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There is a vast amount of material in matrix (operator) perturbation theory. Related books that are worth
mentioning are [SS90], [Par98], [Bha96], [Bau85], and [Kat70]. In this chapter, we attempt to include the
most fundamental results up to date, except those for linear systems and least squares problems for which
the reader is referred to Section 38.1 and Section 39.6.

Throughout this chapter, ‖ · ‖UI denotes a general unitarily invariant norm. Two commonly used ones
are the spectral norm ‖ · ‖2 and the Frobenius norm ‖ · ‖F.

15.1 Eigenvalue Problems

The reader is referred to Sections 4.3, 14.1, and 14.2 for more information on eigenvalues and their
locations.

Definitions:

Let A ∈ Cn×n. A scalar–vector pair (λ, x) ∈ C × Cn is an eigenpair of A if x �= 0 and Ax = λx. A
vector–scalar–vector triplet (y, λ, x) ∈ Cn × C × Cn is an eigentriplet if x �= 0, y �= 0, and Ax = λx,
y∗ A = λy∗. The quantity

cond(λ) = ‖x‖2‖y‖2

|y∗x|
is the individual condition number for λ, where (y, λ, x) ∈ Cn × C × Cn is an eigentriplet.

Let σ (A) = {λ1, λ2, . . . , λn}, the multiset of A’s eigenvalues, and set

� = diag(λ1, λ2, . . . , λn), �τ = diag(λτ (1), λτ (2), . . . , λτ (n)),

15-1



15-2 Handbook of Linear Algebra

where τ is a permutation of {1, 2, . . . , n}. For real �, i.e., all λ j ’s are real,

�↑ = diag(λ↑
1 , λ↑

2 , . . . , λ↑
n ).

�↑ is in fact a �τ for which the permutation τ makes λτ ( j ) = λ
↑
j for all j .

Given two square matrices A1 and A2, the separation sep(A1, A2) between A1 and A2 is defined as [SS90,
p. 231]

sep(A1, A2) = inf
‖X‖2=1

‖X A1 − A2 X‖2.

A is perturbed to Ã = A + �A. The same notation is adopted for Ã, except all symbols with tildes.

Let X, Y ∈ Cn×k with rank(X) = rank(Y ) = k. The canonical angles between their column spaces are
θi = arc cos σi , where {σi }k

i=1 are the singular values of (Y ∗Y )−1/2Y ∗ X(X∗ X)−1/2. Define the canonical
angle matrix between X and Y as

�(X, Y ) = diag(θ1, θ2, . . . , θk).

For k = 1, i.e., x, y ∈ Cn (both nonzero), we use ∠(x, y), instead, to denote the canonical angle between
the two vectors.

Facts:

1. [SS90, p. 168] (Elsner) max
i

min
j

|λ̃i − λ j | ≤ (‖A‖2 + ‖ Ã‖2)1−1/n‖�A‖1/n
2 .

2. [SS90, p. 170] (Elsner) There exists a permutation τ of {1, 2, . . . , n} such that

‖� − �̃τ‖2 ≤ 2

⌊
n

2

⌋
(‖A‖2 + ‖ Ã‖2)1−1/n‖�A‖1/n

2 .

3. [SS90, p. 183] Let (y, µ, x) be an eigentriplet of A. �A changes µ to µ + �µ with

�µ = y∗(�A)x

y∗x
+ O(‖�A‖2

2),

and |�µ| ≤ cond(µ)‖�A‖2 + O(‖�A‖2
2).

4. [SS90, p. 205] If A and A + �A are Hermitian, then

‖�↑ − �̃↑‖UI ≤ ‖�A‖UI.

5. [Bha96, p. 165] (Hoffman–Wielandt) If A and A+�A are normal, then there exists a permutation
τ of {1, 2, . . . , n} such that ‖� − �̃τ‖F ≤ ‖�A‖F.

6. [Sun96] If A is normal, then there exists a permutation τ of {1, 2, . . . , n} such that ‖� − �̃τ‖F ≤√
n‖�A‖F.

7. [SS90, p. 192] (Bauer–Fike) If A is diagonalizable and A = X�X−1 is its eigendecomposition,
then

max
i

min
j

|λ̃i − λ j | ≤ ‖X−1(�A)X‖p ≤ κp(X)‖�A‖p .

8. [BKL97] Suppose both A and Ã are diagonalizable and have eigendecompositions A = X�X−1

and Ã = X̃�̃X̃−1.

(a) There exists a permutation τ of {1, 2, . . . , n} such that

‖� − �̃τ‖F ≤
√

κ2(X)κ2(X̃) ‖�A‖F.

(b) ‖�↑ − �̃↑‖UI ≤
√

κ2(X)κ2(X̃)‖�A‖UI for real � and �̃.

rcli
Note
Fact2 turns out not to be the best. Bhatia, Elsner, and Krause (LAA, 142(1990)) improved this bound. See Bhatia (1996, Matrix Analysis, p.229).
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9. [KPJ82] Let residuals r = Ax̃ − µ̃x̃ and s∗ = ỹ∗ A − µ̃ỹ∗, where ‖x̃‖2 = ‖ỹ‖2 = 1, and let
ε = max {‖r‖2, ‖s‖2}. The smallest error matrix �A in the 2-norm, for which (ỹ, µ̃, x̃) is an exact
eigentriplet of Ã = A + �A, satisfies ‖�A‖2 = ε, and |µ̃ − µ| ≤ cond(µ̃) ε + O(ε2) for some
µ ∈ σ (A).

10. [KPJ82], [DK70],[Par98, pp. 73, 244] Suppose A is Hermitian, and let residual r = Ax̃ − µ̃x̃ and
‖x̃‖2 = 1.

(a) The smallest Hermitian error matrix �A (in the 2-norm), for which (µ̃, x̃) is an exact eigenpair
of Ã = A + �A, satisfies ‖�A‖2 = ‖r‖2.

(b) |µ̃ − µ| ≤ ‖r‖2 for some eigenvalue µ of A.

(c) Let µ be the closest eigenvalue in σ (A) to µ̃ and x be its associated eigenvector with ‖x‖2 = 1,
and let η = min

µ�=λ∈σ (A)
|µ̃ − λ|. If η > 0, then

|µ̃ − µ| ≤ ‖r‖2
2

η
, sin ∠(x̃, x) ≤ ‖r‖2

η
.

11. Let A be Hermitian, X ∈ Cn×k have full column rank, and M ∈ Ck×k be Hermitian having
eigenvalues µ1 ≤ µ2 ≤ · · · ≤ µk . Set

R = AX − X M.

There exist k eigenvalues λi1 ≤ λi2 ≤ · · · ≤ λik of A such that the following inequalities hold. Note
that subset {λi j }k

j=1 may be different at different occurrences.

(a) [Par98, pp. 253–260], [SS90, Remark 4.16, p. 207] (Kahan–Cao–Xie–Li)

max
1≤ j≤k

|µ j − λi j | ≤ ‖R‖2

σmin(X)
,√√√√ k∑

j=1

(µ j − λi j )
2 ≤ ‖R‖F

σmin(X)
.

(b) [SS90, pp. 254–257], [Sun91] If X∗ X = I and M = X∗ AX , and if all but k of A’s eigenvalues
differ from every one of M’s by at least η > 0 and εF = ‖R‖F/η < 1, then√√√√ k∑

j=1

(µk − λi j )
2 ≤ ‖R‖2

F

η
√

1 − ε2
F

.

(c) [SS90, pp. 254–257], [Sun91] If X∗ X = I and M = X∗ AX , and there is a number η > 0 such
that either all but k of A’s eigenvalues lie outside the open interval (µ1 − η, µk + η) or all but
k of A’s eigenvalues lie inside the closed interval [µ� + η, µ�+1 − η] for some 1 ≤ � ≤ k − 1,
and ε = ‖R‖2/η < 1, then

max
1≤ j≤k

|µ j − λi j | ≤ ‖R‖2
2

η
√

1 − ε2
.

12. [DK70] Let A be Hermitian and have decomposition[
X∗

1

X∗
2

]
A[X1 X2] =

[
A1

A2

]
,
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where [X1 X2] is unitary and X1 ∈ Cn×k . Let Q ∈ Cn×k have orthonormal columns and for a k ×k
Hermitian matrix M set

R = AQ − Q M.

Let η = min |µ − ν| over all µ ∈ σ (M) and ν ∈ σ (A2). If η > 0, then ‖ sin �(X1, Q)‖F ≤ ‖R‖F

η
.

13. [LL05] Let

A =
[

M E ∗

E H

]
, Ã =

[
M 0

0 H

]

be Hermitian, and set η = min |µ − ν| over all µ ∈ σ (M) and ν ∈ σ (H). Then

max
1≤ j≤n

|λ↑
j − λ̃

↑
j | ≤ 2‖E ‖2

2

η +
√

η2 + 4‖E ‖2
2

.

14. [SS90, p. 230] Let [X1 Y2] be unitary and X1 ∈ Cn×k , and let[
X∗

1

Y ∗
2

]
A[X1 Y2] =

[
A1 G

E A2

]
.

Assume that σ (A1)
⋂

σ (A2) = ∅, and set η = sep(A1, A2). If ‖G‖2‖E ‖2 < η2/4, then there is a
unique W ∈ C(n−k)×k , satisfying ‖W‖2 ≤ 2‖E ‖2/η, such that [X̃1 Ỹ2] is unitary and[

X̃∗
1

Ỹ ∗
2

]
A[X̃1 Ỹ2] =

[
Ã1 G̃

0 Ã2

]
,

where

X̃1 = (X1 + Y2W)(I + W∗W)−1/2,

Ỹ2 = (Y2 − X1W∗)(I + WW∗)−1/2,

Ã1 = (I + W∗W)1/2(A1 + G W)(I + W∗W)−1/2,

Ã2 = (I + WW∗)−1/2(A2 − WG)(I + WW∗)1/2.

Thus, ‖ tan �(X1, X̃1)‖2 <
2‖E ‖2

η
.

Examples:

1. Bounds on ‖� − �̃τ‖UI are, in fact, bounds on λ j − λτ ( j ) in disguise, only more convenient and
concise. For example, for ‖ · ‖UI = ‖ · ‖2 (spectral norm), ‖� − �̃τ‖2 = max j |λ j − λτ ( j )|, and for

‖ · ‖UI = ‖ · ‖F (Frobenius norm), ‖� − �̃τ‖F =
[∑n

j=1 |λ j − λτ ( j )|2
]1/2

.

2. Let A, Ã ∈ Cn×n as follows, where ε > 0.

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

µ 1

µ
. . .

. . . 1

µ

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Ã =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

µ 1

µ
. . .

. . . 1

ε µ

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

It can be seen that σ (A) = {µ, . . . , µ} (repeated n times) and the characteristic polynomial
det(t I − Ã) = (t − µ)n − ε, which gives σ ( Ã) = {µ + ε1/n e2i jπ/n, 0 ≤ j ≤ n − 1}. Thus,
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|λ̃−µ| = ε1/n = ‖�A‖1/n
2 . This shows that the fractional power ‖�A‖1/n

2 in Facts 1 and 2 cannot
be removed in general.

3. Consider

A =

⎡⎢⎢⎣
1 2 3

0 4 5

0 0 4.001

⎤⎥⎥⎦ is perturbed by �A =

⎡⎢⎢⎣
0 0 0

0 0 0

0.001 0 0

⎤⎥⎥⎦ .

A’s eigenvalues are easily read off, and

λ1 = 1, x1 = [1, 0, 0]T , y1 = [0.8285, −0.5523, 0.0920]T ,

λ2 = 4, x2 = [0.5547, 0.8321, 0]T , y2 = [0, 0.0002, −1.0000]T ,

λ3 = 4.001, x3 = [0.5547, 0.8321, 0.0002]T , y3 = [0, 0, 1]T .

On the other hand, Ã’s eigenvalues computed by MATLAB’s eig are λ̃1 = 1.0001, λ̃2 = 3.9427,
λ̃3 = 4.0582. The following table gives |λ̃ j − λ j | with upper bounds up to the 1st order by Fact 3.

j cond(λ j ) cond(λ j )‖�A‖2 |λ̃ j − λ j |
1 1.2070 0.0012 0.0001
2 6.0 · 103 6.0 0.057
3 6.0 · 103 6.0 0.057

We see that cond(λ j )‖�A‖2 gives a fairly good error bound for j = 1, but dramatically worse for
j = 2, 3. There are two reasons for this: One is in the choice of �A and the other is that �A’s
order of magnitude is too big for the first order bound cond(λ j )‖�A‖2 to be effective for j = 2, 3.
Note that �A has the same order of magnitude as the difference between λ2 and λ3 and that is too
big usually. For better understanding of this first order error bound, the reader may play with this

example with �A = ε
y j x∗

j

‖y j ‖2‖x∗
j ‖2

for various tiny parameters ε.

4. Let � = diag(c1, c2, . . . , ck) and � = diag(s1, s2, . . . , sk), where c j , s j ≥ 0 and c 2
j + s 2

j = 1 for all
j . The canonical angles between

X = Q

⎡⎢⎣Ik

0
0

⎤⎥⎦ V∗, Y = Q

⎡⎢⎣��
0

⎤⎥⎦U ∗

are θ j = arccos c j , j = 1, 2, . . . , k, where Q, U, V are unitary. On the other hand, every pair
of X, Y ∈ Cn×k with 2k ≤ n and X∗ X = Y ∗Y = Ik , having canonical angles arccos c j , can be
represented this way [SS90, p. 40].

5. Fact 13 is most useful when ‖E ‖2 is tiny and the computation of A’s eigenvalues is then decoupled
into two smaller ones. In eigenvalue computations, we often seek unitary [X1 X2] such that[

X∗
1

X∗
2

]
A[X1 X2] =

[
M E ∗

E H

]
,

[
X∗

1

X∗
2

]
Ã[X1 X2] =

[
M 0

0 H

]
,

and ‖E ‖2 is tiny. Since a unitarily similarity transformation does not alter eigenvalues, Fact 13 still
applies.

6. [LL05] Consider the 2 × 2 Hermitian matrix

A =
[
α ε

ε β

]
,
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where α > β and ε > 0. It has two eigenvalues

λ± = α + β ±√(α − β)2 + 4ε2

2
,

and

0 <

{
λ+ − α

β − λ−

}
= 2ε2

(α − β) +√(α − β)2 + 4ε2
.

The inequalities in Fact 13 become equalities for the example.

15.2 Singular Value Problems

The reader is referred to Section 5.6, Chapters 17 and 45 for more information on singular value decom-
positions.

Definitions:

B ∈ Cm×n has a (first standard form) SVD B = U�V∗, where U ∈ Cm×m and V ∈ Cn×n are unitary,
and � = diag(σ1, σ2, . . . ) ∈ Rm×n is leading diagonal (σ j starts in the top-left corner) with all σ j ≥ 0.

Let SV(B) = {σ1, σ2, . . . , σmin{m,n}}, the set of B ’s singular values, and σ1 ≥ σ2 ≥ · · · ≥ 0, and let
SVext(B) = SV(B) unless m > n for which SVext(B) = SV(B)

⋃{0, . . . , 0} (additional m − n zeros).
A vector–scalar–vector triplet (u, σ, v) ∈ Cm × R × Cn is a singular-triplet if u �= 0, v �= 0, σ ≥ 0, and

Bv = σu, B∗u = σv.
B is perturbed to B̃ = B + �B . The same notation is adopted for B̃ , except all symbols with tildes.

Facts:
1. [SS90, p. 204] (Mirsky) ‖� − �̃‖UI ≤ ‖�B‖UI.

2. Let residuals r = B ṽ − µ̃ũ and s = B∗ũ − µ̃ṽ, and ‖ṽ‖2 = ‖ũ‖2 = 1.

(a) [Sun98] The smallest error matrix �B (in the 2-norm), for which (ũ, µ̃, ṽ) is an exact singular-
triplet of B̃ = B + �B , satisfies ‖�B‖2 = ε, where ε = max {‖r‖2, ‖s‖2}.

(b) |µ̃ − µ| ≤ ε for some singular value µ of B .

(c) Let µ be the closest singular value in SVext(B) to µ̃ and (u, σ, v) be the associated singular-triplet
with ‖u‖2 = ‖v‖2 = 1, and let η = min |µ̃ − σ | over all σ ∈ SVext(B) and σ �= µ. If η > 0,
then |µ̃ − µ| ≤ ε2/η, and [SS90, p. 260]

√
sin2 ∠(ũ, u) + sin2 ∠(ṽ, v) ≤

√
‖r‖2

2 + ‖s‖2
2

η
.

3. [LL05] Let

B =
[

B1 F

E B2

]
∈ Cm×n, B̃ =

[
B1 0

0 B2

]
,

where B1 ∈ Ck×k , and set η = min |µ − ν| over all µ ∈ SV(B1) and ν ∈ SVext(B2), and ε =
max{‖E ‖2, ‖F ‖2}. Then

max
j

|σ j − σ̃ j | ≤ 2ε2

η +√η2 + 4ε2
.
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4. [SS90, p. 260] (Wedin) Let B , B̃ ∈ Cm×n (m ≥ n) have decompositions[
U ∗

1

U ∗
2

]
B[V1 V2] =

[
B1 0
0 B2

]
,

[
Ũ ∗

1

Ũ ∗
2

]
B̃[Ṽ1 Ṽ2] =

[
B̃1 0
0 B̃2

]
,

where [U1 U2], [V1 V2], [Ũ1 Ũ2], and [Ṽ1 Ṽ2] are unitary, and U1, Ũ1 ∈ Cm×k , V1, Ṽ1 ∈ Cn×k . Set

R = B Ṽ1 − Ũ1 B̃1, S = B∗Ũ1 − Ṽ1 B̃1.

If SV(B̃1)
⋂

SVext(B2) = ∅, then√
‖ sin �(U1, Ũ1)‖2

F + ‖ sin �(V1, Ṽ1)‖2
F ≤
√‖R‖2

F + ‖S‖2
F

η
,

where η = min |µ̃ − ν| over all µ̃ ∈ SV(B̃1) and ν ∈ SVext(B2).

Examples:

1. Let

B =
[

3 · 10−3 1
2 4 · 10−3

]
, B̃ =

[
1

2

]
= [e2 e1]

[
2

1

] [
eT

1

eT
2

]
.

Then σ1 = 2.000012, σ2 = 0.999988, and σ̃1 = 2, σ̃2 = 1. Fact 1 gives

max
1≤ j≤2

|σ j − σ̃ j | ≤ 4 · 10−3,

√√√√ 2∑
j=1

|σ j − σ̃ j |2 ≤ 5 · 10−3.

2. Let B be as in the previous example, and let ṽ = e1, ũ = e2, µ̃ = 2. Then r = B ṽ− µ̃ũ = 3 ·10−3e1

and s = B∗ũ − µ̃ṽ = 4 · 10−3e2. Fact 2 applies. Note that, without calculating SV(B), one may
bound η needed for Fact 2(c) from below as follows. Since B has two singular values that are near 1
and µ̃ = 2, respectively, with errors no bigger than 4·10−3, then η ≥ 2−(1+4·10−3) = 1−4·10−3.

3. Let B and B̃ be as in Example 1. Fact 3 gives max
1≤ j≤2

|σ j − σ̃ j | ≤ 1.6 · 10−5, a much better bound

than by Fact 1.
4. Let B and B̃ be as in Example 1. Note B̃ ’s SVD there. Apply Fact 4 with k = 1 to give a similar

bound as by Fact 2(c).
5. Since unitary transformations do not change singular values, Fact 3 applies to B , B̃ ∈ Cm×n having

decompositions [
U ∗

1

U ∗
2

]
B[V1 V2] =

[
B1 F
E B2

]
,

[
U ∗

1

U ∗
2

]
B̃[V1 V2] =

[
B1 0
0 B2

]
,

where [U1 U2] and [V1 V2] are unitary and U1 ∈ Cm×k , V1 ∈ Cn×k .

15.3 Polar Decomposition

The reader is referred to Chapter 17.1 for definition and for more information on polar decompositions.

Definitions:

B ∈ Fm×n is perturbed to B̃ = B + �B , and their polar decompositions are

B = Q H, B̃ = Q̃ H̃ = (Q + �Q)(H + �H),

where F = R or C. �B is restricted to F for B ∈ F.
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Denote the singular values of B and B̃ as σ1 ≥ σ2 ≥ · · · and σ̃1 ≥ σ̃2 ≥ · · · , respectively.
The condition numbers for the polar factors in the Frobenius norm are defined as

condF(X) = lim
δ→0

sup
‖�B‖F≤δ

‖�X‖F

δ
, for X = H or Q.

B is multiplicatively perturbed to B̃ if B̃ = D∗
L B DR for some DL ∈ Fm×m and DR ∈ Fn×n.

B is said to be graded if it can be scaled as B = GS such that G is “well-behaved” (i.e., κ2(G) is of
modest magnitude), where S is a scaling matrix, often diagonal but not required so for the facts below.
Interesting cases are when κ2(G) � κ2(B).

Facts:

1. [CG00] The condition numbers condF(Q) and condF(H) are tabulated as follows, where κ2(B) =
σ1/σn.

R C
Factor Q m = n 2/(σn−1 + σn) 1/σn

m > n 1/σn 1/σn

Factor H m ≥ n

√
2(1 + κ2(B)2)

1 + κ2(B)

2. [Kit86] ‖�H‖F ≤ √
2‖�B‖F.

3. [Li95] If m = n and rank(B) = n, then

‖�Q‖UI ≤ 2

σn + σ̃n
‖�B‖UI.

4. [Li95], [LS02] If rank(B) = n, then

‖�Q‖UI ≤
(

2

σn + σ̃n
+ 1

max{σn, σ̃n}
)

‖�B‖UI,

‖�Q‖F ≤ 2

σn + σ̃n
‖�B‖F.

5. [Mat93] If B ∈ Rn×n, rank(B) = n, and ‖�B‖2 < σn, then

‖�Q‖UI ≤ −2‖�B‖UI

|||�B |||2
ln

(
1 − |||�B |||2

σn + σn−1

)
,

where ||| · |||2 is the Ky Fan 2-norm, i.e., the sum of the first two largest singular values. (See
Chapter 17.3.)

6. [LS02] If B ∈ Rn×n, rank(B) = n, and ‖�B‖2 < σn + σ̃n, then

‖�Q‖F ≤ 4

σn−1 + σn + σ̃n−1 + σ̃n
‖�B‖F.

7. [Li97] Let B and B̃ = D∗
L B DR having full column rank. Then

‖�Q‖F ≤
√

‖I − D−1
L ‖2

F + ‖DL − I‖2
F +
√

‖I − D−1
R ‖2

F + ‖DR − I‖2
F .

8. [Li97], [Li05] Let B = GS and B̃ = G̃S and assume that G and B have full column rank. If
‖�G‖2‖G †‖2 < 1, then
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‖�Q‖F ≤ γ ‖G †‖2‖�G‖F,

‖(�H)S−1‖F ≤
(
γ ‖G †‖2‖G‖2 + 1

)
‖�G‖F,

where γ =
√

1 + (1 − ‖G †‖2‖�G‖2
)−2

.

Examples:

1. Take both B and B̃ to have orthonormal columns to see that some of the inequalities above on �Q
are attainable.

2. Let

B = 1√
2

[
2.01 502

−1.99 −498

]
= 1√

2

[
1 1
1 −1

] [
10−2 2

2 5 · 102

]

and

B̃ =
[

1.4213 3.5497 · 102

−1.4071 −3.5214 · 102

]

obtained by rounding each entry of B to have five significant decimal digits. B = QH can be read
off above and B̃ = Q̃ H̃ can be computed by Q̃ = Ũ Ṽ∗ and H̃ = Ṽ�̃Ṽ∗, where B̃ ’s SVD is
Ũ �̃Ṽ∗. One has

SV(B) = {5.00 · 102, 2.00 · 10−3}, SV(B̃) = {5.00 · 102, 2.04 · 10−3}

and

‖�B‖2 ‖�B‖F ‖�Q‖2 ‖�Q‖F ‖�H‖2 ‖�H‖F

3 · 10−3 3 · 10−3 2 · 10−6 3 · 10−6 2 · 10−3 2 · 10−3

Fact 2 gives ‖�H‖F ≤ 3 · 10−3 and Fact 6 gives ‖�Q‖F ≤ 10−5.
3. [Li97] and [Li05] have examples on the use of inequalities in Facts 7 and 8.

15.4 Generalized Eigenvalue Problems

The reader is referred to Section 43.1 for more information on generalized eigenvalue problems.

Definitions:

Let A, B ∈ Cm×n. A matrix pencil is a family of matrices A − λB , parameterized by a (complex) number
λ. The associated generalized eigenvalue problem is to find the nontrivial solutions of the equations

Ax = λBx and/or y∗ A = λy∗ B ,

where x ∈ Cn, y ∈ Cm, and λ ∈ C, and (x, λ, y) is called a generalized eigentriplet.
A − λB is regular if m = n and det(A − λB) ��= 0 for some λ ∈ C.
In what follows, all pencils in question are assumed regular.
An eigenvalueλ is conveniently represented by a nonzero number pair, so-called a generalizedeigenvalue

〈α, β〉, interpreted as λ = α/β. β = 0 corresponds to eigenvalue infinity.
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A generalized eigenpair of A − λB refers to (〈α, β〉, x) such that β Ax = αBx, where x �= 0 and
|α|2 + |β|2 > 0. A generalized eigentriplet of A − λB refers to (y, 〈α, β〉, x) such that β Ax = αBx and
βy∗ A = αy∗ B , where x �= 0, y �= 0, and |α|2 + |β|2 > 0. The quantity

cond(〈α, β〉) = ‖x‖2‖y‖2√|y∗ Ax|2 + |y∗ Bx|2

is the individualconditionnumber for the generalized eigenvalue 〈α, β〉, where (y, 〈α, β〉, x) is a generalized
eigentriplet of A − λB .

A − λB is perturbed to Ã − λB̃ = (A + �A) − λ(B + �B).
Let σ (A, B) = {〈α1, β1〉, 〈α2, β2〉, . . . , 〈αn, βn〉} be the set of the generalized eigenvalues of A−λB , and

set Z = [A, B] ∈ C2n×n.
A −λB is diagonalizable if it is equivalent to a diagonal pencil, i.e., there are nonsingular X, Y ∈ Cn×n

such that Y ∗ AX = �, Y ∗BX = �, where � = diag(α1, α2, . . . , αn) and � = diag(β1, β2, . . . , βn).
A − λB is a definite pencil if both A and B are Hermitian and

γ (A, B) = min
x∈Cn ,‖x‖2=1

|x∗ Ax + ix∗ Bx| > 0.

The same notation is adopted for Ã − λB̃ , except all symbols with tildes.
The chordal distance between two nonzero pairs 〈α, β〉 and 〈α̃, β̃〉 is

χ
(〈α, β〉, 〈α̃, β̃〉) = |β̃α − α̃β|√|α|2 + |β|2

√
|α̃|2 + |β̃|2

.

Facts:

1. [SS90, p. 293] Let (y, 〈α, β〉, x) be a generalized eigentriplet of A−λB . [�A, �B] changes 〈α, β〉 =
〈y∗ Ax, y∗ Bx〉 to

〈α̃, β̃〉 = 〈α, β〉 + 〈y∗(�A)x, y∗(�B)x〉 + O(ε2),

where ε = ‖[�A, �B]‖2, and χ
(〈α, β〉, 〈α̃, β̃〉) ≤ cond(〈α, β〉) ε + O(ε2).

2. [SS90, p. 301], [Li88] If A − λB is diagonalizable, then

max
i

min
j

χ
(〈αi , βi 〉, 〈α̃ j , β̃ j 〉

) ≤ κ2(X)‖ sin �(Z∗, Z̃∗)‖2.

3. [Li94, Lemma 3.3] (Sun)

‖ sin �(Z∗, Z̃∗)‖UI ≤ ‖Z − Z̃‖UI

max{σmin(Z), σmin(Z̃)} ,

where σmin(Z) is Z’s smallest singular value.
4. The quantity γ (A, B) is the minimum distance of the numerical range W(A + i B) to the origin

for definite pencil A − λB .
5. [SS90, p. 316] Suppose A − λB is a definite pencil. If Ã and B̃ are Hermitian and ‖[�A, �B]‖2 <

γ (A, B), then Ã−λB̃ is also a definite pencil and there exists a permutation τ of {1, 2, . . . , n} such
that

max
1≤ j≤n

χ
(〈α j , β j 〉, 〈α̃τ ( j ), β̃τ ( j )〉

) ≤ ‖[�A, �B]‖2

γ (A, B)
.

6. [SS90, p. 318] Definite pencil A − λB is always diagonalizable: X∗ AX = � and X∗ B X = �, and
with real spectra. Facts 7 and 10 apply.
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7. [Li03] Suppose A − λB and Ã − λB̃ are diagonalizable with real spectra, i.e.,

Y ∗ AX = �, Y ∗ B X = � and Ỹ ∗ ÃX̃ = �̃, Ỹ ∗ B̃ X̃ = �̃,

and all 〈α j , β j 〉 and all 〈α̃ j , β̃ j 〉 are real. Then the follow statements hold, where

� = diag(χ(〈α1, β1〉, 〈α̃τ (1), β̃τ (1)〉), . . . , χ(〈αn, βn〉, 〈α̃τ (n), β̃τ (n)〉))

for some permutation τ of {1, 2, . . . , n} (possibly depending on the norm being used). In all cases,
the constant factor π/2 can be replaced by 1 for the 2-norm and the Frobenius norm.

(a) ‖�‖UI ≤ π

2

√
κ2(X)κ2(X̃)‖ sin �(Z∗, Z̃∗)‖UI.

(b) If all |α j |2 + |β j |2 = |α̃ j |2 + |β̃ j |2 = 1 in their eigendecompositions, then

‖�‖UI ≤ π
2

√
‖X‖2‖Y ∗‖2‖X̃‖2‖Ỹ ∗‖2‖[�A, �B]‖UI.

8. Let residuals r = β̃ Ax̃ − α̃B x̃ and s∗ = β̃ỹ∗ A − α̃ỹ∗ B , where ‖x̃‖2 = ‖ỹ‖2 = 1. The smallest
error matrix [�A, �B] in the 2-norm, for which (ỹ, 〈α̃, β̃〉, x̃) is an exact generalized eigentriplet
of Ã − λB̃ , satisfies ‖[�A, �B]‖2 = ε, where ε = max {‖r‖2, ‖s‖2}, and χ

(〈α, β〉, 〈α̃, β̃〉) ≤
cond(〈α̃, β̃〉) ε + O(ε2) for some 〈α, β〉 ∈ σ (A, B).

9. [BDD00, p. 128] Suppose A and B are Hermitian and B is positive definite, and let residual
r = Ax̃ − µ̃B x̃ and ‖x̃‖2 = 1.

(a) For some eigenvalue µ of A − λB ,

|µ̃ − µ| ≤ ‖r‖B−1

‖x̃‖B
≤ ‖B−1‖2‖r‖2,

where ‖z‖M = √
z∗ Mz.

(b) Let µ be the closest eigenvalue to µ̃ among all eigenvalues of A − λB and x its associated
eigenvector with ‖x‖2 = 1, and let η = min |µ̃ − ν| over all other eigenvalues ν �= µ of
A − λB . If η > 0, then

|µ̃ − µ| ≤ 1

η
·
(‖r‖B−1

‖x̃‖B

)2

≤ ‖B−1‖2
2

‖r‖2
2

η
,

sin ∠(x̃, x) ≤ ‖B−1‖2

√
2κ2(B)

‖r‖2

η
.

10. [Li94] Suppose A − λB and Ã − λB̃ are diagonalizable and have eigendecompositions[
Y ∗

1

Y ∗
2

]
A[X1, X2] =

[
�1

�2

]
,

[
Y ∗

1

Y ∗
2

]
B[X1, X2] =

[
�1

�2

]
,

X−1 = [W1, W2]∗,

and the same for Ã−λB̃ except all symbols with tildes, where X1, Y1, W1 ∈ Cn×k , �1, �1 ∈ Ck×k .
Suppose |α j |2 + |β j |2 = |α̃ j |2 + |β̃ j |2 = 1 for 1 ≤ j ≤ n in the eigendecompositions, and set
η = min χ

(〈α, β〉, 〈α̃, β̃〉) taken over all 〈α, β〉 ∈ σ (�1, �1) and 〈α̃, β̃〉 ∈ σ (�̃2, �̃2). If η > 0,
then ∥∥∥sin �(X1, X̃1)

∥∥∥
F
≤ ‖X†

1‖2‖W̃†
2‖2

η

∥∥∥∥∥Ỹ ∗
2 (Z̃ − Z)

[
X1

X1

]∥∥∥∥∥
F

.
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15.5 Generalized Singular Value Problems

Definitions:

Let A ∈ Cm×n and B ∈ C�×n. A matrix pair {A, B} is an (m, �, n)-Grassmann matrix pair if

rank

([
A
B

])
= n.

In what follows, all matrix pairs are (m, �, n)-Grassmann matrix pairs.
A pair 〈α, β〉 is a generalized singular value of {A, B} if

det(β2 A∗ A − α2 B∗ B) = 0, 〈α, β〉 �= 〈0, 0〉, α, β ≥ 0,

i.e., 〈α, β〉 = 〈√µ,
√

ν〉 for some generalized eigenvalue 〈µ, ν〉 of matrix pencil A∗ A − λB∗ B .
Generalized Singular Value Decomposition (GSVD) of {A, B}:

U ∗ AX = �A, V∗ B X = �B ,

where U ∈ Cm×m, V ∈ C�×� are unitary, X ∈ Cn×n is nonsingular, �A = diag(α1, α2, · · · ) is leading
diagonal (α j starts in the top left corner), and �B = diag(· · · , βn−1, βn) is trailing diagonal (β j ends in
the bottom-right corner), α j , β j ≥ 0 and α2

j + β2
j = 1 for 1 ≤ j ≤ n. (Set some α j = 0 and/or some

β j = 0, if necessary.)
{A, B} is perturbed to { Ã, B̃} = {A + �A, B + �B}.
Let SV(A, B) = {〈α1, β1〉, 〈α2, β2〉, . . . , 〈αn, βn〉} be the set of the generalized singular values of {A, B},

and set Z =
[

A
B

]
∈ C(m+�)×n.

The same notation is adopted for { Ã, B̃}, except all symbols with tildes.

Facts:

1. If {A, B} is an (m, �, n)-Grassmann matrix pair, then A∗ A − λB∗ B is a definite matrix pencil.
2. [Van76] The GSVD of an (m, �, n)-Grassmann matrix pair {A, B} exists.
3. [Li93] There exist permutations τ and ω of {1, 2, . . . , n} such that

max
1≤ j≤n

χ
(〈αi , βi 〉, 〈α̃τ (i), β̃τ (i)〉

)≤ ‖ sin �(Z, Z̃)‖2,√√√√ n∑
j=1

[
χ
(〈αi , βi 〉, 〈α̃ω(i), β̃ω(i)〉

)]2 ≤ ‖ sin �(Z, Z̃)‖F.

4. [Li94, Lemma 3.3] (Sun)

‖ sin �(Z, Z̃)‖UI ≤ ‖Z − Z̃‖UI

max{σmin(Z), σmin(Z̃)} ,

where σmin(Z) is Z’s smallest singular value.
5. [Pai84] If α2

i + β2
i = α̃2

i + β̃2
i = 1 for i = 1, 2, . . . , n, then there exists a permutation � of

{1, 2, . . . , n} such that√√√√ n∑
j=1

[
(α j − α̃� ( j ))2 + (β j − β̃� ( j ))2

]
≤ min

Q unitary
‖Z0 − Z̃0 Q‖F,

where Z0 = Z(Z∗ Z)−1/2 and Z̃0 = Z̃(Z̃∗ Z̃)−1/2.
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6. [Li93], [Sun83] Perturbation bounds on generalized singular subspaces (those spanned by one or
a few columns of U , V , and X in GSVD) are also available, but it is quite complicated.

15.6 Relative Perturbation Theory for Eigenvalue Problems

Definitions:

Let scalar α̃ be an approximation to α, and 1 ≤ p ≤ ∞. Define relative distances between α and α̃ as
follows. For |α|2 + |α̃|2 �= 0,

d(α, α̃) =
∣∣∣∣ α̃α − 1

∣∣∣∣ = |α̃ − α|
|α| , (classical measure)

�p(α, α̃) = |α̃ − α|
p
√|α|p + |α̃|p

, ([Li98])

ζ (α, α̃) = |α̃ − α|√|αα̃| , ([BD90], [DV92])

ς(α, α̃) = | ln(α̃/α)|, for α̃α > 0, ([LM99a], [Li99b])

and d(0, 0) = �p(0, 0) = ζ (0, 0) = ς(0, 0) = 0.
A ∈ Cn×n is multiplicatively perturbed to Ã if Ã = D∗

L ADR for some DL, DR ∈ Cn×n.
Denote σ (A) = {λ1, λ2, . . . , λn} and σ ( Ã) = {λ̃1, λ̃2, . . . , λ̃n}.
A ∈ Cn×n is said to be graded if it can be scaled as A = S∗ H S such that H is “well-behaved”

(i.e., κ2(H) is of modest magnitude), where S is a scaling matrix, often diagonal but not required so for
the facts below. Interesting cases are when κ2(H) � κ2(A).

Facts:

1. [Bar00] �p( · , · ) is a metric on C for 1 ≤ p ≤ ∞.
2. Let A, Ã = D∗ AD ∈ Cn×n be Hermitian, where D is nonsingular.

(a) [HJ85, p. 224] (Ostrowski) There exists t j , satisfying

λmin(D∗ D) ≤ t j ≤ λmax(D∗ D),

such that λ̃
↑
j = t j λ

↑
j for j = 1, 2, . . . , n and, thus,

max
1≤ j≤n

d(λ↑
j , λ̃↑

j ) ≤ ‖I − D∗ D‖2.

(b) [LM99], [Li98]

‖diag
(
ς(λ↑

1 , λ̃↑
1 ), . . . , ς(λ↑

n , λ̃↑
n )
)

‖UI ≤ ‖ ln(D∗ D)‖UI,

‖diag
(
ζ (λ↑

1 , λ̃↑
1 ), . . . , ζ (λ↑

n , λ̃↑
n )
)

‖UI ≤ ‖D∗ − D−1‖UI.

3. [Li98], [LM99] Let A = S∗ H S be a positive semidefinite Hermitian matrix, perturbed to
Ã = S∗(H + �H)S. Suppose H is positive definite and ‖H−1/2(�H)H−1/2‖2 < 1, and set

M = H1/2 S S∗ H1/2, M̃ = D M D,

where D = [I + H−1/2(�H)H−1/2
]1/2 = D∗. Then σ (A) = σ (M) and σ ( Ã) = σ (M̃), and the

inequalities in Fact 2 above hold with D here. Note that
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‖D − D−1‖UI ≤ ‖H−1/2(�H)H−1/2‖UI√
1 − ‖H−1/2(�H)H−1/2‖2

≤ ‖H−1‖2√
1 − ‖H−1‖2‖�H‖2

‖�H‖UI.

4. [BD90], [VS93] Suppose A and Ã are Hermitian, and let |A| = (A2)1/2 be the positive semidefinite
square root of A2. If there exists 0 ≤ δ < 1 such that

|x∗(�A)x| ≤ δx∗|A|x for all x ∈ Cn,

then either λ̃
↑
j = λ

↑
j = 0 or 1 − δ ≤ λ̃

↑
j /λ

↑
j ≤ 1 + δ.

5. [Li99a] Let Hermitian A, Ã = D∗ AD have decompositions[
X∗

1

X∗
2

]
A[X1 X2] =

[
A1

A2

]
,

[
X̃∗

1

X̃∗
2

]
Ã[X̃1 X̃2] =

[
Ã1

Ã2

]
,

where [X1 X2] and [X̃1 X̃2] are unitary and X1, X̃1 ∈ Cn×k . If η2 = min
µ∈σ (A1), µ̃∈σ ( Ã2)

�2(µ, µ̃) > 0,

then

‖ sin �(X1, X̃1)‖F ≤
√‖(I − D−1)X1‖2

F + ‖(I − D∗)X1‖2
F

η2
.

6. [Li99a] Let A = S∗ H S be a positive semidefinite Hermitian matrix, perturbed to Ã = S∗(H + �H)S,
having decompositions, in notation, the same as in Fact 5. Let D = [I + H−1/2(�H)H−1/2

]1/2
.

Assume H is positive definite and ‖H−1/2(�H)H−1/2‖2 < 1. If ηζ = min
µ∈σ (A1), µ̃∈σ ( Ã2)

ζ (µ, µ̃) > 0,

then

‖ sin �(X1, X̃1)‖F ≤ ‖D − D−1‖F

ηζ

.

Examples:

1. [DK90], [EI95] Let A be a real symmetric tridiagonal matrix with zero diagonal and off-diagonal
entries b1, b2, . . . , bn−1. Suppose Ã is identical to A except for its off-diagonal entries which change
to β1b1, β2b2, . . . , βn−1bn−1, where all βi are real and supposedly close to 1. Then Ã = D AD,
where D = diag(d1, d2, . . . , dn) with

d2k = β1β3 · · · β2k−1

β2β4 · · · β2k−2
, d2k+1 = β2β4 · · · β2k

β1β3 · · · β2k−1
.

Let β = ∏n−1
j=1 max{β j , 1/β j }. Then β−1 I ≤ D2 ≤ βI , and Fact 2 and Fact 5 apply. Now if all

1 − ε ≤ β j ≤ 1 + ε, then (1 − ε)n−1 ≤ β−1 ≤ β ≤ (1 + ε)n−1.

2. Let A = S H S with S = diag(1, 10, 102, 103), and

A =

⎡⎢⎢⎢⎢⎣
1 1

1 102 102

102 104 104

104 106

⎤⎥⎥⎥⎥⎦ , H =

⎡⎢⎢⎢⎢⎣
1 10−1

10−1 1 10−1

10−1 1 10−1

10−1 1

⎤⎥⎥⎥⎥⎦ .
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Suppose that each entry Ai j of A is perturbed to Ai j (1+δi j ) with |δi j | ≤ ε. Then |(�H)i j | ≤ ε|Hi j |
and thus ‖�H‖2 ≤ 1.2ε. Since ‖H−1‖2 ≤ 10/8, Fact 3 implies

ζ (λ↑
j , λ̃↑

j ) ≤ 1.5ε/
√

1 − 1.5ε ≈ 1.5ε.

15.7 Relative Perturbation Theory for Singular Value Problems

Definitions:

B ∈ Cm×n is multiplicatively perturbed to B̃ if B̃ = D∗
L B DR for some DL ∈ Cm×m and DR ∈ Cn×n.

Denote the singular values of B and B̃ as

SV(B) = {σ1, σ2, . . . , σmin{m,n}}, SV(B̃) = {σ̃1, σ̃2, . . . , σ̃min{m,n}}.

B is said to be (highly) graded if it can be scaled as B = G S such that G is “well-behaved” (i.e., κ2(G) is
of modest magnitude), where S is a scaling matrix, often diagonal but not required so for the facts below.
Interesting cases are when κ2(G) � κ2(B).

Facts:

1. Let B , B̃ = D∗
L BDR ∈ Cm×n, where DL and DR are nonsingular.

(a) [EI95] For 1 ≤ j ≤ n,
σ j

‖D−1
L ‖2‖D−1

R ‖2
≤ σ̃ j ≤ σ j ‖DL‖2‖DR‖2.

(b) [Li98], [LM99]

‖diag (ζ (σ1, σ̃1), . . . , ζ (σn, σ̃n)) ‖UI

≤ 1

2
‖D∗

L − D−1
L ‖UI + 1

2
‖D∗

R − D−1
R ‖UI.

2. [Li99a] Let B , B̃ = D∗
L BDR ∈ Cm×n (m ≥ n) have decompositions[

U ∗
1

U ∗
2

]
B[V1 V2] =

[
B1 0
0 B2

]
,

[
Ũ ∗

1

Ũ ∗
2

]
B̃[Ṽ1 Ṽ2] =

[
B̃1 0

0 B̃2

]
,

where [U1 U2], [V1 V2], [Ũ1 Ũ2], and [Ṽ1 Ṽ2] are unitary, and U1, Ũ1 ∈ Cm×k , V1, Ṽ1 ∈ Cn×k . Set
�U = �(U1, Ũ1), �V = �(V1, Ṽ1). If SV(B1)

⋂
SVext(B̃2) = ∅, then

√
‖ sin �U ‖2

F + ‖ sin �V ‖2
F

≤ 1

η2

[‖(I − D∗
L )U1‖2

F + ‖(I − D−1
L )U1‖2

F

+‖(I − D∗
R )V1‖2

F + ‖(I − D−1
R )V1‖2

F

]1/2
,

where η2 = min �2(µ, µ̃) over all µ ∈ SV(B1) and µ̃ ∈ SVext(B̃2).
3. [Li98], [Li99a], [LM99] Let B = GS and B̃ = G̃S be two m × n matrices, where rank(G) = n,

and let �G = G̃ − G . Then B̃ = D B , where D = I + (�G)G↑. Fact 1 and Fact 2 apply with
DL = D and DR = I . Note that

‖D∗ − D−1‖UI ≤
(

1 + 1

1 − ‖(�G)G↑‖2

) ‖(�G)G↑‖UI

2
.



15-16 Handbook of Linear Algebra

Examples:

1. [BD90], [DK90], [EI95] B is a real bidiagonal matrix with diagonal entries a1, a2, . . . , an and off-
diagonal (the one above the diagonal) entries are b1, b2, . . . , bn−1. B̃ is the same as B , except for its
diagonal entries, which change to α1a1, α2a2, . . . , αnan, and its off-diagonal entries, which change
to β1b1, β2b2, . . . , βn−1bn−1. Then B̃ = D∗

L B DR with

DL = diag

(
α1,

α1α2

β1
,
α1α2α3

β1β2
, . . .

)
,

DR = diag

(
1,

β1

α1
,
β1β2

α1α2
, . . .

)
.

Let α = ∏n
j=1 max{α j , 1/α j } and β = ∏n−1

j=1 max{β j , 1/β j }. Then

(αβ)−1 ≤ (‖D−1
L ‖2‖D−1

R ‖2
)−1 ≤ ‖DL‖2‖DR‖2 ≤ αβ,

and Fact 1 and Fact 2 apply. Now if all 1 − ε ≤ αi , β j ≤ 1 + ε, then (1 − ε)2n−1 ≤ (αβ)−1 ≤
(αβ) ≤ (1 + ε)2n−1.

2. Consider block partitioned matrices

B =
[

B11 B12

0 B22

]
,

B̃ =
[

B11 0

0 B22

]
= B

[
I −B−1

11 B12

0 I

]
= BDR.

By Fact 2, ζ (σ j , σ̃ j ) ≤ 1
2 ‖B−1

11 B12‖2. Interesting cases are when ‖B−1
11 B12‖2 is tiny enough to be

treated as zero and so SV(B̃) approximates SV(B) well. This situation occurs in computing the SVD
of a bidiagonal matrix.

Author Note: Supported in part by the National Science Foundation under Grant No. DMS-0510664.
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