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Abstract This paper is concerned with the relative perturbation theory and its entry-
wise relatively accurate numerical solutions of an M-matrix Algebraic Riccati Equa-
tions (MARE)

XDX -AX -XB+C=0

by which we mean the following conformally partitioned matrix

(&)

is a nonsingular or an irreducible singular M-matrix. It is known that such an MARE
has a unique minimal nonnegative solution @. It is proved that small relative pertur-
bations to the entries of A, B, C, and D introduce small relative changes to the entries
of the nonnegative solution ®. Thus the smaller entries ¢ do not suffer bigger rela-
tive errors than its larger entries, unlike the existing perturbation theory for (general)
Algebraic Riccati Equations. We then discuss some minor but crucial implementation
changes to three existing numerical methods so that they can be used to compute @
as accurately as the input data deserve.

Current study is based on a previous paper of the authors’ on M-matrix Sylvester
equation for which D = 0.
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1 Introduction

An M-Matriz Algebraic Riccati E'quation1 (MARE) is the matrix equation
XDX - AX -XB+C=0, (1.1)
in which A, B, C, and D are matrices whose sizes are determined by the partitioning
m n
W:Zlcﬁjif> (1.2)
and W is a nonsingular or an irreducible singular M-matrix. This kind of Riccati equa-
tions arise in applied probability and transportation theory and have been attracting

a lot of attention recently. See [9-11,13-15,18] and the references therein. It is shown
in [10,11] that (1.1) has a unique minimal nonnegative solution &, i.e.,

@ < X for any other nonnegative solution X of (1.1).
When D = 0, MARE (1.1) degenerates to an M-matrix Sylvester equation (MSE)
AX + XB =C, (1.3)

which has a unique solution that is nonnegative if A and B are M-matrices and one of
them is also nonsingular.

Throughout this article, A, B, C, and D are reserved for the coefficient matrices
of MARE (1.1) for which

W defined by (1.2) is a nonsingular M-matrix or an ir-

1.4
reducible singular M-matrix. (1.4)

This assumption on W is the same as made in [9]. Their perturbed ones are denoted, re-
spectively, by the same letters with a tilde, e.g., A is perturbed to g, and the perturbed
(1.1) is
XDX A% _XB4+C =0, (1.5)

Our first goal in this paper is to perform an entrywise perturbation analysis for the
minimal nonnegative solution @. Specifically, we seek bounds on the entrywise relative
errors in the solution caused by small entrywise relative perturbations to the coefficient
matrices A, B, C, and D. Our results suggest each and every entry of the solution, no
matter how tiny it may be, is determined to a relative accuracy that is comparable to
the entrywise relative accuracy residing in these coefficient matrices.

Previously related results in [9] bound the norm of the solution error: if W is
nonsingular or W is singular and irreducible with urlrvl # UEUQ, and if |[W — W|| is
sufficiently small, then there exists a constant 8 > 0 (dependent on W) such that

& — || < B|W - W], (1.6)

where || - || is some matrix norm, each symbol without and with a tilde denotes the
original and its corresponding perturbed one, and positive vectors u; and v; are defined

1 Previously it was called a Nonsymmetric Algebraic Riccati Equation, a name that seems
to be too broad to be descriptive.



in Theorem 2.1 later. In two aspects, the outcome of our analysis improves (1.6).
First this normwise bound does not distinguish smaller entries from larger ones in
the sense that (1.6) gives one bound for the absolute errors in all entries, regardless
of their magnitudes. Secondly, this result only says (3’s existence and gives no useful
information® as to how B relates to W. Our results, on the other hand, bound the
entrywise relative errors in the solution directly and are explicitly expressed in ceratin
parameters computable from W and &.

Following the analysis, we demonstrate that certain fixed point iterations [10],
the structure-preserving doubling algorithm (SDA) [13], and the Newton method [9,
11], all after some minor but crucial implementation changes, can deliver solutions
with entrywise relative accuracy as the input data deserve. This contrasts favorably to
many other methods (see [3,4,8,11,10,9,13] and references therein) most of which are
backward stable in the normwise sense and cannot produce solutions with guaranteed
entrywise relative accuracy as determined by the input data. This is our second goal.

This paper is organized as follows. Section 2 establishes a relative perturbation
theory for the MARE. It is done with the help of the corresponding theory for an MSE
in [21]. Some of the proofs for our results are long and complicated and so deferred
to section 3. Section 4 explains that three types of methods — fixed point iterations,
SDA, and even the Newton method — after some minor but crucial implementation
changes can be used to solve MARE (1.1) with the predicted relative accuracy by our
theory. Numerical examples are given in section 5 to demonstrate our theory and the
effectiveness of the algorithms. Finally, we give our concluding remarks in section 6.

Notation. We will follow the notation as specified at the end of section 1 in [21].

2 Entry-wise Perturbation Analysis

We shall present two kinds of first order error analysis. The first one given in subsec-
tion 2.2 follows the standard approach: represent any perturbed matrix Z by Z+ AZ,
expand the perturbed MARE, and seek a bound on A® through ignoring any term
that involves two of AZ’s. The obtained bound is sharp and suitable for practical er-
ror estimations. The second approach given in subsection 2.3 is more complicated and
gives less sharp bounds. But we argue that the resulting bounds yield more insightful
information for theoretical understanding as to why the minimal nonnegative solution
@ should retain entrywise relative accuracy even for its smallest entries in the face of
entrywise relative perturbations to W. It is made possible by revealing the important
roles played by certain spectral radii to be defined in (2.10). More discussions on pros
and cons for the bounds by both approaches will be given in subsection 2.4.

2.1 Setting the Stage

Recall if (1.4) holds, then the associated MARE (1.1) has a unique minimal nonnegative
solution @ [9]. Some properties of @ are summarized in Theorem 2.1 below.

Theorem 2.1 ([9,10]) Assume (1.4).

2 It, however, may be possible to express 8 in a more explicit manner in terms of certain
eigenvalues and eigenvectors related to W, following the proof in [9].



(a) MARE (1.1) has a unique minimal nonnegative solution P;

(b) If W isirreducible, then ® > 0 and A—®D and B—D® are irreducible M -matrices;
(¢) If W is nonsingular, then A — ®D and B — D® are nonsingular M -matrices;

(d) Suppose W is irreducible and singular. Let ui, vy € R™ and uz,ve € R™ be positive

vectors such that T
w (”1) =0, (“1> W =0. (2.1)
Vg ug

1. If ulvy > uive, then B — D® is a singular M-matriz with® (B — D®)vy = 0
and A — ®D is a nonsingular M-matrix;

2. If u?vl < ugvg, then B — D® is a nonsingular M-matrix and A — @D is a
singular M -matriz;

3. If urlfvl = u;rvg, then both B — D® and A — ®D are singular M-matrices.

Suppose that (1.1) is perturbed to (1.5) with small entrywise relative errors such
that

|A— A < €A, |B-B|<¢€B|, |C—C|<eC, |D—D|<eD, (2:2)
where 0 < ¢ < 1. When the associated
— B-D
W = 27
)

is also a nonsingular M-matrix or an irreducible singular M-matrix, (1.5) has a unique
minimal nonnegative solution 5, too. In this section, we shall seek to bound the entry-
wise relative error in ®.

Rewrite (1.1), after substituting X = @, as

(A—PD)P+ P(B— DP)=C —PDP, (2.3)
and define @1 and $2 by

(A—®D)P; + &1 (B — DP) = C, (2.4
(A= &D)Py + By(B — DP) = dDP.

(S}
~ =

Then & = &1 —Po. When W is a nonsingular or an irreducible singular M-matrix with
urlfvl #* ugvg,
Py 1,9 (A—aD)+(B-D®) &1, (2.6)

is a nonsingular M-matrix by [9, Theorem 1.1]. This Pg is also a matrix representation
of the following linear operator

Lo+ X = (A—®D)X + X(B — D). (2.7)

Since Pgl >0, C;l(Xl) < E;l(Xg) for X7 < Xs, and especially £;1(X) > 0 for
X > 0. We also have
6120220, $1>292>0

because ® = ¢ — $o > 0.

Proposition 2.1 Suppose (1.4). @(; ;) = 0 if and only if (P1)(; jy = 0.

3 [10, Theorem 4.8] says in this case D®v; = Dwvy which leads to (B — D®)v; = Bvj — Dvg =
0.



The proof of this proposition is deferred to section 3. Define, with the understanding
that the indeterminant 0/0 is regarded as 0,

D) s s
K = max (1)7(”) (2.8)
ni Pig)
It is evident that x > 1. Proposition 2.1 ensures also k < oco.
Split A and B as
A= D1 — Nl, D1 = diag(A), (2.9&)
B = D2 — NQ, D2 = diag(B). (29b)

Correspondingly
A—®D =Dy — Ny —PD, B—-DP=Dy— Ny— Do,
and set

M =p(D7 (N1 + D)), Ay =p(Dy (N2 + D®)), A=max{\, o}, (2.10)
min; Ag; ; min; B, ;
T = @ 43(4,1) 7 Ty = 7 2(5,9) ) (211)
max; By; j) max; A (i)
If W is nonsingular, then A — ®D and B — D® are nonsingular M-matrices by Theo-
rem 2.1; so A\ < 1 and Ay < 1 [20, Theorem 3.15 on p.90] and thus 0 < A\ < 1. If W is
an irreducible singular M-matrix, then by Theorem 2.1

1. if uirvl > ugvg, then \{ < 1 and Ao = 1;
2. if u?vl < ugvg, then A\; =1 and A\ < 1;
3. if urlrvl = ugvg, then A1 = Ao = 1.

The third case uifvl = urzfvg is rather extreme and for which Pg is singular. It is argued
in [9] that for the case for sufficiently small ||[W — W|| there exists a constant 8 such
that

L |[&—@| < BIW —W|'/2_
2. ||@ — 2| < B||W —W|| if W is also singular.

This 3 like the one in (1.6), also due to [9], is known by its existence. Our current
analysis below does not work for this extreme case for which it remains to be an open
problem whether our approach here can be extended to yield more informative error
bounds.

2.2 Standard First Order Error Analysis

The standard first order error analysis is often very useful in revealing the sensitivity
of the interested problem because it usually produces asymptotically best possible first
order error bounds. When applied to MARE, it gives a first order error bound that
depends on the solution of another Sylvester equation.

Lemma 2.1 Suppose (1.4) and that Wis a nonsingular M-matriz or an irreducible
singular M-matriz. If (2.2) holds for some 0 < e < 1, then D5y = 0 if and only if

®(i,5) = 0.



Proof The conclusion is evident if W is irreducible because then ¢ > 0 and >0 by
Theorem 2.1(b). In general, consider the iterations: Zyg = Zp = 0 and for k > 0,

D1Zyy1 + Zpy1D2 = C + ZpDZy, + N1Zg + Z N,
Elgkﬂrl + ZkJrlﬁQ = 6 + Zkf)ik + N]Zk + Z;CNQ.

The conditions of this lemma implies that I, ® A + BT ® In and I, ® g—i— BT ®Q In
are nonsingular M-matrices. Therefore [10]

20 < Z1 < Zyg <+, lim Z; =&, and
k—oo

20§21§22§~--, lim Zk:5
k—o0

It is sufficient to prove that Z; and Zk have the same zero-nonzero pattern for each
k, ie., (Zx)(,j = 0 if and only if (Zk)(i,j
k. No proof is necessary for k = 0. Assume that this is true for & = ¢. Consider
now k = ¢ + 1. Since W and W have the same zero-nonzero pattern and, by the
induction hypothesis, Z, and Zg have the same zero-nonzero pattern, we conclude that
C + ZzDZg + N1Zg + Z[NQ = D1Z4+1 + ZnglDQ and C + ZgDZe + N1Zg + Z@NQ =
Dy §£+1 + ZHlﬁg must have the same zero-nonzero pattern, and so does Zy,; and
ot o

y = 0. This can be done by induction on

Theorem 2.2 Suppose that W in (1.2) is a nonsingular M -matriz or an irreducible
singular M -matriz with urlfvl #* ugvg. Suppose (2.2) and that W is an M-matriz. For
sufficiently small €, we have

|(® —P) 0 D §2€T®¢’+O(€2> (2.12)
< 2ve¢1,1% + 0O (62) , (2.13)
where @ denotes the entrywise division, T and v are defined by

(A=PD)Y +7(B— D®) = D1®+ D3, v =max(T @ ¢)(i,j)' (2.14)
2,7

Proof Write Z=27+ (AZ) for Z = A, B, C, D, and @, where AZ is the perturbation
to Z. Substitute them into #D® — AP —PB+C = 0 and notice PDP— AP—-PB+C =0
to get

(A—®D)(AD) + (AP)(B — DP) = B(AD)P + (AP) D(AP) — (AA)D — D(AB) + (AC).
Since Lg is invertible, this equation implies A® = O(e) for sufficiently tiny e. Therefore

|A®| < L5 (|B(AD)S + (AD)D(AP) — (AA)S — B(AB) + (AC)))
< eLy' (DDD + |Al® + &|B| + C) + O(%)
=2e L3 (D19 + $D3) + O(c%) (2.15)

which yields (2.13) since ¢ and & have the same zero-nonzero pattern by Lemma 2.1.
O

The following proposition proves that (2.12) is sharp and = is finite.



|A2|

Proposition 2.2 In Theorem 2.2, limsup —— = 27 and v < oo.
e—0 €

Proof In the proof of Theorem 2.2, if we take
AA =¢€|A|l, AB =¢|B|, AC = —eC, AD = —¢D, (2.16)

then W is a nonsingular M-matrix for sufficiently tiny positive e since W o> W.
Examine each inequality sign in (2.15) to see that up to the first order |AP| =
2€ ll;l (D1<15 + @Dg), and therefore the limit is 27".

To show that v < co under the conditions of Theorem 2.2, it suffices to show that
P(;,5y = 0 implies ; ;y = 0. In fact, D(; jy = 0 implies Qg(i’j) = 0 by Lemma 2.1 and
thus Ad; ;y = 0, and therefore 17; ;) = 0 by the limit formula. O

Remark 2.1 The following iterative scheme: Yy = @/2 and for k > 0
D1Tk+1 + Tk-_;'_lDQ = (N1 + @D)Tk + 7% (N2 + D@) + D1®+ PDo (2.17)

produces a sequence {7;} that monotonically convergent to 7" because Pg is a nonsin-
gular M-matrix. That we start with Yy = /2 is because " > &/2. So it is numerically
simple to use (2.13): iterate (2.17) enough steps until 7 has one or more correct deci-
mal digits in each of its entries. The subsequently estimated ~ by the approximate 7
through (2.14) should give an adequate estimate for entrywise relative errors. But this
can be costly sometimes when (2.17) is slowly convergent and/or some entries of 7"
are of much tinier magnitudes than others (because convergence to entries of different
magnitudes is not uniform in general). O

As a consequence of Theorem 2.2 and Proposition 2.2, we deduce immediately the
so-called componentwise condition number for MARE (1.1): 2 in the sense of [7]. Since
an MARE is an example of a nonsymmetric algebraic Riccati equation (NARE), this
result of ours is a special case of Lin and Wei [16] who were interested in general
NARESs. In comparing ours to the one in [16], we have taken advantage of (1.1) being
an MARE, followed the simple and standard way for derivation, and then arrived at a
simpler expression. We have also shown that 2 is finite. This is very important because
for a general NARE, it is conceivable that its componentwise condition number could
be infinite (perhaps more often than not).

2.3 New First Order Error Analysis

Theorem 2.3 and Corollary 2.1 are for the case in which W is a nonsingular M-matrix,
while Theorems 2.4 and 2.5 are about the case in which W is an irreducible singular
M-matrix with uf v # ug va.

Throughout this subsection, A; for ¢ = 1,2 and A are defined as in (2.10), s as in
(2.8), 7; for i = 1,2 as in (2.11), and ~ as in Theorem 2.2.

All bounds take the form, for sufficiently small e,

o —®| < [an kxe+ O (62)] P, (2.18)

where x is a constant dependent on A; and 7;. Following the proofs in section 3, we
find that the second order term O (62) in (2.18) is bounded by

K f(m,n)(x + 7)€ (2.19)



for some low degree polynomials in m and n.
The proofs of the following theorems are rather complicated and thus deferred to
section 3.

Theorem 2.3 Suppose that W in (1.2) is a nonsingular M -matriz, and suppose (2.2).
Then (2.18) holds with

T+ A+ (LX) h LA+ (L+ A1)t
v = maxd LF 1+ (1+ 2)T1—1’ o+ (1+ 1)72_1 _ (2.20)
1-M+ Q=) 1=+ (1—- )7y
Corollary 2.1 Under the conditions of Theorem 2.3, (2.18) holds with
14+ A
= —. 2.21
X=13 (2.21)
Proof Notice
T+ X+ 1+ 2)7 ! Sl
=N+ (1=t 7 1=A
and then apply Theorem 2.3. a

Theorem 2.4 Suppose that W in (1.2) is an irreducible singular M -matriz with u?vl #*
ug vo. Suppose* (2.2) and W is an M-matriz. Then (2.18) holds with

T+ A +2r 1t
%, ifurlfvl >ugvz,
X =2x =X (2.22)
1+)\2+27'2 T T
————= fujv <uyvs.
1— )Xo

Theorem 2.5 aims at the perturbation analysis for the Wiener-Hopf factorization
of a Markov chain.

Theorem 2.5 Suppose that —W in (1.2) is the generator of an irreducible Markov
chain, i.e., W is an irreducible singular M-matriz with vy = 1m, va = 1n in (2.1).
Suppose (2.2), and that —W 1is also the generator of an irreducible Markov chain. Then
(2.18) holds with?

1
9 x 1t Al, ifufl,m > ud 1p,
x = 2(m1+—n/)\1 L4 2 . . (2.23)
T+2[4(m+n)+1]17/\2, if ui Im < ug 1n.
If also w1 = 1y and ug = 1y, then
X = 2 x min T Ai. (2.23")
i 1 — )\1'

The conditions of Theorem 2.5 make Theorem 2.4 immediately applicable for the
case. What distinguishes the two theorems is that x given by (2.22) contains 7; while
x by (2.23) contains no 7; but, as a tradeoff, contains a big factor roughly 8(m + n)
when uirlm < ugln.

4 Because of (2.2), W too is irreducible if € < 1.
5 The proof in the next section says we can have a slightly smaller
2(m +n) 1+ Ao

XxX=———"+42[4(m+n)+1]
mnk 1— X

for the case u;F 1, < u;f 1,,. We drop k off from this expression mainly to make it independent
of k as we do for all x in the other theorems.



2.4 Discussions

We have obtained two kinds of first order error bounds in subsections 2.2 and 2.3. Both
have their own virtues and shortcomings.

The first order error bound by Theorem 2.2 yields the componentwise condition
number in the sense of [7] and thus is sharp, but not without sacrifice. Namely, without
actually solving the first equation in (2.14), it is hard to imagine that the bounds by
Theorem 2.2 is going to be tiny (comparable to €).

The first order error bounds in subsection 2.3 implies that |(¢—5) @®| will be large
if (1—X1)"!and (1— Xp)~ ! are large, and tiny if (1 — A1)~ or (1 — A2) ™! is modest
and k is modest. Such a conclusion cannot be read off from Theorem 2.2. The use of
the spectral radii can be beneficial because usually spectral radii are able to expose
insight information of matrices and can be estimated with relatively little effort. Also
our proofs in the next section lead us to conclude a rough bound (2.19) on the second
order terms.

Due to the artifact of our proofs, the first order error bounds in subsection 2.3 turn
to have constant factors that are overestimated and consequently less sharp than the
bound by Theorem 2.2. In this respect, their values are more theoretical than practical.
They also assure us that 4 in Theorem 2.2 will be modest if (1 — A1) ™! or (1 — )1
is modest and k is modest. In fact, we have

Proposition 2.3 Under the conditions of Theorem 2.2, we have
Kk < 2y < 2mnkx, (2.24)

where x is defined in Theorems 2.3 — 2.5 according to the different cases of the theorems,
Kk in (2.8), and 7y in (2.14).

Proof Tt can be seen from (2.4) and (2.14) that 27" > &; because
2(D19 4 ¢D2) = $DP + |A|P + D|B|+ C > C.

This implies the first inequality in (2.24). The second inequality is a consequence of
Proposition 2.2, together with Theorems 2.2 — 2.5. a

We now argue that the second inequality in (2.24) in general cannot be improved,
modulo a factor cmn, where ¢ is some constant independent of the dimensional pa-
rameters m and n. To this end, we consider nonsingular and irreducible M-matrices
A=1- N; and B=1— Na, where N; > 0 and diag(NN;) = 0. Thus for i = 1,2

0i = p(NZ) < 1.
Let u > 0 and y > 0 be the Perron eigenvectors of N; and Ng , respectively, i.e.,
T T
Niu=p1u, y Na2=p2y .

Scale u and y so that yTu = 1. Pick £ > 0 and ¢ > 0 sufficiently small such that W with
A and B just defined and C = ¢uy’ and D = Cuy? is an irreducible nonsingular or a
singular M-matrix. We now have constructed an MARE (1.1). Following the argument
in [10], we find that the following iterative method: Zy = 0 and for k > 0,

AZy 1+ Zy 1 B=C+ ZDZj
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will produce a monotonically increasing sequence {Zj} that converges to the non-
negative minimal solution & of the MARE. It can be proved, e.g., by induction, that
Zy, = nkuyT for some 1 > 0. Therefore & = nuyT for some 1 > 0. Substitute & = nuyT
into (1.1) to see that 7 is the smallest positive root of

(= (2—o01—o02)n+E=0.

This gives
2§
2-o01—02)+/(2— 01— 02)2 —4&C

Now note A\; =1 — g; — n¢ for i = 1,2 because u > 0, y > 0, and

77:

(A= dDyu=(1—o01 —nQ)u, y (B—D®)=(1-02—n()y" .

It can be verified that

3 T 27 T
P = —S r—__ N
1 2—)\1—)\2uy7 2_)\1_>\2uy
and consequently
m—ié -z
DYDY L T Yy v

Since all x in Theorems 2.3 and 2.4 and Theorem 2.5 for the case uirlm > urzfln are
within a constant factor (independent of m and n) of (2 — A\; — Xo) ™7, it suffices for
us to compare v with & (2 — A\; — A2) ! for the purpose of comparing v with x y. We
have

Y 2 _ 2= —A) _ 42— = Ag)

R2=M—d)™h R 3 (2—01—02) +/(2— 01 — 02)2 — 4&C

and therefore

. Y
lim ——————— = 2.
50t K(2—A1 — X)L
This means, modulo a factor cmn, the second inequality in (2.24) cannot be improved.
As a by-product, we see that it is possible y/k > 1.

3 Proofs

Proof of Proposition 2.1: If W in (1.2) is irreducible, then Pg is irreducible and ¢ > 0
[9] and thus &; > @ > 0. For the general case in which W may be reducible, a more
complicated argument is needed to prove the conclusion. The proof given below does
not distinguish whether W is reducible or not.

Since 1 > @ > 0, (1) (; j) = 0 implies &(; ;) = 0.

It remains to show that @(; ;y = 0 implies (@1)(; ;) = 0. Split A and B as in (2.9).
We have

D1® + PDy = ODP + N1P + $PNo + C.

Because D1 and Ds are diagonal with positive diagonal entries, (D1® + @D3)
if and only if D) =0. Therefore,

(i.j) =0

Py =0 = (2DP)Gij) = (N19)qi,5) = (PN2)(i,5) = Clig) = 0- (3.1)
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Consider the following iteration

ZQ = 0, (3.2&)
D1Zk+]_ + ZkJr]_DQ =C+PDZy + Z,DP + N1Zy. + Z, No  for k > 0. (32b)

This corresponds to an iteration to compute @1 based on the so-called regular splitting
[20] of (2.4) after written equivalently as Pg vec(®1) = vec(C):

Py = [In ® D1 + DY @ In] — [In ® (N1 + ®D) + (Na + DB)* @ In].

Therefore (3.2) is convergent [20, Theorem 3.15 on p.90] and limg_,o Zy, = ®1. We claim
that the sequence is monotonically increasing, i.e., Zg < Z1 < Zo < -+, too. Clearly
Zoy < Z1. Suppose that Zp,_1 < Zj, for all £ < ¢. We shall prove that Z;_1 < Z;, holds
for k = ¢+ 1 as well. In fact, we have by (3.2b)

D1(Zoy1 — Zg) + (Zogr — Zo) D2 = (N1 + @D)(Zy — Zg—1) + (Ze — Zp—1)(DP + N2)

which leads to Zy11 — Zp > 0 because Zy — Zy,_1 > 0 by the induction hypothesis,
Ny +®D >0, and D® + N2 > 0.

Let % = {(i,j) : @(;,;) = 0}. We claim that for any (i,7) € .7, (Zy)(; j) = 0 for
all £ > 0. We prove this again by the induction on k. Clearly it holds for £ = 0 since
Zy = 0. Suppose that (Zg)(; ;) = 0 for all k < £ and any (4,j) € #. We shall prove
(Zk)(m») =0for k=441 and any (i,j) € . as well. In the remainder of this proof,
(,7) represents an arbitrary index pair from .#. By (3.1), (@D@)(m) = 0. So must
(®DZy) i 5y = 0 too, because

(8DP) ;5 = Y (PD)(i ) P(p.j) = O
p

implies if (D) (; ;) # 0, then &, ;y = 0 which implies (Z)
hypothesis. Therefore

(p.j) = 0 by the induction

(@DZ0) 1.5y = D_(8D) (i) (Z0)(p.s) = O
p
Similarly (Z,D®); jy = 0, and (N1Z;); jy = 0 and (Z;N2)(; ;) = 0 because (N19); ;) =
(®N2)(;,jy = 0 by (3.1). Equation (3.2b) for k = £ yields (D1Z¢11 + Zg+1D2) (5,5, = 0,
ie., (Zg+1)(i,j) = 0. This completes the proof. O

Lemma 3.1 ([10, Theorem 2.4]) Assume (1.4). Then the minimal nonnegative solu-
tion @ increases entrywise as the entries of C' and D increase, and the entries of A and
B decreases, provided the corresponding perturbed W s still a nonsingular M -matrix
or an irreducible singular M -matriz.

The proofs below for the three theorems rely on splitting @ into three pieces as
follows. It can be verified that

&(B — D®) + (A— PD)® = C — dDP + (& — D) D(D — D). (3.3)

Recall @ = &1 — &y, where @1 and Py are defined in (2.4) and (2.5). Define &, Do,
and A by

(A—@D)d, + &1 (B — D&) = C, (3.4)
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(A — &D)dy + &o(B — D) = 6D, (3.5)
(A—®D)A + A(B — D®) = (& — &) D(d — B). (3.6)

Then
b =3¢, — Py + A. (3.7)

The basic idea of our proofs below is to seek bounds on |®; — &;| and |A|.

Proof of Theorem 2.3. By Lemma 3.1, it suffices to consider the two extreme cases:

A=(1—-€eD1—(1+€e)Ni, B=(1—€)Dy— (14 €)No,C = (1+€)C, D = (1+ €)D;
(3.8)

A=(14€6D;—(1—€eNi, B=(14€Dy— (1—€¢)Ny,C=(1—-¢€)C, D= (1-¢)D.
(3.9)

In what follows, we shall consider the case (3.8) only, because the other one can be
dealt with similarly. We then have 0 < @ < @. By Theorem 2.2,

0<(®— )D& — &) < [47262 +0 (63)} &D®. (3.10)
Compare (3.6) to (3.5) to get
0<A< [4y262 40 (63)} . (3.11)
We claim that for ¢ = 1,2
0<d;—&; < [anxe n 0(62)} ;. (3.12)

Suppose, for the moment, that A — ®D and B — D& are irreducible. Then there exist
vectors u > 0 and y > 0 such that

Dy (N1 4+ ®D)u = Mu, Dy (Na+ D)y = Aoy.
Let Pp = I ® (A — ®D) + (B — D)™ @ I,. We have
Ppy®@u) = (1 =)y ® Diu+ (1 — X2)Day ®u, (3.13)
Pply@u)=[1—¢) = (1+ )My @ (D1u) + [(1 — €) — (1 + )A2](Doy) @ u. (3.14)

Both right-hand sides are positive for sufficiently small e. Now we look at the entrywise
ratio [Pg(y ® u)] @ [Pa(y ® u)] whose typical kth entry is, by (3.13) and (3.14),

Poy@wlw _ [1—6) = (+MJAuy +[(1—6) = 1L+ )ha]Bj) (3.15)
[Po(y @ uw)] (s (1 =A)Au,0 + (1= A2)B(; 5 '

for some ¢ and j. The derivative of the right-hand side of (3.15) with respect to ¢ =
Adiiy/Big) 1
2e(Ao2 — A1)
(1= At + (1= X2))?
which implies the right-hand side of (3.15) is an increasing function of ¢ = A(i,i)/B(j,j)
if A1 < A2 and a decreasing function of ¢ = A(; ;)/B; jy if A1 > 2. Therefore

Pa(y®@u) > Pply@u) > (1 - xe)Po(y @u). (3.16)
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For i # j,
‘(Z—@ﬁ)(m (A— D)) ‘ (A= D)5, (3.17)

|(B = D) s — (B - D8)i | = |(B - DB | (3.18)

which lead to |(Pp — Pp) @ Pg|(i 5y < e for i # j. Now apply [21, Theorem 2.2] to (2.4)
and (3.4) to get (3.12) for ¢ = 1 and to (2.5) and (3.5) to get (3.12) for i = 2.

The case in which A — @D and/or B — D@ are reducible can only possibly occur
when W is a nonsingular M-matrix because of the conditions of the theorem and
Theorem 2.1. Again by Theorem 2.1, A — ®D and B — D@ are nonsingular. Replace
Aand B by A — £1,1F and B — €1, 1Y%, for sufficiently tiny £. Then (3.12) will hold.
Letting £ — 0 yields (3.12) for the case in which A—®D and/or B — D are reducible.

Finally since @5 < &1 < k& and $o > Po, we have

0<P—P=P] —P1 + Py — Py + A
<P -d1+ A
[anxﬁe—&—O( )} ,
as expected. a

Proof of Theorem 2.4. We only prove the case in which urlfvi > u;qu. By Theorem 2.1,
0 < Ap < Ag = 1. We still have (2.4), (2.5), (3.4), (3.5), & = &, — &y + A by (3.7).
Instead of (3.11), we will have

1A| < [4&2 +o (63)} b (3.19)

The singularity of W_disallows us to make directional perturbations, as in (3.8) and
(3.9), while keeping W an M-matrix, and thus we no longer have 0 < &; < &;. But we
still have (3.13), and instead of (3.14)

Poly@uw) > [(1-€) — (1+ My @ (Dyu) +[(1 — &) — (1 + )] (Day) @ u, (3.20)
Pply@u) <[(1+€) = (1 =My @ (Dru) + [(1+€) — (1 = e)r2](D2y) @ u. (3.21)

Use a similar argument that led to (3.16) above to get
(14 3x€)Paly @ u) > Po(y@u) > (1 - 3xe)Poly ® u). (3.22)

Also (3.17) and (3.18) with “=” replaced by “<” are valid. By [21, Theorem 2.2], we
have for i = 1,2

|&; — &;] < [mnXE + 0(52)} ;.

Finally use |® — &| < |#) — P | + [Py — Po| + |A| combined with (3.11) to complete the
proof. a

Proof of Theorem 2.5. We first consider the case in which uj lm > ug ln Then,

(B = D®)1,y, = (B — D)1, =0,
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and thus A\; < 1, A; < 1 and Ay = Ap = 1. By comparing (3.4) to (2.4) and comparing
(3.5) to (2.5), it follows from [21, Theorem 3.3] that for ¢ = 1,2

i — @il < [mnxe+O()] .

Then again use |® — ®| < |d1 — P |+ [Py — Pa| + | A| combined with (3.19) to complete
the proof.

‘We now consider the case in which urlrlm < u;rln. We will reduce this case to the
case in which urlflm > ulen. Let u1,us be positive vectors such that

[, s |W = 0.

Normalize w1, ug and @y, Uy such that (v, ud )1man = (@7, U3 )lmin = 1. O’Cinneide
[17] showed that

(uf,u3) — (@1, 3)| < [2(m+n)e + O(e?)| (uf,u3). (3.23)

Z = &7 is the minimal nonnegative solution of
zDYz - 74T - BTz 4+ " = 0.

Let © = Ul_lZUg, where U; = diag(uq) is the diagonal matrix with (Ul)(i,i) = (u1) ()
and Uz = diag(uz). Then

ewy'pTuye —ews AT, — (Ut BTye +utctu, = o.
Now define
o_( UalAtvr —Uy'DTU
~u; ety utBToy
Then, (ug,uir)ﬂ =0, 214n = 0. Similarly, we define l~]1, (72, (:i and
1 3T77. 77 —17T77
g-( Y A U-Uy DUy
-y tctoy, utBThh
We have fZlm_m = 0. By (3.23), we have

12— 0| < ([4(m +n)+ e+ 0(3)) 1.

Applying the result for u?lm > Ugln we just obtained, we get

©—0| < [4mn[4(m +n)+ m% e+ 0(62)} o.
— A2

Since & = Uy '0TU; and & = Uy 107Uy,

& — @ < {4(m + n)e + dmn[A(m + n) + 1)

The proof is completed. ad
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4 Algorithms for MARE
We shall explain in what follows three types of methods that can deliver computed
& with entrywise relative accuracies as deserved by the input data. It is assumed

throughout this section that W in (1.2) is a nonsingular M-matrix or an irreducible
singular M-matrix with ul v # u3 va.

4.1 Fixed Point Iterative Methods
Any splittings for A and B:
A=M; —Kj, B=Ms— K> (4.1)
give rise to an iterative method for MARE (1.1): Xg =0 and for £k > 0
M1 Xpyq + X1 M2 = X DXy + K1 Xy + X Ko + C. (4.2)
Convenient ones are those from the so-called regular splittings (4.1), namely M i_l >0

and K; > 0, in such a way that (4.2) is easy to solve and convergent. The following
five choices are obvious ones:

M; = diag(A), My = diag(B); (4.3a)
My = tril(A), My = triu(B); (4.3b)
My = triu(A), My = tril(B), (4.3¢)
My = tril(A),  Ms = tril(B), (4.3d)
My = triu(4), My = triu(B), (4.3¢)

and correspondingly K1 = M; — A and Ko = My — B, where tril(-) and triu(-) are
MATLAB-like notations that take the lower and upper triangular part of a matrix,
respectively.

Two pleasant consequences of these splittings in (4.3) are as follows. First, any one
of them leads to (4.2) that is easy to solve (see [21, subsection 4.2]). The second conse-
quence is that any corresponding method (4.2) produces a monotonically convergent
sequence to @ [10, Theorem 2.3]:

0:X0§X1§X2§~~,_limXi:@. (4.4)

71— 00

Equation (4.2) is an M-Matrix Sylvester equation [21]. A straightforward implementa-
tion of (4.2) associated with any of the splittings in (4.3) easily preserves X > 0, but
may not numerically preserve the monotonicity in (4.4). There is a better way. From
(4.2) for two consecutive steps, we have

MiAgiy + Agp1 Mo = X1 DX — Xp DX + KA + Ap Ko
= AkDXk+1 + XkDAk + KlAk: + AkKQ (4.53)
= Xp1 DAL + A DXy, + K1 Ay + AR Ko, (4.5b)

where Ay, = Xj41 — Xi. We therefore suggest to implement (4.2) as follows:



16

Algorithm 4.1
Fix Point Iterative Method for MARE XDX — AX — XB + C =0 with (4.1).

Solve M1 X1 + X1 My = C for Xy;
A = Xu;
For k =0,1,..., until convergence

Solve either (4.5a) or (4.5b) for Agq;
Xit2 = X1 + Apgas
Enddo.

SO W N

With each of the splittings in (4.3), Algorithm 4.1 is guaranteed to produce a linearly
convergent sequence of X, [10]. Since all involved arithmetic operations are adding two
nonnegative numbers, dividing a nonnegative number by a positive number, or multi-
plying two nonnegative numbers, Algorithm 4.1 is forward stable. Thus at convergence,
the converged X}, is entrywise relatively accurate, unless the required number of steps
so gargantuan that the accumulated roundoff errors become too great to overcome.

At Line 4, there is a choice of solving (4.5a) or (4.5b). Under what circumstances
to favor one over the other is not known at this time. It is probably either one will
work just fine.

In our numerical tests, we use if max; j [(Xg41—Xg) @ Xpy1/(;,5) < € to terminate
the iteration at Line 3. For a justification, see [21, Item 4 in Remark 4.1].

For the ease of later references, we will use FPa, FPb, FPc, FPd, and FPe to denote
Algorithm 4.1 combined with the respective splittings (4.3a) — (4.3e).

4.2 Structure-Preserving Doubling Algorithm for MARE

The basic idea of doubling algorithms in an iterative scheme is to compute only the 2Fth
approximations, instead of every approximation in the process. It traces back to 1970s
(see [2] and references therein). Recent resurgence of interests in the idea has led to effi-
cient doubling algorithms for various nonlinear matrix equations. The interested reader
is referred to [5] for a more general presentation. The use of a structure-preserving dou-
bling algorithm (SDA) to solve an MARE was first proposed and analyzed by Guo,
Lin, and Xu [13]. For MARE (1.1), the method simultaneously computes the mini-
mal nonnegative solutions of (1.1) and its complementary M-Matrix Algebraic Riccati
Equation (cMARE)

YCY -YA-BY +D=0. (4.6)

The method can be naturally regarded as an extension of the Smith algorithm [19]
adopted by [21] for an MSE. In fact, it degenerates to the Smith algorithm when
D = 0. It starts by choosing u > 0 to satisfy

w2 popt & max{max A ;), max Bt (4.7)
Let
Eo =V, (B —pl) — DASC), Fy = Uy '[(A—ul)— CB;' D), (4.82)
Xo = 2uU, OB, Yo = 2uB,;, ' DU, !, (4.8b)
where

Ap = A+ pln, B, = B+ plm, (4.9a)
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Uy=Auy—CB;'D, V,=B,—DA,'C. (4.9b)

SDA then produces the sequences {Ey}, { Xy}, {Yi} and {F}} by

Biy1 = Ep(Im — Vi Xp) " By, (4.10a)
Fiy1 = Fp(In — X,Yy) ' Fy, (4.10b)
Xpy1 = Xi + F(In — X3.Yy) "' Xi By, (4.10c)
Yir1 = Yi + Eg(Im — Y3 X3) ™ Vi F. (4.10d)

As is, two inverses (In — X, Y3) "' and (I, — Y3, X;) ! need to be computed per step.
But we can use the Sherman-Morrison-Woodbury formula [6, p.95] to get rid of one of
them:

(Im — Yka)il =Im + Y(In — XkYk)ith
(In = XpYi) ™' = In + Xp.(Im — Y2 X3,) '3

So alternatively

Epi1 = Epllm + Yi(In — X3 Y3) ' X4 By, (4.10a)
Frq1 = Fu[ln + Xp(Im — Y3 X3) " ' V3] F, (4.10b")
Xpy1 = Xi + F Xg(Im — Y3 Xg) " By, (4.10¢')
Vi1 = Yi + BpYe(In — X Y3) ™ F. (4.10d")

This leads to three sets of formulas for advancing the iteration:

1. (4.10a), (4.10b), (4.10c), and (4.10d);
2. (4.10a), (4.10b"), (4.10¢’), and (4.10d);
3. (4.10a"), (4.10b), (4.10c), and (4.10d").

As to under what circumstances to favor one over another, we offer this rough sugges-
tion. Since two additional matrix-matrix multiplications have to be done in order to get
rid of one of the inverses, we should prefer the first set if m ~ n. But if either m < n
or m > n, not computing the inverse of the larger one in size between I, — XY} and
Im — Y}, X}, should be preferred and thus to use the second set if m < n, and the third
set if m > n. Algorithm 4.2 below picks the first set for the sake of presentation.

It is shown in [13] (for nonsingular W with strict inequality in (4.7)) and in [12]
(for irreducible singular W) that for W satisfying (1.4)

0<X1 < Xo<-+-, lim X =9,
k—o00

0V <2<, lim Yy =V,
k—o0

where ¥ is the minimal nonnegative solution of cMARE (4.6), and I, — Y, X} and
In, — X} Y}, are nonsingular M-matrices for all k, and

ok ok ok - ok
0<®—- X, <L, PR, , 0<W¥-Y, <R, VL,
where

Ry = (B — D% + pulm) (B — D® — ulyy,),
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Ly = (A= CW + ulp) (A= CW — uly).

So the convergence is quadratic if ul vy # ua va [5,12,13]. It is proved in [12, Theorem
4.4] that both p(L,) and p(R,) are less than 1 and are nondecreasing functions in g
satisfying (4.7).

The algorithm is now given below. Afterwards we’ll comment on its implementation
detail.

Algorithm 4.2
SDA for MARE XDX — AX — XB+C =0 and,
as a by-product, for cMARE YCY —YA—-BY +D =0.

Pick p such that u > popt;

Ay At ul, B, Y B4

Compute A;l and B;l;
Compute V,, and Uy, as in (4.9b) and then their inverses;
Compute Ey, Fy, Xo, and Yy as in (4.8);
Compute (I — XoYp)™;
Compute X7 and Y7 by (4.10c) and (4.10d);
For k =1,2,..., until convergence
Compute Ej, and Fj by (4.10a) and (4.10b) (after substituting k + 1 for k);
10 Compute (I — X;Y) "t and (I — Y3, X;) ™%
11 Compute Xy 1 and Yy by (4.10c) and (4.10d);
12 Enddo

© 00~ O Ok W N

Remark 4.1 When the input W is in the usual matrix format and the algorithm is
implemented straightforwardly as is with all inverses (of M-matrices) calculated by,
e.g., the Gaussian elimination (with partial pivoting), Algorithm 4.2 is the same as the
original version in [13]. This version usually works well, as the numerical examples in
[13] showed. But as discovered in [1], when it comes to an M-matrix, it pays to have
its triplet representation which, if known to have entrywise accuracy, can produce its
inverse with comparable entrywise accuracy. We now comment on how the relevant lines
in the above algorithm can be implemented differently for better numerical accuracy.

1. If input W e ROMFT)xm+n) (4 nonsingular or an irreducible singular M-matrix)
is given in its triplet form W = {N, (i) , (i)} with y,z € R™, u,v € R", and
Yy, 2, u,v > 0, then

A= {N1,u,v+ Cy}, B = {Na,y, 2+ Du},
Ap ={N1,u,v + Cy +pu}, By ={Nz,y,z+ Du+ uy}.

Consequently, A;l and B;l at Line 3 can be computed using the GTH-like algorithm
(1].

2. Line 1 asks p > popt. The bigger the i, the less likely some catastrophic cancelations
may occur in computing the diagonal entries of A — uI and B — I in (4.8a). But, as
a tradeoff, the whole convergence is slowed [12, Theorem 4.4].

As we discussed the same issue in [21] for the Smith method, when all A; ;) and
By;,j) are known to be exact floating point numbers, taking ;1 = popt is fine; otherwise
we may take u = 1 popt to avoid any catastrophic cancelation for some n > 1 but not
too close to 1.
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3. At Line 3, if the triplet representation for A, and B, are available, use the GTH-
like algorithm [1]. Otherwise refer to [21, subsection 2.2] to compute their inverses with
guaranteed entrywise relative errors about in the orders of

1—oA)  u, [1-oB) ",

respectively, where u is unit machine roundoff.

4. At Lines 4, 6 and 10, refer to [21, subsection 2.2] for computing the inverses. The
computed inverse Z~! will have entrywise relative error about O ([1 — ,Q(Z)]_1 u),
where Z denotes any of the matrices to be inverted in the lines. Specifically at Line
4, 0(Au) < o(A) < A1 and o(Byu) < o(B) < Ag. At Lines 6 and 10, since M-matrices
I-X3Y, <I—®¥ and I — Y, Xy, <I-—9 [12,13],

ol — XpYg) < o(I —2¥), ol —YpXy) < o(l —¥9).

Thus the entrywise relative errors in the final computed @ and ¥ can be bounded by
something in the order of

(nx Y=ol — o) 1 - o(I — w)]*l) u.

5. At Line 10, we need triplet representations for I — XY}, and I — Y}, X}, in order to
use the GTH-like algorithm to accurately compute their inverses. We can certain use
the idea in [21, subsection 2.2] for this purpose. But as convergence begins to occur, we
may be able to achieve some saving by utilizing the triplet representations from the
previous step. For example, suppose that we have I — XY, = {N,u,v} and that X}
and Y}, already have converged to @ and ¥ to certain degree. Then u likely is suitable
as part of a triplet representation for I — X} 1Y) 1, too. Its suitability can be easily
verified by testing if (I — Xp41Yg41)u > 0.

6. At Line 8, the same stopping criterion for the modified Smith algorithm as discussed
in [21, Remark 4.1] can be used here, too. <&

4.3 Newton Method

The Newton method played an essential role in [9-11] for solving (1.1) and establishing
its many properties. It goes as follows: Xg = 0 and for k > 1

(A—XkD)Xk+1+Xk+1(B—DXk):C—XkDXk. (4.11)

If W in (1.2) is a nonsingular M-matrix or an irreducible singular M-matrix, it is
shown in [9] that

0=Xp < X1 < X< <, lim X, =&. (4.12)
k—o0
As far as its implementation is concerned, solving (4.11) may fail this monotonic prop-
erty. A better formula can be gotten from subtracting (4.11) from it for the next step
to get
(A= X1 D) A1 + A1 (B — DXj1) = Ag DA, (4.13)
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where A, = Xj41 — Xi. The monotonic property in (4.12) is also an obvious conse-
quence of (4.13), too, after noticing that

Px, =1, ® (A— X;D)+ (B—DX},) @ In
is a nonsingular M-matrix [9]. We also have
(A= X D) (P = Xppq1) + (P = Xppy1)(B = DXy) = (@ = Xp) D(® — X)) (4.14)

which suggests that the Newton method is eventually quadratically convergent.

Equation (4.13) is an MSE. It must be solved carefully in order to make sure
Ajg41 > 0 and thus preserve the monotonic property in (4.12). For example, the com-
monly used methods in [3,8] may fail in that aspect. However, any of the methods
discussed in [21, section 4] will work. Since the direct method in [21] there is too ex-
pensive even for modest m and n, and the iterative methods in [21] may take as many
steps in order to solve (4.13) accu]rately6 as the methods in subsections 4.1 and 4.2 in
this paper, it is usually cheaper to solve an MARE directly by them.

5 Numerical Examples

In this section, we shall present two numerical examples to test our entrywise per-
turbation bounds as well the ability of the numerical methods in section 4 to deliver
entrywise relative accurate numerical solutions as claimed. We will use two error mea-
sures to gauge accuracy in computed solution ®: the Normalized Residual (NRes)

B |&DP — AP — BP + C||;
2l (2l IDlx + 1Al + [[Bl1) + [[Cllx

a commonly used measure in general because it can be easily computed, and the en-
trywise relative error (ERErr),

ERErr = max |(¢ — &) @ |,

i 3)

which is not available in actual computations but is made available here for our testing
purpose. Both errors are 0 for the exact solution, but numerically they can only be
made as small as O(u). As we will see, to achieve & with deserved entrywise relative
accuracy, tiny NRes (as tiny as O(u)) is not sufficient.

Ezample 5.1 ([13, Ezample 6.2]) A, B,C, D € R™*™ are given by
A= |, B=4A C¢=1., D=c¢l,

where £ is a parameter that modulates the quadratic term in MARE (1.1). If £ =
0, it becomes the MSE example in [21]. The numerical results below indicate close

6 The correctness of (4.13) relies upon X}, being the kth Newton approximation (to the
working precision). If (4.13) is not solved accurately enough, then everything, including (4.12),
proved for the Newton method may no longer be valid.
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NRes: Normalized Residual EREm: Entrywise Relative Error

10 0o [ ‘ ‘ : ‘ ‘ ]
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Fig. 5.1 Example 5.1, n = 100. Convergence history for SDA and the fixed point iterations.
Left: NRes; Right: entrywise relative errors. Curves for FPc and FPd are indistinguishable from
those for FPb and FPa, respectively, and thus not plotted.

resemblance between the MSE and this MARE in their solution behavior. It can be
seen that

Alp, =21,, 1'B=21!.

We consider” ¢ = 0.2 and m = n = 100. For testing purpose, we computed an “exact”
solution @ and ¥ by the computerized algebra system Maple with 100 decimal digits.
This “exact” solution &’s entries range from 10™%3 t0 0.17 and ¥’s entries range from
2.2 x 107* to 0.03. SDA with Kahan’s stopping criterion works extremely well: in
just 7 iterations, it produces & with an entrywise relative error 1.9 x 107 and ¥
with 3.8 x 10715, But it takes rather long for the fixed point iterations, except for FPe
which is based on splitting A and B into their upper triangular part and strictly lower

triangular part enelT and fairly fast because of that. The Newton method combined
with lyap on (4.13) gives

NRes = 8.6 x 101, but ERErr = 2.1 x 10727

indicating no relative accuracy at all for some of the entries in the computed @ because
lyap cannot solve (4.13) with high relative accuracy for tiny solution entries.

Figure 5.1 displays the convergence history for SDA and the fixed point iterations
for . The curves for NRes look very nice — noticeable drops every steps; the curves
for entrywise relative errors, however, show very little improvements for the first many
iterations, especially so for FPa and FPb. Notice that NRes reach to about O(10~16)
before all entries of @ are converged with their deserved accuracy — especially so for
the fixed point iterations, for example at Iteration 25, FPb has NRes about O(10716)
but some entries in the computed @ do not even have one decimal digit correct!

Next we relatively perturb each entries of A, B, C, and D to illustrate the ef-
fectiveness of our perturbation bounds. We still take n = 100 for which we have the

7 We tried several other values of £. Note by Lemma 3.1 that as £ increases min; ; D(; ;)

increases, and qualitative behaviors reported for £ = 0.2 in this example seem to hold for other
£ > 0 as well.
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Fig. 5.2 Example 5.1, n = 100. Entrywise relative errors in @ as ¢ varies. It is estimated via
a least squares fit that true entrywise relative errors (marked by circles) behave like 9.5¢.

“exact” solution to compare to. In MATLAB, each nonzero entry in A, B, C, and D
is multiplied by
1+ (rand — .5) * T * eps, (5.1)

where T is an adjustable parameter. We then compute the solution & of the perturbed
MARE by SDA with Kahan’s stopping criterion and use this solution as the “true”
solution of the perturbed MARE. Let € be the smallest one to satisfy (2.2). Figure 5.2
plots the entrywise relative errors in @ compared to @ as € varies. To explain this figure,
we have computed

LM [ 2 [ v | s | ol-—0w) [ oI-v9) |
10.3502]0.3502]115.8[8.802]7.245 x 10~3[7.245 x 10-3]

that have appeared in our error analysis, except o(I —@¥) and (I —¥®) which control
the relative entrywise accuracies in computed (I — XkYk)71 and (I — Yka)71 in SDA.
That both o(I — W) and o(I —¥P) are so tiny suggests all inverses (I — X;,Y;) ! and
(I -YX k)_l should have been computed very accurately. Since A1 =~ A2, the error
bounds by Theorems 2.2 and 2.3 are, up to the 1st order term,

2, 14+ A
2ve, 2n 17/\6

They are plotted in Figure 5.2 after the second expression is reduced by a factor 2n. <&

E:mmple 9.2 This example is for the singular irreducible case constructed as follows.
Let A= B € R"™" be the A in Example 5.1, and let a,b € R™ be two positive vectors
with random entries as obtained by MATLAB’s round(lOs*rand). These a, b are then
saved in order to repeat the test. Finally set

We see W1ls, = 0. The random positive integer vectors so constructed serve two
purposes here:
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NRes: Normalized Residual
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Fig. 5.3 Example 5.2, n = 100. Convergence history for SDA and the Newton method with
MATLAB’s 1yap for involved MSEs. Left: NRes; Right: entrywise relative errors.

an “exact” @ for testing purpose.

1. The resulting MARE can be moved, without any errors, to Maple for computing
2. W is a singular irreducible M-matrix with

utvy = 1.0872 x 1072 > ug vy = 9.1993 x 1075,

Finally the coefficient matrices of MARE (1.1) can be read off from W. Our results

below are for m = n = 100. We compute its “exact” @ by Maple. We find &’s entries
range from 8.6 x 107 to 7.0 x 10™%. So unlike Example 5.1, we expect the Newton

method combined with 1yap be able to compute @ with an entrywise relative accuracy
about 10™7. Indeed this is what we got.

Figure 5.3 displays the convergence history for SDA and the Newton method with
lyap on (4.13). It shows that the Newton method actually converges faster but returns
less accurate results at the end as expected: 1.3 x 10~ for NRes and 6.0 x 10~° for
ERErr. On the other hand, SDA computes a solution with 2.8 x 10™'7 for NRes and
1.1 x 10~ '3 for the entrywise relative error.

To understand this example’s numerical behavior, we have computed

L x [ X v | & Jod —oW)|o( —vo)|
’0.9486‘1.000‘810.6‘270.7‘ 0.8369 ‘ 0.8378 ‘
These numbers tell us that

1. A— &D is a nonsingular M-matrix and B — D® is a singular M-matrix as they
should be.

2. All the inverses (I — X;,Y},) ! and (I — Y}, X};,) ! within SDA are computed with
the entrywise relative error no bigger than O([1 — 0.84]u)

Now suppose some of the last bits in the nonzero entries of W is perturbed. This

.8

gives

€ = 2u. Thus Theorems 2.2 and 2.5 say that such perturbations will introduce

8 MATLAB’s eps is actually 2u for the IEEE double precision.
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Fig. 5.4 Example 5.2, n = 100. Convergence history for the fixed point iterations. Left: NRes;
Right: entrywise relative errors.

entrywise relative changes to @, up to the first order, by no more than

14+ XM
1—X

2v2u =3.60 x 10713, 4n’k 2u=9.11x 107°.

Some comments are in order. First, the accuracy in the computed o by SDA is simply
remarkable; Second, the factor 4n2, as we pointed out a couple times before, is again
showing its probable overestimate as an artifact of our proofs. After dropping a factor
of 4n, the second first order error bound above gives 2028 x 10710, still two magnitudes
larger than the first one. This, as well as Example 5.1, echo the comments we made at
the beginning of section 2 that the standard first order error analysis produces sharp
error estimations.

Unlike in Example 5.1, all fixed point iterations are slowly convergent. With the
maximum number of iterations caped at 1000, Figure 5.4 displays their convergence
history. It suggests that the fixed point iterations are too slow to be competitive for
this example. <&

6 Concluding Remarks

We have presented an entrywise perturbation analysis for M-Matrix algebraic Riccati
equations (1.1). It is proved small relative perturbations to the entries of A, B, C, and
D will only cause small relative changes to each entry of the solution &, regardless of
its magnitude.

The linear term in our bound from the standard first order error analysis is sharp
as shown by Proposition 2.2. The linear terms in our bounds from our second approach
have constant factors that are larger than necessary due to the artifact of our proofs.
Specifically these constant factors contain a dimensionally dependent factor mn which
is the product of our earlier entrywise perturbation analysis for M-matrix Sylvester
equation (1.3) in [21] where we conjectured that it could be replaced by something like
m +n. In spite of being less sharp, we argue that the value of our second approach lies
in its ability to demonstrate the effect of the spectral radii A; on @’s sensitivity.
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We demonstrated that the fixed point iterations [10] and the Newton method [9,11]
with some minor but crucial implementation changes can deliver computed solutions
with predicted entrywise relative accuracy according to our analysis. The SDA [13]
worked very well in all our numerical tests. We argued in Item 4 of Remark 4.1 that
the entrywise accuracy of computed & by SDA depends on [I — o(I — &¥)]~! and
[1 — o(I — W) ™! being not too big. It would be interesting to develop some bounds
on them in terms of \;.

Since XDX — AX — XB + C = 0 has the same solution(s) as

XDX —(A—rI)X = X(B+7I)+C =0

for any scalar 7. Most results in this paper can be modified to cover the case in which
there exists 7 € R such that

def ( B+7I —D
WT_( —-C A—T[)

is a nonsingular M-matrix or an irreducible singular M-matrix. Whether such a case
would occur in any practical application is unknown to us.
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