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Abstract. The classical perturbation theory for Hermitian matrix eigenvalue and singular value
problems provides bounds on the absolute differences between approximate eigenvalues (singular
values) and the true eigenvalues (singular values) of a matrix. These bounds may be bad news
for small eigenvalues (singular values), which thereby suffer worse relative uncertainty than large
ones. However, there are situations where even small eigenvalues are determined to high relative
accuracy by the data much more accurately than the classical perturbation theory would indicate.
In this paper, we study how eigenvalues of a Hermitian matrix A change when it is perturbed to

Ã = D∗AD, where D is close to a unitary matrix, and how singular values of a (nonsquare) matrix

B change when it is perturbed to B̃ = D∗1BD2, where D1 and D2 are nearly unitary. It is proved
that under these kinds of perturbations small eigenvalues (singular values) suffer relative changes no
worse than large eigenvalues (singular values). Many well-known perturbation theorems, including
the Hoffman–Wielandt and Weyl–Lidskii theorems, are extended.
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1. Introduction. The classical perturbation theory for Hermitian matrix eigen-
value problems provides bounds on the absolute differences |λ − λ̃| between approx-

imate eigenvalues λ̃ and the true eigenvalues λ of a Hermitian matrix A. When λ̃
is computed using standard numerical software, the bounds on |λ − λ̃| are typically
only moderately bigger than ε‖A‖ [15, 33, 40], where ε is the rounding error threshold
characteristic of the computer’s arithmetic. These bounds are bad news for small
eigenvalues, which thereby suffer worse relative uncertainty than large ones.

Generally, the classical error bounds are best possible if perturbations are arbi-
trary. However, there are situations where perturbations have special structures and,
under these special perturbations, even small eigenvalues (singular values) are deter-
mined to high relative accuracy by the data much more accurately than the classical
perturbation theory would indicate. A relative perturbation theory is then called
for to exploit the situations for better bounds on the relative differences between
λ̃ and λ.
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The development of such a theory goes back to Kahan [20] and is becoming a
very active area of research [1, 6, 7, 8, 9, 11, 12, 14, 16, 10, 28, 34]. In this paper,
we develop a theory by a unifying treatment that sharpens some existing bounds and
covers many previously studied cases. We shall deal with perturbations that have
multiplicative structures; namely, perturbations to unperturbed matrices are realized
by multiplying the unperturbed ones with matrices that are nearly unitary. (To be
exact, our theorems only require those multiplying matrices to be nonsingular, but
our bounds are interesting only when they are close to some unitary matrices.) For

Hermitian eigenvalue problems, we shall assume that A is perturbed to Ã = D∗AD,
where D is nonsingular; and for singular value problems we shall consider that B
is perturbed to B̃ = D∗1BD2, where D1 and D2 are nonsingular. It is proved that
these kinds of perturbations introduce no bigger uncertainty to small eigenvalues
(in magnitude) and small singular values than they would to large ones. Although
special, these perturbations cover componentwise relative perturbations of entries of
symmetric tridiagonal matrices with zero diagonal [8, 20] and componentwise relative
perturbations of entries of bidiagonal and biacyclic matrices [1, 7, 8]. More realistically,
perturbations of graded nonnegative Hermitian matrices [9, 28] and perturbations of
graded matrices of singular value problems [9, 28] can be transformed to take forms
of multiplicative perturbations as will be seen from later proofs.

Additive perturbations are the most general in the sense that if A is perturbed to

Ã, the only possible known information is on some norm of ∆A
def
= Ã−A. Such per-

turbations, no matter how small, may not guarantee relative accuracy in eigenvalues
(singular values) of the matrix under consideration. For example, when A is singular,

Ã can be made nonsingular no matter how small a norm of ∆A is; thus some zero
eigenvalues are perturbed to nonzero ones and therefore lose their relative accuracy
completely. (Retaining any relative accuracy of a zero at all ends up not changing it.)

The rest of this paper is organized as follows. Section 2 defines two kinds of
relative distances %p (1 ≤ p ≤ ∞) and χ, and Appendices A and B present proofs of
some crucial properties of %p and χ needed in this paper. We devote two sections to
present and discuss our main theorems—section 3 for relative perturbation theorems
for Hermitian matrix eigenvalue problems and section 4 for relative perturbation the-
orems for singular value problems. Long proofs of our main theorems are postponed
to sections 5 and 6. Section 7 briefly discusses how our relative perturbation theo-
rems can be applied to generalized eigenvalue problems and generalized singular value
problems.

Notation. We shall adopt the following convention: capital letters denote unper-
turbed matrices and capital letters with tildes denote their perturbed matrices. For
example, X is perturbed to X̃. Throughout the paper, capital letters are for matrices,
lowercase Latin letters for column vectors or scalars, and lowercase Greek letters for
scalars. Also,

Cm×n: the set of m× n complex matrices, and Cm = Cm×1;
Rm×n: the set of m× n real matrices, and Rm = Rm×1;
Un: the set of n× n unitary matrices;

0m,n: the m× n zero matrix (we may simply write 0 instead);
In: the n× n identity matrix (we may simply write I instead);
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X∗: the conjugate transpose of a matrix X;
λ(X): the set of the eigenvalues of X, counted according to their alge-

braic multiplicities;
σ(X): the set of the singular values of X, counted according to their

algebraic multiplicities;
σmin(X): the smallest singular value of X ∈ Cm×n;
σmax(X): the largest singular value of X ∈ Cm×n;
‖X‖2: the spectral norm of X, i.e., σmax(X);

‖X‖F: the Frobenius norm of X, i.e.,
√∑

i, j |xij |2, where X = (xij).

2. Relative distances. Classically, the relative error in α̃ = α(1 + δ) as an
approximation to α is measured by

δ = relative error in α̃ =
α̃− α
α

.(2.1)

When |δ| ≤ ε, we say that the relative perturbation to α is at most ε (see, e.g.,
[8]). Such a measurement lacks mathematical properties upon which a nice relative
perturbation theory can be built; for example, it lacks symmetry between α and α̃
and thus it cannot be a metric. Nonetheless, it is good enough and is convenient to
use for measuring correct digits in numerical approximations.

Our new relative distances have better mathematical properties, such as sym-
metry in the arguments. Topologically they are all equivalent to the classical δ-
measurement defined by (2.1). The p-relative distance between α, α̃ ∈ C is defined
as

%p(α, α̃)
def
=

|α− α̃|
p
√|α|p + |α̃|p for 1 ≤ p ≤ ∞.(2.2)

We define, for convenience, 0/0
def
= 0. %∞ has been used by Deift et al. [6] to define

relative gaps. Another relative distance that is of interest to us is

χ(α, α̃)
def
=
|α− α̃|√|αα̃| .(2.3)

This χ-distance has been used by Barlow and Demmel [1] and Demmel and Veselić [9]
to define relative gaps between the spectra of two matrices.

Appendix B will show that %p (1 ≤ p ≤ ∞) is indeed a metric on R; see also
Li [24]. (We suspect that %p is a metric on C also, but we cannot give a proof at this
point.) Unfortunately χ violates the triangle inequality and thus cannot be a metric.
In fact, one can prove that χ(α, γ) > χ(α, β) +χ(β, γ) for α < β < γ; see Lemma 6.1.

We refer the reader to Li [24] for a detailed study of the two relative distances.
Here, only properties that are most relevant to our relative perturbation theory will
be presented, and those proofs that require little work and seem to be straightforward
are omitted. Complicated proofs will be given in Appendix A.

Proposition 2.1 (see [24]). Let α, α̃ ∈ R.
1. For 0 ≤ ε < 1, ∣∣∣∣ α̃α − 1

∣∣∣∣ ≤ ε⇒ %p(α, α̃) ≤ ε
p
√

1 + (1− ε)p ,(2.4) ∣∣∣∣ α̃α − 1

∣∣∣∣ ≤ ε⇒ χ(α, α̃) ≤ ε√
1− ε .(2.5)
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2. For 0 ≤ ε < 1,

%p(α, α̃) ≤ ε⇒ max

{∣∣∣∣ α̃α − 1

∣∣∣∣ , ∣∣∣αα̃ − 1
∣∣∣} ≤ 21/p ε

1− ε .(2.6)

For 0 ≤ ε < 2,

χ(α, α̃) ≤ ε⇒ max

{∣∣∣∣ α̃α − 1

∣∣∣∣ , ∣∣∣αα̃ − 1
∣∣∣} ≤ ( ε

2
+

√
1 +

ε2

4

)
ε.(2.7)

3. Asymptotically,

lim
α̃→α

%p(α, α̃)∣∣∣ α̃α − 1
∣∣∣ = 21/p and lim

α̃→α

χ(α, α̃)∣∣∣ α̃α − 1
∣∣∣ = 1.

Thus (2.4), (2.6), (2.5), and (2.7) are at least asymptotically sharp.
The following proposition establishes a relation between %p and χ.
Proposition 2.2 (see [24]). For α, α̃ ∈ C,

%p(α, α̃) ≤ 2−1/p χ(α, α̃),

and the equality holds if and only if |α| = |α̃|.
Next we ask what are the best one-one pairings between two sets of n real numbers?

Such a question will become important later in this paper when we try to pair the
eigenvalues or the singular values of one matrix to those of another.

Proposition 2.3 (see [24]). Let {α1, α2, . . . , αn} and {α̃1, α̃2, . . . , α̃n} be two
sets of n real numbers ordered in descending order, i.e.,

α1 ≥ α2 ≥ · · · ≥ αn, α̃1 ≥ α̃2 ≥ · · · ≥ α̃n.(2.8)

We have for p = 1,

max
1≤i≤n

%1(αi, α̃i) = min
τ

max
1≤i≤n

%1(αi, α̃τ(i)).

For p > 1, if in addition all αi’s and α̃j’s are nonnegative,

max
1≤i≤n

%p(αi, α̃i) = min
τ

max
1≤i≤n

%p(αi, α̃τ(i)).(2.9)

Both minimizations are taken over all permutations τ of {1, 2, . . . , n}.
Proofs of this proposition and Proposition 2.4 below are given in Appendix A.
Remark 2.1. Equation (2.9) of Proposition 2.3 may fail if not all the αi’s and

α̃j ’s are of the same sign. A counterexample is as follows: n = 2 and

α1 = 1 > α2 = −2 and α̃1 = 4 > α̃2 = 2.

Then for p > 1,

max {%p(α1, α̃1), %p(α2, α̃2)} = %p(α2, α̃2) = 21−1/p

>
6

p
√

2p + 4p
= %p(α2, α̃1) = max {%p(α1, α̃2), %p(α2, α̃1)} .



960 REN-CANG LI

Remark 2.2. Given two sets of αi’s and α̃j ’s ordered as in (2.8), generally,

n∑
i=1

[%p(αi, α̃i)]
2 6= min

τ

n∑
i=1

[
%p(αi, α̃τ(i))

]2
,(2.10)

even if all αi, α̃j > 0. Here is a counterexample: n = 2,

α̃1 > α1 = α̃1/2 > α̃2 > α2 > 0,

where α2 is sufficiently close to 0, and α̃2 is sufficiently close to α1 which is fixed.
Since, as α2 → 0+ and α̃2 → α−1 ,

[%p(α1, α̃2)]
2

+ [%p(α2, α̃1)]
2 → 1,

[%p(α1, α̃1)]
2

+ [%p(α2, α̃2)]
2 → 1

p
√

2p + 1
+ 1,

(2.10) must fail for some α̃1 > α1 = α̃1/2 > α̃2 > α2 > 0.

Proposition 2.4 (see [24]). Let {α1, . . . , αn} and {α̃1, . . . , α̃n} be two sets of n
positive numbers ordered as in (2.8). Then

max
1≤i≤n

χ(αi, α̃i) = min
τ

max
1≤i≤n

χ(αi, α̃τ(i)),(2.11)

n∑
i=1

[χ(αi, α̃i)]
2

= min
τ

n∑
i=1

[
χ(αi, α̃τ(i))

]2
,(2.12)

where the minimization is taken over all permutations τ of {1, 2, . . . , n}.
Remark 2.3. Both (2.11) and (2.12) of Proposition 2.4 may fail if the αi’s and

α̃j ’s are not all of the same sign. A counterexample for (2.11) is that n = 2 and

α1 = 1 > α2 = −1 and α̃1 = 2 > α̃2 =
1

4
,

for which

max {χ(α1, α̃1), χ(α2, α̃2)} = max
{

1/
√

2, 5/2
}

= 5/2

> 3/
√

2 = max
{

3/2, 3/
√

2
}

= max {χ(α1, α̃2), χ(α2, α̃1)} .

A counterexample for (2.12) is that n = 2 and

α1 = 1 > α2 = −2 and α̃1 = 2 > α̃2 = 1,

for which

[χ(α1, α̃1)]
2

+ [χ(α2, α̃2)]
2

=
(

1/
√

2
)2

+
(

3/
√

2
)2

= 5

> 4 = 02 +
(

4/
√

4
)2

= [χ(α1, α̃2)]
2

+ [χ(α2, α̃1)]
2
.
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3. Relative perturbation theorems for Hermitian matrix eigenvalue
problems. Throughout the section, A, Ã ∈ Cn×n are Hermitian and one is a per-
turbation of the other. Denote their eigenvalues by

λ(A) = {λ1, . . . , λn} and λ(Ã) = {λ̃1, . . . , λ̃n}(3.1)

ordered so that

λ1 ≥ λ2 ≥ · · · ≥ λn, λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃n.(3.2)

Theorem 3.1. Let A and Ã = D∗AD be two n × n Hermitian matrices with
eigenvalues (3.1) ordered as in (3.2), where D is nonsingular. Then

1. there is a permutation τ of {1, 2, . . . , n} such that√√√√ n∑
i=1

[
%2(λi, λ̃τ(i))

]2
≤
√
‖I − Σd‖2F + ‖I − Σ−1

d ‖2F,(3.3)

where Σd is diagonal and its diagonal entries are D’s singular values.
2. if, in addition, A is nonnegative definite,1 then

max
1≤i≤n

χ(λi, λ̃i) ≤ ‖D∗ −D−1‖2,(3.4) √√√√ n∑
i=1

[
χ(λi, λ̃i)

]2
≤ ‖D∗ −D−1‖F.(3.5)

A proof of Theorem 3.1 will be given in section 5.
A corollary of (3.3) is

(3.3a)

√√√√ n∑
i=1

[
%2(λi, λ̃τ(i))

]2
≤
√
‖I −D‖2F + ‖I −D−1‖2F

by a well-known (absolute) perturbation theorem for singular values; see (4.7). On

the other hand, (3.3a) leads to (3.3) as well by considering U∗dAUd and V ∗d ÃVd =
Σd(U∗dAUd)Σd instead, where

D = UdΣdV
∗
d(3.6)

is D’s singular value decomposition (SVD) [15, p. 71]. It is also possible to relate the
right-hand sides of (3.4) and (3.5) to the singular values of D, since for every unitarily
invariant norm2 ||| · |||,

|||D∗ −D−1||| = |||Vd(Σd − Σ−1
d )U∗d ||| = |||Σd − Σ−1

d |||.
1Then Ã must be nonnegative definite as well.
2In this we follow Mirsky [30], Stewart and Sun [35], and Bhatia [3]. That a norm ||| · ||| is unitarily

invariant on Cm×n means that it also satisfies, besides the usual properties of any norm,
1. |||UY V ||| = |||Y |||, for any U ∈ Um, and V ∈ Un;
2. |||Y ||| = ‖Y ‖2, for any Y ∈ Cm×n with rank(Y ) = 1.

Two unitarily invariant norms most frequently used are the spectral norm ‖ · ‖2 and the Frobenius
norm ‖ · ‖F. Let ||| · ||| be a unitarily invariant norm on some matrix space. The following inequalities
[35, p. 80] will be employed later in this paper:

|||WY ||| ≤ ‖W‖2|||Y ||| and |||Y Z||| ≤ |||Y |||‖Z‖2.
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The earliest relative perturbation result for eigenvalue problems goes back to a
theorem due to Ostrowski [32] (see also [18, pp. 224–225]), though he did not interpret
his theorem in the way we do now. Ostrowski proved that

for two n×n Hermitian matrices A and Ã = D∗AD with eigenvalues (3.1) ordered
as in (3.2), where D is nonsingular, we have

σmin(D)2 · λi ≤ λ̃i ≤ σmax(D)2 · λi for ≤ i ≤ n.(3.7)

Inequalities (3.7) immediately imply a relative perturbation bound

max
1≤i≤n

|λ̃i − λi|
|λi| ≤ ‖I −D∗D‖2.

This result of Ostrowski’s is independent of (3.4). Both may be attainable for the
scalar case (n = 1) or for the case when A and D are diagonal. Our bounds (3.3) and
(3.5) are the first of their kind.

Roughly speaking, the classical perturbation theory for Hermitian matrix eigen-
value problems establishes one uniform bound for all differences |λi − λ̃i| regardless
of magnitudes of λi’s. In this regard, we have the following.

Let both A and Ã be Hermitian. (No special form of Ã is assumed.) Then for
any unitarily invariant norm ||| · |||,

|||diag(λ1 − λ̃1, . . . , λn − λ̃n)||| ≤ |||A− Ã|||.(3.8)

There is a long history associated with this inequality; see Bhatia [3] for details.
Theorem 3.1 extends (3.8) to the relative perturbation theory for ||| · ||| = ‖ · ‖2 and
‖ · ‖F. Two main differences between Theorem 3.1 and (3.8) are as follows.

1. Inequality (3.8) bounds the absolute differences |λi− λ̃i|. It is in fact the best
possible as far as arbitrary perturbations are concerned. However, it may
overestimate the differences |λj − λ̃j | too much for eigenvalues λj of much
smaller magnitudes than ‖A‖2 when perturbations have special structures

such as multiplicative perturbations, for which it is possible that |||A− Ã||| is

larger than |λj − λ̃j | by many orders of magnitudes while, on the other hand,
D∗D ≈ I.

2. Theorem 3.1 exploits fully multiplicative perturbation structures by bounding
directly the relative differences χ(λi, λ̃i) or %2(λi, λ̃i) in terms of D’s depar-

tures from unitary matrices |||D∗ − D−1||| and
√
‖I − Σd‖2F + ‖I − Σ−1

d ‖2F.

Thus, all eigenvalues of the same as or much smaller magnitudes than ‖A‖2
alike provably suffer small uncertainty as long as D’s departures from unitary
matrices are small.

Such arguments more or less apply to our other relative perturbation theorems in
this paper in comparison to their counterparts in the classical absolute perturbation
theory.

In Theorem 3.1, the perturbation to A is rather restrictive but is applicable to a
more realistic situation when scaled A is much better conditioned. In Theorem 3.2, S
is a scaling matrix, often highly graded and diagonal in practice, though the theorem
does not assume this.

Theorem 3.2. Let A = S∗HS and Ã = S∗H̃S be two n×n nonnegative definite
Hermitian matrices with eigenvalues (3.1) ordered as in (3.2), and let ∆H = H̃ −H.
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If ‖H−1‖2‖∆H‖2 < 1, then

max
1≤i≤n

χ(λi, λ̃i) ≤ ‖D −D−1‖2,(3.9)

≤ ‖H−1‖2‖∆H‖2√
1− ‖H−1‖2‖∆H‖2

,(3.10) √√√√ n∑
i=1

[
χ(λi, λ̃i)

]2
≤ ‖D −D−1‖F,(3.11)

≤ ‖H−1‖2‖∆H‖F√
1− ‖H−1‖2‖∆H‖2

,(3.12)

where D =
(
I +H−1/2(∆H)H−1/2

)1/2
.

Proof. Rewrite A and Ã as

A = S∗HS = (H1/2S)∗H1/2S,

Ã = S∗H1/2
(
I +H−1/2(∆H)H−1/2

)
H1/2S

=
( (
I +H−1/2(∆H)H−1/2

)1/2
H1/2S

)∗ (
I +H−1/2(∆H)H−1/2

)1/2
H1/2S.

Set B
def
= H1/2S and B̃

def
=
(
I + H−1/2(∆H)H−1/2

)1/2
H1/2S, then A = B∗B and

Ã = B̃∗B̃. We have B̃ = DB, where D =
(
I +H−1/2(∆H)H−1/2

)1/2
. Notice that

λ(A) = λ(B∗B) = λ(BB∗) and λ(Ã) = λ(B̃∗B̃) = λ(B̃B̃∗),

and B̃B̃∗ = DBB∗D∗. Applying Theorem 3.1 to BB∗ and B̃B̃∗ yields both (3.9)
and (3.11). Inequalities (3.10) and (3.12) follow from the fact that for any Hermitian
matrix E with ‖E‖2 < 1 and for any unitarily invariant norm ||| · |||,

|||(I + E)1/2 − (I + E)−1/2||| ≤ ‖(I + E)−1/2‖2|||E||| ≤ |||E|||√
1− ‖E‖2

.

Inequality (3.10) can also be derived from the following bound essentially due to
Demmel and Veselić [9] (see also Mathias [28]).

Let the conditions of Theorem 3.2 hold. Then

max
1≤i≤n

|λ̃i − λi|
|λi| ≤ ‖H−1‖2‖∆H‖2.

(3.13)

To see how (3.13) leads to (3.10), we notice that3

χ(λi, λ̃i) =
|λ̃i − λi|
|λi| ·

√
λi

λ̃i
≤ |λ̃i − λi||λi| · ‖D−1‖2

by Ostrowski’s theorem (3.7) and that ‖D−1‖2 ≤ 1/
√

1− ‖H−1‖2‖∆H‖2.
Remark 3.1. Li [24] also considered extending Theorem 3.1 to diagonalizable

matrices under multiplicative perturbations. But the bounds obtained in a recent
paper [26] are better. Both Li [24] and Eisenstat and Ipsen [13] extended the classical
Bauer–Fike theorem [2].

3λi = 0 if and only if λ̃i = 0, since A and Ã have the same number of zero eigenvalues, if any.
So we only need to consider those i such that λi 6= 0.
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4. Relative perturbation theorems for singular value problems. Through-
out the section, B, B̃ ∈ Cm×n and one is a perturbation of the other. (We shall
assume, without loss of generality, that m ≥ n in this section.) Denote their singular
values by

σ(B) = {σ1, . . . , σn} and σ(B̃) = {σ̃1, . . . , σ̃n}(4.1)

ordered so that

σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0, σ̃1 ≥ σ̃2 ≥ · · · ≥ σ̃n ≥ 0.(4.2)

Theorem 4.1. Let B and B̃ = D∗1BD2 be two m × n matrices with singular
values (4.1) ordered as in (4.2), where D1 and D2 are square and nonsingular. If
‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2 < 32, then

max
1≤i≤n

χ(σi, σ̃i) ≤ 1

2
· ‖D

∗
1 −D−1

1 ‖2 + ‖D∗2 −D−1
2 ‖2

1− 1
32‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

,(4.3) √√√√ n∑
i=1

[χ(σi, σ̃i)]
2 ≤ 1

2
· ‖D

∗
1 −D−1

1 ‖F + ‖D∗2 −D−1
2 ‖F

1− 1
32‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

.(4.4)

A proof of Theorem 4.1 will be given in section 6.
The restriction ‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2 < 32, though mild, is unpleasant. But

we argue that neither this restriction nor the factor
(
1− 1

32‖D∗1 −D−1
1 ‖2‖D∗2 −D−1

2 ‖2
)−1

plays any visible role for any applications where one might expect that perturbing B
to B̃ = D∗1BD2 retains any significant digits of B’s singular values. Our arguments
go as follows.

1. For the ease of explanation, consider the case when B and Dj are diagonal. In
order for each of B’s singular values to have at least one significant decimal digit the
same as that of the corresponding B̃’s, it is necessary that4

0.9 ≤ σmin(Dj) ≤ σmax(Dj) ≤ 1.05(4.5)

which imply that ‖D∗j −D−1
j ‖2 ≤ 0.2, and thus the factor(

1− 1

32
‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

)−1

≤ 1.01.

2. In fact, the restriction ‖D∗1 − D−1
1 ‖2‖D∗2 − D−1

2 ‖2 < 32 is satisfied and the
factor is almost 1 even for Dj ’s singular values being fairly away from 1. It can be
seen that

‖D∗j −D−1
j ‖2 ≤ 1 if 0.618 ≈

√
5− 1

2
≤ σmin(Dj) ≤ σmax(Dj) ≤

√
5 + 1

2
≈ 1.618,

under which circumstances the unpleasant factor is(
1− 1

32
‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

)−1

≤ 32/31 ≈ 1.03.

4This is for the worse case in the sense that if (4.5) is violated, then there are Dj ’s such that
some of the B’s singular values retain no significant decimal digits at all under the perturbations.
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3. In applications where ‖D∗j−D−1
j ‖2 � 1, the quantity ‖D∗1−D−1

1 ‖2‖D∗2−D−1
2 ‖2

is of second order. Then the restriction and the factor act as if they were not there.
Even more in some applications, as in Corollary 4.2, one of the Dj ’s is I for which
the restriction and the factor disappear completely.
Eisenstat and Ipsen [12] obtained the following result which is essentially a conse-
quence of Ostrowski’s theorem (see inequalities (3.7)) and which can also be seen
from known inequalities for singular values of a product of two matrices:5

Let the conditions of Theorem 4.1, except ‖D∗1 −D−1
1 ‖2‖D∗2 −D−1

2 ‖2 < 32, hold.
We have

σmin(D1)σmin(D2) · σi ≤ σ̃i ≤ σmax(D1)σmax(D2) · σi for 1 ≤ i ≤ n.(4.6)

Inequalities (4.6) imply immediately the following relative perturbation bound:

max
1≤i≤n

|σ̃i − σi|
σi

≤ max{|1− σmin(D1)σmin(D2)|, |1− σmax(D1)σmax(D2)|}.

The classical perturbation theory for singular value problems establishes one uni-
form bound for all differences σi − σ̃i, regardless of magnitudes of σi’s. The follow-
ing theorem was established by Mirsky [30], based on results from Lidskii [27] and
Wielandt [39].

For any unitarily invariant norm ||| · |||, we have

|||diag(σ1 − σ̃1, . . . , σn − σ̃n)||| ≤ |||B − B̃|||.

(No special form of B̃ is assumed.)

(4.7)

A possible application of Theorem 4.1 is related to deflation in computing SVD of a
bidiagonal matrix. For more details, the reader is referred to [6, 8, 12, 29].

Corollary 4.2. Assume, in Theorem 4.1, that one of D1 and D2 is the identity
matrix and the other takes the form

D =

(
I X

I

)
,

where X is a matrix of suitable dimensions. Then

max
1≤i≤n

χ(σi, σ̃i) ≤ 1

2
‖X‖2,(4.8) √√√√ n∑

i=1

[χ(σi, σ̃i)]
2 ≤ 1√

2
‖X‖F.(4.9)

Proof. Notice that

D∗ −D−1 =

(
I
X∗ I

)
−
(
I −X

I

)
=

(
X

X∗

)
,

5Arranging the singular values of a matrix in the decreasing order, we have (see, e.g., [19])

(the ith singular value of XY ) ≤ (the ith singular value of X) · ‖Y ‖2.
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and thus ‖D∗ −D−1‖2 = ‖X‖2 and ‖D∗ −D−1‖F =
√

2‖X‖F.

Eisenstat and Ipsen [12] showed that

|σ̃i − σi| ≤ ‖X‖2σi, or equivalently

∣∣∣∣ σ̃iσi − 1

∣∣∣∣ ≤ ‖X‖2.(4.10)

Our inequality (4.8) is sharper by roughly a factor of 1/2, as long as ‖X‖2 is small.
As a matter of fact, it follows from (4.8) and Proposition 2.1 that if ‖X‖2 < 4, then∣∣∣∣ σ̃iσi − 1

∣∣∣∣ ≤
(
‖X‖2

4
+

√
1 +
‖X‖22

16

)
‖X‖2

2
=
‖X‖2

2
+O

((‖X‖2
4

)2
)
.

Our inequality (4.9) is the first of its kind.

Theorem 4.3. Let B and B̃ = D∗1BD2 be two m × n matrices with singular
values (4.1) ordered as in (4.2), where D1 and D2 are square and nonsingular. Then

max
1≤i≤n

%p(σi, σ̃i) ≤ 1

21+1/p

(‖D∗1 −D−1
1 ‖2 + ‖D∗2 −D−1

2 ‖2
)
,(4.11) √√√√ n∑

i=1

[%p(σi, σ̃i)]
2 ≤ 1

21+1/p

(‖D∗1 −D−1
1 ‖F + ‖D∗2 −D−1

2 ‖F
)
.(4.12)

A straightforward combination of Proposition 2.2 and Theorem 4.1 will lead to
bounds that are slightly weaker than those in Theorem 4.3 by a factor of(

1− 1

32
‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

)−1

.

A proof of Theorem 4.3 will be given in section 6.
Again we shall now consider a more realistic situation when scaled B is much

better conditioned. In Theorem 4.4 below, S is a scaling matrix, often highly graded
and diagonal in practice, though the theorem does not assume this.

Theorem 4.4. Let B = GS and B̃ = G̃S be two n × n matrices with singular
values (4.1) ordered as in (4.2), where G and G̃ are nonsingular, and let ∆G = G̃−G.
If ‖∆G‖2‖G−1‖2 < 1, then

max
1≤i≤n

χ(σi, σ̃i) ≤ 1

2

∥∥∥(I + (∆G)G−1
)∗ − (I + (∆G)G−1

)−1
∥∥∥

2
,(4.13)

≤
(

1 +
1

1− ‖G−1‖2‖∆G‖2

) ‖G−1‖2‖∆G‖2
2

,(4.14) √√√√ n∑
i=1

[χ(σi, σ̃i)]
2 ≤ 1

2

∥∥∥(I + (∆G)G−1
)∗ − (I + (∆G)G−1

)−1
∥∥∥

F
,(4.15)

≤
(

1 +
1

1− ‖G−1‖2‖∆G‖2

) ‖G−1‖2‖∆G‖F
2

.(4.16)

Proof. Write

B̃ = (G+ ∆G)S = (I + (∆G)G−1)GS = DB,(4.17)
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where D = I+ (∆G)G−1. Now, applying Theorem 4.1 to B and B̃ = DB yields both
(4.13) and (4.15). We notice that

(I + E)∗ − (I + E)−1 = I + E∗ −
∞∑
i=0

(−1)iEi = E∗ + E + E
∞∑
i=2

(−1)iEi−1,

where E = (∆G)G−1 and ‖E‖2 ≤ ‖G−1‖2‖∆G‖2 < 1; therefore, for any unitarily
invariant norm ||| · |||,

|||(I + E)∗ − (I + E)−1||| ≤ |||E + E∗|||+ |||E|||
∞∑
i=1

‖E‖i2

=

( |||E + E∗|||
|||E||| +

‖E‖2
1− ‖E‖2

)
|||E|||(4.18)

≤
(

1 +
1

1− ‖E‖2

)
|||E|||.(4.19)

An application of (4.19) for ‖ · ‖2 and ‖ · ‖F completes the proof.

Equation (4.17) also makes (4.6) applicable and leads to the following.

Let the conditions of Theorem 4.4 hold. We have

max
1≤i≤n

|σ̃i − σi|
σi

≤ ‖G−1‖2‖∆G‖2.
(4.20)

This inequality also follows from [10, Theorem 1.1]. Inequality (4.14) can actually be
derived from (4.20) as follows. Notice that

χ(σi, σ̃i) =
|σ̃i − σi|
|σi| ·

√
σi
σ̃i
≤ |σ̃i − σi||σi| · ‖D−1‖1/22 ,

and that

‖D−1‖1/22 ≤ 1√
1− ‖G−1‖2‖∆G‖2

≤ 1

2

(
1 +

1

1− ‖G−1‖2‖∆G‖2

)
.

Remark 4.1. When (∆G)G−1 is nearly skew Hermitian, (4.13) and (4.15) lead to
bounds that are much better than (4.14) and (4.16). This can be seen from (4.18):

Under the conditions of Theorem 4.4, we have

max
1≤i≤n

χ(σi, σ̃i) ≤
(‖(∆G)G−1 +G−∗(∆G)∗‖2

‖(∆G)G−1‖2 +
‖(∆G)G−1‖2

1− ‖(∆G)G−1‖2

) ‖(∆G)G−1‖2
2

,√√√√ n∑
i=1

[χ(σi, σ̃i)]
2 ≤

(‖(∆G)G−1 +G−∗(∆G)∗‖F
‖(∆G)G−1‖F +

‖(∆G)G−1‖2
1− ‖(∆G)G−1‖2

) ‖(∆G)G−1‖F
2

.

Now if (∆G)G−1 is nearly skew Hermitian, then χ(σi, σ̃i) = o
(‖(∆G)G−1‖2

)
; more-

over,

‖(∆G)G−1 +G−∗(∆G)∗‖2 = O
(‖(∆G)G−1‖22

)⇒ χ(σi, σ̃i) = O
(‖(∆G)G−1‖22

)
.
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Remark 4.2. Theorem 4.4 can be extended to nonsquare matrices. Assume
B = GS and B̃ = G̃S are m × n (m ≥ n); S is a scaling matrix and both G and G̃
are m × n; G has full column rank. Let G† = (G∗G)−1G∗ be the pseudo-inverse of
G. Notice that G†G = I. We have

B̃ = G̃S = (G+ ∆G)S = (I + (∆G)G†)GS = (I + (∆G)G†)B ≡ DB.

Now, apply Theorem 4.1 to B and B̃ = DB.

5. Proof of Theorem 3.1. We need a little preparation first. A matrix Z =
(zij) ∈ Rn×n is doubly stochastic if all zij ≥ 0 and

n∑
k=1

zik =
n∑
k=1

zkj = 1 for i, j = 1, 2, . . . , n.

Using a Birkhoff theorem [4] (see also [18, pp. 527–528]) and the technique of Hoffman
and Wielandt [17] (see also [35, p. 190]), we can prove the following.

Lemma 5.1. Let Z = (zij) be an n × n doubly stochastic matrix, and let M =
(mij) ∈ Cn×n. Then there exists a permutation τ of {1, 2, . . . , n} such that

n∑
i, j=1

|mij |zij ≥
n∑
i=1

|miτ(i)|.

For X ∈ Cm×n, we introduce the following notation for a k × ` submatrix of
X = (xij):

X

(
i1 . . . ik
j1 . . . j`

)
def
=


xi1j1 xi1j2 · · · xi1j`
xi2j1 xi2j2 · · · xi2j`

...
...

. . .
...

xikj1 xikj2 · · · xikj`

 ,(5.1)

where 1 ≤ i1 < · · · < ik ≤ n and 1 ≤ j1 < · · · < j` ≤ n. The following lemma is due
to Li [22, pp. 207–208]

Lemma 5.2 (see Li [22]). Suppose that X ∈ Cn×n is nonsingular, and 1 ≤ i1 <
· · · < ik ≤ n and 1 ≤ j1 < · · · < j` ≤ n, and k + ` > n. Then∥∥∥∥X ( i1 · · · ik

j1 · · · j`
)∥∥∥∥

2

≥ ‖X−1‖−1
2 .

Moreover, if X is unitary, then∥∥∥∥X ( i1 · · · ik
j1 · · · j`

)∥∥∥∥
2

= 1.

Proof of Theorem 3.1. We shall prove (3.3) first. Due to the argument we made
right after Theorem 3.1, it suffices for us to prove (3.3a). Let the eigen decompositions

of A and Ã be

A = UΛU∗ and Ã = Ũ Λ̃Ũ∗,
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where U and Ũ are unitary and Λ = diag(λ1, λ2, . . . , λn) and Λ̃ = diag(λ̃1, λ̃2, . . . , λ̃n).
Notice that

A− Ã = A−D∗AD = A−AD +AD −D∗AD = A(I −D) + (D−∗ − I)Ã.

Pre- and postmultiply the equations by U∗ and Ũ , respectively, to get

ΛU∗Ũ − U∗Ũ Λ̃ = ΛU∗(I −D)Ũ + U∗(D−∗ − I)Ũ Λ̃.(5.2)

Set

Q
def
= U∗Ũ = (qij), E

def
= U∗(I −D)Ũ = (eij), Ẽ

def
= U∗(D−∗ − I)Ũ = (ẽij).

Then (5.2) reads ΛQ−QΛ̃ = ΛE+ẼΛ̃, or componentwise λiqij−qij λ̃j = λieij+ ẽij λ̃j ,
so

|(λi − λ̃j)qij |2 = |λieij + ẽij λ̃j |2 ≤ (|λi|2 + |λ̃j |2)(|eij |2 + |ẽij |2),

which yields6 [%2(λi, λ̃j)]
2|qij |2 ≤ |eij |2 + |ẽij |2. Hence

n∑
i, j=1

[
%2(λi, λ̃j)

]2
|qij |2 ≤ ‖U∗(I −D)Ũ‖2F + ‖U∗(D−∗ − I)Ũ‖2F

= ‖I −D‖2F + ‖D−∗ − I‖2F.
The matrix (|qij |2)n×n is a doubly stochastic matrix. The above inequality and
Lemma 5.1 imply that

n∑
i=1

[
%2(λi, λ̃τ(i))

]2
≤ ‖I −D‖2F + ‖D−∗ − I‖2F

for some permutation τ of {1, 2, . . . , n}. This is (3.3a).
We now prove (3.4) and (3.5). Suppose that A is nonnegative definite. There is a

matrix B ∈ Cn×n such that A = B∗B. With this B, Ã = D∗AD = D∗B∗BD = B̃∗B̃,
where B̃ = BD. Let SVDs of B and B̃ be

B = UΛ1/2V ∗ and B̃ = Ũ Λ̃1/2Ṽ ∗,

where Λ1/2 = diag(
√
λ1,
√
λ2, . . . ,

√
λn) and Λ̃1/2 = diag

(√
λ̃1,

√
λ̃2, . . . ,

√
λ̃n

)
. In

what follows, we actually work with BB∗ and B̃B̃∗, rather than A = B∗B and
Ã = B̃∗B̃ themselves. We have

B̃B̃∗ −BB∗ = B̃D∗B∗ − B̃D−1B∗ = B̃(D∗ −D−1)B∗.

Pre- and postmultiply the above equations by Ũ∗ and U , respectively, to get

Λ̃Ũ∗U − Ũ∗UΛ = Λ̃1/2Ṽ ∗(D∗ −D−1)V Λ1/2.(5.3)

Write Q
def
= Ũ∗U = (qij). Equation (5.3) implies

‖D∗ −D−1‖2F = ‖Ṽ ∗(D∗ −D−1)V ‖2F =
n∑

i, j=1

|λ̃i − λj |√
λ̃iλj

|qij |2.

6This inequality still holds even if λi = λ̃j = 0 because of our convention 0/0 = 0; see section 2.
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Since (|qij |2)n×n is a doubly stochastic matrix, an application of Lemma 5.1 and
Proposition 2.4 concludes the proof of (3.5). To confirm (3.4), let k be the index such
that

η
def
= max

1≤i≤n
χ(λi, λ̃i) = χ(λk, λ̃k).

If η = 0, no proof is necessary. Assume η > 0. Also assume, without loss of generality,
that

λk > λ̃k ≥ 0.

Partition U, V, Ũ , Ṽ as follows:

U =
( k n−k
U1 U2

)
, V =

( k n−k
V1 V2

)
, Ũ =

( k−1 n−k+1

Ũ1 Ũ2

)
, Ṽ =

( k−1 n−k+1

Ṽ1 Ṽ2

)
,

and write Λ = diag(Λ1,Λ2) and Λ̃ = diag(Λ̃1, Λ̃2), where Λ1 ∈ Rk×k and Λ̃1 ∈
R(k−1)×(k−1). It follows from (5.3) that

Λ̃2Ũ
∗
2U1 − Ũ∗2U1Λ1 = Λ̃

1/2
2 Ṽ ∗2 (D∗ −D−1)V1Λ

1/2
1 .

Postmultiply this equation by Λ−1
1 to get

Λ̃2Ũ
∗
2U1Λ−1

1 − Ũ∗2U1 = Λ̃
1/2
2 Ṽ ∗2 (D∗ −D−1)V1Λ

−1/2
1 .(5.4)

Lemma 5.2 implies that ‖Ũ∗2U1‖2 = 1 since Ũ∗2U1 is an (n− k + 1)× k submatrix of

unitary Ũ∗U and k + (n − k + 1) = n + 1 > n. Bearing in mind that ‖Λ̃2‖2 = λ̃k =

‖Λ̃1/2
2 ‖22 and ‖Λ−1

1 ‖2 = 1/λk = ‖Λ−1/2
1 ‖22, we have

1− λ̃k
λk

=
∥∥∥Ũ∗2U1

∥∥∥
2
− ‖Λ̃2‖2

∥∥∥Ũ∗2U1

∥∥∥
2
‖Λ−1

1 ‖2

≤
∥∥∥Ũ∗2U1

∥∥∥
2
−
∥∥∥Λ̃2Ũ

∗
2U1Λ−1

1

∥∥∥
2

≤
∥∥∥Ũ∗2U1 − Λ̃2Ũ

∗
2U1Λ−1

1

∥∥∥
2

=
∥∥∥Λ̃

1/2
2 Ṽ ∗2 (D∗ −D−1)V1Λ

−1/2
1

∥∥∥
2

(by (5.4))

≤ ‖Λ̃1/2
2 ‖2

∥∥∥Ṽ ∗2 (D∗ −D−1)V1

∥∥∥
2
‖Λ−1/2

1 ‖2

=

√
λ̃k
λk

∥∥∥Ṽ ∗2 (D∗ −D−1)V1

∥∥∥
2

≤
√
λ̃k
λk
‖D∗ −D−1‖2,

an immediate consequence of which is (3.4).

6. Proofs of Theorems 4.1 and 4.3. We need the following lemma regarding
the relative distance χ.

Lemma 6.1.
1. If 0 ≤ α ≤ β ≤ β̃ ≤ α̃, then χ(α, α̃) ≥ χ(β, β̃).
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2. If α, α̃ ≥ 0, then 2χ(α, α̃) ≤ χ(α2, α̃2).
3. For α, β, γ ≥ 0, we have

χ(α, γ) ≤ χ(α, β) + χ(β, γ) +
1

8
χ(α, β)χ(β, γ)χ(α, γ).(6.1)

Thus if χ(α, β)χ(β, γ) < 8 also, then

χ(α, γ) ≤ χ(α, β) + χ(β, γ)

1− 1
8χ(α, β)χ(β, γ)

.

Proof. To prove the first inequality, we notice that function 1
x−x is monotonically

decreasing for 0 ≤ x ≤ 1, and that 0 ≤ α/α̃ ≤ β/β̃ ≤ 1. Thus

χ(α, α̃) =
1√
α/α̃

−
√
α/α̃ ≥ 1√

β/β̃
−
√
β/β̃ = χ(β, β̃),

as was to be shown. If α, α̃ ≥ 0, then

χ(α2, α̃2) = χ(α, α̃)
|α+ α̃|√|αα̃| = χ(α, α̃)

α+ α̃√
αα̃
≥ χ(α, α̃)

2
√
αα̃√
αα̃

= 2χ(α, α̃),

which confirms the second inequality.
For the third inequality (6.1), without loss of generality, we may assume 0 ≤ α ≤

γ. Now if β ≤ α or γ ≤ β, we have by the first inequality

χ(α, γ) ≤
{
χ(β, γ) ≤ χ(α, β) + χ(β, γ), if β ≤ α,
χ(α, β) ≤ χ(α, β) + χ(β, γ), if γ ≤ β,

so (6.1) holds. Consider the case 0 ≤ α ≤ β ≤ γ. It can be verified that

χ(α, γ) = χ(α, β) + χ(β, γ) + χ(
√
α,
√
β)χ(

√
β,
√
γ)χ(
√
α,
√
γ).

Inequality (6.1) follows by applying the second inequality.

Proofs of Theorems 4.1 and 4.3. Set B̂ = BD2 and denote its singular values by
σ̂1 ≥ σ̂2 ≥ · · · ≥ σ̂n. Apply Theorem 3.1 to B∗B and B̂∗B̂ = D∗2B

∗BD2 to get

max
1≤i≤n

χ(σ2
i , σ̂

2
i ) ≤ ‖D∗2 −D−1

2 ‖2 and

√√√√ n∑
i=1

[χ(σ2
i , σ̂

2
i )]

2 ≤ ‖D∗2 −D−1
2 ‖F.

Now apply the second inequality of Lemma 6.1 to obtain

max
1≤i≤n

χ(σi, σ̂i) ≤ 1

2
‖D∗2 −D−1

2 ‖2 and

√√√√ n∑
i=1

[χ(σi, σ̂i)]
2 ≤ 1

2
‖D∗2 −D−1

2 ‖F.(6.2)

Similarly for B̂ = BD2 and B̃ = D∗1BD2 = D∗1B̂, we have

max
1≤i≤n

χ(σ̂i, σ̃i) ≤ 1

2
‖D∗1 −D−1

1 ‖2 and

√√√√ n∑
i=1

[χ(σ̂i, σ̃i)]
2 ≤ 1

2
‖D∗1 −D−1

1 ‖F.(6.3)
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The first inequalities in (6.2) and (6.3), and the assumptions of Theorem 4.1, imply

χ(σi, σ̂i)χ(σ̂i, σ̃i) ≤ 1

4
‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2 <

1

4
× 32 = 8.

By Lemma 6.1, we have

χ(σi, σ̃i) ≤ χ(σi, σ̂i) + χ(σ̂i, σ̃i)

1− 1
8χ(σi, σ̂i)χ(σ̂i, σ̃i)

≤ 1

2
· ‖D

∗
1 −D−1

1 ‖2 + ‖D∗2 −D−1
2 ‖2

1− 1
32‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

,√√√√ n∑
i=1

[χ(σi, σ̃i)]
2 ≤

√√√√ n∑
i=1

[
χ(σi, σ̂i) + χ(σ̂i, σ̃i)

1− 1
8χ(σi, σ̂i)χ(σ̂i, σ̃i)

]2

≤

√
n∑
i=1

[χ(σi, σ̂i)]
2

+

√
n∑
i=1

[χ(σ̂i, σ̃i)]
2

1− 1
8 max

1≤i≤n
χ(σi, σ̂i)χ(σ̂i, σ̃i)

≤ 1

2
· ‖D

∗
1 −D−1

1 ‖F + ‖D∗2 −D−1
2 ‖F

1− 1
32‖D∗1 −D−1

1 ‖2‖D∗2 −D−1
2 ‖2

,

as expected. This completes the proof of Theorem 4.1. To prove Theorem 4.3, we
notice that

%p(σi, σ̃i) ≤ %p(σi, σ̂i) + %p(σ̂i, σ̃i) (%p is a metric on R)

≤ 2−1/pχ(σi, σ̂i) + 2−1/pχ(σ̂i, σ̃i) (by Proposition 2.2)

≤ 2−1−1/p
(‖D∗2 −D−1

2 ‖2 + ‖D∗1 −D−1
1 ‖2

)
(by (6.2) and (6.3))

and√√√√ n∑
i=1

[%p(σi, σ̃i)]
2 ≤

√√√√ n∑
i=1

[%p(σi, σ̂i) + %p(σ̂i, σ̃i)]
2

(%p is a metric on R)

≤
√√√√ n∑

i=1

[%p(σi, σ̂i)]
2

+

√√√√ n∑
i=1

[%p(σ̂i, σ̃i)]
2

≤ 2−1/p

√√√√ n∑
i=1

[χ(σi, σ̂i)]
2

+ 2−1/p

√√√√ n∑
i=1

[χ(σ̂i, σ̃i)]
2

(by Proposition 2.2)

≤ 2−1−1/p
(‖D∗2 −D−1

2 ‖F + ‖D∗1 −D−1
1 ‖F

)
(by (6.2) and (6.3)).

These inequalities complete the proof of Theorem 4.3.

7. Generalized eigenvalue problems and generalized singular value
problems. In this section, we discuss perturbations for scaled generalized eigenvalue
problems and scaled generalized singular value problems. As we shall see, the results
in previous sections, as well as those in Li [25], can be applied to derive relative
perturbation bounds for these problems.
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• The generalized eigenvalue problem:
A1−λA2 ≡ S∗1H1S1−λS∗2H2S2 and Ã1−λÃ2 ≡ S∗1H̃1S1−λS∗2H̃2S2, where

H1 and H2 are positive definite; ‖H−1
j ‖2‖H̃j −Hj‖2 < 1 for j = 1, 2; S1 and

S2 are some square matrices and one of them is nonsingular.7

• The generalized singular value problem:
{B1, B2} ≡ {G1S1, G2S2} and {B̃1, B̃2} ≡ {G̃1S1, G̃2S2}, where G1 and G2

are nonsingular; ‖G−1
j ‖2‖G̃j − Gj‖2 < 1 for j = 1, 2; S1 and S2 are some

square matrices and one of them is nonsingular.
For the scaled generalized eigenvalue problem just mentioned, without loss of gener-
ality, we consider the case when S2 is nonsingular. Then the generalized eigenvalue
problem for A1− λA2 ≡ S∗1H1S1− λS∗2H2S2 is equivalent to the standard eigenvalue
problem for

A
def
= H

−1/2
2 S−∗2 S∗1H1S1S

−1
2 H

−1/2
2 ,

and the generalized eigenvalue problem for Ã1 − λÃ2 ≡ S∗1H̃1S1 − λS∗2H̃2S2 is equiv-
alent to the standard eigenvalue problem for

Ã
def
= D∗2H

−1/2
2 S−∗2 S∗1H̃1S1S

−1
2 H

−1/2
2 D2,

where

D2 = D∗2
def
=
(
I +H

−1/2
2 (∆H2)H

−1/2
2

)−1/2

and ∆H2
def
= H̃2 −H2.

So, bounding relative distances between the eigenvalues of A1 − λA2 and those of
Ã1 − λÃ2 is transformed to bounding relative distances between the eigenvalues of A
and those of Ã. The latter can be accomplished in two steps:

1. Bounding relative distances between the eigenvalues of A and those of

Â
def
= D∗2H

−1/2
2 S−∗2 S∗1H1S1S

−1
2 H

−1/2
2 D2 = D∗2AD2.

2. Bounding relative distances between the eigenvalues of Â and those of Ã.
Denote and order the eigenvalues of A, Â, and Ã as

λ1 ≥ · · · ≥ λn, λ̂1 ≥ · · · ≥ λ̂n, and λ̃1 ≥ · · · ≥ λ̃n.
Set

D1 = D∗1
def
=
(
I +H

−1/2
1 (∆H1)H

−1/2
1

)−1/2

and ∆H1
def
= H̃1 −H1.

By Theorem 3.1 on A and Â = D∗2AD2, Theorem 3.2 on Â = X∗H1X, and Ã =

X∗H̃1X, where X = S1S
−1
2 H

−1/2
2 D2, we have

χ(λi, λ̂i) ≤ ‖D2 −D−1
2 ‖2 and χ(λ̂i, λ̃i) ≤ ‖D1 −D−1

1 ‖2(7.1)

and √√√√ n∑
i=1

[
χ(λi, λ̂i)

]2
≤ ‖D2 −D−1

2 ‖F and

√√√√ n∑
i=1

[
χ(λ̂i, λ̃i)

]2
≤ ‖D1 −D−1

1 ‖F.(7.2)

7When S2 is singular, both pencils will have the same number of the eigenvalue +∞. For
convenience, we define the relative differences by any measure introduced in section 2 to be 0.
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By Lemma 6.1, we have that if ‖D1 −D−1
1 ‖2‖D2 −D−1

2 ‖2 < 8, then

χ(λi, λ̃i) ≤ χ(λi, λ̂i) + χ(λ̂i, λ̃i)

1− 1
8χ(λi, λ̂i)χ(λ̂i, λ̃i)

≤ ‖D2 −D−1
2 ‖2 + ‖D1 −D−1

1 ‖2
1− 1

8‖D1 −D−1
1 ‖2‖D2 −D−1

2 ‖2
and √√√√ n∑

i=1

[
χ(λi, λ̃i)

]2
≤

√√√√ n∑
i=1

[
χ(λi, λ̂i) + χ(λ̂i, λ̃i)

1− 1
8χ(λi, λ̂i)χ(λ̂i, λ̃i)

]2

≤

√
n∑
i=1

[
χ(λi, λ̂i)

]2
+

√
n∑
i=1

[
χ(λ̂i, λ̃i)

]2
1− 1

8 max
1≤i≤n

χ(λi, λ̂i)χ(λ̂i, λ̃i)

≤ ‖D2 −D−1
2 ‖F + ‖D1 −D−1

1 ‖F
1− 1

8‖D1 −D−1
1 ‖2‖D2 −D−1

2 ‖2
.

Notice also that for j = 1, 2 and for any unitarily invariant norm ||| · |||,

|||Dj −D−1
j ||| ≤

‖H−1
j ‖2|||∆Hj |||√

1− ‖H−1
j ‖2‖∆Hj‖2

.

So we have proved the following.
Theorem 7.1. Let A1 − λA2 ≡ S∗1H1S1 − λS∗2H2S2 and Ã1 − λÃ2 ≡ S∗1H̃1S1 −

λS∗2H̃2S2, where H1 and H2 are n×n, positive definite, and ‖H−1
j ‖2‖H̃j −Hj‖2 < 1

for j = 1, 2. S1 and S2 are some square matrices and one of them is nonsingular. Let
the generalized eigenvalues of A1 − λA2 and Ã1 − λÃ2 be

λ1 ≥ · · · ≥ λn and λ̃1 ≥ · · · ≥ λ̃n.

If θ1θ2‖∆H1‖2‖∆H2‖2 < 8, then

max
1≤i≤n

χ(λi, λ̃i) ≤ θ1‖∆H1‖2 + θ2‖∆H2‖2
1− 1

8θ1θ2‖∆H1‖2‖∆H2‖2
,√√√√ n∑

i=1

[
χ(λi, λ̃i)

]2
≤ θ1‖∆H1‖F + θ2‖∆H2‖F

1− 1
8θ1θ2‖∆H1‖2‖∆H2‖2

,

where θj
def
= ‖H−1

j ‖2
/√

1− ‖H−1
j ‖2‖∆Hj‖2 for j = 1, 2.

On the other hand, from (7.1), (7.2), and Proposition 2.2, we get

%p(λi, λ̂i) ≤ 2−1/p‖D2 −D−1
2 ‖2 and %p(λ̂i, λ̃i) ≤ 2−1/p‖D1 −D−1

1 ‖2
and√√√√ n∑

i=1

[
%p(λi, λ̂i)

]2
≤ 2−1/p‖D2−D−1

2 ‖F and

√√√√ n∑
i=1

[
%p(λ̂i, λ̃i)

]2
≤ 2−1/p‖D1−D−1

1 ‖F.
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Since %p is a metric on R, we have

%p(λi, λ̃i) ≤ %p(λi, λ̂i) + %p(λ̂i, λ̃i) ≤ 2−1/p
(‖D2 −D−1

2 ‖2 + ‖D1 −D−1
1 ‖2

)
and √√√√ n∑

i=1

[
%p(λi, λ̃i)

]2
≤
√√√√ n∑

i=1

[
%p(λi, λ̂i) + %p(λ̂i, λ̃i)

]2

≤
√√√√ n∑

i=1

[
%p(λi, λ̂i)

]2
+

√√√√ n∑
i=1

[
%p(λ̂i, λ̃i)

]2
≤ 2−1/p

(‖D2 −D−1
2 ‖F + ‖D1 −D−1

1 ‖F
)
.

Theorem 7.2. Let all conditions of Theorem 7.1, except ‖D1 − D−1
1 ‖2‖D2 −

D−1
2 ‖2 < 8, which is no longer necessary, hold. Then

max
1≤i≤n

%p(λi, λ̃i) ≤ 2−1/p(θ1‖∆H1‖2 + θ2‖∆H2‖2),√√√√ n∑
i=1

[
%p(λi, λ̃i)

]2
≤ 2−1/p(θ1‖∆H1‖F + θ2‖∆H2‖F).

As to the scaled generalized singular value problem mentioned above, we shall
consider instead its corresponding generalized eigenvalue problem [21, 36, 37] for

S∗1G
∗
1G1S1 − λS∗2G∗2G2S2 and S∗1 G̃

∗
1G̃1S1 − λS∗2 G̃∗2G̃2S2.(7.3)

Theorem 7.3. Let {B1, B2} ≡ {G1S1, G2S2} and {B̃1, B̃2} ≡ {G̃1S1, G̃2S2},
where G1 and G2 are n× n and nonsingular; ‖G−1

j ‖2‖G̃j −Gj‖2 < 1 for j = 1, 2; S1

and S2 are some square matrices and one of them is nonsingular. Let the generalized
singular values of {B1, B2} and {B̃1, B̃2} be

σ1 ≥ · · · ≥ σn and σ̃1 ≥ · · · ≥ σ̃n.
If δ12δ22 < 32, where

δjt =
∥∥∥(I + (∆Gj)G

−1
j

)∗ − (I + (∆Gj)G
−1
j

)−1
∥∥∥
t

for j = 1, 2 and t = 2, F,

then

max
1≤i≤n

χ(σi, σ̃i) ≤ 1

2
· δ12 + δ22

1− 1
32δ12δ22

,√√√√ n∑
i=1

[χ(σi, σ̃i)]
2 ≤ 1

2
· δ1F + δ2F

1− 1
32δ12δ22

.

It can be proved that for j = 1, 2 and t = 2, F,

δjt ≤
(
‖(∆Gj)G−1

j +G−∗j (∆Gj)
∗‖t

‖(∆Gj)G−1
j ‖t

+
‖(∆Gj)G−1

j ‖2
1− ‖(∆Gj)G−1

j ‖2

)
‖(∆Gj)G−1

j ‖t

≤
(

1 +
1

1− ‖G−1
j ‖2‖∆Gj‖2

)
‖G−1

j ‖2‖∆Gj‖t.
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Proof. Consider the case when S2 is nonsingular. (The case when S1 is nonsin-
gular can be handled analogously.) By (7.3), we know that the singular values of

B
def
= G1S1S

−1
2 G−1

2 and B̃
def
= G̃1S1S

−1
2 G̃−1

2 are σ1 ≥ · · · ≥ σn and σ̃1 ≥ · · · ≥ σ̃n,
respectively. Set

D1 = I + (∆G1)G−1
1 , ∆G1 = G̃1 −G1, and D2 = I + (∆G2)G−1

2 , ∆G2 = G̃2 −G2;

then B̃ = D1BD
−1
2 . By Theorem 4.1, we have

max
1≤i≤n

χ(σi, σ̃i) ≤ 1

2

‖D∗1 −D−1
1 ‖2 + ‖D−∗2 −D2‖2

1− 1
32‖D∗1 −D−1

1 ‖2‖D−∗2 −D2‖2
,√√√√ n∑

i=1

[χ(σi, σ̃i)]
2 ≤ 1

2

‖D∗1 −D−1
1 ‖F + ‖D−∗2 −D2‖F

1− 1
32‖D∗1 −D−1

1 ‖2‖D−∗2 −D2‖2
,

as were to be shown.

By the first half of the proof of Theorem 7.3 and by Theorem 4.3, we can prove
the following.

Theorem 7.4. Let all conditions of Theorem 7.3, except δ12δ22 < 32, which is
no longer necessary, hold. Then

max
1≤i≤n

%p(σi, σ̃i) ≤ 1

21+1/p
(δ12 + δ22),√√√√ n∑

i=1

[%p(σi, σ̃i)]
2 ≤ 1

21+1/p
(δ1F + δ2F).

8. Conclusions. We have developed a relative perturbation theory for eigen-
value and singular value variations under multiplicative perturbations. In the theory,
extensions of the celebrated Hoffman–Wielandt and Weyl–Lidskii theorems from the
classical perturbation theory are made. Our extensions use two kinds of relative dis-
tance: %p and χ. Topologically, these new relative distances are equivalent to the
classical measurement (2.1) for relative accuracy, but the new distances have better
mathematical properties. It is proved that %p is indeed a metric on R while χ is
not. Often it is the case that perturbation bounds using χ are sharper than bounds
using %p.

Our unifying treatment in this paper covers many previously studied cases and
yields bounds that are at least as sharp as existing ones. Our results are applicable
to the computations of sharp error bounds in the Demmel–Kahan QR [8] algorithm
and the Fernando–Parlett implementation of the Rutishauser QD algorithm [14]; see
Li [23].

Previous approaches to building a relative perturbation theory are more or less
along the lines of using the min-max principle for Hermitian matrix eigenvalue prob-
lems. Our approach in this paper, however, is through deriving the perturbation
equations (5.2) and (5.3). A major advantage of this new approach is that these per-
turbation equations will lead to the successful extensions in [25] of Davis–Kahan sin θ
theorems [5] and Wedin sin θ theorems [38].



RELATIVE PERTURBATION THEORY I 977

Appendix A. Proofs of Propositions 2.3 and 2.4.
Lemma A.1. Let α, β, α̃, β̃ ∈ R. If α ≤ β ≤ β̃ ≤ α̃, then %1(α, α̃) ≥ %1(β, β̃).

If α ≤ β ≤ β̃ ≤ α̃ and ββ̃ ≥ 0, then %p(α, α̃) ≥ %p(β, β̃) for p > 1, and it is strict if

either α < β or β̃ < α̃ holds.
Proof. We consider function f(ξ) defined by

f(ξ)
def
=

1− ξ
p
√

1 + |ξ|p , where −1 ≤ ξ ≤ 1.

When p = 1,

f(ξ) =

{
1, for −1 ≤ ξ ≤ 0,

2
1+ξ − 1, for 0 ≤ ξ ≤ 1,

so f(ξ) decreases monotonically and decreases strictly monotonically for 0 ≤ ξ ≤
1. We are about to prove that when p > 1, function f(ξ) so defined is strictly

monotonically decreasing. This is true if p =∞. When 1 < p <∞, set h(ξ)
def
= [f(ξ)]p

and g(ξ)
def
= [f(−ξ)]p. Since, for 0 < ξ < 1,

h′(ξ) = −p(1− ξ)
p−1(1 + ξp−1)

(1 + ξp)2
< 0 and g′(ξ) =

p(1 + ξ)p−1(1− ξp−1)

(1 + ξp)2
> 0,

for 0 < ξ < 1, h(ξ) is strictly monotonically decreasing and g(ξ) is strictly monotoni-
cally increasing. Thus function f(ξ) is strictly monotonically decreasing for p > 1.

There are four cases to deal with. Assume that at least one of α ≤ β and β̃ ≤ α̃
is strict.

1. 0 ≤ α ≤ β ≤ β̃ ≤ α̃, then 0 ≤ α/α̃ < β/β̃ ≤ 1; thus

%p(α, α̃) = f(α/α̃) > f(β/β̃) = %p(β, β̃).

2. α ≤ 0 ≤ β ≤ β̃ ≤ α̃ or α ≤ β ≤ β̃ ≤ 0 ≤ α̃; then

%p(α, α̃) ≥ 1 ≥ %p(β, β̃).

It is easy to verify that the equalities in the two inequality signs cannot be
satisfied simultaneously.

3. α ≤ β ≤ 0 ≤ β̃ ≤ α̃. Only p = 1 shall be considered:

%1(α, α̃) = 1 = %1(β, β̃).

4. α ≤ β ≤ β̃ ≤ α̃ ≤ 0, then 0 ≤ α̃/α < β̃/β ≤ 1; thus

%p(α, α̃) = f(α̃/α) > f(β̃/β) = %p(β, β̃).

The proof is completed.
Remark A.1. In Lemma A.1, assumption ββ̃ ≥ 0 for the case p > 1 is essential.

A counterexample is the following: let ξ > ζ > 0, and let α = −ζ ≤ β = −ζ < β̃ =
ζ < α̃ < ξ. Then

%p(α, α̃) =
ξ + ζ

p
√
ξp + ζp

< 21−1/p = %p(β, β̃).
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Proof of Proposition 2.3. For any permutation τ of {1, 2, . . . , n}, the idea of our
proof is to construct n+ 1 permutations τj such that

τ0 = τ, τn = identity permutation,

and for j = 0, 1, 2, . . . , n− 1,

max
1≤i≤n

%p(αi, α̃τj(i)) ≥ max
1≤i≤n

%p(αi, α̃τj+1(i)).

The construction of these τj ’s goes as follows. Set τ0 = τ . Given τj , if τj(j+1) = j+1,
set τj+1 = τj ; otherwise, define

τj+1(i) =


τj(i), for τ−1

j (j + 1) 6= i 6= j + 1,

j + 1, for i = j + 1,
τj(j + 1), for i = τ−1

j (j + 1).

In this latter case, τj and τj+1 differ only at two indices as shown in the following
picture (notice that τ−1

j (j + 1) > j + 1 and τj(j + 1) > j + 1):

s̃
ατj(j+1)

s̃
αj+1

sατ−1
j

(j+1) sαj+1

A
A
AAU

�
�
���

XXXXXXXXXXXXXXXz

���������������9

τj+1 τj+1

τj

τj

With Lemma A.1, it is easy to prove that

max
{
%p(αj+1, α̃τj(j+1)), %p(ατ−1

j
(j+1), α̃j+1)

}
≥ max

{
%p(αj+1, α̃j+1), %p(ατ−1

j
(j+1), α̃τj(j+1))

}
.

Thus τj ’s so constructed have the desired properties.
A proof of Proposition 2.4 can be given analogously with the help of the first

inequality of Lemma 6.1 and the following lemma.
Lemma A.2. Let α1 ≥ α2 > 0 and α̃1 ≥ α̃2 > 0. Then

[χ(α1, α̃1)]
2

+ [χ(α2, α̃2)]
2 ≤ [χ(α1, α̃2)]

2
+ [χ(α2, α̃1)]

2
,

and the equality holds if and only if either α1 = α2 or α̃1 = α̃2.
Proof. It can be verified that

(α̃1 − α1)2

α̃1α1
+

(α̃2 − α2)2

α̃2α2
− (α̃2 − α1)2

α̃2α1
− (α̃1 − α2)2

α̃1α2

= − (α1 − α2)(α̃1 − α̃2)(α̃1α̃2 + α1α2)

α̃1α1α̃2α2
≤ 0,

and the equality holds if and only if either α1 = α2 or α̃1 = α̃2.

Appendix B. %p is a metric on R. Throughout this appendix, we will be
working with real numbers. The definition (2.2) of %p immediately implies that

1. %p(α, α̃) ≥ 0; and %p(α, α̃) = 0 if and only if α = α̃.
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2. %p(α, α̃) = %p(α̃, α).
So it remains to show that %p satisfies the triangle inequality

%p(α, γ) ≤ %p(α, β) + %p(β, γ) for α, β, γ ∈ R(B.1)

to conclude that the following holds.
Theorem B.1. %p is a metric on R.
We strongly conjecture that %p is a metric on C. Unfortunately, we are unable to

prove it at this point.
Since %p is symmetric with respect to its two arguments, we may assume, without

loss of generality, that from now on

α ≤ γ.(B.2)

There are three possible positions for β:

β ≤ α or α < β ≤ γ or γ < β.(B.3)

The hardest part of our proof is to show that (B.1) holds for the second position of β
in (B.3). We state it in the following lemma whose proof is postponed to the end of
this section.

Lemma B.2. Inequality (B.1) holds for α ≤ β ≤ γ, and the equality holds if and
only if β = α or β = γ.

With this lemma, we are now ready to prove (B.1).

Proof of (B.1). The proof is divided into two different cases.
• The case αγ ≥ 0. Lemma B.2 says that (B.1) is true if α ≤ β ≤ γ. If either
β < α or γ < β, by Lemma A.1, we have

%p(α, γ) ≤
{
%p(α, β) ≤ %p(α, β) + %p(β, γ), if γ ≤ β,
%p(β, γ) ≤ %p(α, β) + %p(β, γ), if β ≤ α.

• The case αγ < 0. We may assume α < 0 and γ > 0 (see (B.2)). Consider the
three possible positions (B.3) for β.

1. β ≤ α < 0. In this subcase, 1/α ≤ 1/β < 0 < 1/γ. By Lemma B.2, we
have

%p(α, γ) = %p(1/α, 1/γ) ≤ %p(1/α, 1/β)+%p(1/β, 1/γ) = %p(α, β)+%p(β, γ).

2. α ≤ β ≤ γ. This subcase has been taken care of by Lemma B.2.
3. 0 < γ ≤ β. In this subcase, 1/α < 0 < 1/β ≤ 1/γ. The rest is the same

as in subcase 1 above.
The proof is completed.

Proof of Lemma B.2. Since both swapping α and γ and multiplying α, β, γ all
by −1 lose no generality, we may further assume that

α ≤ |α| ≤ γ.(B.4)

Inequality (B.1) clearly holds if one of α, β, γ is zero or if β = α, β = γ, or α = γ.
So from now on we assume

α < β < γ and α 6= 0, β 6= 0, γ 6= 0.
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For 1 ≤ p <∞,

%p(α, γ) =
γ − α

p
√
γp + |α|p =

γ − β + β − α
p
√
γp + |α|p =

γ − β
p
√
γp + |α|p +

β − α
p
√
γp + |α|p

=
γ − β

p
√
γp + |β|p +

β − α
p
√|β|p + |α|p

+(γ − β)

(
1

p
√
γp + |α|p −

1
p
√
γp + |β|p

)

+(β − α)

(
1

p
√
γp + |α|p −

1
p
√|α|p + |β|p

)
= %p(α, β) + %p(β, γ) + h,

where

h =
(γ − β)(|β|p − |α|p)

p
√
γp + |α|p p

√
γp + |β|p ·

p
√
γp + |β|p − p

√
γp + |α|p

|β|p − |α|p

+
(β − α)(|β|p − γp)

p
√
γp + |α|p p

√|α|p + |β|p ·
p
√|α|p + |β|p − p

√
γp + |α|p

|β|p − γp .

The second factors of the two summands in h are always nonnegative. Now if α <
β ≤ |α| ≤ γ, then |β|p − |α|p ≤ 0 and |β|p − γp < 0, and thus h < 0. Hence
%p(α, γ) < %p(α, β) + %p(β, γ). Consider now |α| < β < γ. Then

h =
(γ − β)(β − |α|)

p
√
γp + |α|p

(
1

p
√
γp + βp

· β
p − |α|p
β − |α| ·

p
√
γp + βp − p

√
γp + |α|p

βp − |α|p

− 1
p
√|α|p + βp

· γ
p − βp
γ − β ·

p
√|α|p + βp − p

√
γp + |α|p

βp − γp
)

< 0.

The last inequality is true because p
√
γp + βp > p

√|α|p + βp ⇒ 1
p
√
γp+βp

< 1
p
√
|α|p+βp

and

0 <
βp − |α|p
β − |α| ≤

γp − βp
γ − β ,

0 <
p
√
γp + βp − p

√
γp + |α|p

(γp + βp)− (γp + |α|p) ≤
p
√|α|p + βp − p

√
γp + |α|p

(|α|p + βp)− (γp + |α|p)
by Lemma B.3, since for 1 < p <∞, f(x) = xp is convex and g(x) = p

√
x is concave.

So we also have %p(α, γ) < %p(α, β) + %p(β, γ) for |α| < β < γ. The proof for the case
p <∞ is completed.

When p =∞, (B.4) and α < β < γ imply |γ| > max{|α|, |β|}. So

%∞(α, γ) =
γ − α
γ

=
γ − β
γ

+
β − α
γ

=
γ − β
γ

+
β − α

max{|α|, |β|} + (β − α)

(
1

γ
− 1

max{|α|, |β|}
)

< %∞(α, β) + %∞(β, γ),
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as was to be shown.
Lemma B.3. Suppose functions f(x) and g(x) are defined on the interval [a, b],

and suppose f(x) is convex and g(x) concave. Let x, y, z ∈ [a, b] and x ≤ y ≤ z. Then

f(y)− f(x)

y − x ≤ f(z)− f(y)

z − y and
g(y)− g(x)

y − x ≥ g(z)− g(y)

z − y .

A proof of this lemma can be found in most mathematical analysis books; see,
e.g., [31, section 1.4.4].
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