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RELATIVE PERTURBATION THEORY:
I. EEIGENVALUE AND SINGULAR VALUE VARIATIONS*

REN-CANG LIf

Abstract. The classical perturbation theory for Hermitian matrix eigenvalue and singular value
problems provides bounds on the absolute differences between approximate eigenvalues (singular
values) and the true eigenvalues (singular values) of a matrix. These bounds may be bad news
for small eigenvalues (singular values), which thereby suffer worse relative uncertainty than large
ones. However, there are situations where even small eigenvalues are determined to high relative
accuracy by the data much more accurately than the classical perturbation theory would indicate.
In this paper, we study how eigenvalues of a Hermitian matrix A change when it is perturbed to
A = D*AD, where D is close to a unitary matrix, and how singular values of a (nonsquare) matrix
B change when it is perturbed to B = Dy BD3, where D1 and D3 are nearly unitary. It is proved
that under these kinds of perturbations small eigenvalues (singular values) suffer relative changes no
worse than large eigenvalues (singular values). Many well-known perturbation theorems, including
the Hoffman—Wielandt and Weyl-Lidskii theorems, are extended.
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1. Introduction. The classical perturbation theory for Hermitian matrix eigen-
value problems provides bounds on the absolute differences |\ — A| between approx-

imate eigenvalues A\ and the true eigenvalues A of a Hermitian matrix A. When A
is computed using standard numerical software, the bounds on |\ — A| are typically
only moderately bigger than €||A|| [15, 33, 40], where € is the rounding error threshold
characteristic of the computer’s arithmetic. These bounds are bad news for small
eigenvalues, which thereby suffer worse relative uncertainty than large ones.

Generally, the classical error bounds are best possible if perturbations are arbi-
trary. However, there are situations where perturbations have special structures and,
under these special perturbations, even small eigenvalues (singular values) are deter-
mined to high relative accuracy by the data much more accurately than the classical
perturbation theory would indicate. A relative perturbation theory is then called
for to exploit the situations for better bounds on the relative differences between
A and A.
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The development of such a theory goes back to Kahan [20] and is becoming a
very active area of research [1, 6, 7, 8, 9, 11, 12, 14, 16, 10, 28, 34]. In this paper,
we develop a theory by a unifying treatment that sharpens some existing bounds and
covers many previously studied cases. We shall deal with perturbations that have
multiplicative structures; namely, perturbations to unperturbed matrices are realized
by multiplying the unperturbed ones with matrices that are nearly unitary. (To be
exact, our theorems only require those multiplying matrices to be nonsingular, but
our bounds are interesting only when they are close to some unitary matrices.) For
Hermitian eigenvalue problems, we shall assume that A is perturbed to A= D*AD,
where D is nonsingular; and for singular value problems we shall consider that B
is perturbed to B = DjBDj, where D; and D, are nonsingular. It is proved that
these kinds of perturbations introduce no bigger uncertainty to small eigenvalues
(in magnitude) and small singular values than they would to large ones. Although
special, these perturbations cover componentwise relative perturbations of entries of
symmetric tridiagonal matrices with zero diagonal [8, 20] and componentwise relative
perturbations of entries of bidiagonal and biacyclic matrices [1, 7, 8]. More realistically,
perturbations of graded nonnegative Hermitian matrices [9, 28] and perturbations of
graded matrices of singular value problems [9, 28] can be transformed to take forms
of multiplicative perturbations as will be seen from later proofs.

Additive perturbations are the most general in the sense that if A is perturbed to

Z, the only possible known information is on some norm of AA 4f A A. Such per-

turbations, no matter how small, may not guarantee relative accuracy in eigenvalues
(singular values) of the matrix under consideration. For example, when A is singular,
A can be made nonsingular no matter how small a norm of AA is; thus some zero
eigenvalues are perturbed to nonzero ones and therefore lose their relative accuracy

completely. (Retaining any relative accuracy of a zero at all ends up not changing it.)

The rest of this paper is organized as follows. Section 2 defines two kinds of
relative distances g, (1 < p < o0) and x, and Appendices A and B present proofs of
some crucial properties of g, and x needed in this paper. We devote two sections to
present and discuss our main theorems—section 3 for relative perturbation theorems
for Hermitian matrix eigenvalue problems and section 4 for relative perturbation the-
orems for singular value problems. Long proofs of our main theorems are postponed
to sections 5 and 6. Section 7 briefly discusses how our relative perturbation theo-
rems can be applied to generalized eigenvalue problems and generalized singular value
problems.

Notation. We shall adopt the following convention: capital letters denote unper-
turbed matrices and capital letters with tildes denote their perturbed matrices. For
example, X is perturbed to X. Throughout the paper, capital letters are for matrices,
lowercase Latin letters for column vectors or scalars, and lowercase Greek letters for
scalars. Also,

C™*":  the set of m x n complex matrices, and C™ = C™*!;
R™*™:  the set of m x n real matrices, and R™ = R™*1.
U,: the set of n X n unitary matrices;
Opm,n:  the m x n zero matrix (we may simply write 0 instead);
I,: the n x n identity matrix (we may simply write I instead);
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X*: the conjugate transpose of a matrix X;
A(X):  the set of the eigenvalues of X, counted according to their alge-
braic multiplicities;
o(X): the set of the singular values of X, counted according to their
algebraic multiplicities;
omin(X):  the smallest singular value of X € C™*";
Omax(X):  the largest singular value of X € C™*"™;
| X|l2: the spectral norm of X, i.e., omax(X);

| X||p:  the Frobenius norm of X, i.e., Z” |zi;|%, where X = (z;;).

2. Relative distances. Classically, the relative error in & = a(1 + §) as an
approximation to « is measured by

a—«

(2.1) 6 = relative error in o = o
When |6] < €, we say that the relative perturbation to « is at most € (see, e.g.,
[8]). Such a measurement lacks mathematical properties upon which a nice relative
perturbation theory can be built; for example, it lacks symmetry between o and &
and thus it cannot be a metric. Nonetheless, it is good enough and is convenient to
use for measuring correct digits in numerical approximations.

Our new relative distances have better mathematical properties, such as sym-
metry in the arguments. Topologically they are all equivalent to the classical §-
measurement defined by (2.1). The p-relative distance between «, & € C is defined
as

(2.2) opla, @) = for 1 < p < 0.

We define, for convenience, 0/0 ECNO) 0oo has been used by Deift et al. [6] to define

relative gaps. Another relative distance that is of interest to us is

def | — @

Vlaal
This x-distance has been used by Barlow and Demmel [1] and Demmel and Veselié [9]
to define relative gaps between the spectra of two matrices.

Appendix B will show that g, (1 < p < o0) is indeed a metric on R; see also
Li [24]. (We suspect that g, is a metric on C also, but we cannot give a proof at this
point.) Unfortunately y violates the triangle inequality and thus cannot be a metric.
In fact, one can prove that x(a,7y) > x(«, 8) + x(8,7) for a < 8 < 7; see Lemma 6.1.

We refer the reader to Li [24] for a detailed study of the two relative distances.
Here, only properties that are most relevant to our relative perturbation theory will
be presented, and those proofs that require little work and seem to be straightforward
are omitted. Complicated proofs will be given in Appendix A.

PROPOSITION 2.1 (see [24]). Let a, a € R.

1. For0<e<1,

(2.3) x(a, @)

(2.4) ’Z—l’geégp(a,&)g

@
o

(25) |

1‘§eé><(aﬂ)§
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2. For0<e<1,

_ a a 21/p ¢
(2.6) Qp(oz,a)geémax{al', ~1’}§ T—¢
For0<e<?2,
a 2
(2.7) X(a,&)ﬁe:max{‘j—l, g-l‘}g(;-&— 1—‘1-64>6.

3. Asymptotically,

x(a, @)

op(a, @) —9l/p
5]
«

=1.

lim

and lim
aA—Q (e

= — ax—Q
[}

Thus (2.4), (2.6), (2.5), and (2.7) are at least asymptotically sharp.
The following proposition establishes a relation between g, and x.
PROPOSITION 2.2 (see [24]). For a, & € C,

op(a, @) < 27Y7 x(, @),

and the equality holds if and only if |a| = |a].

Next we ask what are the best one-one pairings between two sets of n real numbers?
Such a question will become important later in this paper when we try to pair the
eigenvalues or the singular values of one matrix to those of another.

PROPOSITION 2.3 (see [24]). Let {a1,a9,...,an} and {a1,as,...,an} be two
sets of n real numbers ordered in descending order, i.e.,

(2.8) g >ay> >y, Q> dy > > dp.
We have for p =1,

max p1(ay;, ;) = min max o1 (a;, 0 ;).
1§i§nQ( i Qi) 4 1§i<nQ( i T(’L))

For p > 1, if in addition all ;’s and &;’s are nonnegative,

(2.9) 11%1%)(71 opla, &) = min lrg%xn 0p (i, Qr(j))-
Both minimizations are taken over all permutations T of {1,2,...,n}.

Proofs of this proposition and Proposition 2.4 below are given in Appendix A.
Remark 2.1. Equation (2.9) of Proposition 2.3 may fail if not all the «;’s and
a;’s are of the same sign. A counterexample is as follows: n = 2 and

ar=1>ay=-2 and a; =4>ay=2.
Then for p > 1,
max {op(a1,d1), 0p(az, @2)} = op(az,ds) =21 71/7

6 - ~ ~
> {/TW = Qp(Oéz,Oél) = maX{Qp(Oél,Oéz)v Qp(a2aa1)}'
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Remark 2.2. Given two sets of a;’s and &;’s ordered as in (2.8), generally,

(2.10) D lop(i,30))" # min 3~ [gpa 8r)]”

i=1
even if all a;, &; > 0. Here is a counterexample: n = 2,
&1>051:&1/2>&2>042>07

where s is sufficiently close to 0, and s is sufficiently close to «; which is fixed.
Since, as ap — 0" and as — a7,

[op(a1,@2)]" + [op(az, @1)]* — 1,
~ 2 JU 1
lop(1,01)]” + [op(a2, a2)]” — TS +1,
(2.10) must fail for some a; > a3 = @1/2 > as > ag > 0.
PROPOSITION 2.4 (see [24]). Let {a1,...,an} and {ay,...,an} be two sets of n
positive numbers ordered as in (2.8). Then

(2.11) fax x(@i, @) = min max x(ai, ar(i)),
n n 9
~ \12 . ~
(2.12) > I, @) = meZ x(i, ari)]
i=1 i=1
where the minimization is taken over all permutations T of {1,2,...,n}.

Remark 2.3. Both (2.11) and (2.12) of Proposition 2.4 may fail if the «;’s and
&;’s are not all of the same sign. A counterezample for (2.11) is that n = 2 and

~ ~ 1
a1 =1>ay=-1 and a1:2>a2:Z,
for which
max {x(a1,@), x(az, d2)} = max {1/v2,5/2} = 5/2
> 3/V/2 = max {3/27 3/\/5} = max {x (a1, az), x(a2,a1)}.
A counterezample for (2.12) is that n = 2 and
a1 =1>ay=-2 and &1:2>&2:1,
for which
R o 2 2
x(on, @) + [elaz, @) = (1/v2) + (3/v2) =5

>4=0%+ (4/\/41)2 = [X(ozl,&g)]Q + [X(OZQ;&I)]2'
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3. Relative perturbation theorems for Hermitian matrix eigenvalue
problems. Throughout the section, A, A € C™"*™ are Hermitian and one is a per-
turbation of the other. Denote their eigenvalues by

(3.1) AMA) = {1, .. A} and MA) = {1, ..., A}
ordered so that
(3:2) A=A > > A= do > > A

THEOREM 3.1. Let A and A = D*AD be two n x n Hermitian matrices with
eigenvalues (3.1) ordered as in (3.2), where D is nonsingular. Then
1. there is a permutation T of {1,2,...,n} such that

n

~ 2
(33) S [ X)) < VI = SalR + 17 - 57,
i=1

where ¥4 is diagonal and its diagonal entries are D’s singular values.
2. if, in addition, A is nonnegative definite,® then

(3.4) max x(Ai, \i) < [|D* = D72,

1<7

(35) [ 30]" < 1D = D

A proof of Theorem 3.1 will be given in section 5.
A corollary of (3.3) is

n

~ 2
(3.3) >~ [e2ihe)] < I = DIR+11 - D13

i=1

by a well-known (absolute) perturbation theorem for singular values; see (4.7). On
the other hand, (3.3a) leads to (3.3) as well by considering Ui AUy and VAV, =
Y4(UFAU4)%, instead, where

(3.6) D = UsSqVy

is D’s singular value decomposition (SVD) [15, p. 71]. It is also possible to relate the
right-hand sides of (3.4) and (3.5) to the singular values of D, since for every unitarily
invariant norm? || - ||,

ID* = D! = IVa(Sa = S50 = I8 = 53"l

1Then A must be nonnegative definite as well.
2In this we follow Mirsky [30], Stewart and Sun [35], and Bhatia [3]. That a norm || - || is unitarily
invariant on C™>™ means that it also satisfies, besides the usual properties of any norm,
1. JUYV| = |Y], for any U € Uy, and V € Uy;
2. [Yll =|Y]l2, for any Y € C™*" with rank(Y) = 1.
Two unitarily invariant norms most frequently used are the spectral norm || - |2 and the Frobenius
norm || - ||g. Let || - || be a unitarily invariant norm on some matrix space. The following inequalities
[35, p. 80] will be employed later in this paper:

WYl <[Wi20Yl and Y Z] < [YIIZ]l2-
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The earliest relative perturbation result for eigenvalue problems goes back to a
theorem due to Ostrowski [32] (see also [18, pp. 224-225]), though he did not interpret
his theorem in the way we do now. Ostrowski proved that

for two nxn Hermitian matrices A and A = D* AD with eigenvalues (3.1) ordered
as in (3.2), where D is nonsingular, we have

(3.7) Omin(D)? - A <N < omax(D)? - N for <i<n.
Inequalities (3.7) immediately imply a relative perturbation bound

[Ai = Adf "
2N < I = D*Dl.

This result of Ostrowski’s is independent of (3.4). Both may be attainable for the
scalar case (n = 1) or for the case when A and D are diagonal. Our bounds (3.3) and
(3.5) are the first of their kind.

Roughly speaking, the classical perturbation theory for Hermitian matrix eigen-
value problems establishes one uniform bound for all differences |A\; — \;| regardless
of magnitudes of A;’s. In this regard, we have the following.

Let both A and A be Hermitian. (No special form of;f is assumed.) Then for
any unitarily invariant norm || - ||,

(3.8) Idiag(Ar — A, ... A — M)l < 1A — A

There is a long history associated with this inequality; see Bhatia [3] for details.
Theorem 3.1 extends (3.8) to the relative perturbation theory for || - || = || - ||z and
|l - llp. Two main differences between Theorem 3.1 and (3.8) are as follows.

1. Inequality (3.8) bounds the absolute differences |A; — A;|. It is in fact the best
possible as far as arbitrary perturbations are concerned. However, it may
overestimate the differences |\; — A;| too much for eigenvalues A; of much
smaller magnitudes than ||A||2 when perturbations have special structures
such as multiplicative perturbations, for which it is possible that |4 — A|| is
larger than |A; — Xj| by many orders of magnitudes while, on the other hand,
D*D =~ 1.

2. Theorem 3.1 exploits fully multiplicative perturbation structures by bounding
directly the relative differences x(A;, \;) or p2(A;, ;) in terms of D’s depar-

tures from unitary matrices ||[D* — D~!|| and \/||I —SalE + 1 =573
Thus, all eigenvalues of the same as or much smaller magnitudes than || A2
alike provably suffer small uncertainty as long as D’s departures from unitary
matrices are small.
Such arguments more or less apply to our other relative perturbation theorems in
this paper in comparison to their counterparts in the classical absolute perturbation
theory.

In Theorem 3.1, the perturbation to A is rather restrictive but is applicable to a
more realistic situation when scaled A is much better conditioned. In Theorem 3.2, S
is a scaling matrix, often highly graded and diagonal in practice, though the theorem
does not assume this. B _

THEOREM 3.2. Let A= S*HS and A = S*HS be two n x n nonnegative definite
Hermitian matrices with eigenvalues (3.1) ordered as in (3.2), and let AH = H — H.
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If |[H7 2l|AH||2 < 1, then
(3.9) max x(Ai, i) < ||D — D7Ya,

1<i<n
| H 2| AH|
T V1-[H ] AH];

(3.10)

[0 30)] < 1D~ D,
1

(3.11)

n

K3

[H 2| AH|r
T VI [H [ AH]:

1/2

(3.12)

where D = (I + H-'Y2(AH)H~1/?)

Proof. Rewrite A and A as
A=S*HS = (HY%8)* H'/?S,
A= S*Hl/2 (I + H—I/Z(AH)H—l/Q)Hl/QS
- ( (I+ H‘l/Q(AH)H‘l/Q)l/QHl/QS)* (I+H2(AH)H/?)2H28.

Set B %" H'/25 and B ' (I + H-V2(AH)H~"/2)"*H/2S, then A = B*B and

A = B*B. We have B = DB, where D = (I + H~Y/*(AH)H~/2)"?. Notice that
MA) = M(B*B) = A(BB*) and \(A) = \(B*B) = A(BB*),

and BB* = DBB*D*. Applying Theorem 3.1 to BB* and BB* yields both (3.9)
and (3.11). Inequalities (3.10) and (3.12) follow from the fact that for any Hermitian
matrix F with ||E||s < 1 and for any unitarily invariant norm || - ||,

1Bl
VIl

Inequality (3.10) can also be derived from the following bound essentially due to
Demmel and Veseli¢ [9] (see also Mathias [28]).

Let the conditions of Theorem 3.2 hold. Then

(3.13) Y
wax 2N < am,

1<i<n | A

To see how (3.13) leads to (3.10), we notice that?

I+ E)2 = (I + By 2 < (1 + B) 2L ||E|l <

Y |Xz - Az“ Ai |Xz - )\i|
— . <

X(Ais Ai) = 1D 2
|Adl

X Il

%

by Ostrowski’s theorem (3.7) and that [|[D7Y2 < 1//1 — [|[H- 12| AH]2.

Remark 3.1. Li [24] also considered extending Theorem 3.1 to diagonalizable
matrices under multiplicative perturbations. But the bounds obtained in a recent
paper [26] are better. Both Li [24] and Eisenstat and Ipsen [13] extended the classical
Bauer—Fike theorem [2].

3)\; = 0 if and only if Xl = 0, since A and A have the same number of zero eigenvalues, if any.
So we only need to consider those ¢ such that A\; # 0.
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4. Relative perturbation theorems for singular value problems. Through-
out the section, B, B € C™*™ and one is a perturbation of the other. (We shall
assume, without loss of generality, that m > n in this section.) Denote their singular
values by

(4.1) o(B)={o1,...,00} and o(B)={51,...,0n}
ordered so that
(4.2) 012022 20,20, g1 >09 > >0, >0.

THEOREM 4.1. Let B and B = DiBDsy be two m X n matrices with singular
values (4.1) ordered as in (4.2), where Dy and Dy are square and nonsingular. If
ID7 = D21 D5 — Dy 2 < 82, then

1D = DY l2 + D5 — D3|z
1= 5[1Di = D215 = D3 o

N | =

. Co) <
(4 3) 121%)(”)((0'1’01) =

—_

|D; — D7 t|g + | D3 — Dyt e
1— 5D — Dy Y2lDs — Dy 2

\}

A proof of Theorem 4.1 will be given in section 6.

The restriction || D} — Dy |2/ Dj — Dy || < 32, though mild, is unpleasant. But
we argue that neither this restriction nor the factor (1 — 2| D — D72/ D5 — D3! ||2)71
plays any visible role for any applications where one might expect that perturbing B
to B = DiBD, retains any significant digits of B’s singular values. Our arguments
go as follows.

1. For the ease of explanation, consider the case when B and D; are diagonal. In
order for each of B’s singular values to have at least one significant decimal digit the
same as that of the corresponding B'’s, it is necessary that*

(4.5) 0.9 < omin(D;) < Omax(D;) < 1.05

which imply that || Dj — D '[|, < 0.2, and thus the factor
1 —1
(1- 5001 - D lallDs - D5712) <10,

2. In fact, the restriction |D} — Dy Y|2||D5 — D5 tl2 < 32 is satisfied and the
factor is almost 1 even for D;’s singular values being fairly away from 1. It can be
seen that

\/52* ! Vi1 es,

ID; — D; Y2 <1 if 0.618 ~ < Omin(D;) < omax(D;) < —5

under which circumstances the unpleasant factor is

1
Lo oo -
(1 — 5501 = D21 D5 — D 1|2) < 32/31~ 1.03.

4This is for the worse case in the sense that if (4.5) is violated, then there are D;’s such that
some of the B’s singular values retain no significant decimal digits at all under the perturbations.



RELATIVE PERTURBATION THEORY 1 965

3. In applications where ||D;-‘—Dj_1||2 < 1, the quantity || Df —D; 2| D5 —D5 |2
is of second order. Then the restriction and the factor act as if they were not there.
Even more in some applications, as in Corollary 4.2, one of the D;’s is I for which
the restriction and the factor disappear completely.

Eisenstat and Ipsen [12] obtained the following result which is essentially a conse-
quence of Ostrowski’s theorem (see inequalities (3.7)) and which can also be seen
from known inequalities for singular values of a product of two matrices:?

Let the conditions of Theorem 4.1, except |Di — D7 Y|2||D5 — Dyt |2 < 32, hold.
We have

(46) Umin(Dl)Jmin(DQ) c 0 S 51 S Umax(Dl)Jmax(DQ) c 0 fOT’ 1 S 1 § n.
Inequalities (4.6) imply immediately the following relative perturbation bound:

51' — 05
max ! < max{|1 - Umin(Dl)Umin(D2)|a |1 - Umax(Dl)Umax(D2)‘}~
1<i<n ag;

The classical perturbation theory for singular value problems establishes one uni-
form bound for all differences o; — 7;, regardless of magnitudes of o;’s. The follow-
ing theorem was established by Mirsky [30], based on results from Lidskii [27] and
Wielandt [39].

For any unitarily invariant norm || - ||, we have
(4.7) lldiag(or —o1,...,0n —an)l| < [|B - B.

(No special form of B is assumed.)

A possible application of Theorem 4.1 is related to deflation in computing SVD of a
bidiagonal matrix. For more details, the reader is referred to [6, 8, 12, 29].

COROLLARY 4.2. Assume, in Theorem 4.1, that one of D1 and Ds is the identity
matriz and the other takes the form

I X
(")
where X is a matriz of suitable dimensions. Then

- 1
. i,0i) < = )
(1) max X(0:,51) < 21Xl

(4.9) | X[

2 L|
- V2

Proof. Notice that

() (7))

5 Arranging the singular values of a matrix in the decreasing order, we have (see, e.g., [19])

(the ith singular value of XY) < (the ith singular value of X) - ||Y|2.
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and thus ||D* — D7y = || X|2 and ||D* — D7Y|r = v2[| X ||p- 0
Eisenstat and Ipsen [12] showed that

(4.10) |o; — ;| < || X||204, or equivalently i _ 1’ < |1 X|l2-
o

(2

Our inequality (4.8) is sharper by roughly a factor of 1/2, as long as || X||2 is small.
As a matter of fact, it follows from (4.8) and Proposition 2.1 that if || X ||z < 4, then

7 X |2 X5 1Xl2 X2 I X1|2 )
Tl < (202 1 = —= .
o ‘ = ( 1 TV G 2 5 0 4

Our inequality (4.9) is the first of its kind.
THEOREM 4.3. Let B and B = DiBD3 be two m X n matrices with singular
values (4.1) ordered as in (4.2), where D1 and Dy are square and nonsingular. Then

. 1
(4.11) max op(0;,0;) <

max = 21+71/p(HDT—D1_1H2+||D§—D2_1||2)’

~ g2 1 . - . -
lop(0i,04)]” < GRSV (1D = Dy tle + [1D3 — D3 e) -

-

«
Il
-

(4.12)

A straightforward combination of Proposition 2.2 and Theorem 4.1 will lead to
bounds that are slightly weaker than those in Theorem 4.3 by a factor of

—1
1 * — * _
(1= 35101 - D leliD; - D3 12)

A proof of Theorem 4.3 will be given in section 6.

Again we shall now consider a more realistic situation when scaled B is much
better conditioned. In Theorem 4.4 below, S is a scaling matrix, often highly graded
and diagonal in practice, though the theorem does not assume this.

THEOREM 4.4. Let B = GS and B = GS be two n X n matrices with singular
values (4.1) ordered as in (4.2), where G and G are nonsingular, and let AG = G—G.
If |AG|2|G7 Y2 < 1, then

1

o~ L —1\* —1\—1
(4.13) lrg%xnx(al,ol)g2”([—1—(AG)G ) -+ a6
1 G 2[|AG] 2
4.14 1+ )
(1 (= emmen)
1 * _
(4.15) <5 |t+@ee) - u+@ae)™ .
1 |G 2| AG e
4.16 1+ .
(416 < (1 jemmen)

Proof. Write

(4.17) B=(G+AG)S = (I +(AG)GHGS = DB,
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where D = I + (AG)G~!. Now, applying Theorem 4.1 to B and B=DB yields both
(4.13) and (4.15). We notice that

oo
(I+E)—(I+E)'=I+E =) (-1)E' = E*+E+EZ Y B,
1=0 1=2

where E = (AG)G™! and ||E|2 < ||G7]2]|AG]|2 < 1; therefore, for any unitarily

invariant norm H| : |||,

I+ E)y =+ E) < IE+ E*Il + BN B

i=1
I+ E|l £l

(419 - + 1=

I L—[|El2

1

(4.19) < (1 n ) Il

1= [1E]l2
An application of (4.19) for || - ||2 and || - ||p completes the proof. d

Equation (4.17) also makes (4.6) applicable and leads to the following.

Let the conditions of Theorem 4.4 hold. We have
(4.20) 5 o,
max 7 < 62 ol

1<i<n

This inequality also follows from [10, Theorem 1.1]. Inequality (4.14) can actually be
derived from (4.20) as follows. Notice that

- 0; — 0; o; 0; 1/9
X(Ui’ai)_zo_.IA‘ 5l<§|1|0|| D~ 1”/7
K2 7 3

and that

1 1 1
IDYY? < §(1+ _ )
oG LIaGk 2\ T TG LIAGH:

Remark 4.1. When (AG)G~! is nearly skew Hermitian, (4.13) and (4.15) lead to
bounds that are much better than (4.14) and (4.16). This can be seen from (4.18):

Under the conditions of Theorem 4.4, we have

(II(AG)G_lJrG‘*(AG)*IIzJr IAGG 2 )II(AG)G_lz

max X(JZ,UZ) <

[AG)G 1 [(AG)G 2
g IAGE + G (AG) [ | IAGGE 2\ I(AQ)G |
2 o) ( [AG)G e +1—||<AG>G—1||2) 2

i=1

Now if (AG)G™! is nearly skew Hermitian, then x(0;,5;) = o (| (AG)G™!||2); more-
over,

IAG)G™ + G (AG) |2 = O (I(AG)GT3) = x(04, 1) = O (I(AG)G3) -
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Remark 4.2. Theorem 4.4 can be extended to nonsquare matrices. Assume
B =GS and B = GS are m xn (m > n); S is a scaling matrix and both G and G
are m x n; G has full column rank. Let GT = (G*G)~'G* be the pseudo-inverse of
G. Notice that GTG = I. We have

B=GS=(G+AG)S = (I +(AG)GNGS = (I + (AG)G"B = DB.

Now, apply Theorem 4.1 to B and B = DB.

5. Proof of Theorem 3.1. We need a little preparation first. A matrix Z =
(zi5) € R™*™ is doubly stochastic if all z;; > 0 and

n n
Sozn=Y zmy=1 forij=12...n
k=1 k=1

Using a Birkhoff theorem [4] (see also [18, pp. 527-528]) and the technique of Hoffman
and Wielandt [17] (see also [35, p. 190]), we can prove the following.

LEMMA 5.1. Let Z = (z;) be an n x n doubly stochastic matriz, and let M =
(myj) € C™*™. Then there exists a permutation T of {1,2,...,n} such that

n n
D Imilzig = Imire-
=1

i, J=1

For X € C™*", we introduce the following notation for a k x £ submatrix of
X = ([Eij)i

Tivjr  Tirgs " Tigge

(5.1) X 11 ... 1% def Ligjr  Ligja 7 Ligge
Ji---Je

Ligjr  Ligga """ Ligge

where 1 <41 < -+ <ip <mand 1< j <---<jy<n. The following lemma is due
to Li [22, pp. 207-208]

LEMMA 5.2 (see Li [22]). Suppose that X € C™"*" is nonsingular, and 1 < i1 <
< <nandl1<j1<---<jp<n,and k+£€>n. Then

()
Ji--Je

Moreover, if X is unitary, then

(55
Ji---Je
Proof of Theorem 3.1. We shall prove (3.3) first. Due to the argument we made

right after Theorem 3.1, it suffices for us to prove (3.3a). Let the eigen decompositions
of A and A be

> [IX I
2

=1
2

A=UAU* and A=UAU*,
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where U and U are unitary and A = diag(A1, Aa, ..., \,) and A= diag(xl, Xg, . ,Xn)
Notice that
A—A=A—D*AD=A—AD+ AD — D*AD = A(I — D) + (D~ * — I)A.
Pre- and postmultiply the equations by U* and U , respectively, to get
(5.2) AU*U — U*UA = AU*(I — D)U + U*(D~* — I)UA.
Set
QY UT=(q¢;), ELUIT-D)U=(e;;), ELU (D™ -DU = (&)

Then (5.2) reads AQ—QT\ = AE—i—EK, or componentwise A;g;; —qinj = \i€ij +anj,
SO
[(Ai = X)) aigI* = ieij + i) 12 < (Il + [X512) (less | + [€551%),

which yields® [g2(Ai, Aj)]?|¢i;]% < les;|? + [€i]?. Hence

n ~ 72 ~ ~
> e 2] lal? < 1071 = D)TIE + 0" (D~ = DU
i,j=1

=1 = Dl +ID™" ~ 1|}

The matrix (|gij|*)nxn is a doubly stochastic matrix. The above inequality and
Lemma 5.1 imply that

>~ [e2030)]” < 17— DI + 1D ~ 1)
i=1

for some permutation 7 of {1,2,...,n}. This is (3.3a).

We now prove (3.4) and (3.5). Suppose that A is nonnegative definite. There is a
matrix B € C"*" such that A = B*B. With this B, A= D*AD = D*B*BD = B*B,
where B = BD. Let SVDs of B and B be

B=UAY2V* and B =UAY2V*,

where A2 = diag(v A1, VA2, ..., vAn) and AY/2 = diag(ﬁ, \/X:,,\/i) In

what follows, we actually work with BB* and Eé*, rather than A = B*B and
A = B*B themselves. We have

BB* — BB* = BD*B* — BD"'B* = B(D* — D™")B*.
Pre- and postmultiply the above equations by U* and U, respectively, to get
(5.3) AU*U — U*UA = A2V*(D* — DY VA2,

Write Q &' 07U = (¢ij)- Equation (5.3) implies

* (D )x )\
|D* — DY = [7*(D VH2=Z| 'mF

6This inequality still holds even if \; = Xj = 0 because of our convention 0/0 = 0; see section 2.
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Since (|gi;|*)nxn is a doubly stochastic matrix, an application of Lemma 5.1 and
Proposition 2.4 concludes the proof of (3.5). To confirm (3.4), let k& be the index such
that

77 = max x()\,,)\ )= ()\k,Xk).

1<i<n

If n = 0, no proof is necessary. Assume 7 > 0. Also assume, without loss of generality,
that

A > Xk > 0.
Partition U, V, U , V as follows:

k n—=k k n—=k k—1 n—k+1 k—1 n—k+1
U= (U, Uy), V= (Vi Vo), U= (Ui Uy ), V= (W Va ),

and write A = diag(A1,As) and A = diag(]\l,/N\g), where A; € RF*F and K1 €
RE=Dx(R=1) Tt follows from (5.3) that

MNU3UL — U3ULA, = MYV (D" — D Y)ViAY2.
Postmultiply this equation by A] 1 to get
(5.4) MNUFUATY — U3Uy = A2V (D* — D-YvAa; Y2,

Lemma 5.2 implies that ||U3U |2 = 1 since U3 Uy is an (n — k + 1) x k submatrix of
unitary U*U and k + (n — k 4+ 1) = n + 1 > n. Bearing in mind that ||Aglls = Ap =
|85 and 1A 2 = 1/Ak = Ay /2], we have

Ak

1= 55 = || G50, — WRell T304 |, AT

IN

oo, - o5,

IN

Ui, —T\Qﬁ;UlA;l‘L

AT (0 = DA || by (5.4)

IN

11/2 Tk * — —1/2
18521 || V2 (0" = DA | 11Ar 2,

[ Xk 1| 5
=2 V=D~ D VH
)\kHQ( )12

A .
—||D*—D
i 2

an immediate consequence of which is (3.4). 0

6. Proofs of Theorems 4.1 and 4.3. We need the following lemma regarding
the relative distance y.

LEMMA 6.1. _ ~

L If0<a<pB<pB<a, then x(o,a) > x(8, ).
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2. If a, & >0, then 2 x(a, @) < x(a?,a?).
3. For a, B, v >0, we have

(61) (7)< (e B) + X(8,7) + (s Ax(B.1)x( 7).

Thus if x(a, B)x(8,7) < 8 also, then

x(, B) + x(8,7)
1—gx(a, B)x(8,7)

x(a,7) <

Proof. To prove the first inequality, we notice that function %—z is monotonically
decreasing for 0 < z < 1, and that 0 < a/a < 3/6 < 1. Thus

A @) = ;/a ofa > \ﬁ /815 =x(3.D),

as was to be shown. If o, @ > 0, then

T8 ad) Qg 2x(cr @),

2 ~2 ~\ |a+a

x(a”, &%) = x(a, @) \/@ = x(o, a) Joa

which confirms the second inequality.
For the third inequality (6.1), without loss of generality, we may assume 0 < o <
~v. Now if 8 < « or v < 3, we have by the first inequality

X(B,7) < x(a, B) +x(B,7v), if f<a,
x(@,7) < { X 8) < x(@B) + x(B), ity < B,

0 (6.1) holds. Consider the case 0 < o < § < ~. It can be verified that

x(a,7) = x(a, B) + x(8,7) + x(V, V B)IX(VB. v X (Ve /7).

Inequality (6.1) follows by applying the second inequality. d

Proofs of Theorems 4.1 and 4.3. Set B = BD, and denote its singular values by
01> 0o > -+ > 0,. Apply Theorem 3.1 to B*B and B*B = D;B*BDy to get

n

> (02,82 < ||D5 — Dy |-
i=1

2 < * _ m—1
ax x(07,57) < | D3 — Dy 'z and

Now apply the second inequality of Lemma 6.1 to obtain

n

1 * - ~\12 1 * —
<5 -Dy' and |3 (o3 < 2105 - Dy .

i=1

(6.2) Jnax x(0i,0;)

Similarly for B = BDy and B = D; BDy = D} B, we have

n

1, o 1, .
(63) max x(3:.5) < 5IDF = D'z and | 3" [x(@: 7)) < 3D - D7

1<i< ‘
=1
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The first inequalities in (6.2) and (6.3), and the assumptions of Theorem 4.1, imply
~N(a L -1 * —1 1
X(04,50)x(03,01) < 1D = Dy [l2[|D2 = Dyl < 3 x 32=8.

By Lemma 6.1, we have

(0'270'2) + X(O'za O'z)

X(U‘aa’/‘) S
YT sxwm) @150
1 |IDf =D 2+ [1D5 — D32
-2 1- 32||D* 11||2||D;_D2_1H27
n n N ~ 5
3" (01,5 < Z a,,a, +X(ol,al) ]
=1 i=1 SX J’HJ'L 0'1,(72)
n
E (0:,0:)] Z (61,5,
i=1
S ’L
1-3 128 x(0i,0:)x(04,04)
<L ||D* Dy 'r + ID5 — D3 Mlr

"2 1-g5|Df - DY lIDs — Dy e

as expected. This completes the proof of Theorem 4.1. To prove Theorem 4.3, we
notice that
0p(04,5:) < 0,(04,5) + 0p(Gi,54) (0p is a metric on R)
< 27Y7x(04,5;) + 27/ x(5:,5:) (by Proposition 2.2)
<271V (D5 — Dy Y|o + |D} — D1 Y2) (by (6.2) and (6.3))

and
Z [op (03, 50]2 < Z lop(04,04) + 0p(04, Ei)]Q (0p is a metric on R)
i=1 i=1
(by Proposition 2.2)
<2772 (||D5 = Dy Yle + | D = Ditle)  (by (6.2) and (6.3)).
These inequalities complete the proof of Theorem 4.3. O

7. Generalized eigenvalue problems and generalized singular value
problems. In this section, we discuss perturbations for scaled generalized eigenvalue
problems and scaled generalized singular value problems. As we shall see, the results
in previous sections, as well as those in Li [25], can be applied to derive relative
perturbation bounds for these problems.
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e The generalized eigenvalue problem: B B B
A1 — )\AQ = Slesl — )\S;HQSQ and A1 — )\AQ = S’le,S'l - )\S;HQSQ, where
H; and Hj are positive definite; ||H;1||2HIA:E — Hj||2 < 1for j=1,2; S and
S, are some square matrices and one of them is nonsingular.”
e The generalized singular value problem: B B
{Bl,BQ} = {GlshGQSQ} and {Bl7B2} = {G1517G252}7 where G1 and G2
are nonsingular; ||G;1||2Héj — Gjll2 < 1for j =1,2; Sy and Sy are some
square matrices and one of them is nonsingular.
For the scaled generalized eigenvalue problem just mentioned, without loss of gener-
ality, we consider the case when S5 is nonsingular. Then the generalized eigenvalue
problem for A; — AAy = STH151 — AS3 HyS; is equivalent to the standard eigenvalue
problem for

A H2S S Hy S Sy Hy 2,
and the generalized eigenvalue problem for /L — )\EQ = Sfﬁ 151 — AS;ﬁQSQ is equiv-
alent to the standard eigenvalue problem for

AY DrH, Y28 S H S Sy  H,y 2D,

where

€ 1/2 €
Dy = D; & (1 + Hy VA (AH)H 1/2) and AH, % 77, — H,.
So bounding relative distances between the eigenvalues of A; — AAz and those of
— Ay is transformed to bounding relative distances between the eigenvalues of A
and those of A. The latter can be accomplished in two steps:
1. Bounding relative distances between the eigenvalues of A and those of

AY DyH; Y288 H S, Sy  Hy V2 Dy = Dy ADs.
2. Bounding relative distances between the eigenvalues of A and those of A.
Denote and order the eigenvalues of A, A and A as

~

M>> A AL > > A, and A > o> A,

Set

e — — 1/2 e
Dy = D*d_f(1+H1/2(AH) 1/2) and AH, < H, — H,.

By Theorem 3.1 on A and A = D}AD,, Theorem 3.2 on A = X*H; X, and A =
X*H, X, where X = 155 "H; /Dy, we have

o~ o~

(7.1) X \i) < [1D2 = D3 Mla and  x(Ni, \i) < [[Dy — DiYla

and

n

S v A] <102 - DM and |30 WG A0] < 1D - D

=1 i=1

(7.2)

"When Ss is singular, both pencils will have the same number of the eigenvalue +oco. For
convenience, we define the relative differences by any measure introduced in section 2 to be 0.
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By Lemma 6.1, we have that if |[D; — Dy '||2||De — Dy '|]2 < 8, then

x(iX) D2 = Dyta + D1 = Do
1) = ~ — — —
1— LxOu, M) x(is ) — 1= 3Dy — DT Y|o|| Da — D32

and

| D2 — D51HF +[|D1 — Dy 'lr

1= §llD1 = Dy *|2]| D2 — Dy |2

Notice also that for 7 = 1,2 and for any unitarily invariant norm || - ||,
1|2 | AH |

V1= H; =l AH

ID; — D3I <

So we have proved the following. B B B
THEOREM 7.1. Let A1 — )\AQ = SleSl — )\S;HQSQ and A1 — AAQ = STHlSl —
AS3 Hy Sy, where Hy and Hy are n x n, positive definite, and ||HJ_1||2Hﬁj —Hjlla<1
for j =1,2. S1 and Sy are some square matrices and _one of them is nonsingular. Let
the generalized eigenvalues of A1 — NAs and A1 — MAs be
M2 and A > >

If 0102|| AH: ||| AHz |2 < 8, then

5N 01[|AH |2 + 02| AH; |2
max x(A;, A;) < ,
R T NV AR VAR

- ~ 2
Z[ ()\“)\,)] < €1||1AH1HF+92||AH2HF 7
1— 30105 AH 2| AHs 2

def — - .
where 0; < \H s /1= 11 2| A |2 for j =1,2.
On the other hand, from (7.1), (7.2), and Proposition 2.2, we get

op(Nis M) < 27VP|Dy = D3 ls and  gp(Ai, Ai) < 27VP(|Dy = D'

and

n

3 [gp(xi,Xi)]Q <277 Dy-D5 e and | > [op(Ris } < 277 Dy =Dy .

i=1 =1
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Since g, is a metric on R, we have
0p(Xis Ai) < 0p(Ni i) + gp(Ais Mi) < 277 (| Dy = Dy |2 + 1Dy = Dy l2)

and

[Qp()\i, 3\\1) + Qp(xiy Xz)] ’

-

Zn: {Qp(AiaXi)}Q

i=1 i=1

n

[Qp()‘i7/)‘\i)}2 +40> {Qp(xiaxi)r

1 i=1

%

K2

< 27" (|Dy — Dy'||p + |D1 — Dy Mlr) -

THEOREM 7.2. Let all conditions of Theorem 7.1, except |[Dy — Dy '||2||De —
D;lﬂz < 8, which is no longer necessary, hold. Then

max Qp()\mxi) < 27VP(0,||AH |2 + 62| AHy|2),

1<i<n

n ~ 12
> e h)] < 27O AR + 62| A ).
=1

As to the scaled generalized singular value problem mentioned above, we shall
consider instead its corresponding generalized eigenvalue problem [21, 36, 37] for

(7.3) SEGIGLS) — AS3G5GLS, and  SFGIGLST — AS3GEGLS,.
THEOREM 7.3. Let {Bl,Bg} = {GlSl,GQSQ} and {El,gg} = {élsl,ég;gg},

where G and Ga are n x n and nonsingular; HGj_lHQHéJ —Gjllz2 <1 forj=1,2; 5
and Sy are some square matrices and one of them is nonsingular. Let the generalized
singular values of {B1, Ba} and {B1, B2} be
o> >0, and OG> - > 0Op.
If 612022 < 32, where
b0 = ||(1+ (MGG = (T+(AGHGT) Y| forj=1,2 and t =2,¥,
t

then
b2+ 02
1— 612622

IA
| =

Jpax. x(0i, ;)

—_

O1F + boF
1 — 35612620

()

It can be proved that for j = 1,2 and t = 2,F,
5., < I(AG)GF" + G (AG))* Iy N I(AG;)GT 2
jt = — —
I(AGHGT e 1 - [I(AGH)GT Iz

> I(AGHGT e

1
< |1+ — 1G5 21| AG; ||
( 1— HGleQHAGjQ) ! ’
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Proof. Consider the case when Sy is nonsingular. (The case when S; is nonsin-

gular can be handled analogously.) By (7.3), we know that the singular values of

1 7 def ~14- & G
B G15,8,'Gy" and B Y G181, Gyt are 0y 2 o 2 oy and Gy 2 o0 2 G

respectively. Set
Dy =1+ (AG)GTY, AGy = Gy — Gy, and Dy = I+ (AGy)G5 ', AGy = Gy — Go;
then B = DlBDgl. By Theorem 4.1, we have

D — D72 4 | Dy — Dal|
1— %|IDf = Dy Y2l Dy = Dall2

A

(01,57) < =
1I£ia§XnX 0i,04) S 5

~ 1 ||D¥ — D! DI*—D
[x(04,5:)] 3 : TS ”F—t 2, — 2l ;
1= 551D = Dy |l2l| Dy ™ — D2l

I

s
Il
-

as were to be shown. ]

By the first half of the proof of Theorem 7.3 and by Theorem 4.3, we can prove
the following.

THEOREM 7.4. Let all conditions of Theorem 7.3, except 612022 < 32, which is
no longer necessary, hold. Then

~ 1
1r£za§Xn gp(O'i, O’i) < m(éu + 622)7
1

-

s
Il
-

[Qp(aiaai)]g < m(ém + 8ar).

8. Conclusions. We have developed a relative perturbation theory for eigen-
value and singular value variations under multiplicative perturbations. In the theory,
extensions of the celebrated Hoffman—Wielandt and Weyl-Lidskii theorems from the
classical perturbation theory are made. Our extensions use two kinds of relative dis-
tance: g, and x. Topologically, these new relative distances are equivalent to the
classical measurement (2.1) for relative accuracy, but the new distances have better
mathematical properties. It is proved that g, is indeed a metric on R while x is
not. Often it is the case that perturbation bounds using x are sharper than bounds
using op.

Our unifying treatment in this paper covers many previously studied cases and
yields bounds that are at least as sharp as existing ones. Our results are applicable
to the computations of sharp error bounds in the Demmel-Kahan QR [8] algorithm
and the Fernando—Parlett implementation of the Rutishauser QD algorithm [14]; see
Li [23].

Previous approaches to building a relative perturbation theory are more or less
along the lines of using the min-max principle for Hermitian matrix eigenvalue prob-
lems. Our approach in this paper, however, is through deriving the perturbation
equations (5.2) and (5.3). A major advantage of this new approach is that these per-
turbation equations will lead to the successful extensions in [25] of Davis—Kahan sin
theorems [5] and Wedin sin § theorems [38].
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Appendix A. Proofs of Propositions 2.3 and 2.4.

LEmMMA Al Let o, B, &, B € R. Ifoz<6<ﬂ<o¢ then o1(a, @) > 01(0, ﬂ)
Ifa<pg< B <& and BB > 0, then op(a, @) > 0,(5, ﬁ) for p > 1, and it is strict if
either a < [ or ﬁ < a holds.

Proof. We consider function f(£) defined by

e 1_5
F(e d:fi, where -1 < ¢ < 1.
©= T
When p =1,
1, for -1 < ¢ <0,
f(f):{lig_l, for0<¢<1,

so f(€) decreases monotonically and decreases strictly monotonically for 0 < ¢ <

1. We are about to prove that when p > 1, function f(£) so defined is strictly
G

monotonically decreasing. This is true if p = co. When 1 < p < oo, set h(§) =
and g(§) = def [f(=&)]P. Since, for 0 < £ < 1,

P-4
T+ e

for 0 < & < 1, h(&) is strictly monotonically decreasing and g(&) is strictly monotoni-
cally increasing. Thus function f(£) is strictly monotonically decreasing for p > 1.

p(L+ P 11— )
(1+ &2

W(E) = - <0 and g(¢) = >0,

There are four cases to deal with. Assume that at least one of o <  and 5 <a
is strict. _ _
l.0<a<fg<pg<a,then 0<a/a< /6 <1;thus

op(0, @) = f(a/@) > f(B/B) = 0p(8, ).
2. a<0<B<B<aora<pB<B<0<a; then

Qp(aaa) >1> Qp(ﬁag)'

It is easy to verify that the equalities in the two inequality signs cannot be
satisfied simultaneously.
3. a< <0< B <a. Only p=1 shall be considered:

01(c,@) = 1= 01(8, ).

4.a§6§6§ <0, then0<oz/o¢<,8/ﬂ<1 thus

op(0, @) = f(@/a) > f(B/B) = 0p(8, ).

The proof is completed. ] B

Remark A.1. In Lemma A.1, assumption 33 > 0 for the case p > 1 is essential.
A counterexample is the following: let £ > ( > 0,andlet a = -( < f=-(< [ =
¢ <a<{. Then

~_ &+¢

op(a, @) = VT <2177 = g,(8, ).
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Proof of Proposition 2.3. For any permutation 7 of {1,2,...,n}, the idea of our
proof is to construct n + 1 permutations 7; such that

TO =T, T, = identity permutation,
and for j =0,1,2,...,n—1,

max Qp(ozi,&m(i)) > max gp(oy, &

1<i<n ~ 1<i<n ”“(1))'

The construction of these 7;’s goes as follows. Set 79 = 7. Given 7, if 7;(j+1) = j+1,
set 7j41 = 7;; otherwise, define

(), for G+ Fi#j+1,
Tit1(i) = ¢ j+1, fori=j+1,
Ti(j +1), fOTiZT]-_l(j+1>.

In this latter case, 7; and 7,11 differ only at two indices as shown in the following
picture (notice that Tj_l(j +1)>j+land 7;(j+1)>j+1)

Y G+ AR
° [
kﬂl /Tj+1
° Tj °

Qr(j41) @jt1
With Lemma A.1, it is easy to prove that
max{gp(aﬂh&n(jﬂ)), Qp(OZTj*l(j+1)v&j+1)}
> max {Qp(aj+1,aj+1)’ Qp(%;l(jﬂ)varj(jﬂ))} :

Thus 7;’s so constructed have the desired properties. 0

A proof of Proposition 2.4 can be given analogously with the help of the first
inequality of Lemma 6.1 and the following lemma.

LEMMA A.2. Let oy > s >0 and a; > ag > 0. Then

[x(on, @1)]° + [x(n, @2)]° < [x(e1, @))% + [x(e2, @))%,

and the equality holds if and only if either oy = ap or ay = Q.
Proof. Tt can be verified that

(@1 —)? n (2 — ) (G2 —a1)® (41— a)?

&10&1 622042 &gal &10&2
__(u—a)(a —@)(@a +aas) o
Q1o 0o -7
and the equality holds if and only if either ay = as or @ = as. 1]

Appendix B. g, is a metric on R. Throughout this appendix, we will be
working with real numbers. The definition (2.2) of g, immediately implies that
1. gp(a,@) > 0; and gp(a, @) = 0 if and only if o = a.
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2. op(a, @) = op(a, a).
So it remains to show that g, satisfies the triangle inequality

(B.1) op(a,7) < opa, B) + 0p(3,7) fora, B,7€R

to conclude that the following holds.

THEOREM B.1. p, is a metric on R.

We strongly conjecture that g, is a metric on C. Unfortunately, we are unable to
prove it at this point.

Since g, is symmetric with respect to its two arguments, we may assume, without
loss of generality, that from now on

(B.2) a<n~.
There are three possible positions for 3:
(B.3) b<a o a<pf<~vy or vy<gf.

The hardest part of our proof is to show that (B.1) holds for the second position of 3
in (B.3). We state it in the following lemma whose proof is postponed to the end of
this section.

LEMMA B.2. Inequality (B.1) holds for a < 8 < v, and the equality holds if and
only if 6=a or f=1.

With this lemma, we are now ready to prove (B.1).

Proof of (B.1). The proof is divided into two different cases.

e The case ary > 0. Lemma B.2 says that (B.1) is true if « < 8 < . If either
0 < aorvy<f, by Lemma A.1, we have

op(, B) < op(a, B) + 0,(8,7), if vy <,
2p(a,7) < { gZ(ﬂ,w) < @:(a,ﬁ) + Qi(ﬁ, v)s if 6 <a.

o The case ary < 0. We may assume a < 0 and v > 0 (see (B.2)). Consider the
three possible positions (B.3) for .
1. 8 < a < 0. In this subcase, 1/a < 1/8 < 0 < 1/v. By Lemma B.2, we
have

op(a,y) = 0p(1/, 1/7) < 0p(1/ e, 1/B)+0,(1/B,1/7) = op(av, B)+0,(8,7)-

2. a < 8 < ~. This subcase has been taken care of by Lemma B.2.
3. 0 < < 8. In this subcase, 1/a < 0 < 1/8 < 1/7. The rest is the same
as in subcase 1 above.
The proof is completed. ]

Proof of Lemma B.2. Since both swapping a and v and multiplying «, 3, v all
by —1 lose no generality, we may further assume that

(B.4) a<|af <7

Inequality (B.1) clearly holds if one of a, 3, v is zero or if 8 = a, f =7, or @ = 7.
So from now on we assume

a<f<y and a#0,8#0,~v#0.
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For 1 <p < o0,

op(ay) = —1 = _y=BtB-a_ v -P f-a
o 1o R VO N P S o R P TR T P
__ =8 . _B-a
18P /1P + Jaf
1 1
+ — —
o= <</w+ o At lﬂlf’)

1 1
—|—(6—Oé) ({/,Yp_i_ |a|p B {’/|Oé|p + |ﬁ|p>
= Qp(a’ﬁ) + Qp(ﬂ7 ’7) + h7

where

(v =B)BPP — o) /" + 1B = /7P + ol

T T a1 87 — Ja]?
(B=a)I8P =+*) /TP I8P — /7P +IaP
/P + alpg/]alr + |B]P 18P — 4P '

The second factors of the two summands in h are always nonnegative. Now if o <
B < |a] <, then |B|P — |af? < 0 and |BP — 4P < 0, and thus h < 0. Hence
op(a,y) < op(a, B) + 0p(B3,7). Consider now || < 8 <. Then

hZ(v—ﬁ)(ﬁ—&l)( L B —lofp YAPEPP - P F[aP

P rlar \YP+B B—lal B> —Jal?
R T et i 4L R T
alp+pr =0 pP =P

< 0.

The last inequality is true because {/7? + P > {/|a|P + P = e/»yi-s-ﬁp < ’\’/\allp+ﬁp

and
Br — |afPp _ AP — P
B—lal = y=8"
VP87 — /P ol _ e+ = {/7 + ol
(?+82) = (¥ +la?) = (lalP +67) — (77 + |ef?)
by Lemma B.3, since for 1 < p < oo, f(x) = 2P is convex and g(z) = ¢/z is concave.
So we also have g, (o, 7) < op(a, 8) + 0p(8,7) for |a| < B < 7. The proof for the case

p < 0o is completed.
When p = o0, (B.4) and a < 8 <« imply || > max{|al, |3|}. So

0<

7*@2776+57a

Y Y Y

_1-h f-a _ (1_1)
v T maxgaliay TP TS T maxtial1an

< oo, B) + 000 (8, 7),

0o, 7) =
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as was to be shown. ad
LEMMA B.3. Suppose functions f(x) and g(x) are defined on the interval [a,b],
and suppose f(x) is conver and g(x) concave. Let x,y,z € [a,b] and x <y < z. Then

fly) = fx) _ f(z) = f(y) and 9(y) —g(x) _ 9(2) = 9(y)
y—x h z—=Y Yy— - z—y

A proof of this lemma can be found in most mathematical analysis books; see,
e.g., [31, section 1.4.4].
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