For nodes in [, 8] or for nodes in [a, §] with 0 = a < 8 (also true for 0 < o
see [17]), subject to amax = [, a nearly optimally conditioned V is the one
defined with the translated Chebyshev nodes in a slightly larger interval (so
that amax = 0).

2. If all a; are allowed to vary freely along the entire real line, a nearly optimally
conditioned V is the one defined with Chebyshev nodes (for which apax =
cos 5 ~ 1).

3. If all a; are forced nonnegative but otherwise free, a nearly optimally con-
ditioned V is the one defined with the translated Chebyshev nodes in the
interval [a, 8] = [0, 1].

Those nearly optimally conditioned V are truly by the word “nearly.” That is to say
they are just nearly optimal but may not be optimal, according to those few optimally
conditioned V' computed in [8] under the condition that the optimal V' is unique
(for any fixed n). Beckermann [2, Theorem 4.1] also implied other nearly optimal
conditioned V for the case a; € R or the case a; > 0. In particular, Beckermann
[1, Theorem 5.9] established that the optimal nodes for min,;>o #1(V’) subject to

Omax = 7 are a1 = (1 4 cos %)7/2 for0<j<n-—1.

'V in [2] is VT here.

2As pointed out by an anonymous referee, it is possible to derive asymptotically optimal lower
bounds for min k2(V) for —1 < a < a; < 3 < 1, using the result about Krylov matrices given in [2,
Remarks 3.4 and 3.5], but it was not done explicitly there.
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TABLE 1.1
Special notation.

V, aj, amax Vandermonde matrix V, its n nodes, and amax = max; |al;
Vsym V' with symmetric nodes: a; + apy1-5 = 0;

[, B] the interval that contains all nodes a;; see (3.1);

w, T real parameters and whenever there is [, 8] in the context,

they are defined by (3.2);
Tn(t), Tn(z;w,7)  Chebyshev polynomial, its translation Ty, (z/w + 7);

0, t; 0; = 2%;171', and t; = cos@;: zeros of Ty (t), defined by (4.1);
x; x; = w(t; — 7): zeros of Tn(z;w, 7), defined by (4.2);
ajn = ajn(w,T) coefficients of T, (z;w, T) defined by (2.4);
1/p
Snp(w,T) <Z;:0 \ajn\p) defined by (2.5).

The rest of this paper is organized as follows. A cornerstone of our study is the
use of the absolute sums of coeflicients of translated Chebyshev polynomials of the
first kind. They are defined and computed for a symmetric interval or a nonnegative
interval in section 2. Section 3 proves a general lower bound on k,(V) with nodes
restricted to a given interval [, ]. Upper bounds on min , (V) are obtained by the
computations for V' with the translated Chebyshev nodes. This is done in section 4.
Section 5 derives various asymptotically optimal bounds with or without fixing ayax,
while section 6 considers the case when all a; > 0. Finally, section 7 draws a few
concluding remarks.

Notation. We shall stick to the global assignments in Table 1.1, unless otherwise
explicitly stated. 1 < p < 400 and p’ is defined by 1/p + 1/p’ = 1. R is the set of
real numbers. [£] is the smallest integer that is no less than £. For two sequences
of numbers a,, and b,: a,, ~ b, means a,/b, — 1 as n — +o0; a, = O(b,) means
c1 < an/b, < ¢ for constants ¢; and ca; a,, = O, (b,) means c;n? < a,, /b, < con®
for constants ci, c2, di, and do. In this paper, both a,, and b, grow exponentially in
n, and thus the hidden factors n?i in a,, = O, (b,) are less significant compared to
the exponential growth. For notational convenience, by min;, and min,; or min over
some constraints on «;, we mean that j runs from 1 to n.

2. Coefficients of Chebyshev polynomials. The nth Chebyshev polynomial
of the first kind is

(2.1) T, (t) = cos(narccost) for |t| <1,
1 no1 n
(2.2) == (t+veE=1)" + 5 (t-=veE=1)" forft =1

Given real parameters w and 7, the nth translated Chebyshev polynomial is defined by
(2.3) T (z;w,T) ef T (z/w+T).

Here and in the rest of this paper T, is overloaded with distinctions according to its
argument(s). It can be seen that T, (z;w, T) is a polynomial of degree n in x. Write

(2.4) Tn(2;0,T) = Qpn®™ + Gp_102" " 4 4 a102 + aon,
where aj, = a;,(w,T) are functions of w and 7 which, wherever referenced, are all
either clear from the context or explicitly stated. Define
1/p
n

def
(25) Snﬁb(va) = Z ‘ajn|p ’

Jj=0
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a function of w and 7, too. Successful computation of S, ,(w, 7) is crucial to our later
development. But, in its generality, an explicit formula for S, ,(w, 7) is hard to find.
Nevertheless, we still manage to find formulas for S, ;(w, ) for two different cases
7=0and || > 1.
THEOREM 2.1.
L. Spi(w,0) =T (¢/w)|, where o = /=1 is the imaginary unit. Thus®

1 1 1 "
Sn1(w,0) =T (t/w)] ~ 3 <|w| +4/14+ ) )

jwl?

2. For|t| >1,

1 1 1 1 2
Sn wm==ﬂ<+7)~ (—kr>+¢(-+7> -1
,1( ) |w| | | D) |w| | ‘ |w| ‘ |

For any other p, we may use the inequalities

n

(2.6) (n+1)"Y" S, 1 (w,7) <Spp(w, 7)< Spa(w,7),
(2.7) [(n+1)/2] 778, 1(w,0) Sy p(w,0)< St (w,0),

to get bounds on S, ,. Both (2.6) and (2.7) can be proved by using Holder inequality

1/p 1/p’

(2.8) S < [ Y lgr > g
j=1 j=1 j=1

1/p
and the fact that (Z;ﬂ:l |§j|p) is decreasing in p [12, Lemma 1.1].

THEOREM 2.2. Let a, >0 and 6 = an/™. If ay, ~ ent for constant ¢ > 0 and p,
then

(1+v2)" (1+v2)*
(2.9) 25,,,1(8,0) ~ (e 25n,1(6/2,1) ~ Ve

Proof. We will prove more general results: if (Ina,)/n — 0 as n — oo, then

(1++v2)" (1++2)>"
(2.10) 25,,1(6,0) ~ TV 25n,1(6/2,1) ~ TV

Since a,, ~ en# implies (Inay,)/n — 0 as n — oo, we have (2.9) from (2.10).
The second asymptotical relation in (2.10) follows from the first one because

S 1(6/2,1) = |T(1+267Y)| = |Tan(1/ V)| = S2n(V6,0)
upon noticing that T),(2t% — 1) = Ty, (t), and V6 = at/®™ . We shall now prove the
first relation in (2.10). Notice that In§=! ~ —(Ina,)/n =€= 6"t ~ 1+ ¢ to get

S V1462~ T4+ e+V2(14€/2) = (1+V2)(1 +€/V2).

3Going through the proofs in [17], one may see that Theorem 2.1 is valid for complex w as well.
But for the purpose of this paper, w is real.
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Therefore
1n[28,.1(6,0)] ~ nln (5*1 +V/1+ 6*2)
~n [ln(l +V2) + e/\/ﬂ
=In(1+v2)" - (Ina,)/V?2,
which gives the first asymptotical relation in (2.10). d

3. A general lower bound on condition numbers of Vandermonde ma-
trices. Given 1 < p < oo, the £y,-norm of vector u = (p1,pa, ..., f1n)7 is defined

1/p
as ||ufl, = (2;;1 |uj|p) , and JJuflse = limpoc [[ull, = max; |11;]. The associated
{y-operator norm of an m x n matrix A is defined as ||A||, = max,o ||Aul/p/||ullp- It
can be proved that ||A||, = | AT/, upon noticing that

[vT Aul
[Allp = max o——,
u0,020 ||v|pr [|ulp
where 1/p+1/p’ =1 (see also [16]). Superscript “-7” takes the transpose of a matrix
or a vector.

We shall start by establishing a general lower bound on k,(V') for

(3.1) a < mjinaj < mjaxaj < B.

The case aw = 3 is of no interest because then V is of rank 1 and thus k,(V) = 400
(unless n = 1). There are many ways to realize (3.1), and it is tempting to always
let & = min; o; and 3 = max; a;, but that may not always be possible for theorems

that require —a = (3. Recall w and 7 defined by (3.2), and let ouyax e max; |a;|. Set

ﬁ—a>0 T:fﬁ—’—a

(3.2) w=— o

The linear transformation ¢ = x/w+7 maps z € [«, 3] one-to-one and onto ¢t € [—1,1].
LEMMA 3.1.

(3.3)  max{n,nal} > V], > max{n'/?, a1

max max J?

1/p
n Spn—11(w,0)
, : lf —a = ﬁ7
34) [V, = Sn—lfi/(“”) > ([n/ﬂ) n
n/r Sn—1,1(w, T)
_— always.
n

Proof. Let e; be the jth column of the n x n identity matrix. Then

IV el = nt/¥,
VT enlly > afiax

max*

”V”p = HVTHP/ > {

This yields the second inequality in (3.3). The known formulas for || - |1 and || - ||eo
[4, page 22] yield |V 1, |V s < max{n,na? 1} and now use [14, page 29]

max

/ 1
VI, < VI (V"
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to arrive at the first inequality in (3.3).
We now show (3.4). Let v be the vector of the coefficients of T},_1(z;w,7) =

Tn—l(l‘/u} +T), i.e., v = (aO,n—l A1p—1 """ an—l,n—l)T- Then
T
VT, = (Tho1(a1/w+T) Tyo1(ag/w+7T) - Thoq(an/w+1)),

which yields [|[VTv|,, < n'/?" because |T;,_1(z/w+7)| < 1 for z € [a, 8]. We therefore
have

HU”p’ Snfl,p’(waﬂ
VTl — nt/e’

”V_lllp = ”V_THP’ > ”

This is the first inequality in (3.4). Use it, together with (2.6) and (2.7), to get the
second inequality. 1]
THEOREM 3.2.

am 1S, 1 (w,T)
(3.5) kp(V) > max {sn_lm, (w,7), v }
n—1
(36) 2 maX{Sn—Lll(w,T)’ amaXSn_M(w,T)} .
n /p n
Proof. This theorem is an immediate consequence of Lemma 3.1. O

This is the most general theorem of this paper for a lower bound on , (V). It is its
various applications combined with results in section 4 that lead to many interesting
asymptotically optimal lower bounds. There are at least two different ways to apply
Theorem 3.2 to any given V:

1. Take a = min; a; and 3 = max; o; and then compute the right-hand side
of (3.5) or (3.6). But unless @ > 0 or —a = (3, we may have to compute
Sn—1,1(w, T) by its definition (2.5) because no explicit formula has yet been
found. In this case, both a and (3 are nodes of V.

2. Take —a = 8 = amax (and thus w = amax and 7 = 0) and then use the
explicit formula for S,,—11(@max,0) to compute the right-hand side of (3.6).
In this case, one of o and f is guaranteed to be a node for V.

Remark 3.1. The lower bounds in [2] were essentially obtained as follows. Let

ne1 o /P
W = Nomax- It follows from [|[V||, > max; [|[Ve,||, = (ijo oz#fax) and (3.4) that

o1 1/p
nl/p//ip(V) > Z adP Sp—1,p (W, T).
=0
. N L/P
But Sp—1,p(w,7) = (Zj lw™a;pn_1(1,7)|P ) . By Hoélder inequality (2.8), we have
nl/plnp(V) >3 N ajn-1(1,7)| = Sp—1,1(n, 7) which gives

(3.7) kip(V) > Sp_11(n,7)/n'/?

In the case of [2], p=p' =2, either n=1and 7 =0o0r n=1/2 and 7 = —1. This is
a pretty decent bound, but it partially collapses the interval information, unlike (3.5)
and (3.6) which form the basis for us to eventually arrive at the qualitative behaviors
in Figure 1.1.
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4. Vandermonde matrices with translated Chebyshev nodes. The zeros
of T,,(t) are called

(4.1) Chebyshev nodes: t; = cosb;, 0; = %w (1<j<n),

and the zeros of the translated Chebyshev polynomial T, (z;w, 7) as in (2.3) are called
(4.2) translated Chebyshev nodes: x; = w(t; —7) (1 < j < n).

This section, inspired by Gautschi [7], computes ko (V') for V with the translated
Chebyshev nodes for the case —a = § and the case 0 < a < 3. But we are still unsure
how to deal with the general case a < 0 < 8, —a # (. Recall w and 7 defined in
(3.2).

First we compute ||V|o for V with a; = z; = w(cosf; — 7). This is relatively
easy. By [8, Theorem 2.1],

n

(4.3) IV |loo = max ¢ n, Z lo;|"~ 3 = max {n,w"‘lAn(T)} ,
j=1
where
(4.4) An(r) S [ cos 8y — 7L,
j=1

It can be seen that A, (—7) = A, (7). In [17, Appendix B], the following asymptotical
behaviors

(4.5) A, (0) ~ ﬁ An(1) ~ \/22"—1.

were obtained. With (4.5), we have the following theorem.
THEOREM 4.1. Let o =x; (1 <j <n) as in (4.2) with (3.2). Then

2 2

IViloo ~ max{n, \/”w-l} ~ max{n, \/7“313} for —a=p>0,
Y ™

[V][oo ~ max {717 \/ﬁﬁn_l} ~ max {n, \/Hagi} for0=a < B.
™ s

In both cases —a = for 0 =a <, Y7, |z;|"" = O(Vnaj,y). But will this
also be true for arbitrary interval [a, §]7 We do not know.

We now estimate ||V 71|/, with translated Chebyshev nodes. It is made possible
by Gautschi’s formulas for ||V =!||« for V with symmetric nodes or with nonnegative
nodes [7]. We have the following theorem.

THEOREM 4.2 (see [17]). Let aj = z; (1 < j < n) as in (4.2) with (3.2). Then

) I+w) 1l IV Y e 14w ) 334
4.6 1 <=L 1, — — V= —a = 0
( )wmm{ ,1+w2}n_sn’1(w70)_wmax Tro? [ 2m for —a= >0,
B—a ™ -1
i V —
(4.7) 2 OS3, < | oo B—a for0=a <,

n(1—|— ﬁ%) T Sna(w,T) T 20 /(1 + B)(1 + @)
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where the first inequality in (4.6) is valid for n > 3 only. Note also that V is a Viym
when —a = 3.

Theorem 4.2 says that for V' with translated Chebyshev nodes on [«, 3], if —a =
or0<a<fBora<f<0, then

V" oo

(4.8) S 1@ 7)

= 0O(1).
(The case [, 8] for a < 8 < 0 can be turned into [—f3, —a], a case that is covered by
Theorem 4.2.) But what happens when a < 0 < § and —a # 7 Is (4.8) still true?
We conjecture it would be, but do not have any proof for now.

THEOREM 4.3. Let oj =x; (1 <j <n) asin (4.2) with (3.2). Then

. 33/4 33/4 /9 V2/4 (1+v2)"
_Iglzﬂﬁ /‘foo(V) < Tﬁopt Sn,l(ﬁoptao) ~ T <7r) W for —a =3 >0,
+ 2n
o 2(1 2
min ko (V) < pt Snal jpt/Q, 1) ~ M for0=a < g,

4(nm)V2/4

0=a<f ) /1+ﬂjpt

where Bopt = wope = (1A (0) "™ ~ 1 and Bii/2 = why = (n/A, (1) 7D
1/2.

Proof. A proof can be found in [17], and the asymptotic relations can be achieved
by applying Theorem 2.2. 0

5. Condition numbers for V with «; € [, 8] and —a = 8. In this section,
we shall establish lower and upper bounds on

min k,(V') subject to - - -
aj €R Omax < 6 O Qpax = 0
Theorems 5.3, 5.3’ Theorems 5.4, 5.4’

where for each type of minimization we have two versions of bounds—one for all p
(Theorems 5.3 and 5.4) and one just for p = oo (Theorems 5.3" and 5.4’, sharper at
least asymptotically than by just setting p = oo in the other version).
LEMMA 5.1.
1. In|w|, Sy p(w,T) is decreasing, while |w|™S, p(w,T) is increasing.
2. w8y 1(w,0) is decreasing in w if w < max{y/n — 1,v/2} orn is odd.
Proof. For item 1, we notice that [S,, ,(w,7)]P is a polynomial in |w|™? while
[Jw|™Sn,p(w, 7)]P is a polynomial in |w|P. Item 2 is proved in [17]. 0
LEMMA 5.2.

(X&_isn_l ’(am X,O)
1) (V) 2 ma {1 (o, 0), Ses Tty s O |

(5 2) - Snfl,p’(amaxa 0) Zf Qmax < nl/[p/(n—l)]’
’ N a8, 1 (Cmax, 0)/n1/”/ if Qmax > nt/ /(=11

Proof. Apply Theorem 3.2 to the case —a = 8 = amax (and thus w = apax and
7 = 0) to get (5.1). By Lemma 5.1, the first quantity within max{---} in (5.1) is
decreasing in apax, While the second one is increasing in ayuax. Therefore the right-
hand side of (5.1) achieves its minimum when the two are equal, i.e., n'/?" = a7l

which yields (5.2). O
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THEOREM 5.3.

, 33/4
(5.3)  Sp_1, (PO 0) < min gk, (V) < min s, (Vigm) < n'/P2— S, 1(1,0).

o aj 2

Proof. The right-hand side of (5.1), as a function of ayayx, achieves its minimum
at amax = n/P'=DI That gives the first inequality. The second inequality is
true because {Viym} is a subset of all Vandermonde matrices. We now prove the
third one. To this end, consider V' = Vg, with Chebyshev nodes ¢; as in (4.1).

Then ||V, < n by (3.3). Apply Theorem 4.2 to the case —a = § =1 = w to get

V1o < 332/4 -n715,,.1(1,0) and then to get

-1 1/p||y/—1 W -
V= lp < PIV T oo < 0P —= 07155, (1,0).

So for this Vaym, kp(Veym) < nl/”% - Sp.1(1,0), as needed. O

We include min,, £, (Viym) in (5.3) mainly because Vandermonde matrices with
symmetric nodes were heavily studied by Gautschi [7, 8] and Gautschi and Ingese [11].
Moreover, assuming that the optimally conditioned V is unique, Gautschi [8] showed
that the optimally conditioned V' must have symmetric nodes.

Remark 5.1. Upon using (3.7) with n = 1 and 7 = 0, we have

, 33/4
(5.4) Sn-11(1,0)/ 0" < min iy (V) < nt/P=— 5,,1(1,0),

which differs from (5.3) only in the leftmost inequalities. The left inequality in (5.4)
is due to [2] for p = 2, and it is less sharp than the left inequality in (5.3) at least for
p = oo because, by Theorem 2.2,

04V S0 (14 vE)!
opl/v2 n 2n '

Sn—l,l(nl/(n71)7 0) ~

Even so, for any 1 < p < oo, the ratio of the upper bound in (5.4) over the lower
bound is n %, and it gives ming, £,(V) a lower and upper bound like (1.3) with
dy — d; = 1, while similar lower and upper bounds in [2] for the same purpose are
with d2 — d1 =2 1/p.

The third inequality in (5.3) was proved by simply picking a special V' with
Chebyshev nodes. This turns out to be good enough, as we shall see later, in yielding
the correct asymptotic speed in our notation @,,, but it does not produce the best
possible factor n¢ hidden in the notation. For p = co, however, a tighter upper bound

is possible by using the V' with the translated Chebyshev nodes in [—Bopt, Sopt], Where
Bopt = (n/An(O))l/("_l) as in Theorem 4.3. Of course, one may use this V for all p, but
doing so will not only lead to a more complicated bound but also the resulted bound
may not be much better due to more complicated estimation of ||V||,,. For this reason,
we shall state a sharper version of Theorem 5.3 for p = co only as a consequence of
Theorem 4.3. The upper bound in (5.5) is sharper because of 1 ~ (o, > 1 and item 2
in Lemma 5.1.

THEOREM 5.3'. Let Bopy = (n/An(O))l/(n_l) with A (1) defined by (4.4). Then

_ . . 33/4
(5.5) Sn_l,l(nl/(” 1),0) < min ko (V) < min Koo (Vagm) < Tﬁopt Sn,1(Bopt 0).

A aj
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In what follows, we shall establish theorems that are in the same spirit as Theo-
rems 5.3 and 5.3/, but with o, subject to a constraint.
THEOREM 5.4. Let 6 >0 and set &' = 6/ cos 5-. If 6 <1, then

3/4
(5.6)Sn_1,(8,0) < min #,(V) < min ﬁp(V)gnl/PM&sn,l(é',O).

Qmax <6 Amax=0 4

If 6 > 1, then

33/4 [cos l]nfl

6n_1S’”*LP'<5’ 0) : 1/p 2n nn /
(5.7) - < min kp(V) <n 5 (6')"Sn1(6",0),
(5.8) S (VP 0) < i vy <3 s o
. n—1,p/ (1 ,0) < anlmié“p( )<n D) n,1(L1,0).

Inequalities (5.6), (5.7), and (5.8) remain valid with V' replaced by Vym .

Proof. (1) Observe that {V : amax = 6} C{V : amax < 6} to get the middle
inequality in (5.6).

(2) Lemma 3.1 also implies that

Sn—l p’(va) if Omax < 1)
. > ' /
(59) HP(V) B { a&;;‘gn—l,p' (va)/nl/p if omax > 1

upon noticing that ||V ||, > n'/?" if amax < 1, and ||V ||, > a”z} if amayx > 1. Apply
it to the case —a = f = amax < § < 1 (and thus w = amax and 7 = 0) to obtain
kp(V) > Sn—1,p (@max, 0) > Sn—1,7(8,0) by Lemma 5.1. This gives the first inequality
in (5.6).

(3) Apply (5.9) to the case —a = 8 = § = Qax to oObtain the first inequality in
(5.7).

(4) Take —a = 3 = ¢/cos 5. = ¢, and a; = x; (1 < j < n), the translated
Chebyshev nodes as in (4.2). Then

T

7':07 amax:max\aﬂ:ﬂCOS?:@’ 6§w:B:6/
n

Theorem 4.2 says that for the V' with those nodes

2 1 3/4
1+w } 33/4 HIZ BT s <,
n

— <
14+w?2| 2n — 5’33/4
2n

V"o
Sml(w,())

gwmax{l,
if6>1,

where we have used

1 1
(5.10) ma%c{1 “’} il

V241 1 1+w 1
= = max b =
w> 14 w? 14+ w? ’ "1 4 w?

w=v2-1 2 w2l

Now employ ||V, <nif 6 <1, [V, <né" 1 if 6 > 1, and [V, < n2/P|V 1|
to get the last inequalities in (5.6) and in (5.7).
(5) A proof of (5.8) can be done in the same way as for Theorem 5.3.
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(6) Finally, when V is replaced by Viym, the first inequalities in (5.6), (5.7),
and (5.8) still hold. The middle inequality in (5.6) also remains valid. The last
inequalities in (5.6), (5.7), and (5.8) hold because they all were proved by bounding
some Kp(Viym)- 0

There are stronger versions of (5.7) and (5.8) for p = oo, too, just as we did for
Theorem 5.3.

THEOREM 5.4, Let § > 1 and set ¢’ = 6/ cos 7. Then

2n "

6" 1S, _11(6,0 33/4 A (0)(8)" L
(5.11) " Sn1a80) noo(V)g—maX{"’ n(0)(®) }6’Sn,1(5’,0),
n Qmax=0 2 n
33/4
(5.12) Sn,l,l(nl/("_l),O) < amiriﬁ Koo(V) < Twl Sp.1(wr,0),

where w1 = min{&’, (n/A(0)) "DV, It can be seen that wy = (/A (0) " for
n sufficiently large. Inequalities (5.11) and (5.12) remain valid with V' replaced by
‘/sym-

Proof. Only the second inequalities in (5.11) and (5.12) need proofs. For (5.11),
it follows from the proof of Theorem 5.4, upon using ||V || = max{n,w™ A, (0)}
which for large n is proportional to /n 6", better than |V | s < né"~!. The second
inequality in (5.12) is obtained by minimizing

33/4 max {nal,ax Sna(a

max ;naxa 0)7 An(o)(a;nax)nsml(a;naxv O)}
2 n

subject t0 amax < 6, where al .. = Quax/ COS 5-- This minimization is solved by

noticing Lemma 5.1, which says the first quantity within max{---} is decreasing in
Qmax When oy < max{y/n — 1,1/2}, while the second one is increasing in amax.
That w; = (n/A.(0) "™ for n sufficiently large is due to (n/A,(0))"™™ Y ~
/)DL 1

We shall now investigate the tightness of the upper and the lower bounds we
have established so far, as well as the asymptotical speeds of k, (V) minimized over a
certain set of Vandermonde matrices. For this purpose, Li [17] obtained Table 5.1 for
the asymptotical behaviors of the ratios of the upper bounds over the corresponding
lower bounds. This table is for p = co. (For any other p, S,_1, in the lower bounds
will have to be weakened by using (2.7) so as to apply the same lines of arguments in
[17].)

Given that S, 1(6,0) goes to +0o exponentially as n — 400, our upper bounds
and the lower bounds in Theorems 5.3, 5.3', 5.4, and 5.4’ are very tight. These bounds,
together with Lemma 5.1, lead to the qualitative behavior of min,; #,(V) as max
varies, depicted in Figure 1.1. Examining how we got the upper bounds by these
inequalities, we conclude that

For a fized amax, a nearly optimally conditioned V' is the one with
the translated Chebyshev nodes on the symmetric interval that is
slightly larger than [—max, Omax] (S0 that Lamax are part of the
nodes).

(5.13)

In addition to Table 5.1, Li [17] also obtained the following corollary on the
asymptotical speeds of min k. (V') as functions of n for various cases.
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TABLE 5.1
Ratios of the upper bounds over the lower bounds for p = co.

min Koo (V) subject to - - - [| Ratio (asymptotically dominant term) | Ineq. |
a; €R M x  nl/VZ | (53)

™

(1+\/3)33/4 (g)ﬂ/‘l «  pV2/4 (5.5)

Omax < 8 OF Qtmax = 6 for 6§ < 1 w 1+v62+1) x O (5.6)
Otmax = 6 for 6 > 1 L1 4+vEZF1) x nl (5.7)

g VE3A+VEFT) x nl/? (5.11)

max < 6 for 6 > 1 @ Ve | (58)

(vt (g)‘@/“ x V4| (5.12)

™

COROLLARY 5.5. Let 6 > 0. We have

(5.14) min n(V) = O, (a+v2)m),

(5.15) afii%é Koo (V), arriri koo (V)= 0O ((6_1 + m)") for§ <1,
(5.16) min_keo(V)= 0, (A+vise)r)  joro>1,
(5.17) min_ ke (V)= O, (a+v2)") for§> 1.

FEquations (5.14)—(5.17) remain valid with V' replaced by Viym.
This is a very informative corollary; for example,

min = Keo(V), min ke (V) =0 ((2 + \/5)n) )

Amax<1/2 Omax=1/2
mirl Foo(V) = On ((1 + \/g)n) :

It is worth mentioning that (5.15) is in terms of O, while all other equations in
Corollary 5.5 are in terms of O,,.

6. Condition numbers for V with «; € [a,3] and 0 < a < 3. Notice
that the case @ < 8 < 0 can be turned into this case by reversing the signs of all «;
while leaving ||V||, and ||V ~!||, unchanged. So the results in what follows apply to
the case a < # < 0 as well after minor modifications. We shall present lower and
upper bounds on

min k,(V') subject to - - -
o; >0 aj 2> 0, amax < 0 O Qupax = 0
Theorems 6.2, 6.2/ Theorems 6.3, 6.3’

Most developments here are parallel to those in the previous section. Proofs share
similar lines of arguments as well and thus will be omitted. Also omitted here are
various results for the case 0 < o < 3, except (6.1) below. The interested reader may
find omitted proofs and results in [17].
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LEMMA 6.1. Suppose that all o; > 0, and let @« = min; o; and § = max; o;.
Then

(6.1)  rp(V) > max {SH,,,/ (@,7), Pt S 1 (w0, 7)) nl/p’}

(6.2) > max { S 1 (/2 1) Otk S 1.7 (s /2,1) [ 07"}
(63) _ Snfl,p/ (amax/2a ]-) , Zf Qmax S nl/[pi(nil)]v
a&;}(Sn,Lp/ (tmax/2, 1)/711/” if max > nt/ (=11

THEOREM 6.2.

, 3
(6.4)  Sn 1y (nl/[” <"—1)1/2, 1) < min K,(V) < nl/p% Sn1(1/2,1).

THEOREM 6.2, Let ﬁgbt =2 (n/An(l))l/("_l) with A, (1) defined by (4.4). Then

+
(6.5)  Sp_11 (n1/<”*1>/2, 1) < min oo (V) € —=2 S, 1 (Bh,/2,1).

2/

THEOREM 6.3. Let & > 0, and let &' = [2/(1 + ¢)]6 > 6, where ¢ = cos 7. If
6 <1, then

nl/pé’

/ < i < i < — !
(66) Sn*LP (6/27 1) = Ogn;lxljréé ﬁp(v) = Oga;,rlo}i}axzﬁ K;D(V) = 2\/@5“’1(6 /27 1)
If 6 > 1, then

5718, 1 (6/2,1) _ 1+c\" ' nl/rs)n ,
3. < < —

S s i _mv) < (155) S s

(6.7)

1/[p' (n=1)] o)
(6.8) St <”21> < min /{p(V)gnl/p% wa(1/2,1).

~ 0<a; <6

THEOREM 6.3". Let 6 > 1, and let &' = [2/(1 + ¢)]6 > 6, where ¢ = cos 5. Then

n—1 —(n—1) nn—1
P 6/20) g e, 2R 1))

n T 0<ay,amax=6 - n
6/
x—2 __§
Wit M

(6.9)

(6'/2,1),

(6.10)  Sn_11 (n1/<”*1>/2,1)< min_ #oo(V) Sp1(61/2,1),

b
P —
T 0<a; <8 T 2V1+ 6

where 6 = min{(‘i',Z(n/An(l))l/(n_l)}. It can be seen that §; = Q(n/An(l))l/(n_l)
for n sufficiently large.

Table 6.1 from [17] lists the asymptotically dominant terms for the ratios of the
upper bounds over the lower bounds. The conclusion is that these bounds are very
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TABLE 6.1
Ratios of the upper bounds over the lower bounds for p = co and nonnegative nodes.

min Koo (V) subject to - - - [| Ratio (asymptotically dominant term) | Ineq. |
a; 20 L2« pl/V2 (6-4)
%W\/ﬁﬂ x  pV2/4 (6.5)
0<aj, amax =6or <dford <1 % x n0 (6.6)
0 < aj, Gmax = 6 for § > 1 % x (6.7)
(1;@)2% % nl/2 (6.9)
0 < @y, Qmax <6 for § > 1 %‘5 x nl/vV2 (6.8)
%Wﬁﬂ x  nV2/4 (6.10)

tight. These bounds, together with Lemma 5.1, lead to the qualitative behavior of
Ming; >0 Koo (V) @S amax varies, depicted in Figure 1.1. Also, proofs in [17] yield

For a fired amax, a nearly optimally conditioned V' is the one with
(6.11) the translated Chebyshev nodes on an interval slightly larger than
[0, max] (80 that amax is a node).

As was pointed out in section 1, optimal nodes with respect to ming;>o #1(V) subject
t0 Qimax = 7y were obtained by [1, Theorem 5.9].
COROLLARY 6.4. Let 0 < 6. We then have

2n
min_ Keo(V),  min /@OO(V):(9({6_1/24—1—1—\/1—1—(5_1} ) for 6 <1,

0<a; <6 0<a;,max=06
1+vV1+6 2”) for 6 >1,

min
Ogajvanlax—é

) ford>1,

min Koo (V O, ( 3+ 2\[
0<ar; <6

min r (V) = O, ( (3+2v2) )
a; >0

7. Concluding remarks. We have obtained a series of lower and upper bounds
on the optimal condition number min«, (V') of real Vandermonde matrices. These
bounds are proved to be asymptotically optimal, except possibly the one in Theo-
rem 3.2 in the case when interval [a, (] is not one of the following three kinds: (1)
symmetrical (—a = ), (2) nonnegative (o = 0), (3) nonpositive (8 = 0). Asymptot-
ically optimal bounds have been established for the case @ > 0 and the case § < 0
(too [17]).

Our results led us to deduce the qualitative behaviors of optimally conditioned
Vandermonde matrices as the largest absolute value ap,ax of all nodes varies, as shown
in Figure 1.1 at the beginning of this paper. Our proofs yielded nearly optimally
conditioned Vandermonde matrices in various circumstances.

Similar bounds, though unclear about their asymptotical optimality, have been
established, too, for confluent Vandermonde matrices [18].
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