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1. Introduction

In this paper we consider the properties of the solution of the
m x n Sylvester equation

AX —XB=C, (1.1)

where A, B, and C are m x m, n x n,and m x n, respectively, and
an unknown matrix X is m x n. Eq. (1.1) has a unique solution if
and only if A and B have no common eigenvalues, which will be
assumed throughout this paper.

Sylvester equations appear frequently in many areas of applied
mathematics. We refer the reader to the elegant survey by Bhatia
and Rosenthal [1] and the references therein for a history of the
equation and many interesting and important theoretical results.
Sylvester equations are important in a number of applications such
as matrix eigen-decompositions [2,3], control theory [4,5,3], model
reduction [6-9], numerical solution of matrix differential Riccati
equations [10-12], and many more.

There are several numerical algorithms for calculating the so-
lution of Sylvester equations. The standard ones are the Bar-
tels-Stewart algorithm [13] and the Hessenberg-Schur method
first described by Enright [12], but more often attributed to Golub,
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Nash, and Van Loan [14]. Another computationally efficient ap-
proach for the case that both A and —B are (Hurwitz) stable,
i.e., have all their eigenvalues in the open left half plane, is the sign
function method [15], or the Smith method [16]. All these methods
are efficient for dense matrices A and B.

However, recent interest is directed more towards large and
sparse matrices A and B, and C = GF* with very low rank, where
G and F have only a few columns. For dense A and B, an approach
based on the sign function method is suggested in [ 17] that exploits
the low-rank structure of C. This approach is further used in [18]
in order to solve large-scale Sylvester equations with data-sparse
A and B, i.e., dense matrices A and B that can be represented by
O (nlog(n)) data.

On the other hand, the problem for the sensitivity of the
solution of the Sylvester equation is also a widely studied one.
There are several books which contain results on this, e.g., [19-21].

Our main concern is how the solution will behave when C is a
low-rank matrix. Our investigation is through applying Low-rank
Alternating-Directional-Implicit method (LR-ADI) introduced in
[22] (and in [23] with more details) with exact shifts, i.e., all or part
of the eigenvalues of A and B. This method is a proper extension of
the Cholesky factor ADI for Lyapunov equations in [24-27].

Our results show that the low-rank right-hand side of the
Sylvester equation can sometimes greatly influence the norm of
X and how it changes in the face of perturbations. The bound on
the norm of X can be considered as a proper generalization of the
results from [28].
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Notation. Throughout this paper, C"*™ is the set of all n x m
complex matrices, C" = C™! and C = C. Similarly define
R™™ R", and R except replacing the word complex by real. I, (or
simply I if its dimension is clear from the context) is the n x n
identity matrix, and e; is its jth column. The superscript “-*” takes
conjugate transpose while “-T” takes transpose only. We shall also
adopt MATLAB-like convention to access the entries of vectors
and matrices. i : j is the set of integers from i to j inclusive and
i : i = {i}. For a vector u and a matrix X, u is u’s jth entry, X  is
X’s (i, j)th entry; X’s submatrices X.¢i.j), X(k:¢.),» and X. i.j) consist
of intersections of row k to row ¢ and column i to column j, row
k to row ¢, and column i to column j, respectively. || - || and || - ||f
stands for the spectral norm and the Frobenius norm of a matrix,
respectively. x (A) = ||A| ||A~"|| is the spectral condition number
of A.

2. Low-rank ADI for Sylvester equation

Our first result is a generalization of the main results from [28],
where some new estimates for the eigenvalue decay rate of the
Lyapunov equation AX +XAT = C with a low-rank right-hand side
C has been derived. Our main result will be a bound on the norm
of the solution of the following m x n Sylvester equation

AX — XB = GF*, (2.1)

whereA,B,Gand F arem x m,n x n,m X r and n x r, respectively,
and unknown matrix X is m x n. It is assumed r < min{m, n}.

But before we continue, we will briefly describe the Low-
Rank Alternating-Directional-Implicit (LR-ADI) method for solving
Sylvester equation (2.1) (more details can be found in [23] or [22]).

Given two sets of parameters {«;} and {§;}, the ADI iteration for
iteratively solving (2.1) goes as follows: Fori =0, 1, .. .,

(1) solve (A — BiD)Xit1/2 = Xi(B — Bil) + C for Xiy1/2;

(2) solve X,‘+1(B — (X,'I) = (A — O[,'I)XH_l/z — C for Xi+1'

for given initial guess X, which is assumed to be O in this paper.
A straightforward implementation for ADI can be given based on
this.

Note that parameters {«;} and {B;} in (LR-ADI) method for
solving Sylvester equation (2.1) should be chosen such that o; # S,
for all i. In the case of Lyapunov equation AX + XAT = C with
the stable matrix A parameters {«;} should be chosen such that
Re(a;) < Oforalliand 8; = —aj, where Re(z) means real part
of z.

Expressing X;,1 in terms of X;, we have!

Xig1 = (Bi—a)A— B 'CB—ail)™!
+A—al)(A— B Xi(B— BB —ail)",
and the error equation
Xip1 —X = A—aDA—BD "X — X)B— BB — D),

- |:l_[(A — o)A — /3]1)_1] Xo —X)

j=0

x []‘[(3 — BB — ajl)_1:| , (2.2)

j=0

where X denotes the exact solution. If convergence occurs much
earlier in the sense that it takes much fewer than min{m, n}/r

1 It can be also thought of simply as an iterative method obtained from the
identity

X=B-a)A=BD7'CB—al)™ '+ A—-B)"A—aD)X(B— BB —a)".

steps, then ADI in the factored form as below would be more
economical. Let X; = Z;D;Y;". We have

X1 =(A=BD7'GC A—aD@A—BD'Z)
(Bi — o)l F*B —ail)™!
X ( Di) x <Yl.*(B — B (B — ail)*1>
where

Zii=(A-BD"'C A—aD@A—-BD'Z),
Diyq = <('Bi — ool D,) s

vt = ( F*(B —ail)™ )
B BDB -
After renaming the parameters {¢;} and {8;} as in [23] or [22], and
using the fact that Zy = 0 and Yy, = 0, we can write
Z = (z0 7@ z0),
ZW =@A-pD7'G,
Z0 = (A —ai)(A = piaD 120
=Z" + (Bis1 —a)(A— B 127,
and Y, = (Y(” Y® Y(")) ,

with (2.3)

YO — F*B — o),
y+D* _ YQi(B — e (B = Bil) (24)
=Y + (@i = BV (B — a7

Combining these expressions yields

with

Xk = ZxDyYy, Dy =diag ((B1 —al, ..., (Bx — ),
or
k ) )
Xe =) (B —az¥y0". (2.5)

j=1
Formulas (2.3)-(2.5) yields a new method for solving Sylvester
equation (2.1) (see [23] or [22]) which is a natural extension of
CF-ADI [24] and LR-ADI [25,26] for stable Lyapunov equations.
Note that in the case of the low-rank matrices on the right-hand
side of Sylvester equation (2.1), one can usually expect that the
approximate solution (2.5) has a small rank too.

3. The diagonalizable case

In this section, we will present an upper bound on the norm of
the solution of Sylvester equation (2.1) for diagonalizable matrices
A and B, an error bound for the kth LR-ADI solution with exact
shifts, and a first order perturbation bound when A, B, G, and F are
perturbed slightly.

Suppose A and B are diagonalizable, i.e.,

A=SAS7, s Am), (3.1)
B=TQT™!, s ). (3.2)
Then the (i + 1)st block of Z, and Y} can be written as

A = diag(rq, ...
2 = diag(uq, . ..

Z0 = §(A — ) (A — Bial)'ST1Z2D, (33)
YV = yO'T(@2 — a7 (2 — BT (34)
Define
1 A~ o
Ai=(A—aDA=BD7", (A = ,
Aj —%-
B i — Bi
Q=R -BDR—aD, (O =—"—

Hj — &
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Eqgs. (3.3) and (3.4) imply

ZUY = S(A —ail)(A = B (A — DA = BD T
x (A —ai)(A—BD) " (A=BDT'ST'C
= S(A = Bipa) ' A AL - ASTIG,
YY" = PT@Q —oqD) ' (2 —oD) (2 = Bil) - -

X (2 — a2 - DT
= F*TO10; - 0i(2 — o) 7IT7L.

Notice (A — B D1 AiA_; -
entry

A1 is diagonal with its jth diagonal

((A =BT AiA Ly - A1)

_ll[)\j—a( 1
M= Be A= B’

and similarly ®;0; - - - ©;(£2 — a;11)~! is also diagonal with its

jth diagonal entry

1—[ M — /348 1

016, - - .
( 1 M — e K — Qi

Oi(2 — o)™ (u)
Our first theorem gives an upper bound on the norm of the solution
of Sylvester equation (2.1). But before we state the first theorem,
we note that (2.2) implies that if {«; ;:0 contains all of A’s eigen-
values (multiple eigenvalues counted as many times as their alge-
braic multiplicities) or if { §; };'::o contains all of B’s eigenvalues, then
Xiy1 — X = 0. This is because, by the Cayley-Hamilton theorem,

—A)and
B). Choose parameters such that

p(A) = 0 for A’s characteristic polynomial p(A) & det(Al
q(B) = 0 for g(1) & det(Al —

eithero; = Ay, fori=1,....,m, or Bj=pq forj=1,...,n,

where {p;} and {q;} denote some permutations of indices 1, ..., m
and 1,...,n, respectively. Then the solution X of Sylvester
equation (2.1) can be written as

g
X=X, =S (Z(qu — dp)@? w@) T,

j=1

ng = min{m, n}, (3.5)
where
1,j—1 mji—1Y\ _
0 diag (20— omiz D) e (36)
)Ll_l/‘qj }\m_lJ«qj
j—1
Ai— A
oij-D=[]7—2. o@0O=1 i=1...m (37)
s=1 )Li_'ll“qs
and
, 1,j—1 nj—1
w0 = FTdiag (LS =D Tmi=DY (3.8)
Ml_)\pj Mn_)\p]—
z(u—l)_]—[“‘ Pos  rG,00=1, i=1,....n. (39)

)\Ps
Before we state our first result, we like to emphasize that Eq. (3.5)
is a proper generalization of the similar equation for the solution
of the Lyapunov equation from [28]. Eq. (3.5) is obtained as a
by-product of the ADI method from [22] or [23] for Sylvester
equations. Another commonly used expression for X, given eigen-
decompositions (3.1) and (3.2), is

X=SWo (STIGF*T)IT"!, W= ( ) e C™"  (3.10)

Ai — W

where o is the entry-wise product of two matrices. It can be verified
that the expressions for X in [9, Theorem 3.1] are essentially the
same as (3.10). A simple consequence of (3.5) and (3.10) is

ng
= >y~ 100 00
j=1
which is not at all obvious. The above equality also implies another
nontrivial equality:

no .. .
o(l,j—1D(s,j—1) 1

2= 2= A '

j=1 i~ M MUs — Dj i Ms

While our formula (3.5) is more complicated in form than the
usual (3.10), it does allow us to separate S~!G and F*T as in
Theorem 3.1 to illustrate the different effect (caused by the
eigenvalue distributions of A and B) of their contribution to the
norm of X. Such a separation appears hard to derive from (3.10).
See also Remark 3.1 and Example 4.2 for a short discussion.

W o (ST'GF*T)

Theorem 3.1. Assume A and B have eigen-decompositions (3.1) and
(3.2). Let X be the solution of the Sylvester equation (2.1). Then

= st S N lei = Dl
X1 < ST g — mZW
j=1 L]

N ZW’ (3.11)

=1 |H’l - )"pj|
whereo (-,

and g, f, denote the ith row of G =
F* = F*T, respectively.

-)and t (-, -) are defined as in (3.7) and (3.9), respectively,
S~1G and the £th column of

Proof. Inequality (3.11) is a consequence of taking the norms at
both sides of (3.5). O

Remark 3.1. Note thatin the bound from Theorem 3.1 we left each
of G and F* together with the eigenvectors matrices of A and B. This
approach has two advantages. First, if certain eigenvectors of S are
nearly linearly dependent, then it is straightforward to see that for
some G it can be ||[S7IG|| < [IST'[IIG|l. On the other hand if for

some i, numbers ”(” D are large and the corresponding ||g;|| are
J
small, then again 1t may lead to

o @,j— 1] - & o@,j—1 _
Zl J - llgill < max' (i,j— DI s~
i=1 |)"l - ,qul l |)"1 - qu|

3.1. Error bounds

In this section we will present an error bound for on
approximate solution of Sylvester equation (2.1) by (2.3)-(2.5).

Theorem 3.2. Assume A and B have eigen-decompositions (3.1) and
(3.2). Let X be the kth approximation obtained by (2.3)-(2.5) with the
set of ADI parameters corresponding to any subset of exact eigenvalues
ofthematrixAand B, i.e. {a1, &z, ..., ok} = {Ap;, Apy, ..., Ap tand
{:813 .327 MR ﬂk} = {/’Lthv l’l’qzs M) I’qu}' Then

ng
_ lo@i,j— DI &l
X = Xl < USHIT™ D I12g — g E —’

=k — Il

<3 176 J = DIl (3.12)

=1 |,LL@ - )‘-pj|

where o (-, -) and T (-, -) are defined as in (3.6) and (3.8), and g&; and

f[ are as in Theorem 3.1, and {Ap ,Jj > k}and {Aq , j > k} are the
eigenvalue subsets of A and B complement to the ones already used as
shifts for obtaining X.
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Proof. It follows form (2.5) that
k - Nk
Xe=Y (g — hp)Z? YO
j=1
def .
For k = ny = min{m, n}, we have
ng ) )
X=Xpy =D (g, — 220 YO,
j=1
Therefore

no
X—X, = Z (qu _ Apj)z(l) yo*
=kt 1

ng
=S (Z (g — dp)®? w0>> T~

=k+1

(3.13)

Inequality (3.12) is a consequence of taking the norms at both sides
of the above equality. O

Remark 3.2. The bound (3.12) can be used as an upper bound for
the decay of singular values of the solution X. One can find similar
bounds in [29,30,28]. Especially, in the case of Lyapunov equations,
it holds that

X — Xill < trace (X) — trace (X);

thus (3.12) may be thought of as the generalization of [28, Theorem
3.1].

Example 3.1. The following example illustrates the quality of the
bound (3.11). For simplicity, we will use some of Matlab notation:
ones(m, n) € R™" has all entry 1 and ones(n) = ones(n, n),
and zeros(m, n) € R™" has all entry 0. Let

A=5SAS"', A =10diag(1,2,...,n),
S = 100I, + 0.1 ones(n),
B=TRT™', £ = A+ diag(ones(1,n)),

T = 200I, + 0.5 ones(n).

We take n = 100,

G =ones(n,2)+ 10 [Ip; zeros(n —2,2)],

F =0.1-ones(n,2) —10-[I;; zeros(n — 2, 2)].
It can be computed that

IX|| = 107.9026,

while the bound (3.11) gives

IX|| < 319.8178.

The bound would be tighter if the eigenvector matrices S and T are

better-conditioned. On the other hand, the bound can be attained,

by, e.g., A and B are diagonal (thusS = T = I)andF = G =
T

(1,0,...,0). o

3.2. Perturbation bound
We'll present a perturbation bound for the solution of Sylvester
equation (2.1) perturbed to

(A+ SA)(X + 8X) — (X + 8X)(B + 8B) = (G + 8G)(F + 8F)*.
(3.14)

Set

€ = max{||8A|l, [|8BI|. I6GI|, I6F 1}, (3.15)

and assume that it is sufficiently small. Neglecting the second order
terms and subtracting the unperturbed Sylvester equation from
the perturbed one yield

ASX —8XB~ GSF* 4+ 3GF* — SAX + X 8B. (3.16)
6X can then be approximated by 6X ~ §X; + §X, + §X3, where

ASX; — 8X; B = —8AX, (3.17)
A8X, — 86X, B = —X8 B, (3.18)
A8X3 — 8X3B = (GSF* + SGF*). (3.19)
For (3.17), we again choose parameters
eithero; = A; fori=1,...,m, or Bj=p; forj=1,...,n,
to get
nO - -
0% =5 (Z(w — 1)@ W) T, np=min{m.n}. (3.20)
j=1
where
. 1,j—1 mj—1\ _
B0 :diag(g( j=b o olmj ))s 15A,
A — W Am — M
j—1
.. )\i - )‘-s
U(lﬂj - 1) = )
511 AP — s
and
. 1,j—1 nj—1
&0 :XTdiag<r( j=bh g )>,
M1 = Aj Mn = Aj
j—1
.. Mi — MUs
t(i,j—1) = .
g MHi — )Ls
Define
1L,j—1 m,j—1
Aq)g):diag(a( j=b o olmj )>, (321)
A — U Am = M
7(1,j—1 T(n,j—1
Awmzdiag< d.j-D )>, (3.22)
M1 = Aj Mn = Aj
and
j lo(i,j— 1)
o0 = 1440 || = max ——=,
S 1
o (3.23)
9 —1lAu0 _maXM
e TR
Eq. (3.20) implies
ng
18X:1 < > 1t = 2il1S Ag IS~ SANIXINT Ay T,
j=1
and thus
18Xl - $ DG
X = IS7 8IS (T Dl = Alry o (3.24)
j=1
Similarly for 6X;, we have by (3.18)
ng
18X 0 < D 11t = 2il1S A0S~ IHISBTIIXI Ay T,
j=1
and consequently
18X: ] _ u by
< ISBTINT Ik (S) D lwy — At o9, (3.25)

X1 <



252 N. Truhar et al. / Systems & Control Letters 59 (2010) 248-257

Lastly for §X5, we have by (3.19)

g

18Xsll < Y 11t = 2i11S Ao IS~ (GSF* + SGF)T|[[| Ay T~
j=1

which implies

18Xs]l < IS~ (GSF* + SGF)TI[ISIIIT |

o
< Y up = Mt o, (3.26)
j=1

Finally use ||8X|| < |I8X1]| + 16Xz ]| + [16X3]| + @ (€?) to arrive ata
first order perturbation theorem below.

Theorem 3.3. Assume that A and B have the eigen-decompositions
(3.1) and (3.2). Let X be the solution of the Sylvester equation (2.1)
and let X + 86X be the solution of the perturbed Sylvester equation
(3.14). For sufficiently small € defined by (3.15), we have

18Xl -1 —1

X = (&M ISIHIS™ Al + & SHITI[ISBT|
IS~1(GSF* + SGF*)T||

IX1I

ST ) Y +0(e?), (327)

wherey = 2;21 i — ,\j|rl§',2,x o and o0, v are defined as in

(3.23).

Remark 3.3. From (3.20) and similar equalities for §X; and §X3, we
can derive a different version of (3.27), too:
ll8X]]

o
T D i = Al 1S40 ST IIT Ay T

j=1
IS (GSF* + SGF*)T||
X1l

where diagonal matrices A, and Ay, are defined as in (3.21)
and (3.22).

X (IIBAII + 118BI + ) +0(e?),

Remark 3.4. Using [|AB||r < [|A||l|B|r and [|AB|[r < [|A]l¢|[B| (see

for example [21, Theorem I1.3.9]), one can obtain the following
bound for the Frobenius norm

16X [¢ -1 -1
iXi < | DISIIS™ AN+« SIT|III6BT|
F

IS~1(GSF* 4 §GF*)T||¢

+ ST
IX1le

)y + 0(€%).(3.28)

As an illustration of the quality of the perturbation bound (3.28),
we will present a comparison between this bound and two bounds
from [20]. The first one is

18X |Ie
X1l
where

V=P X ®@In) —BU®X) — Slmalll/IIX]lF,
P=1, A-B"®I,

<V3We+0(),

(3.29)

18Alle  118Blle  1I5CIle
o k B b

factors as in [20]. The second bound is a weaker version of (3.29):

16X llr

IX1le

- +BIXIp+6
where @ = |P 1||%_

and € = max{ } while «, 8 and § are scaling

< V3®e + 0(ed), (3.30)

As pointed out in [20], the perturbation bound (3.30) with ¢ =
lAllg, B = ||IBllr and § = ||C||f is the one that is usually quoted
in the literature. For example this bound can also be found in [4].
Note that both (3.29) and (3.30) do not require diagonalizability,
and, moreover, they do not require any knowledge of the spectral
decompositions.

The following example compares our (3.28) with (3.29) and
(3.30).

Example 3.2. Let A = SAS™! with A = diag(30, 40, 60, 70, 90)
and

S =5I5 4+ 0.50nes(5).

Let B = TRT ! with 2 = diag(100, 200, 300, 400, 450) and

T = diag([10*%, 103, 3, 2, 1]) - (5 + 0.1 ones(5)).

Further,

T
~10 -60 0 0 0
G:(—BO 400 0 0 0)’ F=G.

Perturbations are

8B=10"° - diag (107°,107,1,1,1), SA=0,
8F =8G=0.

It can be computed that

8X

18XTe _ 5 og78 . 10712, (3.31)
IX1r

while the perturbation bound (3.29) and (3.30) give
8X 85X

18X e <1.188- 1077, 1oX e <2.5997 - 1077, (3.32)
X1 IXle

respectively. Here and in what follows, we use the approximate-
less symbol “<” to indicate that it is a bound with the second term
ignored. On the other hand the perturbation bound (3.28) gives

16X 1[e
IX1le

which is much close to the exact (3.31) than (3.32) obtained by
(3.29) and (3.30). This example illustrates that the structure of the
matrices F and G from the right-hand side in Sylvester equation
(2.1) sometimes can greatly influence the perturbation of the
solution. ¢

<6.6112-1071° (3.33)

We shall now explain this influence and present a reason why the
perturbation bounds (3.27) and (3.28) prevail the bounds (3.29)
and (3.30). Recall that all these bounds can be considered as the
perturbation bounds for the solution of the linear system

Px = ¢ perturbed to (P + 6P)(x + 6x) = ¢ + éc, (3.34)

where ¢ = vec(C) is the column vector obtained by stacking the
columns of C one after another with its first column on the top,
followed by its second column and then third column and so on,
and similarly ¢ + §c¢ = vec(C 4+ 6C), and

P=1,A—B" ®Ip,
P+8P=1,® A+ 5A) — (B+8B) ® Iy,

and “®” denotes the Kronecker product. The reason why (3.27) and
(3.28) prevail over the bounds (3.29) and (3.30) lies in the fact that
they include the range of P and P 4 §P and the orientation of ¢ with
the respect to the range of P.

The last property (which illustrates the influence of the right-
hand side) of the perturbation bounds can also be found in [31],
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where Chan and Foulser obtained a result, when applied to (3.34),
yielding
18]l _ on1-k (nﬂcu)‘1 lacl|
IxIl = on llcll llell”
k=1,2,...,N, N=nm, (3.35)
where o > - - - > oy are singular values of the matrix P, and
P=UxV', and P =Ul, Uc=[untis ... Uyl

The integer k is to be chosen so that the right-hand side of (3.35) is
the smallest.

The bounds (3.28) and (3.35) are based on the similar ideas,
although (3.28) is more general.

Example 3.3. In Example 3.2, reset the perturbations to,

T
5100 0
15000)’”:56'

Then §C = (GSF* + 8GF*) and in (3.35) §c = vec(§C). In this case

(3.28) gives

16X I
X 1Ie

while (3.35) gives
lléx|l

= <1.543-.1075.
lIxIl

SB=0, 86:10_6~<

<3.942-1075,

So both bounds are of the same quality for the example.

On the other hand, Chan and Foulser also have another
perturbation bound for §c = 0 only. This bound [31, Theorem 2]
yields for Example 3.2
lléx|l

=2 <1.0114- 1075,
(9]

which is obviously less sharp than (3.33). ¢

Since in applications, often eigenvalues of A and B are close,
interesting question arises: what will happen with the bound
(3.11) in such cases? As was expected, the bound (3.11) are usually
not sensitive to clustered eigenvalues, namely, if some eigenvalues
of A are close to some eigenvalues of B the bound will usually
increase proportionally to the norm of solution. On the other hand,
the perturbation bound (3.27) is more sensitive to the clustered
eigenvalues than the bound (3.11). But, for example, if the range
of the matrices on the right-hand side is close to the rank-k
dominant singular subspace of the eigenvector matrices, where the
rank-k dominant singular subspaces is the subspace spanned by k
singular vectors associated with the largest k singular values of the
considered matrix, the bound (3.11) remains tight enough.

Remark 3.5. It is important to note that bounds (3.27) and
(3.28) have more theoretical meaning than practical ones. In
practice, when applying ADI, one does not necessarily choose the
eigenvalues of A and B as the ADI shifts. One would use Ritz
values (see for example [22] or [23] or [25, Section 5] in the case
of Lyapunov equations) or some other approximate eigenvalues
(see for example [28]) as opposed to a subset of the exact
eigenvalues to extract information. One of such an example is given
in Example 4.2 in the next section. A question naturally arises: is
it possible to obtain a version of the upper bound (3.27) that would
use arbitrary shifts instead of the exact eigenvalues? Unfortunately
at this moment we do not have an answer to this question, and
this remains as an open problem. We would like to emphasize that
an attempt in the same direction for Lyapunov equations has been
made in [32]. The bound obtained there is very complicated and
hard to apply; thus from this point of view if one would like to
derive a version of the upper bound (3.27), a different approach
may be needed.

4. The non-diagonalizable case

This section accomplishes the same tasks as the previous
section but for non-diagonalizable matrices A and B.

Recall that Eq. (2.1) has a unique solution if and only if A
and B have no common eigenvalues, which has been assumed
throughout the paper. For the sake of simplicity, we will consider
matrices A and B whose Jordan blocks are at most 2 x 2. The idea
is easily extensible to more general cases, but more complicated.
On the other hand, the case with only up to 2 x 2 Jordan blocks
does happen in practice. For example a simple planar spacecraft
model [33] has two 2 x 2 Jordan blocks. This makes our case more
interesting for investigation.

Let the Jordan canonical form of A be
A=SS7", SecCc™m,

Ja=Ja1® - ®Jak, (4.1)

where J4 ; @ Ja; stands for the direct sum of J4 ; and J4 j, and
Jai=xi

Ao 1 .
]A,iZ(O' Af)EMIz-FNz, fori=4€,+1,...,ka,

fori=1,...,4,,

20k = ) + 4 = mand Ny = (§

canonical form of B be

(1)) . Similarly, let the Jordan

B:T]BTil, TEC"Xn,]B :]B,l@'n@]&klg, (42)
Jpi=m fori=1,..., ¢,

Joi= (1 ! =puib+N, fori=42p+1 k

B,i 0 i = Mil2 2 B s ..., KB,

where 2(’(3 — zg) + ¢ = n.

Theorem 4.1. Assume A and B have the Jordan canonical decompo-
sitions (4.1) and (4.2). Let X be the solution of the Sylvester equation
(2.1), obtained by (2.3)-(2.5) (LR-ADI) with the set of ADI parameters

{og, 00, ..., am} = {Ap1, Apysenns }\pm}

and

{B1, B2, ..., Bn} = {Mqla Mays - v Nqn}:

where each eigenvalue appears as many times as its algebraic
multiplicity. Denote by g; the ith 1 x r submatrix (fori =1, ..., £s)

and 2 x r submatrix (for i = €4 + 1,...,ks) of G = S7'G,
respectively. Similarly, denote by f; the jth 1 x r submatrix (for j =
1,...,¢g)and 2 x r submatrix (for j = €g+1, ..., kB)ofI:"* = F*T,
respectively. Then

nop kA P A
. InG.j = DI - &l
IXI < USIITTY  Iagy — dyl Y ————=
= i1 1Ai — 1ig;]

kp . s
19 (s, j — DI I
s=1 S Dj
where ng = min{m, n},
n(i,j)=0(,j) fori=1,...,4,, (4.4)
. 1 .. ..
n(i,j) = (12 - sz) [o (i, DIz — p(i, j) N2]
i ™ Hajyq
fori=4L4+1,..., kg, (4.5)
j—1
Ai— A
oi,j—1) = ]_[ 2" and o0(i,0)=1, foralli, (4.6)

s=1 )Wl - IU“QS
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. }‘Pe — Mg
n(, j) =
Z] n Ai — g, ()w Mqr)z
1
fori=4L4+1,..., ka, (4.7)

9G,j) = t(,j) fori=1,...,4¢s, (4.8)

.. 1 .. ..
v, j) = (12 — __)\N2> [z, DI — v(i, j) N2]
1 Pj+1

fori:£3+1,...,k3, (49)
i
tij-D=]][=—= and t(.0)=1, foralli, (4.10)
s=1 Hi — )\PS
i
.. Mi— Uq, Mg — }‘pt
v(i,j) =
; !:1[ Mi — )"pg (H’l - )"pt)z
t£0
fOTl':ZB-f-l,...,kB. (4.11)
Proof. Similarly to (3.3), one gets
20 =S — Ay DUa — pgD~'s7'Z07Y
:S(]A_)ij,ll)(]A_qul)il(/A_ pj— 21)(]1‘\ qu 1 ) 1"-
X (Ja = Ap,DUa = 11,7 Ua = p1g,D7'ST'G
=S(a — pgD) ' [-aTi—2 ... 1S7'G, (4.12)

where
L= (a = Ay DUa — g, D7
Similarly to (3.4), one gets
YO = YOV T(fy — 3, D)7 s — g DT
= F*T(p = Ap, )™ Uz — Ap, D' U — 12q,1) - --
x (Jg — D~ Up — pg DT

=FTE 18y ... 5 1(s — AyD7'T,
where
8= (s — ng DUz — Ay D7

—

Further, note that matrices I and &j are block diagonal matrices,
and the ith diagonal block of [ is

i_)\pj

(1})(,‘,,‘) = fori =1, ...,EA, (413)
)"i - qu'
Ai— Ap — Ug;
Ui = ~L SN,
ja.0) r— qu ()\i q})z
fOI'l'ZEA—{-],...,kA, (414)
while the ith diagonal block of & is
Hi — Mg
(Ej)(i,i) = 17% fori = 1, ey zg, (415)
Hi = Ap;
- Hi — Mg Mg — b
(EDap = 17 b
D = T i — )
fori=4€p+1,..., ks (4.16)

Now from (4.13) and (4.14), it follows that the ith diagonal block
of (IA — qu1)7113_11—}_2 R A is

1T 5 A=Ay
0 A= gy 3 M= M,

(Ua = mgD ™' a Ty ... TY)

o(i,j—1
:M fori=1,...,4,,
)w—qu

andfori=4¢4,+1,...,

(4.17)
ks it is

PR 1 ﬁ M=ty
2T hi—ng ) k- M= g o hi—
i~ Mg i— Mg 57 M~ Mg i~ Mg

—1 j—1
> jX:j }‘i_)‘m/, )‘Pr_th

2
t=1 Ai— Haqy (ri — l/qu)2
t#C

1 ii—1 i1
=L - N, | (0=, rET= D e
)\i_ﬂqj )Li_,qu }\i_qu

where o (i, j — 1) and u(i,j — 1) are defined as in (4.6)-(4.7).
Similarly from (4.15) and (4.16), it follows that the ith diagonal
block of £185 - - - Ej—1(Jp — )ijl)*1 is

=1

j—1
1 ; Mi — Hqg

Mi — )"pj s=1 Mi — )‘-ps

T(i,j—1 .
@ ) fori =1, , {g, (4.19)
Mi Dj
andfori= 4¢3+ 1 kg it is
1 1 mi— 1
L — —— N, I +
( Hi = Ap; ) Hi = Ap; Q i — Apg i = Ap;
RN o L T T
=1 Mi — )"pg (Ml - )"}7[)2

1 T@,j—1 v(i,j—1
=L - N, @] )12 + ) )Nz , (4.20)
/’Li_)‘pj /’Li_)\'pj Mi_)"pj

where t(i,j — 1) and v(i,j — 1) are defined as in (4.10)-(4.11).
Now, from (2.5) it follows that

no

X =) (g =220y
j=1

- S(Z(M‘b )‘PJ)(]A qul) 1l F]GF E1E,-

X Ej_1(Jg — Apj1)1> 71, (4.21)

Finally, (4.3) is a consequence of taking the norms at the both sides
of the above equation and the definitions (4.4)-(4.11). O

4.1. Error bound

Theorem 4.2. Assume that A and B admit the Jordan canonical
decompositions (4.1) and (4.2). Let Xy be the kth approximation
obtained by (2.3)-(2.5) with the set of ADI parameters corresponding
to subsets of the exact eigenvalues of Aand B, i.e., {a1, a2, ..., ) =

{}"p]a )"pzv ceey )"pk} and {ﬂ]a ﬂ27 ceey ﬂk} {Mql, ’qu’ ey ,uqk}.
Then the following inequality holds

ng
. InG.j = DI - &)
X =Xl < ISIITM D Ing — *vﬂZM—f
=kt - Haq
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DI Ifell (422)

kB .
v, j—
XZ” (€.

e e — Ay

where n(i j) and 9 (£, j) are defined as in (4.4)-(4.11), respectively,
andg,,fg are defined as in Theorem 4.1, and {Ap;, j > k}and {Aq;, j >
k} are the subsets of eigenvalues of A and B complement to the ones
already used as shifts for obtaining X.

Proof. An equation similar to (3.13) holds. Take norms and use the
formulas from (4.12)-(4.20) to get (4.22). O

4.2. Perturbation bound

We’ll consider the same problem as we did in Section 3.2, except
A and B are no longer diagonalizable but have the Jordan canonical
forms as in (4.1) and (4.2), respectively. It can be seen that the
development there up to (3.19) remains valid.

Choose parameters such that

eitheraj = Ay, fori=1,...,m, or B = Hg; forj=1,. n,
where p; = ifor1 < i < £y and pg42i-1 = Pey2i = ﬁA +i
for1 <i < 2(ka —La),andq; = ifor1 < i < £pand qey42i—1

= (ep42i = €p +ifor 1 <i < 2(kg — £p), recall that o; # B;, for all
i J.
Then if we apply formula (4.21) to the Sylvester equation

AsX1 — 8X1B = —8AX,

we have

o
§X; = =S (Z(qu — dp)Un — )" o1 ... 1S TISAX T &,

j=1

- —
X &y &je

10z — Ay~ ) T,
from which we have

ng
18X1 1l < ISl (T) IS~ SAIX | (Z gy — dpy | 10 0£2x> [(4.23)
j=1
h 0 _ _ e al 1 [ [o -
where nmax = [1(a l/quI) Il ... 1 | and Pmax = [|1E1&2
- 5jo1(Jp — )\1[,1.1)*1 ||. Further using (4.17), (4.18), (4.4) and (4.5),
we obtain

di n(l,j—1) n2,j—1) n(kA,J— 1)
iag ,
A — Hg; Ay — Hg; — Hyg;

k,j—1
=maxM. (4.24)

k |)"k - H’ly'
Similarly from (4.19), (4.20), (4.8) and (4.9), we have

nmax -

0 fo(Lj=1) 9(2,j-1) V(kg,j— 1)
ﬁmax = d1ag s N
m1— )‘pj M2 — )ij Mkg — }‘pj
_ 19kl (425)
k |/’Lk - }"pj|

For the solutions of the Sylvester equation (3.18) and (3.19), one
can obtain the following bounds

o
18Xzl < & (S)IT M IISBT[[IX (Z gy — gl M z%%) (4.26)
j=1

I8Xsll < USIIT IS~ (GSF* + 8GF")T|

ng
X (Z |qu' - )“le qu)ax ﬁl&?aX) .
=1

(4.27)

The following theorem contains a first order perturbation bound
for the solution of the Sylvester equation (2.1) perturbed as in
(3.14), where A and B are no longer diagonalizable but have the
Jordan canonical forms as in (4.1) and (4.2), respectively.

Theorem 4.3. Assume that A and B admits the Jordan canonical
decompositions (4.1) and (4.2). Let X be the solution of the Sylvester
equation (2.1) and let X 46X be the solution of the perturbed Sylvester
equation (3.14). If € defined by (3.15) is sufficiently small, then

ll8X ]|

T (K(T)IISIIIIS_]BAII +k(SITHISBT

ISTH(GSF* + 8GF*)T||
X1l

+ ST ) Y +0(e?), (4.28)

wherey = Z in1 |Hq; — Ap; |z9max Umax, and nmax and ﬂr(r’mx are defined
as in (4.24) and (4.25).

Proof. From ||6X|| < [|6X1]|416Xa||416X3]|+0 (€?), together with
(4.23), (4.26) and (4.27) for ||5X1]|, ||6X2]| and ||6X5]|, respectively,
we obtain (4.28). O

Remark 4.1. Again, using ||AB|lr < ||A|llIBllr and ||AB|lr < |lAllr

|IB]| [21, Theorem II. 3.9.], we have for the Frobenius norm

18X lle
IX1le

( (DIISIIS™8AN + & SIT " 18BT |

IS~ (GSF* 4 8GF*)T ||y

+ ST
IX1le

)y +0(e?). (4.29)

The bounds (4.28) and (4.29) share the same properties as the
bounds for the diagonalizable case. In order to compare our new
bound (4.29) with bounds (3.29) and (3.30), we consider following
example.

Example 4.1. Let A = S/;S~! with] = 10 @ 20 @ (40, + Ny) @
(6012 + Nz) and
S = diag([10, 10, 0.1, 0.1, 0.1, 0.1]) - (55 + 0.5 ones(6)).

LetB=TpT ' withjy = 1.1 ® 2.2 & 3.3 ® 4.4 & (5.5, + Ny)
and

T = 10Is + 0.5 ones(6).

Further,
T
201 0 0 0 O
G:(—z 100 0 0)’ F=¢
Perturbations are

8A =102 . diag(0.2, 0.2, 0.0002, 0.0002, 0.0002, 0.0002),
0B = 56A,

s (11
8G =10 -(1 b

0 0 0 O
0 0 0 0) , OF =4G.
It can be computed that

18X |[¢
IX1le

while the perturbation bounds (3.29) and (3.30) give

8X 8X
1OX]Ie <2.3228-107%, 18X le
X1l X1

= 1.0763- 1077,

< 5.4664 - 1074,
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mq Mp/2p Mp /24

ky ko kny2 Enjor1 knjat2

kn knﬂ

Fig. 1. The n-mass oscillator with one damper.

respectively. On the other hand, the perturbation bound (4.29)
gives

ll6X |¢
I1X1lr
As in the diagonalizable case, the above example shows that the
structure of the matrices F and G from the Sylvester equation

(2.1) can sometimes greatly influence the perturbation of the
solution. ¢

<4.0402 - 1077,

So far all examples were artificially designed for the purpose
of illustration. The following example, however, is a more realistic
one, and also a more complex one. We will consider the single-
input and single-output system (SISO) which corresponds to the
n-mass oscillator (or oscillator ladder) as in Fig. 1. As the input
function u(t), we will apply the force f(t) to the kth mass, while
the output function y(t) will be velocity of the kth mass.

This example is to explain how the bound (3.11) can be used to
guide us to determine very effective ADI parameters for efficiently
computing the cross gramian (see [7]), in this case the solution to
a Sylvester equation. This is similar to the idea presented in [28].

The similar approach can be used in gramian-based reduction
methods [34,7] or balanced truncation model reduction [35,9,36],
that is for the corresponding projection subspaces one can use so-
called ADI subspace (for more details see [23,22]).

Example 4.2. Consider an n-mass oscillator (or oscillator ladder) as
in Fig. 1:

M = diag(mq, my, ..., my), (4.30)
k] + k2 —k2
—kz kz + k3 _k3
K= . .
_krz—l kn—] + kn _kn
—kp kn + Kniq

(4.31)
Let n = 2000 be the dimension of the oscillator ladder, where
mg = ifori = 1,...,n—31,m; = 10 -i (i — 1960) for

i=n—30,...,2000and k; = 1,fori = 1, ..., n. For the position
of input and output function we will take p, = n. Furthermore,
we will apply the external damping on the mass miggo (mass at the
position 1000).

The cross gramian X is the solution of the Sylvester equation
(see[7])

AX + XA+ bc" =0, (4.32)

where A is the matrix from the corresponding SISO system given in
modal coordinates:

A=2102,®--- D2, +D,

2 =("° @i i=1 n
i —w; —aw;)’ PR L

KD = 2* = diag(w?,...,®?) and O®'M® =1,
Dyy D --- Dy

p=|: i o]
Din Dy -+ Dpn

Fig. 2. ADI shift determination.

D= (° 0
P70 —v- Paoooi) Priooo) )
b=c= ¢5<vq3)'

Here « is the internal damping constant, and D presents the
external damping and corresponds to the damper with viscosity
v applied to the mass mggo.

In this example we will take v = 1 and « = 0.01 (recall that
po = 2000).

We use the LR-ADI method to solve Sylvester equation (4.32).
For this we will need a set of ADI parameters. One possible
choice of ADI parameters is given in [22], which is an easily
implementable extension of Penzl’s suboptimal choice [25,26] for
Lyapunov equations. On the other hand we will propose a different
choice of ADI parameters inspired by the similar one from [28] for
Lyapunov equations.

We note that the problem of choosing ADI parameters is a
widely open problem. A detailed discussion on the issue is out of
scope of this paper. The interested reader is referred to, e.g., [ 37,28,
23,22].

Our choice of ADI parameters is based on the application of
the bound (3.11). Note that the vector b has structure such that
b; = Ofori = 1,...,n, that is the first n components of the
vector b are equal to zero. Further, if some part of the vector b has
components smaller than a given tolerance, thatis if index fin exists
(n/2 < fin), such that |b;| are smaller than the given tolerance, for
i = fin+1,...,2n, then we can choose the shifts A, such that
o(j,k) =0forn/2 <j<fink=n+1,...,fin.Recall 6(j, k) is
defined as

j—1
Ai— A
olj-D=[]—"

o(i,0) =1,
s=1 )‘-i_,uqs

i=1,...,2n,

thus o(i,j — 1) = 0if p; = i, for all i and j. Thus, the error
bound (3.11) will be almost minimal if we choose ADI parameters
Ap, = Ajforn/2 < i < fin. The problem here is that one does not
know the exact eigenvalues. Thus similar to as in [28], we propose
the following choice of ADI parameters, which will approximate
appropriate part of the spectrum.

(1) Find the indices of elements with magnitude greater than the
given tolerance in the vector b.

(2) Find the corresponding submatrix of A using this indices.

(3) Take a “little bit bigger block” Apcx Which include the upper
submatrix.

(4) The eigenvalues of the chosen matrix Ap,q are the ADI
parameters (see Fig. 2).

In this example we get the following residuals:

IAY + YA + bcT|| = 1.2498 - 1075,

lAX 4+ XA + bc"|| = 1.3152 - 107 .

Here Y is obtained using LR-ADI method (2.5) with 40 shifts
generated by the algorithm from [22], while X is obtained using

LR-ADI method (2.5) with 40 shifts generated by the proposed
algorithm above. ¢



N. Truhar et al. / Systems & Control Letters 59 (2010) 248-257 257

5. Concluding remarks

We have analyzed the solution to a general Sylvester equation
AX — XB = GF* with a low-rank right-hand side. LR-ADI with the
exact shifts provides us the tool to do so. Our new results contain
considerably more detailed information on the eigen-properties of
A and B and the right-hand side GF* as opposed to the existing
ones. Because of this, our new bounds are sharper and provides
better understanding of the solution structure, but are messier as
a tradeoff.

Although we tackled the general case by considering when A
and B have Jordan blocks of orders only up to 2, the technique is
readily applicable to Jordan blocks of orders higher than 2 with
little changes.
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