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There is a vast amount of material in matrix (operator) perturbation theory. Related books that are worth
mentioning are [SS90], [Par98], [Bha96], [Bau85], and [Kat70]. In this chapter, we attempt to include the
most fundamental results up to date, except those for linear systems and least squares problems for which
the reader is referred to Section 38.1 and Section 39.6.

Throughout this chapter, || - ||y denotes a general unitarily invariant norm. Two commonly used ones
are the spectral norm || - ||; and the Frobenius norm || - [|.

15.1 Eigenvalue Problems

The reader is referred to Sections 4.3, 14.1, and 14.2 for more information on eigenvalues and their
locations.

Definitions:

Let A € C™". A scalar—vector pair (A,x) € C x C" is an eigenpair of A if x # 0 and Ax = Ax. A
vector—scalar—vector triplet (y,1,x) € C" x C x C" is an eigentriplet if x # 0,y # 0, and Ax = Ax,
y*A = Ay*. The quantity

ly*x|

is the individual condition number for A, where (y, 1,x) € C" x C x C" is an eigentriplet.
Leto(A) = {A1, X2, ... , Ay}, the multiset of A’s eigenvalues, and set

cond(A) =

A= diag()"h)\b e 9)\71), A‘r = diag()‘f(l)) )\11(2)’ ‘e 7)\1'(?1)))
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where T is a permutation of {1,2,... ,n}. For real A, i.e., all A;’s are real,
A" =diag(A], AL, .. a0,

A'isin facta A, for which the permutation T makes A.(j) = )»]T forall j.

Given two square matrices A; and A,, the separation sep(A;, A;) between A; and A, is defined as [SS90,
p. 231]

sep(Ay, Ay) = ||xiﬁ1f—1 XA — A X]l>.
=
Ais perturbed to A = A 4+ AA. The same notation is adopted for A, except all symbols with tildes.

Let X, Y € C"™ with rank(X) = rank(Y) = k. The canonical angles between their column spaces are
0; = arc coso;, where {m}fv‘:1 are the singular values of (Y*Y)~1/2Y* X(X*X)~"/2. Define the canonical
angle matrix between X and Y as

@(X, Y) = diag(91,92, e ,9]().

For k = 1,1i.e.,x, y € C" (both nonzero), we use Z(x,y), instead, to denote the canonical angle between
the two vectors.

Facts:

1. [SS90, p. 168] (Elsner) maxmin |A; — A;| < (| Al + [ All)' /" A Al
1 ]

2. [SS90, p. 170] (Elsner) There exists a permutation t of {1,2,... ,n} such that

E 1/n

IA — Al <2 M (Al + 1ALV 1A AL @

3. [SS90, p. 183] Let (y, i, x) be an eigentriplet of A. A A changes u to u + Ap with

A
A= YA oqaan,

y'x
and |Apu| < cond(w)[|AA[2 + O(AA|D).
4. [SS90, p. 205] If A and A + A A are Hermitian, then

IAY = Aty < A Ay

5. [Bha96, p. 165] (Hoffman—Wielandt) If A and A+ A A are normal, then there exists a permutation
tof{1,2,...,n} such that |[A — A.|l; < |AA];.

6. [Sun96] If A is normal, then there exists a permutation 7 of {1,2, ... ,n} such that [|[A — A, Ir <
VillAA[;.

7. [SS90, p. 192] (Bauer—Fike) If A is diagonalizable and A = XA X! is its eigendecomposition,
then

mlaxmjin % = il < IXTHAAXI, < kp(X)AA].

8. [BKL97] Suppose both A and A are diagonalizable and have eigendecompositions A = XA X!

and A = XAXL
(a) There exists a permutation 7 of {1,2,... ,n} such that

A = Acllr < V2 (X)ia(X) | AA]

b)) IAT = Ay < \/ k2 (X2 (X) | A Al for real A and A.


rcli
Note
Fact2 turns out not to be the best. Bhatia, Elsner, and Krause (LAA, 142(1990)) improved this bound. See Bhatia (1996, Matrix Analysis, p.229).
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9. [KPJ82] Let residuals r = AX — px and s* = y*A — uy*, where ||X[l; = |lyll. = 1, and let
¢ = max {||r||2, |s|l2}. The smallest error matrix A A in the 2-norm, for which (y, &z, X) is an exact
eigentriplet of A= A+ AA, satisfies |AA|, = &, and |t — p| < cond(t) & + O(&?) for some
n e o(A).

10. [KPJ82], [DK70],[Par98, pp. 73, 244] Suppose A is Hermitian, and let residual r = Ax — X and
%M. = 1.
(a) The smallest Hermitian error matrix A A (in the 2-norm), for which (1, X) is an exact eigenpair
of A= A+ AA, satisfies | A A, = |x]5.

(b) [t — | < |x|l; for some eigenvalue p of A.

(c) Let u be the closest eigenvalue in o (A) to &z and x be its associated eigenvector with || x|, = 1,
andletn = min |@ — Al.Ifn > 0, then
pu#r D (A)

2
~ r . - r
I —pl < Iirlz sin Z(%,x) < Iiell2
n

n

11. Let A be Hermitian, X € C"™* have full column rank, and M € C¥*¥ be Hermitian having
eigenvalues ;41 < pp < --- < pg. Set

R=AX—-XM.

There exist k eigenvalues A;, < A;, < --- < A;, of A such that the following inequalities hold. Note
that subset {%;; }’;:1 may be different at different occurrences.

(a) [Par98, pp. 253-260], [SS90, Remark 4.16, p. 207] (Kahan—Cao—Xie-Li)

IRIl2
O'min(-X) ’

lrg]agkluj Aijl <

k

IRl
E (mj— 12 < .
j=1 ! Umin(X)

(b) [SS90, pp. 254-257], [Sun91] If X*X = I and M = X*AX, and if all but k of A’s eigenvalues
differ from every one of M’s by atleast n > 0 and &; = ||R||;/n < 1, then

IRI?

k
- —.
;wk =

(c) [SS90, pp. 254-257], [Sun91] If X*X = [ and M = X* AX, and there is a number n > 0 such
that either all but k of A’s eigenvalues lie outside the open interval (i1 — 1, ux + 1) or all but
k of A’s eigenvalues lie inside the closed interval [py + 1, the41 — 1] forsome 1 < £ <k — 1,
and ¢ = |R|l2/n < 1, then

IR|2

nv1—g2

max | — A | <
1§j5k|'u] 1J|_

12. [DK70] Let A be Hermitian and have decomposition

Xq

X3 AlX) X5 =

Ay
Al
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where [X; X,]isunitaryand X; € C**. Let Q € C"*k have orthonormal columns and for a k x k
Hermitian matrix M set

R=AQ— QM.

R
Letn = min|u — v|overall u € (M) and v € 0(A,).If n > 0, then || sin ®(X;, Q)| < m

13. [LLO5] Let
M E* ~ M 0
> A=
E H 0 H

be Hermitian, and set n = min |u — v| overall u € 0 (M) and v € o (H). Then

A=

2||E 13

n+\/n*+4lIEI3

14. [SS90, p. 230] Let [X; Y;] be unitary and X; € C™*, and let

max 21— A1 <
1<j<n ] ]

A G

AlX) Y] =
[Xi V3] E A

*
1
*

ya

Assume that 0 (A;) 0 (Ay) = @, and set n = sep(Ay, Ay). If |G|12|Ell; < n*/4, then there is a
unique W € C"0%k satisfying | W||, < 2||E |2/, such that [X, Y] is unitary and

X
Y;

X1 = (X1 + W) + Wrw)~172,

Y= (Y, — Xy WH)(I + WW*)~172,

Ay=(I+ WW)2(A + GW)(I + WrW)~1/2,
Ay=(I + WW*)"2(A, — WG)(I + WW*)1/2,

Al G

AlX, V)] = -
0 A,

>

where

~ 2||E
Thus, || tan (X, X))||» < IET:
n

Examples:
1. Bounds on ||A — A, [lu: are, in fact, bounds on A; — A.(jy in diﬁguise, only more convenient and
concise. For example, for || - [lo: = || - |2 (spectral norm), [[A — A¢|l2 = max; |A; — A.(j)|, and for
) ~ 1/2
I+ llor = I+ 11 (Frobenius norm), A — Aclle = [S; Iy = Ae?] -
2. Let A, A e CPn as follows, where ¢ > 0.
w1 n 1
A= 1% ) A _ 12
1 R |
n & 9
It can be seen that 0(A) = {u,...,u} (repegted n times) and the characteristic polynomial

det(t] — A) = (t — w)" — &, which gives 0(A) = {u + eV/"e¥i™/" 0 < j < n — 1}. Thus,
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h—pl=el/m = AA||;/". This shows that the fractional power ||AA||;/" in Facts 1 and 2 cannot
be removed in general.

3. Consider
1 2 3 0 0 0
A=10 4 5 is perturbedby AA=| 0 0 O
0 0 4.001 0.001 0 O

A’s eigenvalues are easily read off, and

A =1,%x = [1,0,0]7, y; = [0.8285, —0.5523,0.0920] 7,
Ay =4, x; = [0.5547,0.8321,0]7, y, = [0,0.0002, —1.0000] 7,

A3 = 4.001, x; = [0.5547,0.8321,0.0002]", y; = [0,0,1]".

On the other hand, A’s eigenvalues computed by MATLAB’s eig are Xl = 1.0001, Xz = 3.9427,
A3 = 4.0582. The following table gives |A; — A ;| with upper bounds up to the 1st order by Fact 3.

j cond(A;) cond(Aj)[AAl2 [Aj —Ajl
1 1.2070 0.0012 0.0001
2 6.0-10° 6.0 0.057
3 6.0-10° 6.0 0.057

We see that cond(A ;) || A Al|, gives a fairly good error bound for j = 1, but dramatically worse for
j = 2, 3. There are two reasons for this: One is in the choice of AA and the other is that AA’s
order of magnitude is too big for the first order bound cond(2 ;)|| A A||; to be effective for j = 2, 3.
Note that A A has the same order of magnitude as the difference between A, and X3 and that is too
big usually. For better understanding of this first order error bound, the reader may play with this

YiX;
DAREAD
4. Let £ = diag(cy,¢2,... ,ck) and I’ = diag(sy, s, . .. ,sk), where ¢j,s; > 0and c? +s]2» = 1forall

j. The canonical angles between

example with AA = ¢ for various tiny parameters €.

I z
X=Q|0|V*Y Y=Q|I|U*
0 0
are §; = arccoscj, j = 1,2,...,k, where Q, U, V are unitary. On the other hand, every pair

of X, Y € C™k with 2k < nand X*X = Y*Y = I, having canonical angles arccosc, can be
represented this way [SS90, p. 40].

5. Fact 13 is most useful when || E ||, is tiny and the computation of A’s eigenvalues is then decoupled
into two smaller ones. In eigenvalue computations, we often seek unitary [X; X,] such that

*

M E*
E H

0
H

> >

AlX) Xp] = [

- M
AlX) Xo] = [0

*
1 1
* *
2 XZ

and || E | is tiny. Since a unitarily similarity transformation does not alter eigenvalues, Fact 13 still

applies.
6. [LLO5] Consider the 2 x 2 Hermitian matrix

A=

a &
s B’
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where @ > B and ¢ > 0. It has two eigenvalues

_at+BE (o= P +4e?
= > ,

At

and

0 < Ay —a| 22
B=2f " (a—B)+la—pP+4e7

The inequalities in Fact 13 become equalities for the example.

15.2 Singular Value Problems

The reader is referred to Section 5.6, Chapters 17 and 45 for more information on singular value decom-
positions.

Definitions:

B € C™*" has a (first standard form) SVD B = UX V™, where U € C™*" and V € C"*" are unitary,
and ¥ = diag(01,0,,...) € R™*" is leading diagonal (o; starts in the top-left corner) with all o; > 0.

Let SV(B) = {01,02,... » Omin{mn }> the set of B’s singular values, and 07 > o, > --- > 0, and let
SVext(B) = SV(B) unless m > n for which SVey(B) = sv(B) |J{0, ... ,0} (additional m — n zeros).

A vector—scalar—vector triplet (u,0,v) € C" x R x C" is a singular-triplet if u # 0, v # 0,0 > 0, and
Bv=ocu, B'u=ov.

B is perturbed to B = B + AB. The same notation is adopted for B, except all symbols with tildes.

Facts:
1. [SS90, p. 204] (Mirsky) | X — Z|ly; < |AB|lw-
2. Letresidualsr = Bv — ptuand s = B*u — jiv, and ||v||, = ||ulj, = 1.
(a) [Sun98] T}}e smallest error matrix AB (in the 2-norm), for which (u, /2, v) is an exact singular-
triplet of B = B + AB, satisfies || AB||, = ¢, where ¢ = max {||r|,, ||s]|.}-
(b) | — | < e for some singular value p of B.
(c) Let u be the closest singular value in SVey( B) to it and (u, o, v) be the associated singular-triplet
with |lull; = ||v]; = 1, and let » = min |t — o| overall o € SVex(B) and o # u. If n > 0,
then |t — u| < €2/n, and [SS90, p. 260]
Vel + sli3
Vsin? £(@,0) + sin? Z(v) < S
n
3. [LLO5] Let
B, F ~ B, 0
B = eC™" B= R
E Bz 0 BZ

where B; € C*, and set n = min|u — v| over all & € sV(B;) and v € SVex(B,), and & =
max{||E |2, | F[l2}. Then

262

N+ + 4t

mjax oj—0j| <



Matrix Perturbation Theory 15-7

4. [SS90, p. 260] (Wedin) Let B, B e Cmxn (m > n) have decompositions
B, 0
0 By’

where [U; U], [VI V4], [(NJI ffz],and [\71 Vz] are unitary, and Uy, (NJI e ¢k vy, \71 € C"<k, Set

Uy

Uy

*

B, 0 ~ o~
BVl = | ] BIV V) =
2 2

R=BV,—UB,, S=B*U,—VB.
If SV(B1) () SVext(B2) = @, then

: = : —— /IR TS
Vllsin©(Uy, U2 + [ sin O(Va, V)12 < VR

>

where n = min |;t — v| overall & € SV(EI) and v € SVex(B,).

Examples:
1. Let

3.1073 1 ~ 1 2 el
s S A T

Then o, = 2.000012, 0, = 0.999988, and 6, = 2, 6, = 1. Fact 1 gives

2

max |0 — & < 4- 1073, 2|aj —GiP<5-107°.
=
2. Let B beas in the previous example, and let vV = e}, = e, 1 = 2. Thenr = Bv— i1 = 3-10 ¢,
and s = B*u — v = 4 - 10~e,. Fact 2 applies. Note that, without calculating sv(B), one may
bound 1 needed for Fact 2(c) from below as follows. Since B has two singular values that are near 1
and i = 2, respectively, with errors no bigger than 4-1073, thenn > 2—(14+4-107%) = 1—4.107°.
3. Let B and B be as in Example 1. Fact 3 gives 1111]:1x<2 loj —oj| < 1.6- 1072, a much better bound

than by Fact 1. N
4. Let B and B be as in Example 1. Note B’s SVD there. Apply Fact 4 with k = 1 to give a similar

bound as by Fact 2(c). N
5. Since unitary transformations do not change singular values, Fact 3 applies to B, B € C"*" having
decompositions
Uy B, F I % B, 0
B = 5 B[V, = >
[Uz* (Vi V2] E B Uz (Vi V1] 0 B,

where [U; U] and [V} V3] are unitary and U; € Cmxk v e ¢k,

15.3 Polar Decomposition

The reader is referred to Chapter 17.1 for definition and for more information on polar decompositions.

Definitions:

B € F™" is perturbed to B = B + AB, and their polar decompositions are
B=QH, B=QH=(Q+AQ)H + AH),

where F = R or C. AB is restricted to F for B € F.
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Denote the singular values of B and B as 01 >0, >---and o) > 0, > - -, respectively.
The condition numbers for the polar factors in the Frobenius norm are defined as

AX]||;
condp(X) = lim sup I Il

, forX=HorQ.
§=0 |aBlp<s O

B is multiplicatively perturbed to BifB = D} B Dy for some D, € F"*"™ and Dy € F"*".

B is said to be graded if it can be scaled as B = GS such that G is “well-behaved” (i.e., x2(G) is of
modest magnitude), where S is a scaling matrix, often diagonal but not required so for the facts below.
Interesting cases are when «,(G) < «(B).

Facts:

1. [CGO00] The condition numbers condr(Q) and condr(H) are tabulated as follows, where k,(B) =
oy /oy.

R C
FactorQ m=mn 2/(op—1+0,) 1/oy

m>n 1/0, /o,

2(1+x2(B)?)

Factor H m>n
1+ Kz(B)

2. [Kit86] | AH ||y < v/2[|AB|l;.
3. [Li95] If m = n and rank(B) = n, then

1AQlu =

IAB|u:-

n on

4. [Li95], [LS02] If rank(B) = n, then

1AQ]I < ( ) | AB

— + —
op +0, max{o,,0,}

1AQIlr < [AB:.

5. [Mat93] If B € R"*", rank(B) = n, and | AB||, < o, then

2[AB < IIAB]I, )
n{l—-——|,

AQ|ly < — 122 Nu
1AQN = == KBy, PR

where || - ||, is the Ky Fan 2-norm, i.e., the sum of the first two largest singular values. (See
Chapter 17.3.)
6. [LS02] If B € R™*", rank(B) = n, and ||AB||, < o, + 7, then

4
1AQ]: < = — | AB|l;.
" o 40,45 + 6, '

7. [Li97] Let B and B= D} B Dy having full column rank. Then

1AQI < \/IlT = DI + 1D, = T2 + /I = D12 + 1Dy — I12.

8. [Li97], [Li05] Let B = GS and B = GS and assume that G and B have full column rank. If
IAGI2IGTl> < 1, then
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1AQI: < ¥ IGTLIAG s,
I(AH)S™ I < (7 IGT 121G +1) 1AG L,

where y = \/1 + (1 - ||GT||2||AG||2)_2

Examples:

1. Take both B and B to have orthonormal columns to see that some of the inequalities above on AQ

are attainable.
2. Let

g L | 200 5020 11 1) 107 2
V2 |-199 —498) T 2|1 -1 2 5-10°

~_{ 1.4213 3.5497-102}

and

—1.4071 —3.5214-10%

obtained by rounding each entry of B to have five significant decimal digits. B = QH can be read

off above and B = QH can be computed by Q = UV* and H = VEV*, where B’s SVD is
UZX V*. One has

sv(B) = {5.00 - 10%,2.00 - 10~%}, sv(B) = {5.00 - 10%,2.04 - 1073}

and

IABll2  IIABll  1AQI2  l1AQlr  IAH|2  [AH]r

3.107% 3.107% 2.100° 3.107¢ 2.107% 2.107°

Fact 2 gives | AH||; < 3 - 107 and Fact 6 gives | AQ||; < 107>,
3. [Li97] and [Li05] have examples on the use of inequalities in Facts 7 and 8.

15.4 Generalized Eigenvalue Problems

The reader is referred to Section 43.1 for more information on generalized eigenvalue problems.

Definitions:

Let A, B € C"*". A matrix pencil is a family of matrices A — A B, parameterized by a (complex) number
A. The associated generalized eigenvalue problem is to find the nontrivial solutions of the equations

Ax = ABx and/or y*A=1y*'B,

wherex € C",y € C",and A € C, and (x, },y) is called a generalized eigentriplet.

A — LB isregular if m = n and det(A — AB) # 0 for some A € C.

In what follows, all pencils in question are assumed regular.

An eigenvalue A is conveniently represented by anonzero number pair, so-called a generalized eigenvalue
(o, B), interpreted as A = «/B. B = 0 corresponds to eigenvalue infinity.
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A generalized eigenpair of A — A B refers to ((«, B8),x) such that BAx = «aBx, where x # 0 and
loe|? 4 |B|* > 0. A generalized eigentriplet of A — A B refers to (y, (o, 8),x) such that 8 Ax = o Bx and
BY*A = ay*B, where x # 0,y # 0, and |&|? 4 | 8> > 0. The quantity

Ixl21yll2
ly* Ax|? + |y* Bx|?

cond({a, B)) =

istheindividual condition number for the generalized eigenvalue (o, B), where (y, («, 8),x) isa generalized
eigentriplet of A — AB.

A — AB is perturbed to A— B = (A+ AA) — A(B + AB).

Leto (A, B) = {{a1, B1)> (@2, B2)> - - - » {@u> Bu)} be the set of the generalized eigenvalues of A — A B, and
set Z = [A, B] € C¥*",

A — A B is diagonalizable if it is equivalent to a diagonal pencil, i.e., there are nonsingular X, Y € C"*"
such that Y*AX = A, Y*BX = Q, where A = diag(a;, 3, .. ,a,) and Q = diag(B1, B2, - - - » Bn)-

A — AB is a definite pencil if both A and B are Hermitian and

y(A,B)= min |x*Ax+ ix*Bx| > 0.

xeCn, |1x[2=1

The same notation is adopted for A — AB, except all symbols with tildes.
The chordal distance between two nonzero pairs (o, 8) and (&, 8) is

|Ba — ap|
V9P + B2 \/1a? + 182

x (. B), @, B)) =

Facts:

1. [SS90, p.293] Let (y, (o, B),x) be a generalized eigentriplet of A—AB.[A A, AB]changes («, 8) =
(y* Ax,y* Bx) to

@, B) = (&, B) + (y* (AA)x,y* (AB)x) + O(e?),

where & = |[[AA, AB]|l, and x ((o, B), (@, B)) < cond((a, B)) &€ + O(e?).
2. [SS90, p. 301], [Li88] If A — A B is diagonalizable, then

ml?lxnljinX«Oli)ﬂi)) (@j,B)) < Kka(X)]sin®(Z*, Z*)||1.

3. [Li94, Lemma 3.3] (Sun)

1Z — Zlw

| sin ®(Z*, Z*) |l < =0
max{omin(Z), oOmin(Z)}

where o (Z) is Z’s smallest singular value.

4. The quantity y (A, B) is the minimum distance of the numerical range W(A + i B) to the origin
for definite pencil A — A B.

5. [SS90, p. 316] Suppose A — A B is a definite pencil. If A and B are Hermitian and || [A A, AB]|, <
y (A, B), then A — AB isalso a definite pencil and there exists a permutation 7 of {1,2, ... ,n} such
that

L I[AA, AB]|
ey ) @) = L

6. [SS90, p. 318] Definite pencil A — A B is always diagonalizable: X*AX = A and X*BX = , and
with real spectra. Facts 7 and 10 apply.
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7.

10.

[Li03] Suppose A — AB and A — A B are diagonalizable with real spectra, i.c.,
Y*AX=A,Y'BX=Q and Y*AX=A,V'BX=Q,
and all (@, 8;) and all (&}, E ;) are real. Then the follow statements hold, where

8 = diag(x ({@1, B1)s (@1, Be)))s - -+ » X (s B (@ nys Beim))))

for some permutation t of {1,2, ... ,n} (possibly depending on the norm being used). In all cases,
the constant factor /2 can be replaced by 1 for the 2-norm and the Frobenius norm.

s v . % %
@) IEllu = 7V 12 (X2 (X) | sin ©(Z*, Z7) |-

(b) Ifall joj|* + 81> = l&j|* + |,§j|2 = 1 in their eigendecompositions, then
18l < 2\ IX LY L K0V 12 {A A, AB]llu

. Let residuals r = BAX — @BX and s* = ,B~§f*A — ay"B, where [x]l> = |lyll. = 1. The smallest

error matrix [A A, AB] in the 2-norm, for which (y, (&, 8),X) is an exact generalized eigentriplet
of A — AB, satisfies [|[[AA, AB]|l, = &, where ¢ = max{|r|l5, s>}, and x ({(&, B), (@, B)) <

cond({a, B)) & + O(&?) for some (a, B) € o (A, B).

. [BDDOO, p. 128] Suppose A and B are Hermitian and B is positive definite, and let residual

r= AX — puBxand |[x]|; = 1.
(a) For some eigenvalue yu of A — AB,

r —
< Il JB !
XI5

-1
< 1B~ ll2llxl2,

where ||z|| 3 = v/z2*Mz.

(b) Let u be the closest eigenvalue to i among all eigenvalues of A — AB and x its associated
eigenvector with ||x|; = 1, and let » = min|u — v| over all other eigenvalues v # u of
A — AB.If n > 0, then

_ Lol N Il
m—ms—-( <yl
n n

Il 5

~ Tr
sin Z(&,x) < | B~ ,v/Ze(B) 1112
n

[Li94] Suppose A — AB and A — A B are diagonalizable and have eigendecompositions

A] Ql

92

> >

AlX,, X,] = B[X,, X3] =

A,

* *
1 1
* *
2 2

X' =[w, w5,

and the same for A— A B exceptall smeols with tildes, where X1, Y;, Wy € C"™k Ay, Q; € Ck*k,
Suppose |ozj|2 + |,Bj|2 = |6Zj|2 + |ﬂj|2 =1forl < j < nin the eiggndecomgosijions, and set
n = min x ((«, B), (@, B)) taken over all (&, B) € o (A1, Q) and (&, B) € 0(A,,2,).Ifn > 0,
then

IXT 11 Whil,
n

X1

in®(X;, X H <
o, ] - .

Y} (Z - Z)

F
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15.5 Generalized Singular Value Problems

Definitions:

Let A € C™" and B € CY*". A matrix pair {A, B} is an (m,{, n)-Grassmann matrix pair if

A
rank B =n.

In what follows, all matrix pairs are (m, £, n)-Grassmann matrix pairs.
A pair {(w, B) is a generalized singular value of { A, B} if

det(B2A*A — o*B*B) =0, (o, B) # (0,0), o, B > 0,

ie, (a, B) = (/I 4/v) for some generalized eigenvalue (i, v) of matrix pencil A*A — AB*B.
Generalized Singular Value Decomposition (GSVD) of {A, B}:

U*AX =%, V*BX =X,

where U € C™™ V e C*¢ are unitary, X € C"" is nonsingular, ¥, = diag(a;,a,,- - ) is leading
diagonal («; starts in the top left corner), and X = diag(- - - , B,_1, B,) is trailing diagonal (5; ends in
the bottom-right corner), j, f; > 0 and a? + /3]2 =1forl < j < n. (Set some a; = 0 and/or some
Bj = 0, if necessary.)

{A, B} is perturbed to {X, E} ={A+ AA,B + AB}.

Let SV(A, B) = {{a1, B1), (@2, B2)s - - - » {0ty Bu)} be the set of the generalized singular values of {A, B},

A
and set Z = Bl € Clmt0xn

The same notation is adopted for (A, B}, except all symbols with tildes.

Facts:

1. If {A, B} is an (m, £, n)-Grassmann matrix pair, then A*A — AB* B is a definite matrix pencil.
2. [Van76] The GSVD of an (m, £, n)-Grassmann matrix pair {A, B} exists.
3. [Li93] There exist permutations 7 and w of {1, 2, ... ,n} such that

max x (@i, Bi)s (@i Be(i))) < | sin O(Z, Z) |12,

1<j<n

J S [t s Gt Bui)) | < 15in©(Z, Dl

j=1

4. [Li94, Lemma 3.3] (Sun)

1Z = Zllu
max{Omin(Z), Omin(Z)}’

Isin ©(Z, Z)lly <
where opin(Z) is Z’s smallest singular value.
5. [Pai84] If «? + B2 = a? + B? = 1fori = 1,2,...,n, then there exists a permutation @ of
{1,2,...,n} such that

\j Z [(Otj — U () + (B — Ewu))z} < min [|Zy— ZoQlls,

ot Q unitary

where Zy = Z(Z*Z)"V? and Z, = Z(Z*Z)~V/2.



Matrix Perturbation Theory 15-13

6. [Li93], [Sun83] Perturbation bounds on generalized singular subspaces (those spanned by one or
a few columns of U, V, and X in GSVD) are also available, but it is quite complicated.

15.6 Relative Perturbation Theory for Eigenvalue Problems

Definitions:

Let scalar @ be an approximation to @, and 1 < p < oo. Define relative distances between o and « as
follows. For |a|> + |a|*> # 0,

dlo,a) = ¢ _ ’ = e —ocl’ (classical measure)
o |t
~ lo — o] .
)= Li98
0plen®) = ([Li98])
- o — ]
{(Ol,a)=—~, ([BD90], [DV92])
Vel

s(a,a)=|In(a/a)|, foraa >0, ([LM99a], [Li99b])

and d(0,0) = 0,(0,0) = £(0,0) = ¢(0,0) = 0.

A e C"is multlpllcatlvely perturbed to AifA = Dy ADy for some D,, D, € C"™",

Denote 6 (A) = {A1,A2,... , Ay} and O'(A) {Al,kz, Y n}

A € C"™" is said to be graded if it can be scaled as A = S*HS such that H is “well-behaved”
(i.e., ko(H) is of modest magnitude), where S is a scaling matrix, often diagonal but not required so for
the facts below. Interesting cases are when k;(H) < k2(A).

Facts:

1. [Bar00]~gp( -, +-)isametricon Cfor 1 < p < oo.
2. Let A, A= D*AD e C"*" be Hermitian, where D is nonsingular.

(a) [HJ85, p. 224] (Ostrowski) There exists ¢;, satisfying
Amin(D*D) =< tj = )Vmax(D*D))
such that X} = tj)»} for j = 1,2,...,n and, thus,

max d( ALl <l = DDl
=J=

(b) [LM99], [Li98]

Idiag (s, 2D, sGLAD) o < In(D* D)l
Idiag (¢ 12D, 6GLAD) lu < ID* = D7
3. [Li98], [LM99] Let A = S*HS be a positive semidefinite Hermitian matrix, perturbed to
A = S*(H + AH)S. Suppose H is positive definite and | H~'/2(AH)H~/?||, < 1, and set
M= H'?S$*H'?, M = DMD,

where D = [I + H™Y2(AH)H=/2]"” = D*. Then o (A) = o(M) and 0(A) = (M), and the
inequalities in Fact 2 above hold with D here. Note that
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o < |H-2(AH)H™'2|,
YT V1 [H2(AH)H- 7|,
IH ),
T V11— [HTLIAH];

ID— D~

IAH]|u:

4. [BD90], [VS93] Suppose A and A are Hermitian, and let | A| = (A%)'/2 be the positive semidefinite
square root of A2, If there exists 0 < § < 1 such that

Ix"(AA)x| < 8x*|Alx forallx € C",

theneitherX]T = )»JT =0orl—48< X}/)\]T- <1+436.
5. [Li99a] Let Hermitian A, A = D*AD have decompositions

A Xi

Ay

A[X) X, = A[X, X,] =

>

A
A’

where [X; X,] and [)21 )22] are unitary and X;, )?1 e Ck If y, = min _ (u, 1) >0,
pneo(Ay),jieo(A,)

*
1
*
2 2

then

VI = D )X, |12+ ||(I — D*) X, |12
2

Il sin © (X1, X1)[ls <

6. [Li99a] Let A = §* H S beapositive semidefinite Hermitian matrix, perturbed to A=S *(H + AH)S,
having decompositions, in notation, the same as in Fact 5. Let D = [I + H™'/*(AH)H'/?] 2

Assume H is positive definite and | H"V2(AH)H 2|, < 1.1fn, = min _ {(u,p) >0,
neo(Ar),eo(A;y)

then

ID— D'
n¢

|| sin ©(X1, X)) |; <

Examples:

1. [DK90], [EI95] Let A be a real symmetric tridiagonal matrix with zero diagonal and off-diagonal
entries by, by, ... , by_1. Suppose A is identical to A except for its off-diagonal entries which change
to B1b1, Babas. .., Bu—1bu—1, where all B; are real and supposedly close to 1. Then A = DAD,
where D = diag(d;, d,, . .. ,d,) with

_ BB B d _ BaBa - Pk
= 2 5 W= -
BabBs- - Par— B1Bs - - - Pk

2k

Let 8 = H;‘;i max{f;,1/B;}. Then B~'I < D? < BI, and Fact 2 and Fact 5 apply. Now if all
l—e<Bj<l+egthen(l—g)" ' <pl<p=<(1+e)"

2. Let A= SHS with § = diag(1, 10, 102, 10%), and

1 1 1 107!
A 1 10> 107 . 107! 1 107!
N 102 10% 10%]° N 10! 1 107!

104 10° 107! 1
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Suppose that each entry A;; of Ais perturbed to A;; (1+8;;) with |§;;| < &. Then |(AH);;| < ¢|Hj;|
and thus [|AH||; < 1.2¢. Since || H™ ||, < 10/8, Fact 3 implies

t(0,40) < 158 /V/T =156 ~ 1.5¢.

15.7 Relative Perturbation Theory for Singular Value Problems

Definitions:

B e C"™*" is multiplicatively perturbed to Bif B = D} B Dy, for some D, € C"™*™ and D, € C"*".

Denote the singular values of B and B as
SV(B) = {01)02) cee 1Gmin{m,n}}1 SV(B) = {6:1)52) ce )a:min(m,n]}-

B is said to be (highly) graded if it can be scaled as B = G S such that G is “well-behaved” (i.e., k2(G) is
of modest magnitude), where S is a scaling matrix, often diagonal but not required so for the facts below.
Interesting cases are when «,(G) < «2(B).

Facts:

1. LetB, B = D} BD, € C"™*", where D, and Dy are nonsingular.
gj
T =<
I D7 2Dt

(a) [EI95]Forl<j<n 0j < 0; | Dill2|| Dellz-

(b) [Li98], [LM99]

||d13g (;(01,6:1), .. );‘(Un)a:n)) ”UI
1 _ 1 _
= EIIDLk =DMl + E”D: — Dy Mo

2. [Li99a] Let B, B = D} BDy € C™" (m > n) have decompositions

Uy

Uy

ur

Uy

B, 0 ~
Blivil= | o B[Vi V2] =

>

B, 0
0 B,|’

where [U; U], [VI Val, [[71 INJZ],and[Vl \72] are unitary, and U, l~]1 e Cmxk v, \71 € ¢k, Set

Ou = O(U, U)), Oy = O(V;, V). If sV(B) (\ Vext(B1) = ¥, then

VIsin®y2 + || sin Oy |2
1 _

< - [t = DU+ 1 = DU
2

* — 1/2
(I = DOV + 11T — DYV,

where 7, = min g,(u, it) over all u € sv(B;) and ;& € SVext(gz).
3. [Li98], [Li99a], [LM99] Let B = GS and B = GS be two m x n matrices, where rank(G) = n,

andlet AG = G — G. Then B = DB, where D = I + (AG)G". Fact 1 and Fact 2 apply with
D, = D and Dy = I. Note that

1 AG)GMy
”D*_D—IHUI S <1+ ) ”( ) ”LI.

1= I(AG)GM 2
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Examples:

1. [BD90], [DK90], [EI95] B is a real bidiagonal matrix with diagonal entries a;,4,, . .. ,a, and off-
diagonal (the one above the diagonal) entries are by, by, ... , by—1. B is the same as B, except for its
diagonal entries, which change to @41, aza,, . . . ,®,a,, and its off-diagonal entries, which change
to ﬁ]b],ﬁzbz, e ,ﬁnflbnfl. Then g = D:BDR with

D, = diag (al, otlaz) M’”.)
B B1B2
D, = diag (1,&, /31,32,.”) .
o] 010

Leta = []j_, max{a;,1/e;} and g = H;’;% max{B;,1/B;}. Then

_ _ 1
@B < (ID7 M ID M) < D2 Dellz < @B,
and Fact 1 and Fact 2 apply. Now ifall 1 —¢ < a;, Bj < 1 +¢,then (1 — &) ! < (af)”' <

(aB) < (14 ).
2. Consider block partitioned matrices

B _ Bll BlZ
- [B 0 I —B3'B
B=|" =B B

By Fact 2, ¢(0j,0}) < %||B1_11312||2. Interesting cases are when ||B1_11312||2 is tiny enough to be
treated as zero and so SV(B) approximates SV(B) well. This situation occurs in computing the SVD
of a bidiagonal matrix.

Author Note: Supported in part by the National Science Foundation under Grant No. DMS-0510664.
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