Available online at www.sciencedirect.com
LINEAR ALGEBRA

ScienceDirect AND ITS
APPLICATIONS

A

ELSEVIER Linear Algebra and its Applications 428 (2008) 1803-1832

www.elsevier.com/locate/laa

Vandermonde matrices with Chebyshev nodes ™

Ren-Cang Li

Department of Mathematics, University of Texas at Arlington, P.O. Box 19408,
Arlington, TX 76019-0408, United States

Received 3 February 2005; accepted 15 October 2007
Available online 4 December 2007
Submitted by V. Mehrmann

Abstract

For an N x N Vandermonde matrix Vy = (aﬂ._l)lg,-jg N Wwith translated Chebyshev zero nodes, it is

discovered that V; admits an explicit QR decomposition with the R-factor consisting of the coefficients of the
translated Chebyshev polynomials. This decomposition then leads to an exact expression for the Frobenius
condition number of its submatrix Vy y = (Ol;-_l)lgigk’lg j<N (so-called a rectangular Vandermonde ma-
trix), bounds on individual singular value, and more. It is explained how these results can be used to establish
asymptotically optimal lower bounds on condition numbers of real rectangular Vandermonde matrices and
nearly optimally conditioned real rectangular Vandermonde matrices on a given interval. Extensions are also
made for V with nodes being zeros of any translated orthogonal polynomials other than Chebyshev ones.

Similar results hold for V with translated Chebyshev extreme nodes, too, owing to that V; admits an
explicit QR-like decomposition.

Close formulas of or tight bounds on the residuals are also presented for the conjugate gradient method, the
minimal residual method, and the generalized minimal residual method on certain linear systems Ax = b
with A having eigenvalues the same as the nodes mentioned above. As a by-product, they yield positive
definite linear systems for which the residuals by the conjugate gradient method are always comparable to
the existing error bounds for all iteration steps.
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1. Introduction

Given N numbers oy, a2, ..., oy called nodes, the associated Vandermonde Matrix is defined
as
1 1 ... 1
o] o) R aN
def
W= . o A (1.1)
N—1 N—1 N—1
al az DRI aN

Vi appears naturally in polynomial interpolations [6]. For 1 < k < N, let
VN = (O[;_l)lgigkslgjgj\], the first k rows of Vy,

so-called a rectangular Vandermonde matrix. Vi n appears naturally in the best polynomial
fitting in the least squares sense, and, as we shall see later, plays an important role in analyzing
the convergence of certain Krylov subspace methods such as the Conjugate Gradient method
(CQ) for positive definite linear systems, the Minimal Residual method (MINRES) for indefinite
Hermitian linear systems, the Generalized Minimal Residual method (GMRES) for normal linear
systems. For polynomial fitting applications, the condition number! of V; y may account for the
accuracy of the computed best fitting polynomials in the worst case scenario; while for analyzing
the convergence of Krylov subspace methods, certain minimizations involving Vi n need to be
answered.

In [21], various asymptotically optimal lower bounds on condition numbers of real Viy were
established. The key idea was to use the coefficients of Chebyshev polynomials of the first kind
to arrive at lower bounds on the norms of V,, "and explicitly compute the £,,-operator norm of
Vv ! with translated Chebyshev zero nodes with the help of Gautschi’s formula [12]. Two similar
bounds were also obtained by Beckermann [3].

CG is widely used to solve a positive definite linear system Ax = b of order N. In [22], we
revisited an example of Meinardus [25], which was used to show that the following well-known
and frequently referenced error bound (see, e.g., [8,14,27,30]):

Irellat _ AT = xella

lrolla- — 1A™"DllA
was sharp, where ry = b — Axy is the kth CG residual for the kth CG approximation xi, the
M-vector norm ||z||Md§f\/m, k =k (A) = ||All2]| A" ||, is the spectral condition number,

<204 + 4.4 (12)

generic notation || - || is for either the spectral norm (the largest singular value) of a matrix or the
euclidian length of a vector, and
t+1
e V1 for t > 0, (1.3)

BN
that will be used frequently later for different . But Meinardus [25] did it only fork = N — 1, the
next-to-the-last CG iteration, for which (1.2) is an equality. In [22], we obtained a close expression
of the ratio ||ri|| 4~1/|lroll 41 forall 1 < k < N — 1 and in particular we showed that this ratio is
always within a factor of 1/+/2 of the upper bound by (1.2).

! This statement is only partially true, as often special algorithms that take advantage of its structure yield more accurately
computed results than otherwise suggested by the condition number [15].
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In this paper, we shall exploit the technique, namely, QR or QR-like decompositions of Vi n,
that was successfully used in [22], to accomplish three tasks. First we shall investigate the
conditioning of Vi y with translated Chebyshev nodes defined in Section 2 and nearly optimally
conditioned Vi y if its nodes are restricted to an interval [«, 8]. In particular we will show that
with translated Chebyshev nodes on [«, 8],

AN <ip(Vin)/pF 1 < eaN®, (1.4)

where c1, ¢2, di, dy are constants, the condition number xr(Vj, x) is defined later in (1.7), and

max{,B_l—i—\/l—l—ﬂ*z,ﬂ—i—\/l—i—ﬂz] for —a = B,
max{(w/,ﬁ_l ++1 +/3_1)2, (1 +4/1 +/3)2} for0 =a < B.

Our success in [22] relied on solving exactly a minimization problem involving Vi n with trans-
lated Chebyshev extreme nodes. As our second task in this paper, we shall solve a few similar
minimization problems, each of which relates to residuals of CG, MINRES, and GMRES on
certain linear systems and possibly gives extreme examples that are difficult for the methods. The
arguments that lead to the solutions to these minimization problems are along the lines in [22]
which only dealt with one particular case. This idea of creating extreme examples, especially for
CG, works in principle for the symmetric Lanczos algorithm for eigenvalue problems, too, and
the interested reader is referred to [20] for how this can be done. Our third task is to establish
various inequalities involving the singular values of Vi v .
By default, we denote and order the singular values of an n-by-m matrix X as

o1(X) <o(X) <--- < 0'min{m,n}(X)- (1.6)

o= (1.5)

Matrix condition numbers are usually defined for square matrices, but they can be extended
without difficulty to non-square matrices. We define X’s Frobenius condition number by

min{m,n} min{m,n}
e 1
GOE | Y 0 OP | Y (17)
=1 =l [0]( )]

The first factor in the right-hand side is just X’s Frobenius norm || X ||g. If the rank of X is less
than min{m, n}, then owyinm,n)(X) = 0 and thus kp(X) = oo. Later in Section 3, £,-condition
number « , (X) will be defined, too, for 1 < p < oo.

The rest of this paper is organized as follows. Section 2 briefly presents relevant preliminary
material related to Chebyshev polynomials of the first kind. In Section 3, a lower bound on the
£ p-condition number of Vi y with all «; € [cr, B] (a given interval) is established. This bound,
combined with later results on Vi n with translated Chebyshev nodes, lead to asymptotically
optimal lower bounds in (1.4) and (1.5) for the case —« = B and the case «f > 0. Section 4 is
devoted to Vi n with translated Chebyshev zero nodes, while Section 5 to Vi y with translated
Chebyshev extreme nodes. Possible extensions to Vi x with translated zeros of an orthogonal
polynomial are outlined in Section 6. Finally we give some conclusions in Section 7. Some of
the proofs for theorems in Sections 4 and 5 are quite long and tedious and thus are postponed to
Appendixes A and B.

Notation. Throughout this paper, C"*" is the set of all n x m complex matrices, C" = C"*!,
and C = C!. Similarly define R"*™, R", and R except replacing the word complex by real. I,
(or simply [ if its dimension is clear from the context) is the n x n identity matrix, and e; is its
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jth column. X < Y for two Hermitian matrices means that ¥ — X is positive semidefinite. The
superscript takes conjugate transpose while “-T” takes transpose only.

We shall also adopt MATLAB-like convention to access the entries of vectors and matrices.
i : jisthesetof integers fromi to j inclusive. For vector u and matrix X, u(jyisu’s jthentry, X(; ;)
is X’s (i, j)th entry, diag(u) is the diagonal matrix with (diag(u))(j, j) = uj); X’s submatrices
X(k:t,i:j)» Xk:e,:)» and X, ;. ) consist of intersections of row k to row £ and column i to column
J, row k to row £, and column i to column j, respectively.

L& ] is the largest integer that is no bigger than &; while [£] is the smallest integer that is no

koo

less than &. Z’/ means the first term is halved, while for Z; both the first and last terms are
halved.

Some of the estimates for condition numbers in this paper are not intended to be best possible
but rather to correctly show their asymptotical speeds as k and N go to oo. For this purpose, we
shall use

N
ak, N~by, y to mean that there are constants ¢, ¢3, d1, and d» such that
NN < ap n/bev < caN®?; and ag y ~ by y if agn/bk.y — 1ask, N — oo.

2. Chebyshev polynomials

The mth Chebyshev polynomial of the first kind is

T,n(t)=cos(marccost) for |t| <1, 2.1
1 m 1 m
=§Q+Jﬁfﬁ +§Q— ﬂ—Q for 7] > 1. 2.2)

It frequently shows up in numerical analysis and computations because of its numerous nice
properties, for example |7, ()| < 1 for |¢| < 1 and |T,,(¢)| grows extremely fast for |¢| > 1. It
can be verified (see, e.g., [22])

141
w ()] =
I—t

Given two (real or complex) numbers @ # 0 and t, the mth Translated Chebyshev Polynomial in
z of degree m is defined by

t+1 1
o (:_1)‘:5[41;”417’”] for 1 #1 > 0. 23)

T (2 0. 7) E Ty (2/w + 1), 24)
= ammz" + am—lmzm_1 + -+ aimz + aom, (2.5)

where aj,, = ajm(w, T) are functions of w and 7. Their explicit dependence on w and 7 is often
suppressed for convenience. Define

2j—1
Chebyshev zero nodes:  tj, = cos8jy, Ojm = 12 m, 1 <j<m, (2.6)
m
Chebyshev extreme nodes: 7, = cos @y, Ujm = in, 0<j<m. 2.7
m

It can be seen that ¢, (1 < j < m) are the zeros of T;,(¢), and 7, (0 < j < m) are the extreme
points of 7,,,(¢) in [—1, 1]. Define accordingly



R.-C. Li / Linear Algebra and its Applications 428 (2008) 1803-1832 1807

tr

Translated Chebyshev zero nodes: Lim = wtm—1), 1<j<m, (2.8)
Translated Chebyshev extreme nodes: r]trm =o(tjm—1), 0<j< (2.9)
Let upper triangular R,, € C"*™, a matrix-valued function in w and 7, be
app 4ol  apz v+ aom—1
aip arz - Aaim-—1
Ry = Ry (0, 1) ap o -1 || (2.10)
Am—1m—1

i.e., the jth column consists of the coefficients of T;_;(z; w, 7). In [21], we defined S, ,(w, T)
as
1/p

m
SmsP(a)’ T) = Z |ajm|p for 1 < p < 0.

Also explicit formulas were found” for p = 1 and = 0:

1(1 1 "
Sm,l(wsO)ZTm(l/w)NE(m‘f“/l—FW) , (2.11)

where 1 = 4/—1, and for all real T with |7| > 1

Sm1(w, T)=Tn(t| + 1/|w])

1 1 1 2
~= (—+|r|>+ (—+|r|> -1 . (2.12)
2 3] |w]

In particular for |7| =

Smi(w, 1) ~ = [\/ \/ 2|a)|:| . (2.13)

No explicit formulas or tight bounds are known for other 7, however. For p # 1, Sy, (@, )
relates to S,,.1(w, T) by inequalities

(m 4+ D7 S 1(@.7) < Spp(@. DS, 1 (@, 7). (2.14)
[m +1)/2177 $01(©, 0) < S, p(@, 0)< S, 1 (@, 0), (2.15)

where 1/p 4+ 1/p’ = 1 which will be used to define p’ throughout the later sections.
In the rest of this paper, by default, @ # 0 and t are two prescribed (real or complex) numbers,
but when there is an interval [«, 8] in the context, they are given by
P o ¢=_%TF (2.16)
B—oa

w =

2 Although in [19] these formulas were established with an interval [«, 8] in the context (see (2.16)), the proofs there
can be easily modified for @ and t that have nothing to do with any interval [«, 8].
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The linear transformation

_z 2 _ot—}-ﬁ
I(Z)—w+f—ﬁ_a(z 2) @.17)

maps z € [«, 8] one-to-one and onto ¢ € [—1, 1].

3. Lower bounds for «, (Vi n)

This section concerns Vy with all @ € [, B] but otherwise general. The results will be used
in the later sections.

We start by defining the £, vector and operator norm. Given 1 < p < oo, the £,-norm of
n-vector u and the £ ,-operator norm of matrix X are defined as

: v 1 Xul
u
lullp = lugl? , IX||, = max ——=.
p ; ) p w0 [lull,
It can be proved that || X ||, = ||XT||pr; see, e.g., [18]. Define?
T
det . WV nullpy def IIVinllp
lub, (Vk, )= min ——, Kp(Vk N) = —————. 3.1
? ut0  Jull, g lub, (Vi.n)

Such definition is unlikely new, and is consistent with the case for p = 2 and the square matrix
case. In fact luba (Vi v) = 01(Vi nv), Vk.n’s smallest singular value, and for k = N, it can be
shown that lub, (V) = ||V 'II5 .

Theorem 3.1. For Vi y with all nodes o € [a, B], we have

lub, (Vi n) < N (3.2)
k,N XxXs 5 .
b Sk—1,p (@, T)
Sk—1,p/ (@, T)
Kp (Ve n) = Vi w | p——2——, (3.3)

N1/P

where w and t are defined as in (2.16).

Proof. Letv be the vector of the coefficients of Ty 1 (z; @, ) = Tx—1(z/w + ) suchthatv ;1) =
aji—1 for0 < j < k — 1. Then

Vi = Tici@/o+1) Tiof@/o+1) - Tiley/o+0),
which yields || VENvllp/ < N7 because | Tx—1(z/w + 1)| < 1forz € [o, B]. We therefore have
IVl _ 1Vl NP
hlly vl (Z];;g) |Clj,k—1|p/>l/p
This gives (3.2). Eq. (3.3) is the consequence of (3.1) and (3.2). O

7.

lub, (V, = mi
»(Vi,n) run;g

We now specialize Theorem 3.1 to the case —a =  or a8 > 0.

1 Xullp

3 For matrix X € CNV** and k < N, it should be defined as lub, (X) = miny Tl -
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Theorem 3.2. Let Vi y be with all nodes o € [a, B], and suppose max; |oj| > nmax{|e|, |B]}
for some 1 > n > 0.

(D) If —a = B, then

Sk-1,1(8,0)
[k/21V/P NP

1 _ k—1
NWX‘“‘“[(/S i)
k—1
Pt (5 i) } | 55)

Q) If* 0 < a < B, then

Kp(Vin) = max{1, n* =1 g&=1) (3.4)

1 ak—1,Sk=1,1(w, T)
k—1 gk—1 ,
1 k=1 Sk=1,1(B/2, 1)
k=1 gk—1y2k=1,1(P/2, 1)
Z max{l,n""" g~} P NP (3.7

1 2(k—1)
”meaX{<vﬂ‘l+v1+ﬂ‘l> ,
2(k—1)
1 (1) G3)

Proof. Since max; |a;| > nmax{|al, |B]}, we have

k—1 1/p
T ./
Vil > max | Vilye; = max (Z ot |7 )
i=0

> max{l, max |ozj|k_1}
J

> max{l, n* Ve[t p* TN B, (3.9)

Now if —a¢ = 8, then w = B and v = 0, and by (2.11) and (2.15)
Sk—1.p (B 0)=Tk/217 /7St _1.1(B. 0)

~ fk/zrl/"% <% + 1+ i)

k—1
ﬂz
This, together with Theorem 3.1 and (3.9), lead to (3.4) and (3.5).

IfO<a < B,thenw = (B — «)/2 < B/2and T < —1.Since Si_1, p (@, T) = Sk—1,p (|, I7])
and it is increasing in |7| and decreasing in |w| [21], we have by (2.13) and (2.14)

4 Any result for this case in the rest of this paper holds for the case ¢ < 8 < 0 as well.
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Skt p(@,7) Z kP8 1 (o, T)
>k~ YPS_11(8/2,1)

1 2(k—1)
ka—l/"E <‘/ﬂ—1+\/1+ﬁ—1> :
This, together with Theorem 3.1 and (3.9), lead to (3.6), (3.7), and (3.8). O

Taking n = 1 in Theorem 3.2 gives better lower bounds, and it is always possible to do so
by picking an appropriate (e.g., the smallest) [«, 8] that contains all «;. What makes us to have
such a factor 7 is that it gives us some flexibility in applying the theorem later on. One of such
occasions is for Vyy with translated Chebyshev zero nodes in the next section.

While (3.6) is for all «; € [, 8] with 0 < « and possibly a # 0, (3.7) is actually for all
aj € [0, 8] only, i.e., o = 0. Asymptotical expansions (3.5) and (3.8) are quite informative:

(1) kp(Vk,n) as a function of k grows at least exponentially;

(2) Both expressions are smallest at 8 ~ 1 which may indicate that the best «, (Vi n), or
equivalently the smallest «, (Vi n), may occur for some Vi y with max; |o ;| ~ 1. This
is indeed true; see Theorem 4.4 below.

4. Vy with Chebyshev zero nodes

In this section, Vy has the translated Chebyshev zero nodes o = t}rN (1 <j<N),except
possibly in Theorem 4.4. Set

To(t1n) To(on) -+ To(tnn)
et | Titin) Ti(ay) -+ Ti(tww)
N = . . ) 4.1
Ty—1(tin)  Tn-1(on) -+ Tn-1(tnN)
Then
VIRy =Ty 4.2)
and it can be verified that [10, pp. 34-35]
T Ty = (N/)I', IT=diag2™',1.1,..). (4.3)

Here IT € RV*V . In what follows, we shall let IT have a generic dimension determined by the
context. Notice that T, is real while Vy and Ry may be complex if w or 7 is. Egs. (4.2) and (4.3)

essentially give a QR decomposition for Vg after normalizing T'p;’s columns to have unit norm.

T
Extracting the first k columns from both sides of VI = Ty R;ll yields the following theorem.

Theorem 4.1 [20]. Let Vv have the translated Chebyshev zero nodes oj = t}rN(l <j<N)
defined by (2.6) and (2.8) with arbitrary w # 0 and t, and let upper triangular Ry be defined

T
as in (2.10) and Ty, as in (4.1). Then V¥, = Ty yR;", where Ty y & (Ty) iy is Tyy's first k
rows.
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4.1. Condition number kg (Vi )
Let Vk, ~ be its complex conjugate. By Theorem 4.1, we have’
VinViy = RO T,y Ty yRY
kNViN = B L Nk N

_ T _
=R (T Ty) (ko Ry

= (N/DR TR, (4.4)
(VinViy) ™' = @/N)R IR}, (4.5)
Consequently,
2 N k]
Z[Uj(vk,N)] = 5 trace (Rk *IT lel)
j
N2 p-1|?
=3 |meee], “9
m
1 - = Hn_qu*
7 Lo (Vien)] :
) k—1
= NZ/ Sja@, )] 4.7
j=0

Eg. (4.6) involves R, ! making it a little hard to use without inverting Ry first. We might be better

off by using /Zj[aj(Vk,;\z)]2 = ||Vk.~llr when it comes to estimate || Vi n|lr. Nevertheless it
relates the singular values to the coefficients of T (z; w, T) in a nontrivial way.

Theorem 4.2. Let Vi, y have the translated Chebyshev zero nodes defined by (2.6) and (2.8) with
arbitrary w # 0 and t. Then

k—1

2
ke (Vew) = 1Velle | D" [Siat@. 0]

j=0

While this theorem does not require any interval in the context, previously similar estimates
(bounds) for the condition numbers of Vi y were done for o = ttr on [, 8] only with either
—a=pBoraf >0,k =N, and «,(Vy) for p = oo in Gautschi [12] and forall 1 < p < ooin
Li [21]. We shall now estimate kp(Vi, n) forall 1 <k < N.

5 One can also have
_ —1,_ _
VinViy = W/ 2RTIT'REY (i wVE ™ = @/N)R(IIR].

Although they are very similar to (4.4) and (4.5) but can be quite different because w and/or 7 and thus V} x may possibly
be complex. Whether these two identities have any use remains to be seen.
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Lemmad4.1. Leto; = t" (1< j<N)onla, B]l. Then max; |oj| = nmax{|x|, |B|}, where
(52 + Peos i) ~ 1= om 2 + ONTH, if ap>0

(% + #cos 2N) ~1—= 116;;3277 +O(N™), ifaB <0,

and § = min{|«|, |B|}/ max{|«|, |B|} < 1. Consequently for 1 <k < N
1 {1 a2+ Ok = PN, if ap >0,
nl~

16N2
T] =

16N2
1= &0 72 4 (k= 12N, ifap <0
Proof. The expression for 7 is the consequence of
i B—«a 2j—1 B+
;er:a)(th—r): 5 cos N T+ 7
The asymptotical expansion for 7¥~! can be gotten through expanding exp((k — 1)Inn). O

With this lemma, we have

Vi v llr <~kN max{l, max|t |k 1}

~ kN [max{L, |e, B}, 4.8)
I Vie, v llF > max{1, mjax|r VI
~[max{l, |, B} 4.9)
Together they imply
2 N _
> o)) = IVion e~ [max {1, fo|, B! (4.10)
J
By (2.14), (4.10), and Theorem 4.2, we have
k—1
N _
iep (Vi n)~ [max{1, [a, |B}1 D 8) 1 (0, 7). (4.11)
Jj=0

Theorem 4.3. Let Vi n have the translated Chebyshev zero nodes on [a, B].
(D) If —ax = B, then

kr (Vi) ~max (1, B Se-1.1 (8. 0) (4.12)

k—1
N 1 1 k—1
~max (E-i-‘ll-i-p) ) </3+ 1+:32> . (4.13)

Thus those Vi ny with —a = B = 1 are nearly optimally conditioned among all Vi y with
the translated Chebyshev zero nodes on [—f, B].
Q) If0 <o < B, then

ke (View) ~max (1, B8, 11 (. 1) (4.14)
>max{l, B Sk—11(8/2, D).
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In particular, if 0 = o < B,

ke (Viev) ~max max{1, 51}, 11 (B/2. 1)

,]y,max {<\/F+ W)Z(kl) ’ (1 N m)Z(k—l)} .
(4.15)

Thus those Vi y with B =~ 1 are nearly optimally conditioned among all Vi n with the
translated Chebyshev zero nodes on [0, ].

Proof. For the case —a = 8, w = B and t = 0, and thus we have (4.12) and (4.13) by (4.11) and
(2.11). For the case ¢ > 0, use (4.11) and (2.12) to complete the proof. [

Since kr(Vy) ’A‘/’KP(VN), all (4.12)—(4.15) for k = N can be deduced from results in [21].
They, in fact, together with Theorems 3.1 and 3.2 for k = N were the foundation in [21]. Now we
have similar conclusions for all Vi y with arbitrary nodes in [¢, 8] for all k. They are summarized
in the following theorem, with the help of Theorem 3.2.

Theorem 4.4. If —a = B or aff > 0, then subject to all o € [a, B] and (max; |otj|)N_1/~V'
[max{lal, BNV,

. N _
min kg (Vi,v) ~ [max{1, |, |B}1*" Se_1,1(w, 1),

and thus Vi n with oj = t}rN(l < j < N) in [a, B] is nearly optimally conditioned among all
Vi.n with nodes in [a, B]. In particular, subject to the same constraints above,

. N [RHS of (4.13), for —a =8,
min (Vi v) {RHS of (4.15), for0=a < B.

Furthermore

. N _ . N _
min kp(Vi x) ~ (1 + 2571 min kp(Viy) ~ (1 + /2)26D,
ajER a;j>0

But questions such as what asymptotically optimal lower bounds and/or nearly optimally
conditioned Vandermonde matrices are for interval with —a # 8, ¢ < 0, and 8 > 0 were not
answered in [19,21]. With Theorem 4.2 here, we are one step closer as we shall explain. Answers
to both questions would be firm if we could show that the right-hand sides of (3.3) and (4.11)

were equivalent in the sense of zmvl. We suspect this would be very much true because it would
be reasonable to expect S; 1(w, T) to be (almost) nondecreasing as j increases, but we have no
proof for it for now. So we formulate a conjecture as follows, which has been known to be true
for —a = B or o > 0, by examining (2.11) and (2.12).

Conjecture 4.1. For o < 8, w and t defined as in (2.16),
k—1

N
D Sji@. 1)~ S 1@, 7).
Jj=0
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4.2. Extreme examples for CG, MINRES, and GMRES

A key component in [20,22] for devising examples to achieve the sharpness of the existing error
bound (1.2) for CG is the computation of the minimization problem min, =1 ldiag(g) VkT, vull2
for Vi y with the translated Chebyshev zero or extreme nodes on an interval. The convergence
analysis of GMRES for Ax = b with normal A ends up with the same computation, too, except
possibly with complex o;.

In this subsection we will present close formulas or tight bounds for similar minimization
problems. Extreme examples can then be devised based on them, upon noticing (4.17) and (4.19)
below.

Any normal matrix A €

A= QAQ" Q"0 = Iy, A =diag(a;, a2, ..., an). (4.16)

For CG, all o; > 0, and the kth residual r; satisfies

CN*N admits the following eigen-decomposition:

7kl 4~1 = min [|b — Ay[l4-1 [8, p. 306]
YAk

4.17)
= min [[diag(e)Viiyy yull2.  [22]
ml=
where %', = A (A, b) is the kth Krylov subspace of A on b defined as
; ’ def k—1
A=A (A, b)y=span{b, Ab, ..., A" b}, (4.18)

g=A""20*b andu € C**'. In general for GMRES with normal A, including MINRES pro-
posed in [26] for possibly indefinite Hermitian A, the kth residual ry satisfies

lrkll2= min ||b — Ay|l2  [26, 28]
yedx (4.19)

= min_ [idiag(e) Ve yull2.  [16,20,24]
ul= ’

where g = Q*b. After substituting k for k + 1, the convergence analysis in both (4.18) and (4.20)
rests on computing or estimating

Idiag(g)V,' yull2  [e] (Vi vIdiag(lghI’V,'y) ']/
gl gl

min , (4.20)
|u( 1) ‘=1
where |g| is the vector obtained by taking entrywise absolute values. In obtaining the equality in
(4.20) by Lemma 4.2 below, we have assumed that diag(g) V,I  has rank k.

In light of the CG connection in (4.18), we shall set

tr
defMax;o; 1 def B
o J% _ hnN 2L

- 4.21)
mlnj Olj o

iy
wheneverallo; = t;rN on[a, B]with0 < «, for which |T;(7)| = %[A{{ + A;j] by (2.3). For some
of the quantities in the theorems below that are undefined for ¢ = 0, they should be interpreted

as by setting @ — 0. For example, »c = +00 and 4,, = 1 when & = 0. In what follows we shall
compute the quantity in (4.20) under the following three different situations:
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D) aj = t}rN with @ # 0 and 7 arbitrary, and |g(j)| = 1(1 < j < N) for which | gll2 = VN
Q) a; = t}fN on [a, ] with 0 < @, and |g(j)| = 1/ r}rN(l < j < N) for which
AN _AZN

172
lgll2 = [WW] for 0 < a,
N'z/’B fOI'O:O[;

(3)a; =z}fN on[a, Bl with0< o, and |g(j)| = /t;fN(l < j < N) forwhich ||g|l.=+/N(a+p)/2.

(4.22)

Norm formulas for ||g||» in Items 2 and 3 above will be implied in the proofs later. Define
k—1
Do =Y |Ti(0). (4.23)
j=0
In its present general form, the next lemma was proved in [20]. It was also implied by the proof
of [16, Theorem 2.1]. See also [23].

Lemma 4.2. If Z has full column rank, then

‘ milnl | Zully = [ef (2*2) e 1712, (4.24)
uml=

Theorem 4.5. Let Vi, y have the translated Chebyshev zero nodes defined by (2.6) and (2.8) with
arbitrary w # 0 and 7, all |g(j)| = 1, and let D i be as in (4.23). Then for 1 <k < N
Idiag(e) VT yull2

min
luqy|=1 llgll2
Ifa; = t}rN on [a, Bl with0 < «, then for | <k < N

Idiag(g) V,! yull2
n —_—
lecyl=1 lgll2

= Q2o 0 V2 (4.25)

-1
Q072 = 2[4t 4 40 00]

~1
<2 [A’;—l + A;(k‘l)] . (4.26)

In particular if o« = 0, then (2<PT,1<)_1/2 =1/+/2k —1.

Proof. In (4.20), [diag(|g|*)]?> = Ix. Eq. (4.5) gives
1 2 k—1
T, T =1, _ 2 2
el (VenVin) ™ er = —laool” + NX;IaoJI : (4.27)
J:

where ap; = apj(w, T) as in (2.5) is the constant term of 7 (z/w + 7), and thus |ag;| = |T;(7)|.
This gives (4.25). For [«, 8] with 0 < «, (1.2) implies the “<” in (4.26). If « = 0, then 7 = —1
and thus all |ag;| = 1. O

Let us see how tight the existing error bound 2[A£_1 + A;(k_l)]’l is for the case in (4.26)
and 0 < «. Since k/»x — 1 as N — oo, we shall instead use a slightly larger bound 2[41’,‘{_1 +
A;(k_l)]_1 in our comparison. We have

R
RHS of (4.26) _ [3(k -b+1+ ﬁ]
LHS of (4.26) Ak=1

x
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Translated Chebyshev zero nodes on [a,] with B=1

? Translated Chebyshev zero nodes on [a,f] with =1

2.8 T T T T T T T T T : : : T T T T T
©~ =10 ' min|g . |-0.00088501, max|g, |=0.16776
_ o6l AAAAA A =10~ ) A =102min|g . |=0.00088501, max |g . |=0.16776 |
5 2 A 4y 2 1% 19)
S W g - - :
AMAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAY =]
8 24| A 1 %
o @
s =
5 221 S
g A 5
o © 3
(] 2+ =
8 )
> =
g 3 10| N=100
8 18} 38
— f=
a 3
Q 16+ K]
5 E
o 14+f g
2 )
] o
o 124
1l i i i i i i i i 100 ; ; ; ; ; ; ; ; ;
0 5 10 15 20 25 30 35 40 45 50 0 10 20 30 40 50 60 70 80 90 100
k k

Fig. 4.1. Ratios of 2(4K=1 + 4, %=D)=1 gyer minjy =1 Idiag(g) V¥ yulla/IIgll> for Vi, y with translated Chebyshev
zero nodes on [, 1] (thus 5c = 1/a); Left: all |g( ;)| = 1; Right: random g with ||g]l> = 1.

3k—n+1 2 7
sfz[ + ”1} .

AZ(k—l) AZ _
RHS of (4.26) V24, 1+ /x
LHSof (42600 ~ [0 |  2¥x

At the left of Fig. 4.1, this ratio is plotted for 1 < k£ < 50 for s = 10! and 102, respectively.
Notice the ratio quickly converges to

as k — oo.

1+ [1.655068794066460. .., for s = 10!, 428)
V2 |2459674775249768 ..., for s = 107, '

Also plotted at the right of Fig. 4.1 are the ratios
2[4 4 45 0D]
miny, =1 [|diag@) V" yull2/ 18112

where g is a random vector. It shows that the existing upper bound is still pretty good for the case,
too. This can be partially explained. Let g be as in Theorem 4.5, § € C", and

VN min; |g()| VN max; ()|
)’min = =, max — — .~
HE 1212
Then
Idiag(g) V" yulla _ ldiag@ Vvt yull2 Idiag() V,! yull2
Ynin——————— < Min e Y. (4.29)
lgll2 | =1 HE llgll2
Idiag(e) VT yull2

Since min|u(1)|:1 Rl is comparable to 2[A’;*1 + A;(k_l)]_l,the quantity in the middle
of (4.29) should be, too, unless possibly when the magnitude of |g ;)| varies too much.
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Proofs of the next two theorems are rather complicated and technical and thus will be postponed
to Appendix A.

Theorem 4.6. Let oj = t}'N on [a, Bl with 0 < a, and |g(j| = 1/ t}fN(l <j<N).IfO<a,
then we have for 1 <k < N
Idiag(g) V;! yull2
gl
where of_1, strictly decreasing in k, is given by

1 AZ(N—I) _ AZ ) 1 AZ(k—l) _ A?[N—(k—l)]
A\ o) s =T st
If a« = 0, then we have for | <k < N

lIdiag(g) V" yull2 [ k — 1]1/2
mn ——mmm = _— .
luryl=1 llgll2

-1
min, = 01 X2 [A’;—‘ + A;<k—1>] , (4.30)
wml=

N (4.31)

Theorem 4.7. Leta; = }'N onla, Blwith0 < a, and |g(j)| = r}.'N(l < j < N).IfO < «, then
we have for 1 <k < N

1 1 diag(g) VI yull2 2 1
N < min 12RI&Veyule [ 2 : 4.32)
x+1 Z@T,k +1 luyl=1 ||g||2 x+1 2¢‘[’k +1
N

where @ i is as in (4.23). If « = 0, then we have for 1 < k <

diag(g) VI u 3
min 1429@Ve yullz — (4.33)
lue 1y |=1 llgll2 k(4k=—1)

4.3. Bounds on individual singular values

Let the diagonal entries of the right-hand side of (4.5) be d; (1 < j < k). Then

k—1 k=1

2 2 .

di =~ Z’|a0,-|2, dj=~ Z laj_1i> for2 < j <k (4.34)
=0 i=j—1

By Schur’s theorem [5, p. 35], we have

Theorem 4.8. Let Vi n have the translated Chebyshﬁz zero nodes defined by (2.6) and (2.8)
with arbitrary o # 0 and t. The set of eigenvalues of (Vi n V,{T,N)_l which is {[o (Vk,;\/)]_z}];:1

majorizes {d }];:1 defined as in (4.34).

Recall our default ordering (1.6) on singular values to get
[01(Vew)]? 2 [02(Viem)] ™2 = -+ > [or(Vew)]

What the majorization in Theorem 4.8 means is if we let {d} }];=1 be the non-increasing reordering
of {d,-}’;zl, ie.,
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SNlojvim] 2> dr for1<i <k (4.35)
j=1 j=1
which can also be equivalently stated as

k k
YoV 2 <Yy d} for1 <i <k. (4.36)
j=i j=i

Corollary 4.1. Under the conditions of Theorem 4.8,

~1/2
k
oi(Vin)> | Y dy for 1 <i <k, (4.37)
j=i
. —1/2
G2 zaven=| D d | . (4.38)
j=1

Proof. Eq. (4.36) implies
k
[o; (Vi) T2 <Y dp for 1 <i <k,
j=i
which yields (4.37). Take i = 1 in (4.35), combining with (4.37) fori = 1, to get (4.38). [

The lower bounds in (4.37) are guaranteed very sharp for i = 1 because of (4.38), but may not
be so for i # 1. Our numerical calculations for various interval [o, §] show that they are pretty
good for the first few smallest singular values, and then deteriorate as i becomes bigger. But for
max{|a|, |B|} = 1, the lower bounds are sharp for both ends of singular values (i.e., the largest
and smallest ones).

Exactly the same thing can be done with (4.4) upon extracting the diagonal entries of R, *IT -1 R,:] .
But these diagonal entries relate to the coefficients in a much more complicated way. We shall
not pursue this here.

5. Vy with Chebyshev extreme nodes

For the sake of presentation, throughout this section,

N=

n=N-—1,
and Vy will have nodes a1 = t}; for 0 < j < n as defined in (2.7). Set
To(ton) To(t1n) ce To(Thn)
af | Titwon)  Ti(tin) -+ T1(Tan)

(5.1

Ty (TOn) Ty (Tln) c Ty (Tnn)
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T
Then V; Ry = S)y. Sy is always real, while Vy and Ry may not. Let

Q=diag2 ' 1,1,...,1,27 Y e RNV, (5.2)
and define
r¥s. as), = %Q‘l. (5.3)

T
The last equality is well-known; see [2, p. 33]. Now VIE =S NRX,] . Extracting the first k columns
from both sides yields the following theorem.

Theorem 5.1 [22]. Let Viy have the translated Chebyshev extreme nodes o j1 = r]trn 0<j<n
defined by (2.7) and (2.9) with arbitrary w # 0 and t, and let upper triangular Ry be defined

as in (2.10) and Sy, as in (5.1). Then V,{T’N = SZ’NRk_l, where Sk’N = (Sy) ik, Is Sy s first k
rows.

5.1. Condition number kg(Vi n)

A rough bound for ¥ = (n/2)Q ' is

%IN < T <nly, (5.4)
which is probably good enough for most occasions. Eq. (5.4) implies immediately

n 1 —1 2

Elk = Yk, 1:6) X 0, ;Ik = [Yawin] = ;Ik~ (5.5)

By Theorem 5.1, similarly to the derivations in (4.4) and (4.5), we have®
VenQVTy=R;*S, yOS; R}
=R,:*(SNQS1TV)(1:k,1:k)R,:1
=Rk_*T(1:k,1;k)Rk_l, (5.6)
(Vk,NQVkT,N)_l =Ry [T(I:k,l:k)]q R;. (5.7)

Since (1/2)Iy < 2 < Iy and (5.5), we have

17 VI, < Ven@vi, <Vinvl
2 kKNVEN = VEN kN = VkNYEN>

n - - - el —_— —_—
ERk Rt < RO Yawan R <nR7*R,

— T -1 — T -1 — T -1
(Viwvity) = (Vewevly) =2 (Viwvily)

S

1 -1
;RkRZ = Re[Yawam]  RE = =ReRE.
6 Again one can also have
Vi nQVY = m/RTY RL (v QvE D)™ = @/n) R —IRT
kL NSEVE Ny = /2R Yk 1o Ry (Ve nE2Ve n) C/MRe[ Y1k, 1001 Ry
similarly to (5.6) and (5.7).
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Consequently,
nol—1|? 2 —1)?
Hac < Sl <2
J
1 k—1 1 2kfl
— Y [Sj2@, )P <Y ———= <2 [Sj20, D)% (5.9)
2nj§ 2 ;[ojwk,m]z ”;o )2

Theorem 5.2. Let Vi n have the translated Chebyshev extreme nodes r;; defined by (2.7) and
(2.9) with arbitrary w # 0 and t. Then

k—1 k 1
Vil Z[S,z(w DR < kp(Vew) < Ve e Z[S,zuo O,
] =0

As what we did for Theorem 4.2, we may specialize this theorem onto interval [«, 8] with
—a = B or ¢ff > 0 in almost the same way to conclude that Theorems 4.3 and 4.4 remain true
with all occurrences of the translated Chebyshev zero nodes replaced by the translated Chebyshev
extreme nodes. Detail is omitted.

5.2. Extreme examples for CG, MINRES, and GMRES

Vi here provides another example to achieve the sharpness of the existing error bound for CG,
as well as many examples with closed formulas for or tight bounds on MINRES and GMRES
residuals. We shall compute or estimate

Idiag(g) VI yull>  [ef (Vi n[diag(lgh1* V) ~Ter]171/2
min : = : (5.10)
lugy =1 gl gl

under the following three different situations. In obtaining the equality in (5.10) by Lemma 4.2,
we have assumed that diag(g) VkT,  has rank k. Similarly to (4.21), we also define « and s, but
now the two are equal:

tl’ tr
max ;
def itin T def B
—fr = g=x=, (5.11)
min; T, Tay o

whenever o1 = r on [a, B] with 0 < «, for which |Tj(7)| = %(A;ﬁ + A,:j).

D ajy = r w1th o # 0 and 7 arbitrary, and for 1 < j < N

I8l = m (5.12)

for which | gll2 = /7;
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Q) aji = ‘L’ on [«, ] with 0 < «, and

m, for j € {0, n}, (5.13)

2/, for1<j<n—1

Jn’

g+l =

for which [22]

no At A7 V?
”g”Z:I:wm An_ —n] >

B aji1 = r" on [, 8] with 0 < «, and

tr .
/T, for j € {0, n},
s+l =1V = . (5.14)
/ZIj;, forl1<j<n—1

for which ||g]l2 = +/n(a + B).

Note the case for (5.13) has already been dealt with in [22]. Define
YT (P, forl <k <n,
llUr k=

(5.15)
YA T2, fork = N.

Theorem 5.3. Let Vi n have the translated Chebyshev extreme nodes defined by (2.7) and (2.9)
with arbitrary w #+ 0 and t, and let g be as in (5.12). Then for 1 <k < N

min Idiag(e) Vel = Q¥ 02 (5.16)
luayl=1 \/ﬁ ’
Ifaj = r}:z on [a, Bl with 0 < «, then for1 <k < N
- I diag(g) V! yull2
[uqyl=1 ﬁ
In particular if o« = 0, then (2‘I’T,k)71/2 =1/2k —1for1 <k <nand1/v2n fork =N

Q¥ ) = <2k 4 A7kt (5.17)

Proof. Note [diag(|g|)]> = Q. By (5.7) and (5.10), we have

‘mm Idiag(g) Vi yullz = [ef (Vi nQVEy) ey 71/
uel

= [y* [T(l:k,l:k)]_ y1=12,

where y € CF and y(j+1) = aoj = T;(t). This gives (5.16). Eq. (5.17) follows from (5.16) and
the existing CG error bound (1.2). If « = 0, then T = —1 and thus all |ag;| =1. O

Li [22] obtained the following theorem in which (5.18) for k = N is due to [25].

Theorem 5.4 [22]. Let0 <o < B, g € RN as in (5.13), and Vi n have the translated Chebyshev
extreme nodes. Then for 1 <k < N
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5 Translated Chebyshev extreme nodes on [1/«,1] 145 Translated Chebyshev extreme nodes on [1/k,1]
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Idiag(e) V" yll2

Fig. 5.1. Ratios of 2[A£*l + A,:(kfl)]*l over min“‘(l)‘:l el

in (5.12); Right: g as in (5.13).

,where aj | = r}rn on [1/«, 1]. Left: g as

Idiag(g) V,§ yull2 4
min M =pr_1 X2 [Ai—l + A;(k_l)] , (5.18)
luyl=1 ligll2
where
1 1 24" 1 A20=1) | 42ln—(k=D]
<5\t )< PP =5 = —; L < 1. (5.19)
2 2 AKn +1 2 A/(n +1

Fig. 5.1 plots the ratio of 2[4~ + 4 *~D]~! over (5.10) for a1 = =i, on [1/i, 1] with
two different g. It is interesting to notice a sudden drop at k = N for g as in (5.12), and for g as
in (5.13), the ratio is one at k = 1 and N and for all other k the ratios is no bigger than ﬁ, as
guaranteed by Theorem 5.4. Proof of the next theorem is given in Appendix B.

Theorem 5.5. Let 0 < o < B, g € RN as in (5.14), and Vi n have the translated Chebyshev
extreme nodes. If 0 < o, we have for 1 <k < N

Idiag(g) V! yull2 _ [
ligll2 k+1

1 —1/2
Kk+1

89
53]

-1z, (5.20)

~
Ju(pyl=1

where Z =2V +14+n VYerisasin(5.15)andn =0fork < nandn = |Ty (7)|? fork = N.
In particular, if « = 0, then we have

diag(g)V,l v u 3
- l[diag(g)Vy yull2 _ : Forl<k<n,
luecry =1 llgll2 k(4k=—1)

and it is zero fork = N.

(5.21)
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5.3. Bounds on individual singular values

Let the diagonal entries of Rk[T(l:kyl;k)]_l R} be
8j =] RilY(xia)] ™ Riej for 1 < j <k (5.22)
By Schur’s theorem [5, p. 35], we have

Theorem 5.6. Let Vi n have the translated Chebyshev extreme nodes defined by (2.7) and (2.9)
with arbitrary o 0 and t. The set of eigenvalues of (V;{,I\/QVkTJ\,)_1 which is

{[oj(Vk,NQl/z)]—2}.1;:1 majorizes {3 }ﬁzl defined as in (5.22).
Let the nonincreasing re-ordering of §;’s be 8} ’s, i.e.,
st>88 > 8t

Theorem 5.6 implies, upon noticing \/»a](Vk N) <0 (Vik,nQ2 /2) <o (Vk,N)

i

> [oj(Vew)]” Zﬁ for 1 <i <k, (5.23)
j=1

k k

o] P< Y 8h for1<i <k (5.24)
Jj=i j=i

Corollary 5.1. Under the conditions of Theorem 5.6,

. —-1/2
oi(Vin)= | Y 8} for1<i <k, (5.25)
J=
—-1/2
Valst1" = '
o] ez | Y8 (5.26)

Proof. Eq. (5.24) implies
k
(o7 (Vi) > < ) 8) for 1 <i <k,
j=i
which yields (5.25). Take i = 1 in (5.23), combining with (5.25) for i = 1, to get (5.26). U

Our comments at the end of Section 4.3 apply here, too.
6. Vy with other orthogonal polynomial zero nodes

Part of the material in Section 4 can be naturally extended to Vy whose nodes are the zeros of
the nth translated orthogonal polynomial from any orthogonal polynomial system. We shall only

provide an outline here. Let p;(¢), j =0, 1,2, ..., denote a sequence of normalized orthogonal
polynomials with respect to some weight function w(#) on an interval which may be open, half
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open, or closed. For a list of well-known orthogonal polynomials such as 7, Legendre polyno-
mials, etc., the reader is referred to [7, p. 57] or any books on orthogonal polynomials. Orthogonal
polynomials have many beautiful properties. Useful to us here is that p,, () is guaranteed to have

exactly m distinct zeros’ tim» j = 1,2,...,m,in the interval, and [13]
— 1 if
, r=s,
" kDo () s tjm) = {0 derie,  for0<rs<m—1 ©.1)
a ) ,

as the result of the fact that the Gaussian quadrature formula

/ POWNAE XY 0 (tjm)

j=1

is exact for all polynomials of degree no higher than 2m — 1 and

/p,([)ps(t)w(t)dt =0 forr#sandlforr=s,

where the integral is taken over the support of w(t), wj, are Christoffel numbers for p,,. For
numerical values of the nodes and Christoffel numbers for various orthgonal polynomials, the
reader is referred to [1].

Given w # 0 and 7, define translated orthogonal polynomials by

def
Pm(z; @, T) = pm(z/0 + 1),
_ m m—1
=ammZ " + Am—1m2 + -+ aimz + aom,
whose zeros are
tr

tjmzw(tjm_f), I1<j<m.

Let Vy be with o = t;rN and set Ry as in (2.10) but with g;; here. Define

po(tin) po(an) -+ poltnn)
awr | PN pi(ay) - piNN)
N= . . . (6.2)
PN—1(tin)  pn-1(t2n) -+ PN—1(INN)
Then V;RN = P]TV, and
PyQNPy = Iy, 6.3)
where Qy = diag(wiy, @y, .. ., wyn). Therefore V| = P,T\,Rx,l.Extracting the first k columns

from both sides yields V,E N = Pz’ Ry ! similarly to Theorem 4.1, where Py y = (Py) (1) 1s
P,,’s first k rows.

7 Up to now, ¢y, is reserved for the zeros of the mth Chebyshev polynomial of the first kind. It, along with other
previously reserved notation, will be reassigned in this section.
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Let Qx v = (2N)(1:k,1:)- We have
A2 T _ p—* T -1
Vk,NQk,NVk,N—Rk Pk,N‘kaNPk,NRk
_ T _
=Rk *(PNQNPN)(I:k,I:k)Rk :
—x p—1
=R "R, (6.4)
(VinQu,n VkT,N)_1 =RiR;. (6.5)

Upon noticing (min; w;n) I < Q¢ y < (max; wjy)Ii, we have

1 2
— IRTE< > o (V 2<—HR_1H , 6.6
ax; wn ” k ”F ][ j( k,N)] inj N k F ( )
. 2 1 2
(mjln win) |Rellg < D i P \(mjaxa).,N) | RellE - 6.7)

Now bounds on kg (Vi ) can be easily obtained in terms of g;;. For CG, MINRES, or GMRES
residuals, we have exactly
i -1/2

min_|[diag(g)Viyulla = | 3 1p; (0P , (6.8)
lwqyl= =0
where g € CV with lg(jH| = J@;N. Wemay also get bounds on individual singular value o' (Vi n),
following the lines of previous sections. For the similarity reason, detail is omitted.

7. Conclusions

Vandermonde matrices with translated Chebyshev zero and extreme nodes are shown to have
various interesting properties, derived from simple QR or QR-like decompositions. These decom-
positions allow us to obtain the behavior of their condition numbers, and bounds on their singular
values.

This simple QR-like decomposition for Vy with translated Chebyshev zero nodes is shared
by a much larger class of Vy, i.e., those with nodes being translated zeros of any orthogonal
polynomial. Consequently we can get about the same things as what we can get for Vi with
translated Chebyshev zero nodes.

There are two immediate applications of studying Vandermonde matrices with translated
Chebyshev nodes. The first one is to establish asymptotically optimal lower bounds on condition
numbers of real rectangular Vandermonde matrices and to establish nearly optimally conditioned
real rectangular Vandermonde matrices on a given interval. Previously similar results were ob-
tained for real square Vandermonde matrices in [3,19,21], except in [19,21] where rectangular
Vandermonde matrices were discussed but the results there were not satisfactory. The second
application is their implications to the convergence analysis of CG, MINRES, and GMRES. It
is observed that superlinear convergence [4,29] often occurs for CG; while the existing error
bound [17,25] only guarantees linear convergence. Results in this paper can be used to construct
examples as in [20,22] for which errors of approximations by CG are comparable to the existing
error bounds at all iteration steps.
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Appendix A. Proofs of Theorems 4.6 and 4.7
Lemma A.l. Let Oy = 2’2‘—;/171(1 < k < N), and £ an integer. Then

N m o .
ZcoswkNZ{é D)™N, if€=2mN forsomeintegerm, (A1)

, otherwise.
k=1

Proof. This is most likely well-known and can be verified by calculations. See also [20]. [J

Lemma A.2. Let I' = diag(n +vecosOiy, ..., uw+vcosOyn), Ty as in (4.1), I as in (4.3),
and define 0, , = TNFT;FV. Then

N N
Ouy = Z(Z/,Lnil +vII'"HITY = ZH’] QuIl + vH)IT™',
where H € RNV is tridiagonal with diagonal entries 0 and off-diagonal entries 1.

Proof. For0 <i,j < N —1,

N
T f
(TNTTy) 1. 40= D _(Ty)iit1h (1 + v cos ) (Ty) k. j+1)

>~
—

Il
™M=

Ti (txn) (u + v cos Opn) T (tren)

~
I
-

I
M=

cos 0N (4 4 v cosbgn) cos jOrn

~
Il
<N

N

N
nw Z cosibgn cos jokny + v Z CoS i6k N cos Bk cos jOrn. (A.2)
k=1 k=1

So 6, = ubi+ vy 1, where

N
(©10)i+1.j41)= ) cOsifkn cos jOkn,
k=1
N
(©0,1)+1,j+1)= Z COS iBx N cos bk cos jOrn.
k=1

It is known @1 ¢ = %H -1 already in (4.3). It remains to compute @ j.
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N N N

4ZCOSi9kN cos Ok cos jory = Zcos(i +j4+ Dby + Zcos(i +j— Dby
k=1 k=1 k=1

N N
+ ) cos(i — j+ Doy + Y cosi — j — D).
k=1 k=1
Apply Lemma A.1 to conclude ®&y | = %H ~LH IT~" whose verification is straightforward, albeit
tedious. [
Lemma A.3. Let m < N and § € C such that (=251 + H) (1., 1:m) is nonsingular. Then the
first entry of the solution to (—=2&I1 + H) (1., 1:m)y = €1 is

A

_ or 1, -1},
) VE-1M D for& ¢d }
YO = —m for& =1,
m for & =—1,

where y+ = & £ /£2 — 1.

P;‘oof. This is essentially [22, Lemma 3.4] when & ¢ {1, —1}. It can be verified that y ;) =
E-lm —j+ 1) whené ==+1. O

Proof of Theorem 4.6. We use (4.20). Let

I =diag(ly, ¥y, ..., thy) = diag(u +vcosby, ..., i+ vcosbyn),
where 4 = —wt and v = w. Then

Vinldiag(gh 1PV y =V n I vy

T
e -1 T
— F e FV
(Vk—l,NF> ( k—l,N)
_(eTF_le eTVkT_LN )
" \Vicive ViawnIvye, )
. T _
where e = (1, 1, ..., 1)T. Notice VkT_l,N = Tk_l’NRk_l1 by Theorem 4.1 to get
Vk—l,Ne=Vk—1,NVkT,1,N€1
ZRIZ,T](@1,0)(1:k—1,1:k—1)Rk_,11€1
ZRE,Tl(@1,0)(1:k—1,1:k—1)61,
T -T T -1
Vk—l-,NFkal,N:Rk—lTk—l,NFTk—l,NRk—l
:R]:_Tl(@u,v)(lzkfl,lzkfl)R/:_ll7

where @, , is as in Lemma A.2. Recall®

8 This is well-known. See, e.g., [9, pp. 102-103], [31, p. 23].
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-1 — — —
<B11 BIZ> — ( Clll —C1113123221 >
By Bxn —By,' B C' By, + By, BoCy ' BiaBy' )

assuming all inversions exist, where C1; = By — 31232_21 Bj1. We have

el (Vinldiag(@) PVl et = [ — e Vi y (Ve n TV 0™ WVieivel ™,

where ¢ = eTTI'"e. But

Ty, T T -1
e Vi i nWVi—it, NIV n)™ Vi—1,ne

= e] (01.0)1k-1.1:5-1[(Op ) (1k—1.14-1)] " (O1.0) 1k —1.1%-1)€1

= Nzeir[(@u,v)(lzk—l,1:k—1)]71el-
Consider now o > 0. Then t < —1. For k < N, by Lemma A.3,
T -1, _n-LT —1
e O auk—1, 1k e1=N""e; [QuIl +vH)1x-1,14-1]" ei

[ —1
=T [(=20IT + H) (1t 14—
Nl [( )k—1,1%-1)1" e

1 yt =yt

CNo T Y
where y+ =1 /12 — 1. Since ¢ = ||g||%, we have by (4.20) and (A.3)-(A.5)

. 1/2
Idiag@Vlyula [ N Aoyt
gl PN Py

We now compute wZ+/72 — 1. Let £(z) = Tn(z/w + 7). We have

min
[ueyl=1

N
2 L__f/(O)__T](,(r)
¢ =ligll3 = ;% STl et
Recall (2.2) and [7, p. 37]
(t+\/t2— I)N— (t— 12— 1)N
12 —1

to get 2Ty (1) = vy + y and 27}, (r) = N(v} — y¥)/v/t2 — 1. Therefore,

2T}, (1) = N

El

N_

N
- Yi
ol ‘L’2—1=N—N -
2 ol 2

Eq. (A.6) now implies

. 1/2
Idiag(e) VT yulla A e L
mn =|1- 5~ = k—1 ‘
Ly ligll2 AN I ZAR B
Fort=—-B+a)/(B—a)=—-0c+1)/(x— 1),

yf—l — (_l)kflAI;;I7 V]ﬁ_l — (_l)kflA;(kfl)’

(A3)

(A4)

(A5)

(A.6)

(A7)
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and therefore

i 1/2
Idiag(g) V! yull2 AV 4 ATV ght g0
pr ==V N T @D (A.8)
luqyl=1 gl AV — AN AT A
-1
=oi1 x 2[4 0] (A.9)
where
af  RHSof (A.8)
O T AT A

(A 4 AZ0D)2 gV L poN (2D 42Dy 172
4 44l — a7

_1 (AI;;I _i_A;(kfl))(Agf(kfl) _A%[N(kl)])}l/Z
2 AN — AN
[ 1 (426D 4 aaN—t=ni 1)1

S e a] I

Since 4,, > 1, we have

1 AZ(N—I) _AZ ) 1 AZ(k—l) _A?[N—(k—l)]
T s =T s

as expected. Eq. (4.31) for « =0 can be obtained by examining the proof above upon
setting 7 = —1 and noticing Ty (=) =(=DN, T&(—l):—(—l)NNz, {:Nz/a), and

eTl(O@u ) r—1.14-p] Ty = 51 O

Proof of Theorem 4.7. Again we will use (4.20). Let I be as in the proof of Theorem 4.6. Then
Viv[diag(IgD PVl y = Vin TV y = BT (O ikt R
where @, , is as in Lemma A.2. Set y = Rgel. We have

e (Vi n[diag(e) PV ) ler=e] Rel(@u) 110 R e
N -1
=yT [—H‘l QuIl + vH) H—l] y
4 (1k.1:k)

4 4
=— =2t + H) (.1 1- ,
Nl [( + H)pan] 2

where z = y except its first entry z(1) = y(1)/2. Note y(j+1) = T;(7), and thus

k—1
1
Izl =~ + Y 1T (D) =

= Z '
j=1

Since ||g||% = Z;-Vzl w(cosbjy — 1) = —Nwt = N(a + B)/2, we have by (4.20),

1
5 + (pr,k-
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Idiag(g) VT yull2 | _1B- N
min ——————— B (=2t T + H) i)' (A.10)
(Iu(m gl T 4f+a (HEED
Wheno > 0,7 = —(x+1)/(3c— 1) < —1 and’
4
—Iv =1 = DIy < =201+ H < 2(r| + DIy = — I
which gives
x—1 1 -1
o W < (=2tlI+ H)™ < In.
Finally

. 2

1 ~ Idiag(g) vV, yull> x
————|lzll;* < | min : < llzll52
2(x+ 1) [uey|=1 llgll2 +

as was to be shown for (4.32). Now if « =0, then 7 = —1, T(1r) = (=1/, z= 1/2,—1,1
—1,..)7, and 2IT 4+ H) 4,14y = LLT, where L € R*¥ is lower bi-diagonal with the main
diagonal entries 1 and the off-diagonal entries 1. So the right-hand side of (A.10) is

3
k(4k2 1)
and (4.33) now follows. [

1 L ||
y) —lg

Appendix B. Proof of Theorem 5.5

Lemma B.1. Let Oy, = nk/n (0 < k < n), and € an integer. Then

n N, if€=2mn forsomeintegerm,
Zcoswk,, =10, iftisodd, (B.1)
1, ifliseven, butf + 2mn for anyinteger m.

Proof. This is most likely well-known and can be verified by calculations. See also [22]. [J

Lemma B.2 [22] Let I' = diag(u + v cos B¢y, 0 + vecos By, ..., L + VCOS Uy,) and define

Yy, vdﬁfS Qrs,, , where v, v € C. We have

Tyw = ZQ—l(zm +vH)Q, (B.2)

where H is the same as the one in Lemma A.2.

9 Better bounds can be obtained as follows. We note —27 11 + H = —2(t + DII + 2I1 + H), and thus

. k—1
|:(|r\71)+451n2 < (2ell + H)aim < [2(|t|71)+4sm 771] I

1
202k + 1) ] 20k+ 1)

because (211 + H)(1:x,1:k) is symmetric with eigenvalues [11] 4 sin? %n for 1 < j < k. The improvements based
upon this are more significantly for small £ and become increasingly negligible for big k.
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Proof of Theorem 5. 5 We use (5.10). Let
I=diag(zll, zf", ..., ') = diag( + v cos Do, (b + v cos D1p, - .., i+ 1 COS D),
where @ = —wt and v = w as in (2.16). Then

Vivldiag(1g) 1PV, y =2Vin QI VI
-T T —1
=2R; TS, yOTS; v Ry
=2R1:T(Tu,v)(1:k,1:k)Rk_l’

) _ 1
elT(Vk,N[dlag(|g|)]2V,3N) ley =5 TRV ) (k1401 Ri e

1 —1
== yT[ _1(2[L.Q+1)H)Q_l:| y
2 4 (1:k,1:k)

_ 2 1 1
=—2z [(2tQ 4+ H)qx,1:00] 2,
nw

where y = Rjle1,z = y exceptits firstentry z1) = yay/2fork <nandifk = N,z = yov)/2,
too. Since y(j4+1y = T} (1),

1 k-1 2 .
7+ 2 |7, if k <n, 1 1

Izl =11 Z{!—} e 2 =5+ ¥t Sn.
PO + 71 Iv@I°,  ifk=N

Since ||g||% = ZZ?ZOa)(cos Vjpn—1) — (@ + B) = —2Nowt — (¢ + B) = n(a + B), wehave by
(5.10),

. 2
_ lldiag(e)V,f yull2 18—«
min = —
luayl=1 llgll2 4B8+a
Whena > 0,7 =—(k +1)/(k — 1) < —1, and'”

2 [(=2tQ + H) k101 2170 (B.3)

2 4
Sy = (17l = DIy < —21Q+ H < 2(/| + Dly = KIIN,
- p

which gives

Kk —1 . -1
N < (2tQ+ H) < Iy.
4
Finally . 5
1 - Idiag(g) vV, yull2 K _
———zlI;* < [ min ’ < lIzll5 2,
20 + 1) g =1 lgll> K41

as was to be shown for the case @ > 0. Now if « = 0 and k < n, the right-hand sides of (A.10)
and (B.3) are the same, and thus no additional proof is needed; if « = 0 and kK = N, then the
right-hand side of (B.3) is no longer well defined because 22 + H is singular, but its left-hand

side is and it is equal to zero. To see this, we notice 7" = o = 0 and all other r}r > 0.Letv e RY

with v(;4+1)(0 < j < n) being the coefficient of t/ in

n—1
n(t) = 1‘[(rtr -0 /]
j=0

10° A5 noted previously in the proof of Theorem 4.7, slightly better bounds can be obtained, too.
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Obviously v(1) = ¢(0) = 1. It can be seen that diag(g)V;v = 0 which implies the left-hand side
of (B.3)is zero. [
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