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perturbation £ whose columns have widely varying magnitudes. When some
of E’s columns are much smaller than the others, some copies of p are much
less sensitive than any existing bound suggests. We explain this phenomenon
by establishing individual perturbation bounds for different copies of y. They
show that when Ay —pul is definite the ith bound scales quadratically with the
norm of the ¢th column, and in the indefinite case the bound is necessarily
proportional to the product of E’s ith column norm and E’s norm. An
extension to the generalized Hermitian eigenvalue problem is also presented.

Keywords: Graded perturbation, multiple eigenvalue, generalized
eigenvalue problem
2000 MSC: 15A22, 15A42, 65F15

1. Introduction

Consider the eigenvalue problem for Hermitian matrix A:

m n

A= :‘(Abil 522), Ay = pl,,, (1.1)
where the superscript “-*” takes the complex conjugate transpose of a matrix
or a vector, and I,, (or simply I later if its dimension is clear from the
context) is the m x m identity matrix. If E is a zero block, then pu is a
multiple eigenvalue with multiplicity m. In general, if E is small then A has
m eigenvalues close to p. In fact more can be said qualitatively. Let n be
the eigenvalue gap between A;; = ul and Ay defined as

= min —v|, 1.2
= min vl (1.2)

where eig(Ay) is the set of the eigenvalues of Asy, and let

e = [lEl2 (1.3)
where || - [|2 is either the spectral norm of a matrix or the fo-norm of a vector.
The main result in [1] says A has m eigenvalues 61, ..., 0, such that

2e? :

i —6;] < for 1 <7 <m. (1.4)

n+/n? +4e?
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The right-hand side of (1.4) is of second order in € if n > 0 and is never
larger than €. As confirmed by the 2-by-2 example in [1], in general these
inequalities cannot be improved without knowing more information on F
than just € = || E||2.

Suppose now that we do have additional information on F. For example,
consider the case where one of the columns of E is zero for which 0, = p
for some ¢. Can we derive bounds that reflect this — a zero column leads
to some 6; being u? A possible and quick answer can be given as follows:
first zero out the jth column of E, and then use the well-known perturbation
theorem (attributed to Lidskii, Weyl, Wiedlandt and Mirsky in various forms
2, pp.196-205]) to conclude that A has an eigenvalue 0 that differs from p by
no more than ||E(. j)||2, where E(. jy denotes the jth column of £. It obviously
implies that if £’s jth column is a zero column, then y must be an eigenvalue
of A. But there are two drawbacks to this quick answer:

1. |[E( ]2 can be potentially (much) larger than the right-hand side of
(1.4), making the estimate less favorable to (1.4).

2. This does not imply that A has m eigenvalues 6; such that |p — 6;| <
| E.j)|l2 because some of the 6 by this argument could be the same

eigenvalues of A, as mentioned in [3, Sec. 11.5].

The purpose of this article is to develop a theory that will reflect the effect
of disparity in the magnitudes of the columns of E on the eigenvalues of A,
unlike (1.4), through establishing different bounds for the m eigenvalues of
A closest to L.

For the sake of convenience, throughout this paper n and ¢ are always
defined by (1.2) and (1.3), respectively, and set

€ = [[Eiplle for 1 <5 <m, (1.5)
where {iy,1s,...,4,} is the permutation of {1,2,...,m} such that
6 <e <. ---<eg,. (1.6)
It is well-known that ¢, < ¢ < y/me,. The eigenvalues of E*FE are
Ti,Ta, - -+, Tm, arranged in ascending order:
0< << <7 (1.7)

We will also use X <Y (X <Y) for two Hermitian matrices of the same
size to mean Y — X is positive definite (semi-definite), and X > Y (X = Y)
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tomean Y < X (Y < X). In particular, X > 0 (X > 0) means that X is
positive definite (semi-definite).

Our perturbation bounds are actually presented in terms of 7;, the eigen-
values of E*E. They can be easily turned into bounds in terms of ¢;, because
of Lemma 3.1 below, in order to serve our purpose of developing a theory
that reflects the effect of disparity in the magnitudes of the columns of F.

The rest of this paper is organized as follows. We first investigate specific
examples in section 2, which provide insights into possible bounds that could
be expected. In section 3 we give our main results, in which we separately
deal with the cases where Ay — pl is definite or indefinite. For the indefinite
case, we give asymptotic estimates that are correct up to fourth-order terms,
as well as strict bounds that are slightly larger than the asymptotic estimates.
In section 4 we describe how our bounds can be extended to the generalized
eigenvalue problem. Finally we summarize our conclusions in section 5.

2. Motivational Examples

The examples below will shape our expectation on possible effects of
different magnitudes of the columns of £ on the eigenvalues of A nearest 0.

Example 2.1. Consider the 4-by-4 matrix A given by
3-107% —2.1072 1 0 ~ 0 B
b= (2-104 102) Az = (0 —1) A= (E A22> ‘

In this case A;; =0, i.e., . =01in (1.1), and n = 1. The two eigenvalues of
A closest to 0 are approximately

1.632172864323117- 1077 and  — 3.000632552828267 - 10™*, (2.1)

which are about €] = ||Eq. |3 = 1.3-107" and €5 = ||E¢.9|3 = 5.0 - 107*,
respectively. B

The inequality (1.4) says A has two eigenvalues that differ from 0 by no
more than 4.9978-10~*. This estimate is very good for the second eigenvalue
in (2.1) but not so for the first one which is about less than the square of
the estimate. The quick answer, on the other hand, says A has an eigenvalue
that differs from 0 by no more than ¢; = 3.6056-10~* and an eigenvalue from

0 by no more than e; = 2.2361 - 1072, providing even worse estimates than
by (1.4). &



Example 2.1 may lead us to believe that there are m properly ordered
eigenvalues 6y, . .., 6, of A with each difference |y — 6;| being of second order
in €; = [|E¢jll2 if n > 0. Later we will show this is indeed true if Agy — pf
is definite, but not so in the general case as we can see by the next example.

Example 2.2. Consider the 4-by-4 matrix A given by

(60 (01N ~ [0 E
b= <0 52)’ Axp = (1 0)’ A= (E AQQ)’
where both ¢; are real numbers and |d;| < 1. The characteristic equation of
Ais
M — (07 + 05 + 1)A\? + 6765 = 0,

whose two smallest eigenvalues in magnitude satisfy

2
A =\5= 10105.
0F + 03+ 1+ V/[1+ (01 + 02)°][1 + (61 — 02)7]
Thus |A|/|6162] = 14 O(67 + 63). Tt follows that the smaller |A| can be made
arbitrarily larger than O(min{d%,03}). &
3. Main Results

Throughout this section, A is Hermitian and given by (1.1). Without loss
of generality, we assume
nw=0.

Since by assumption p is not an eigenvalue of Agy, Ags is non-singular as a
result of assuming p = 0, and the gap n as defined by (1.2) now is

n=1/[|Az [l2-

For any A ¢ eig(Aas), set

(I —E*(Ap— A
xa (1 F o207

Then

K = (B0

A22 — )\]) ’
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and thus
det(A — AI) = det (—E*(Ags — AXI)7'E — M) x det(As — AI).  (3.2)
From this we see that any eigenvalue X of A not in eig(Agg) is a root of
det(—E*(Agy — M) 'E + (=M\)I). (3.3)

Recall from (1.1) that for F sufficiently small in magnitude, the eigenvalues
of A consist of two subsets: one spawned from m copies of p and another
from the eigenvalues in eig(Asz) upon being moved by E. Hence A has m
eigenvalues close to 0 and these m eigenvalues are zeros of (3.3) near 0. Note
that for |\||| Ay ||2 = |A|/n < 1 we can write (A — M) ™! = > e NAZ
so for such A we have

—E*(Ap — M) 'E+ (=M1 = =Y _NEA'E+ (=M. (3.4)
=0
Theorem 3.1. Let A be a Hermitian matriz of form (1.1) with p=0.

1. Assume e < /3/4n. Then

(a) A has exzactly m eigenvalues 0; in the open interval (—n/2,1/2),
and moreover

2¢?

n+\/m7

10;] < (3.5)
for1 <j<m;
(b) The function (3.3) has exactly m zeros in (—n/2,nm/2) and these
zeros are precisely the eigenvalues 0; of A.
2. A has m eigenvalues 0; = V; + O(e*/n?), where ¥; for 1 < j < m
are the eigenvalues of —E*Ay E. In particular, if n = O(1), then
0; =9, + O(e?).

Proof. Since 4t /(1 + /1 + 4¢2) < 1 if ¢* < 3/4, we have

22

5 oy E o \/§
— if - —.
N+ 442 2 U 4

By the main result of [1], we conclude that A has exactly m eigenvalues 6;
in the open interval (—n/2,7/2) and (3.5) holds.
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Item 1(b) is a consequence of Item 1(a), (3.2) and det(Ag — AI) # 0 for
A€ (=n/2,n/2).

The expression in (3.4) is equal to —E*A5, E + (—=A\)I, up to O(*/n?),
for [A| = O(¢%/n). Since by (1.4) A has exactly m eigenvalues no larger than
O(£%/n) in magnitude, we conclude that §; = ¥; + O(e*/n?) for 1 < j <
m. U

Example 2.1 (revisit). The eigenvalues of —E* A5, E are
1.632173307879875 - 1077,  —3.002132173307880 - 10~*

which are extremely close to the exact values given in (2.1). %

Theorem 3.1 gives asymptotic estimates for 6; in terms of ¥;. In the
subsections that follow, we will establish bounds that reflect the effect of
disparity in the magnitudes of the columns of E. To this end, we normalize
the columns of E by their ¢,-norms to get

E = EyD, (3.6)
where
D = diag([|E¢.pll2; [Ecll2: - 1 Eem ll2), (3.7a)
(Eo)s) — {§<z,j>/||E<s,j>||2, i gii #o (3.7b)
Lemma 3.1. Let 7,79, ..., 7, be the eigenvalues of E*E, arranged in as-

cending order as in (1.7), and let €; be defined as in (1.5) and (1.6). Then
7 < || Eoll3 €6 <me. (3.8)
Proof. Use 0 X E*E = DE;FEyD = ||Eo||3D? to get

T < HE0||§ D(Q‘

Zj,ij) = HEo”g 6?‘

The second inequality is due to || Eplls < v/m. O

Next, we separately consider the cases according to whether A, is definite
or not. All bounds will be given in terms of 7;. Corresponding bounds in
terms of €; can then be easily derived by using (3.8).



3.1. Positive (negative) definite Ao

Theorem 3.2. For Hermitian matriz A as in (1.1) with p = 0, suppose
e < \/3/4n. If Ay is positive (negative) definite, then A has m nonpositive

(nonnegative) eigenvalues 0y, . .., 0, arranged in ascending order satisfying
0< -6 < 27, if Ay = 0 (3.9a)
“Um—y = 9 [ ) .
< j+1 Nt it 22
27;
0<0; < J , if Ay < 0, 3.9b
T . (390

for1 <j<m.

Proof. The case in which Ay < 0 can be turned into the case in which
Ags > 0 by considering —A instead. Suppose that Az = 0, i.e., Ay is
positive definite. Set

B(t) = —E*(Ayp —tI)'E (3.10)

for t € R. By Theorem 3.1 and the assumption € < \/ﬂn, we know A has
exactly m eigenvalues in (—n/2,7/2) and these m eigenvalues are the zeros
of det (B(t) — tI) in (—n/2,n/2). Since for any ¢t € (—n/2,n/2), 0 < Agy —tI
and thus B(t) < 0; so

B(t) —tI <0 forte (0,n/2).
Therefore the m eigenvalues of A are in (—n/2,0]. Denote them by
—n/2 <6 <, <--- <0, <0.

Also denote by
M) < Xo(t) <--- < Ap(t) <0 (3.11)

the m eigenvalues of B(t) for t € (—n/2,0]. They are continuous. The
fixed points of \;(¢) within ¢t € (—n/2,0] give all the 6;. In fact, we have
A;(6;) = 6;. This is because \;(t) is a decreasing function for ¢ € (—n/2,0]
and thus A;(¢) = t has a unique solution on (—n/2,0]. Hence 6; is the jth
smallest eigenvalue of B(6;). This implies that |0;| = —6; is the jth largest
eigenvalue of —B(#;). Since

E*E
—B(9;) = E*(Agpy — 0,1 'E = ———
(6:) = B (A = ;D7 E 2 =,



’
’
7’
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Figure 3.1: The log-log scale plot of A (t) for A in (3.12)

we have
Tm—j+1 . . 2Tmfj+1
10;] < J implying |0;] <
T+ 0] DT+ /P AT

which gives (3.9a). O

REMARK 3.1. Since the right-hand sides in (3.9) are increasing as 7; does,
replacing 7; by its upper bound in (3.8) yields bounds on |;] in terms of ¢;,
the norms of E’s columns.

Example 3.1. Consider the 4-by-4 matrix A given by

3-107% —2.1072 10 ~ 0 FE*

E= (2 L1074 102) ! (0 2) A= (E A22) - (312)
In this case A1 = 0, e, p = 01in (1.1), and n = 1. The following table
displays the eigenvalues 6; of A nearest to 0, the eigenvalues 9; of —E* Ay, E,

2

and the upper bounds in (3.9) and the ones after 7; replaced by me;.

A A 275 Qme?
& s 1/ n? 47 /1 HAme]
—4.4986 - 107 | —4.5006 - 10™* | 4.9978 - 10~* | 9.9900 - 10~*
—5.4438 - 1078 | —5.4438 - 1078 | 9.7994 - 1078 | 2.6000 - 10~




Thus our bounds are remarkably sharp. Let A;(t) be as in the proof of
Theorem 3.2 for this example. Figure 3.1 we plots A; () and A\y(t) as functions
of t. The intersections with the curve for t are the eigenvalues ¢; and 6-.
Note that in Figure 3.1 A\i(¢t) and A\2(t) appear to be nearly constants. That
is because they decrease very slowly, which is a typical behavior of \;(t) when
e < n/2. In fact it can be shown that —;—z < %t(t) <0 for t € (—n/2,0] and
1<i<m. O

3.2. Indefinite Ay

Consider now that Ags — ul is indefinite. We will use the following result,
which is a direct consequence of the proof of [4, Theorem 1].

Lemma 3.2. Let W be an (-by-¢ Hermitian matriz, and let D = diag(dy, s, . . .

with |61] < |02 < -+ < |0|. Denote the eigenvalues of D*W D by wy, ..., wp
arranged such that |wi| < |wa| < -+ <wy|. Then for 1 <i </

jwil < i 100—j10545-1] [[W]l2

< [0e0i [[W]]2-

Two types of bounds will be proven for the eigenvalues 6; of interest of
A: asymptotical bounds up to O(g*), and strict bounds at a tradeoff of being
slightly larger than the asymptotic bounds if higher order terms O(e?) are
ignored.

Lemma 3.3. Let 9, for 1 < j < m be the eigenvalues of —E* Ay E arranged
such that
(| < Do < -0 < |l

Then

def 1 .
|19]| < gj = 5 1<kr<nﬂ1111j+11/7'm+1_k7'j+k_1 (313&)
1
< — /T Tjs (3.13b)
U

where 7; (1 <i < m) are the eigenvalues of E*E as in Lemma 3.1.

Proof. Inequality (3.13b) follows from (3.13a) by simply picking k& = 1 with-
out the minimization.
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We now prove (3.13a). Let £ = UXV* be the SVD of E, where U and
V' are unitary and

(diagw, N ﬁ)) |
Yy =

if n>m,
O(nfm)xm

(diag(\/nn_mrl7 VTmsn+2s -5/ Tm) Onx(m_n)) , if n <m.

Note that in the case when n < m, 7, = - -+ = 7,,_,, = 0. We have E*Ay,' E =
V X*U* Ay U XV* which has the same eigenvalues as X*U* A5, UX. It can
be proven that for either n > m or n < m,

S*U AR UY = DWD

for some matrix W satisfying ||[W|l, < 1/n and D = diag(\/71,...,1/Tm)-
Now apply Lemma 3.2 to complete the proof.

REMARK 3.2. When Ay, is definite, we can get |9;| < 7;/n which is stronger
than (3.13a) and thus (3.13b).

Theorem 3.3. For Hermitian matriz A as in (1.1) with p = 0, suppose
e < +/3/4n. Then A has m eigenvalues 0y, ..., 0, arranged such that

[62] < {6 < -+ < |0 (3.14)

satisfying
0] < ¢+ O(eY), (3.15)

where (; is defined by (3.13a).
Proof. 1t is a consequence of Theorem 3.1 and Lemma 3.3. m

Next we derive strict bounds, i.e., without the term O(g*) in (3.15). One
difficulty here is that A;(¢) is no longer monotonic. However, the fact remains
true that if 6; € (—n/2,1/2) is an eigenvalue of

B(Ql) — —E*(AQQ - Hi[)flE,

then 6; is also an eigenvalue of A.

11



Lemma 3.4. Let B(t) be defined as in (3.10) with eigenvalues

A1) < Aat) < -+ < Ant) (3.16)
each of which are piecewise differentiable®. If € < n/2, then
dB(t) 4e? dX\;(t)]  4e?

(3.17)
Proof. We have
B(t) — B(t + At) =E*(Agy — tI)'E — E* [Agyy — (t + A)I| ' E
=B {(Agy —tI) " = [Agy — (t + ANI] '} E
—E*(Agy — t1)"! {1 — [1 = At(Agy — t1)™] ‘1} E.
Therefore
HE*(A22 ) {f = At(Agy — u)—l]—l} E
- At
ell(Agy — t1) Yo || = [I — At(Agy — 1)~
= 41
Noting that for ¢t € (—n/2,1/2), we have

2

H B(t) — B(t + At)
At

9
2

2
[(Agz — 1) 7|2 < 57

17 _ a1t _

|1 == anas -y )7 < A

_ 142/

1—|At-2/n
and thus
At]-2

B(t) — B(t + At) < e®-2/n- 1|_\A|t|4/2777

At y | At|

°By [5, Theorem 4.8], there are countable points in (—7/2,7/2) such that between any
two nearby points, each \;(t) is differentiable.
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B 4e?
n?(1 —|At|-2/n)

Let At — 0 to get

4e?
2
since € < n/2. Finally, we use the well-known perturbation theorem (at-
tributed to Lidskii, Weyl, Wiedlandt and Mirsky in various forms [2, pp.196-

205]) to conclude that

dB(t)
1
H it <5h

4e?
< — <1

2 7

()| _ B
at | = || at

as expected. O

Theorem 3.4. For Hermitian A as in (1.1), if ¢ < n/2, then A has m
eigenvalues 01, ..., 0, (arranged as in (3.14)) satisfying

G

0;] <
’J|—1_4p27

(3.18)

for 1 < j <m, where p=¢/n <1/2 and {; is defined by (3.13a).

Proof. Instead of proving (3.18) directly, we shall prove that for any given
j € {1,...,m} there are j of 6;’s satisfying |6;] < (;/(1 — 4p?). Thus (3.18)
must hold.

Adopt the notations in Lemmas 3.3 and 3.4. By (3.17), for any ¢t €
(—n/2,n/2), we have

4e?|t] 2

At) = A(0)] < /

for 1 <i < m. Let §; = lfip2' We claim that there are at least j of \;(%)
such that
/\l(t) S [—(53', 5]] for all t € [_5j7 6]} (320)

This means that each function \;(t) maps the interval ¢ € [—d;,d;] into
itself. By Brouwer’s fixed point theorem, each of such \;(¢) has a fixed point
ti € [—9;,0;] such that \;(¢;) = ¢;. Hence, recalling (3.2) we see that ¢; is an
eigenvalue of A. Note that the second inequality in (3.17) implies that ¢; is

13



a unique fixed point of \;(t) in (—=7/2,1/2). Therefore all counted, A has at
least j eigenvalues in [—§;, ;]

It remains to show that there are at least j of \;(¢) satisfying (3.20). To
see this, we notice

19]9 S {_Clka] - [_Cj7gj] C [—(5]',5]'] for 1 < k < j

These U, for 1 < k < j are taken by j different \;(t) at ¢t = 0, i.e., ¥y = Ay, (0),
where ¢ € {1,...,m} are distinct for & € {1,...,7}. We now prove that
A (t) for k € {1,...,7} are the j of \;(t) satisfying (3.20). In fact, for
t e [_6j75j] and k € {17,j}

[Ae, ()] < A, (0)] + [Ag () — Mg (0)]
= [Ji| + [Ae, (£) — Ae, (0)]
< G+ 4p%;
=4,

as expected. O

REMARK 3.3. Compared with (3.15) in Theorem 3.3, the bound in (3.18)
removes the term O(g?) at the expense of the factor (1 — 4p?)~1.

Example 2.1 (revisit). The following table displays the eigenvalues 6, of A
nearest to 0, the eigenvalues 9; of — E* Ay, E, and the upper bounds in (3.18)
and the ones after 7; replaced by mejz-.

G MEj€m
0; U; 1_4p° 1—4p°

—3.0006-10~* | —3.002-10"* | 5.0103-10"* | 1.0020 - 1073
1.6322- 107" 1.6322-1077 | 7.0140 - 107 | 1.6157-107°

The bounds are rather sharp. O

4. Possible extensions to the generalized eigenvalue problem

So far we have focused on the Hermitian eigenvalue problem (1.1). We
now consider the following Hermitian definite generalized eigenvalue problem

v~  (uBun BT ~ (Bn F*
) e E)

14



where B;; > 0, and || F||, is sufficiently small® so that B - 0 also.

If E = F =0, then p is an eigenvalue of the pencil A—\B of multiplicity
m. In this section we outline how to develop perturbation bounds using what
we have gotten in section 3.

4.1. Special Case: By =1 and =0

In this case,
~ 0 FE* ~ I, F~*
(0 B (B ). »

Assume that ||F'||2 < 1. A similar approach to the one in [6, section 2.1] can
be applied as follows. We first let

I, —F* (I, 0
and then let
BY Xx*BX = (]6” ; _(}F) = W2, (4.4a)
ALY X*AX = (2 iz) : (4.4D)

where W is the unique Hermitian definite square root [7, Ch. 6] of B , and
Agy = Agy — EF* — FE".

A — \B has the same eigenvalues as W-TAW ! — Ay. Since W-LAW -1
takes the form of (1.1), our theory in section 3 applies to W AW 1, leading
to various bounds.

4.2. General Case

Now we consider the general case (4.1). Assume p = 0; otherwise we
shall consider B B B
(A—uB)—\B

6For example, ||F|l2 < min;{omin(Bs;)} guarantees B - 0, where omin(Bi;) is the
smallest singular value of B;;.

15



instead. Suppose

~ (0 E*\ = (By F*
(0 E) ae(m ) ”
Set Y = diag(Bﬁl/z, B;21/2) to get
yviiv= (2 £} vy = (I ), (4.6)
E Ay F I,

which reduces to the case in subsection 4.1, where

Asy = By ? Ay By, F = By *FB?, E = By *EBG?. (4.7)

5. Conclusion

We established perturbation bounds for the multiple eigenvalue p of Her-
mitian matrix A under a perturbation in the off-diagonal block:

_ (pIm 0O ~  (pl, E¥
A—( 0 A22) perturbed to A = ( E Ay

with an emphasis on the case where the magnitudes of the columns of E
vary widely. We show that whether Asy — pl,, is definite or not plays a
major role: if it is (positive or negative) definite, then A has m eigenvalues
0; (1 <i < m) such that the ith difference |0; — u| is bounded by a quantity
that is proportional to the square of the norm of E’s ¢th column, but when
Asge — pl,, is indefinite the quantity is proportional to the product of the ith
column norm and the norm of E. We also outline a possible extension to the
Hermitian definite generalized eigenvalue problem.
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