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Abstract

Raising the Orders of Unconventional Schemes for Ordinary Di�erential Equations

by

Ren�Cang Li

Doctor of Philosophy in Applied Mathematics

University of California at Berkeley

Professor William Kahan� Chair

Many models of physical and chemical processes give rise to ordinary di�erential equations

with special structural properties that go unexploited by general�purpose software designed

to solve numerically a wide range of di�erential equations� If those properties are to be

exploited fully for the sake of better numerical stability� accuracy and�or speed� the di�er�

ential equations may have to be solved by unconventional methods� This thesis concerns

general ways to increase their e�ciency�

Up to a point� the more e�cient methods have higher orders� Higher order methods

tend to be complicated to design and expensive to implement� This thesis concentrates upon

a family of mostly unconventional methods� called re�exive� whose orders can be increased

in ways simple to implement but increasingly di�cult to design�

We 	rst discuss ways to construct re
exive updating formulas via either splitting

or partitioning� Special attention will be given to systems y� � f�y
 where f�y
 is quadratic

in y� in which case an unconventional updating formula Q��� g
 which advances from g �
y�t
 to the next estimate Q��� g
 � y�t � �
 can be constructed in such a way that Q is

computed numerically by solving a linear system once� Such systems arise in a variety of

applications� Also discussed is a time�compression technique invented by Kahan to suppress

these formulas� tendencies towards overshoot when applied to the solution of sti� systems�

Re
exive updating formulas always have even orders� usually second order� This

thesis studies composition schemes and� brie
y� an extrapolation technique for raising the

order of second order re
exive updating formulas� Palindromic schemes with orders as

high as �� are constructed and tested� However numerical experiments and some heuristic



�

reasoning suggest that palindromic schemes of ever higher orders must run very soon into

a law of diminishing returns�

We also study other kinds of composition schemes for systems which partition in

an obvious way� The technique includes methods that have been studied extensively for

separable Hamiltonian systems over the past decade�

Numerical experiments conducted on four problems are reported here� but only

applications to the KdV equation and the H�enon�Heiles system are reported in detail�

Illuminated by these numerical experiments� the applicability and limitations of composition

schemes and the extrapolation technique are discussed�

Professor William Kahan
Dissertation Committee Chair
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Chapter �

Introduction

��� Introduction

Modeling many problems in physics� chemistry� and engineering gives rise to sys�

tems of ordinary di�erential equations� Typically these systems take the form

dy

dt
� f�t�y
� with y��
 � y�� ����


The initial vector y� and the vector�valued function f� � 
 are given� and the function is
assumed as smooth as necessary� An interval � � t � T is usually speci	ed for the scalar

variable t� often identi	ed with Time� The problem ����
 is known as an Initial Value

Problem �IVP
�

This thesis concerns ways to increase the e�ciency of certain numerical methods

for solving initial value problems� Up to a point� the more e�cient methods have higher

orders� �This term order will be explained later�
 Higher order methods tend to be com�

plicated to design and expensive to implement� This thesis concentrates upon a family

of unconventional methods� called re�exive� whose orders can be increased in ways sim�

ple to implement but increasingly di�cult to design� Beyond a certain point� a kind of

law of diminishing returns sets in� and increases in order no longer imply increased e��

ciency� What orders are worth implementing� To which initial value problems should these

unconventional methods be applied� Questions like those are addressed in this thesis�

In relatively few instances can analytical solutions be found for ����
� and therefore

the only option for most IVPs is a numerical solution� A typical program to solve the initial

value problem is expected to generate a sequence of approximations y��y�� � � �� yN to y�t




�

at Sample�Times t� � � � t� � t� � � � � � tN � T � Numerical methods are classi	ed into

two major categories�One�Step Methods and Multistep Methods according to how they use

past information� A numerical method is classi	ed as a one�step method if the computation

of yn�� involves only the approximation yn to y�tn
� but not approximations at previous

sample times� it is a multistep method otherwise�

The simplest numerical methods are the Forward and Backward Euler methods�

and both happen to be one�step methods�

Forward Euler� yn�� � yn � �nf�tn�yn
�

Backward Euler� yn�� � yn � �nf�tn���yn��
�

where �n � tn�� � tn is the step�size at time tn� The Forward Euler method is an explicit

method in that yn�� is readily obtainable explicitly from yn� the Backward Euler method

is implicit because the computation of yn�� normally requires solving a nonlinear system

of equations unless the vector�valued function f� � 
 is extremely special�
Many conventional methods �linear multistep� Runge�Kutta methods
 are in use�

To achieve generality� they have evolved into complicated programs thousands of lines long�

and have become highly re	ned and relatively e�cient solvers of a wide range of di�erential

equations� Yet� because of their generality� conventional methods may do worse than what

we called unconventional methods which exploit what may be known a priori about the

initial value problem� In applications� di�erential systems often have some special structures

and properties� Such structures and properties� if known and incorporated� may improve

the e�ciency of a numerical method greatly� Normally� constructing low order numerical

formulas that preserve the structure is often much easier than going directly for higher

order formulas that preserve the structure� These ad hoc formulas are often better than

conventional formulas in some respect� but may be inaccurate because of their low orders

of convergence� Composition Schemes and Extrapolation Schemes are then particularly

helpful to obtain higher order methods while retaining the properties of simple lower order

updating formulas� An outstanding example is the development of composition schemes for

numerically integrating separable Hamiltonian systems in the past �� years or so� We shall

return to them in x����
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��� The Autonomous Initial Value Problem �AIVP�

Any given initial value problem ����
 can be rewritten in a way that suppresses all

explicit references to t as follows� De	ne new vectors

by def
�

�
� t

y

�
A and bf def

�

�
� �

f�t�y


�
A and by� def

�

�
� �

y�

�
A �

in terms of which the given initial value problem ����
 now takes the form

dby
dt
� bf�by
� with by��
 � by��

That form is called Autonomous� and it will be presumed from now on� unless otherwise

stated� in order to simplify the formulas that will arise�

��� Convergence of One	Step Methods

In principle� any one�step method for solving the initial value problem ����
 yields

an updating formula Q��� g
 which advances g � y��
 to Q��� g
 � y�� � �
� Many

updating formulas are in use� from the simplest Forward and Backward Euler methods to

very complicated ones ���� ��� ��� ���� The most commonly used one�step methods are

Runge�Kutta methods�

Any updating formula appropriate to problem ����
 is intended to be iterated N

times thus�

y�T 
 � yN � Q��N���Q��N���Q��N��� ����Q����Q����y�

 � � �


�

For this numerical solution to make sense� it is natural to ask that this N �fold composition

of the updating formula yield a value converging to y�T 
 as max
n

�n � �� It turns out that

convergence depends on the local error

Q��� g
�  ��� g


where  ���y
 is the solution operator de	ned by  ��� g

def
� y�� � �
 for the problem

dy

dt
� f�y
� with y��
 � g�



�

The updating formula Q��� g
 is called consistent if the local error is at most o��
� It turns

out that convergence is guaranteed if the updating formulaQ��� g
 is consistent� A one�step

method with updating formula Q��� g
 is of order p if the local error satis	es

Q��� g
�  ��� g
 � O��p��
� ����


This means that the Taylor series of the numerical updating formula in powers of � matches

that of the true solution  ��� g
 up to the term in �p for all g� It is provable ���� that under

����
 the global error behaves like

y�T 
� yN � O�max
n

�pn
�

��
 Re�exive Numerical Formulas

Let Q��� g
 be an updating formula for AIVP

dy

dt
� f�y
� with y��
 � y�� ����


Q��� g
 is Re�exive if

Q����Q��� g

 � g�

�It has been called Symmetric� Reversible� and Self�Adjoint too but� as argued by Kahan �����

these terms are already overworked� so we prefer the word re�exive�
 Two examples are

the Trapezoidal Rule� yn�� � yn � �n
f�yn��f�yn���

� �

the Implicit Mid�point Rule� yn�� � yn � �nf
�
yn�yn��

�

�
�

����


A consistent and re
exive formula has at least second order convergence and has other

properties which allow e�cient constructions of higher order approximations� One such

construction composesQ��j � � 
 with specially correlated step�sizes �j � details will be given in
Chapter �� Another particularly important property of a re�exive formula is its asymptotic

error expansion in even powers of a 	xed step�size � at a 	xed time T � which allows e�cient

Romberg�like extrapolation ���� �for details see ����� ����� and ����
� These properties are

interesting enough that this thesis is devoted almost entirely to schemes for increasing orders

or e�ciencies of re
exive formulas� Neither composition nor extrapolation is a panacea�

that is why both schemes have to be considered� In x���� a brief numerical comparison
between extrapolations and compositions will be given for the KdV equation� while in x����
extrapolation will be seen to fail for the H�enon�Heiles System though composition succeeds�
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In principle� a re
exive scheme can be obtained out of any conventional one�step

numerical scheme by composing it with its Re�ection� In Chapter �� we will discuss an

idea of Kahan� splitting the function f� � 
� An application of Kahan�s splitting idea to a
particular class of ordinary di�erential equations will be studied in detail in Chapter ��

��� Composition Schemes Devised to Increase a Formula
s

Order

Assume now g � y��
� By composing the existing updating formula Q��� �
 to
obtain higher order methods we mean� for example� that with appropriately chosen integer

m and scalar �j �s

Q��m��Q��m����Q�� � � �Q����� g
 � � �


 ����


approximates y����
 �much
 more accurately thanQ��� g
 does provided � is small enough�

Consistency implies that
mX
j	�

�j � �� ����


Because some of the �j �s may be negative� the approximation ����
 may be called a Back�

and�Forth numerical scheme� An immediate question is !how shall we 	nd these magic

numbers �j�" This thesis searches for determining equations for the magic numbers and

then solves them� The search begins in Chapter � using Butcher�s tree theory ����� but soon

bogs down� A better way in Chapters �� � and � uses Lie Algebra tools�

The approximation ����
 consists of m moves� at the end of the jth move

Q��j��Q�� � � �Q����� g
 � � �

 � y�� � cj�


where cj
def
�

jP
i	�

�i� It is possible for a scheme to have some cj � � or cj 	 �� which means

some of the intermediate moves may jump !out of bounds"� outside ��� � � ��� Such !out of

bounds" moves are permissible in orbit calculations� but may be harmful in situations when

true solutions y�t
 pass too near singularities� !out of bounds" moves may hit or cross the

singularities� and thus jeopardize computations� In searching for high order schemes ����


later in this thesis� e�orts have been made to keep all � � cj � �� among other things�
Particularly interesting are the

Palindromic Compositions� �i � �m�i�� for i � �� �� � � � � m�
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�This term was coined by Kahan in his lecture notes ���� ������
 They preserve re
exiveness�

and then lead to far simpler determining equations than do non�palindromic compositions�

A few other kinds of compositions will be discussed in later chapters�

����� Conversion to Exponential Approximation Problems

To bring Lie Algebra tools to bear upon the search for higher order composition

schemes� we introduce a kind of symbolic logarithm of the updating formula and the exact

solution� In Chapter � we will show that� for small �� the exact solution of�

dy

dt
� a�y
� with y��
 � g ����


can be represented exponentially as y����
 � exp��A
yjy	g � where A is the corresponding
!vector 	eld"� a di�erential operator that acts upon functions of y� and equality is under�

stood in the sense of asymptotic series in powers of �� For small � the numerical updating

formula Q��� �
 has a representation

Q��� g
 � exp��A��

yjy	g

for some one�parameter vector 	eld A��
 which may exist only locally or even just formally�

This formula remains valid even if g � g��
 for su�ciently small step�size �� In this

framework� the numerical updating formulaQ��� �
 has an order of convergence p determined
by the di�erence A � A��
 � O��p
� Under appropriate smoothness assumptions� the one�

parameter vector 	eld A��
 has a power series expansion

A��
 � A �
�X
j	�

Ak�
k ����


which we understand to mean

A��
 � A �
nX

j	�

Ak�
k � O��n��


for some su�ciently big integer n� depending on the situation� With this in mind� the

approximation ����
 then takes the form

exp��m�A��m�

 exp��m���A��m���

 � � �exp����A����

yjy	g �
�We change notation f� � � to a� � � in the hope of making the correspondence between a vector�valued

function and its corresponding vector �eld more transparent� see Chapter � for de�nitions�
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The integer m and scalars �j �s are then to be chosen so that

exp��m�A��m�

 exp��m���A��m���

 � � �exp����A����

 ����


comes much closer to exp��A
 then exp��A��

 does�

What do we mean by !closer"� An explanation lies in the Baker�Campbell�

Hausdor� �BCH
 formulas �see Chapter �
� Repeated applications of the BCH formulas

reduce ����
 to a single exponential of a linear combination of the Aj �s and their brackets

with coe�cients that are powers of � multiplied by polynomials in the �j �s� By !close" we

mean that the logarithm of ����
� the linear combination just mentioned� should approxi�

mate �A to higher order in � than �A��
 did� To this end� coe�cients of leading powers of

� in �A��A��
 must vanish� the conditions that they vanish are the determining equations

that must be solved for the magic �j �s� Quite a few of them will be solved in Chapters � and

�� we shall obtain schemes with orders as high as � and ��� Such high order schemes are

called for in applications like Celestial Mechanics �see Gladman� Duncan� and Candy ����
�

Another kind of composition is available when A � A� � A� splits in such a way

that exp��A�
 and exp��A�
 are easier to compute than exp��A
� The simplest example of

this kind is a system ����
 partitionable conformally in the following way�

y �

�
� y�

y�

�
A and a�y
 � a�y��y�
 �

�
� a��y�


a��y�


�
A �

�
� a��y�


�

�
A�

�
� �

a��y�


�
A �

�����


Then the integration of ����
 can be approximated by successive applications of

exp��A�


�
� y�

y�

�
A �

�
� y� � �a��y�


y�

�
A and exp��A�


�
� y�

y�

�
A �

�
� y�

y� � �a��y�


�
A �

where vector 	eld A� corresponds to

�
� a��y�


�

�
A� and A� corresponds to

�
� �

a��y�


�
A� This

is exactly the situation for separable Hamiltonian systems� Then the question is� how well

can we approximate exp��A
 by

exp��m�A�
 exp��m�A�
 � � �exp����A�
 exp����A�
� �����


Chapter � will apply to this question the same tools for approximating exponentials in a

non�commutative Lie Algebra as were used in the previous two chapters� We have obtained

�th order formulas designed specially for �����
� higher order formulas of the same quality

were too complicated for the available computing resources to determine�
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����� A Brief History

Representing the solution to an autonomous system of ordinary di�erential equa�

tions locally as an exponential is an ancient idea� �I do not know its provenance� but

Steinberg ���� ����� and ���� ����� are very good references
� However attempting to search

for exponential representations for general numerical schemes for solving ordinary di�eren�

tial equations is quite recent� The only reference that I know is the unpublished preprint

by Kang Feng ���� in �����

Composition methods for solving di�erential equations are ancient� too going back

to the mid ����s when Peaceman and Rachford ���� invented Operator Splitting to de�

vise their Alternating Direction Implicit methods for solving parabolic partial di�erential

equations�

Composition methods for Separable Hamiltonian Systems become popular in the

last few years since the publication of Yoshida ����� ������ where exponentiations can be

de	ned naturally for both true solutions and the numerical schemes he started with� With

the powerful Baker�Campbell�Hausdor� formula� Yoshida was able� in principle� to construct

arbitrarily high order Symplectic Integrators �refer to ���� for de	nitions
� He also obtained

with a little work the �th order integrator found by Forest and Ruth ���� ������ by Candy

and Rozmus ���� ������ and also by Qin� Wang and Zhang ���� ������ Independently� Sexton

and Weingarten ���� ����� also discovered that �th order scheme�

Okunbor and Skeel ���� ����� showed that Explicit Canonical Runge�Kutta�Nystr�om

methods 	rst studied by Suris ���� ����� are actually composition methods� So are Explicit

Canonical Runge�Kutta methods proposed by Sanz�Serna ���� ����� and independently by

Suris ���� ����� for separable Hamiltonian systems�

Compositions like ����
 need not be restricted to symplectic integration� This

assertion will be justi	ed in this thesis for the 	rst time� Feng�s theory ���� on repre�

senting numerical schemes exponentially will be used to do so in x���� However� in the
past people had applied this composition scheme to solve ordinary di�erential systems any�

way� In ����� W� Kahan had applied back�and�forth schemes to solve special di�erential

equations from circuit simulations with his hand�held calculators� Qin and Zhu ���� �����

realized� from Feng�s theory� that compositions like ����
 could be applied to general ordi�

nary di�erential equations� but little work was done in their paper� McLachlan ���� �����

presented an excellent exposition of diverse compositions� and he seemed to have the idea
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that compositions could be applied to more general equations� But he never worried about

exponential representations of general numerical formulas which are really the backbone of

the theory of compositions� because he always started with formulas that were exponen�

tials to begin with� Also� Suzuki attacked exponential approximations in his several papers

���� ��� ���� ���� ���� that are worth mentioning� especially ����� where he attempted to

develop a general theory for higher�order decompositions of exponential operators� He got

order conditions for orders up to ��� Though the present author has found errors in Suzuki�s

order conditions for orders �� and �� �they will be explained later in this thesis
� it is still

remarkable that Suzuki got so far�

Iserles ���� ����� has used Butcher tree theory to fashion compositions of di�erent

Runge�Kutta methods to get higher orders and better stability�

��� Hamiltonian Systems and Symplectic Integrations

Many developments of numerical schemes in this thesis are automatically applica�

ble to the area of Symplectic Integrations for Hamiltonian systems� Our uni	ed treatment

produces many new symplectic schemes as well as older ones discovered by others in recent

years�

In this section� we will review brie
y the de	nition of a Hamiltonian system and

its essential properties which should be taken into considerations at the time numerical

schemes are designed in order to obtain better numerical results� The graduate textbook

��� by Arnold presents an excellent account of the mathematical theory of Hamiltonian

systems� while Sanz�Serna and Calvo ���� explains the most up�to�date numerical methods

for solving Hamiltonian systems�

Apart from the detail of various domains where functions live� a Hamiltonian

System of ordinary di�erential equations is determined by a scalar function H � H�p�q� t


called the associatedHamiltonian Function� where p � �p�� p�� � � � � pn
T � q � �q�� q�� � � � � qn
T �
The system takes the form

dpT

dt
� �
H


q
�

dqT

dt
� �


H


p
� �����


or equivalently

d

dt

�
� p

q

�
A � J��rH�



��

where

J
def
�

�
� � I

�I �

�
A � �J���

This is a system of �n di�erential equations� In mechanics n is the number of degrees of

freedom� q is generalized position and p the conjugated generalized momentum� H is the

total energy� In the case when H does not contain t explicitly� H is conserved along the

solution to the system �����
� In fact�

dH

dt
�


H


p

dp

dt
�

H


q

dq

dt
�

H


t
� �
H


p

�

H


q

�T
�

H


q

�

H


p

�T
�

H


t
�


H


t
�

So if �H
�t � �� i�e�� H does not contains t explicitly� then dH

dt � � along the solution� which

means H remains constant�

A fundamental property of the Hamiltonian system �����
 is the canonicity of its

solution operator� Let

�
� p�t


q�t


�
A �  �t�

�
� p�

q�

�
A
 be the solution to the system �����
 with

initial values p��
 � p� and q��
 � q��  �t�

�
� p

q

�
A
 has a partial derivative  � with respect

to its second �vector
 argument� The map

 �t� � 
 �
�
� p�

q�

�
A ��

�
� p�t


q�t


�
A

is canonical� which means�

 �
T
J � � J�

A numerical updating formula Q���

�
� p

q

�
A
 is canonical if and only if

Q�TJQ� � J �����


where Q� is the partial derivative of Q with respect to its second �vector
 argument� By

the chain rule of di�erentiation� composing a canonical updating formula as in ����
 yields

canonical numerical methods� It has been proved that a canonical numerical method is an

exact solution to a Hamiltonian system nearby the original system �����
 �see� e�g�� Wu �����

�A better way to introduce the concept of canonicitymay be to use di�erential forms which would present
a view from symplectic geometry� To do so	 we would need to cover more mathematical background� We
decide not to in order to keep our introduction to Hamiltonian systems fairly short� Arnold 
�� explains
canonicity in the language of di�erential forms�
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�����
� This means that the numerical results from a symplectic numerical method� though

very di�erent from the exact solution of �����
� still describe the behavior of some physical

system that approximates the one for which �����
 was derived� The simplest general�

purpose symplectic method is the implicit mid�point rule� as we shall see in x����
A canonical transformation is also called a symplectic transformation�

Attempts to integrate Hamiltonian systems symplectically go back at least as

far as ���� when De Vogelaere wrote his report ����� ������ But it was not until the

����s that interest in symplectic integration 
ourished� developed mainly by Ruth ����

������ Channell ���� ������ Kang Feng�s group at the late Computing Center of the Chinese

Academy of Science� and later by J� M� Sanz�Serna�s group at the Universidad de Valladoid

in Spain and Robert Skeel�s group at the University of Illinois� Now there are quite a few

symplectic methods available� The most up�to�date developments are compiled in Sanz�

Serna and Calvo ���� ����� which supersedes a survey paper Sanz�Serna ���� ������ Other

survey papers are Scovel ���� ����� and Yoshida ����� ������ Here we give a brief account

which is by no means intended to be complete�

�� Schemes initiated by Kang Feng around the mid ����s and developed mainly by Feng�s

group used generating function techniques ����� ����� ����� ����� ����� ������ ������ ������

������ In particular� Feng ���� ����� 	rst showed that the implicit mid�point rule is

symplectic �see x���
� In principle� it is possible to construct arbitrarily high order
symplectic schemes via generating functions� but high order schemes derived this way

involve high order partial derivatives of the Hamiltonian function H which present

potential di�culties to implementation� Channell and Scovel ���� showed how to use

symbol manipulating software to help reduce the di�culties� but still these schemes

are not easy to implement�

�� Explicit schemes for separable Hamiltonian systems were initiated 	rst by Ruth ����

����� where he obtained �nd and �rd order schemes� Then Forest and Ruth ���� ������

and Candy and Rozmus ���� ����� attempted to construct schemes of order � and in�

dependently found the same one� Also independently Qin� Wang and Zhang ���� �����

derived order � schemes along the line of Ruth ���� ������ Forest and Ruth ���� �����

also realized that the Baker�Campbell�Hausdor� formula may be used to construct

symplectic schemes for separable Hamiltonian systems and they actually reconstructed

the order � scheme with little e�ort in contrast with the heavy computations in the
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	rst half of the paper and in contrast with similar computations by Candy and Roz�

mus ���� ����� and by Qin� Wang and Zhang ���� ������ It was Yoshida ����� �����

who went further with the Baker�Campbell�Hausdor� formula and found schemes�

with orders as high as �� Schemes developed along theses lines fall into the category

of so�called Composition Methods which have been mentioned in x��� and will be
discussed in later chapters of this thesis�

�� Canonical Runge�Kutta Methods and Canonical Runge�Kutta�Nystr#om Methods ex�

ist� It was independently proved by Lasagni ���� ������ Sanz�Serna ���� ����� and

Suris ���� ����� that implicit Runge�Kutta methods� satisfying certain quadratic con�

ditions� are symplectic� In particular� those constructed by Gauss�Legendre quadra�

ture rules �see Butcher ����
 are symplectic ����� including the implicit mid�point rule�

Other known high order symplectic Runge�Kutta methods are Lobatto III E �see

Chan ���� ������ N$rsett and Wanner ���� �����
� and Lobatto III S ����� and Radau

I B and Radau II B proposed by Sun ���� ������ Sun ���� ����� also considered linear

symplectic Runge�Kutta methods� A major di�culty of these schemes of high orders

is their high implicitness which requires solving �generally
 systems of nonlinear equa�

tions of dimensions several times more than that of the original problem� Thus they

may cost a lot� For this reason� Sanz�Serna and Abia ���� ����� proposed canonical

diagonally implicit Runge�Kutta methods which are actually composition methods

based on the implicit mid�point rule�
 Other methods along this line are Partitioned

Runge�Kutta methods which are symplectic subject to certain quadratic conditions

�see Abia and Sanz�Serna ��� ������ Sanz�Serna ���� ������ Sun ���� ����� and �����

and Suris ���� �����
� Partitioned Runge�Kutta methods were proposed mainly for

separable Hamiltonian systems for which the methods can be made explicit� The re�

formulations of explicit Partitioned Runge�Kutta methods for separable Hamiltonian

systems by Okunbor and Skeel ���� ����� shows that they are actually composition

methods� It can also be shown that the explicit canonical Runge�Kutta�Nystr#om

methods are composition methods as in Okunbor and Skeel ���� ������ Schemes of

�The constants de�ning various schemes of order 
 in 
���� are correct to about �� decimal digits	 and
those de�ning schemes of order � are correct to about �� decimal digits� so are the corresponding numbers
in Sanz�Serna and Calvo 
��	 p��
���

�Sanz�Serna and Abia did their construction via Butcher�s complicated tree theory 
���� Since their
canonical diagonally implicit Runge�Kutta methods can be classi�ed as composition methods based on the
implicit mid�point rule which is re�exive	 elegant Lie Algebra tools can be applied to facilitate derivations�
All the details will be explained in this thesis�
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this kind of order � were obtained in Qin and Zhu ���� ����� and ���� and schemes of

order � by �����

��� A Word on Notation

Throughout this thesis� we will generally follow the convention�

Lower case letters and lower case Greek letters are for scalars� Capital

letters are for vector 	elds� variables in a noncommutative algebras� or

matrices depending on the context� Bold face letters are for vectors�

There are some exceptions like i� j� k� ��m� and n �with�without subscripts
 which are used

for integers for various purposes� In any case when exceptions occur� notation will either

be explicitly explained or should be easily judged from the context� Some special symbols

are�

R� the set of real numbers�
In� the n�dimensional identity matrix� the subscript n

may be dropped if it is obvious�
ej � The jth column of I �
AT � the transpose of matrix A�
A�� the complex conjugate transpose of matrix A�

kxk��
p
x�x� the �� norm of vector x�

kxk�� the �� �biggest element
 norm of vector x�



��

Chapter �

Partitioning� Splitting and

Re�exive Methods

��� Introduction

Consider solving numerically the autonomous initial value problem �AIVP


dy

dt
� f�y
� with y��
 � y�� ����


Let Q��� g
 be an updating formula that advances from g � y��
 to a later estimate

Q��� g
 � y�� � �
� This updating formula is re�exive if ����

Q����Q��� g

 � g�

In this chapter� we 	rst study two ways of constructing re
exive formulas� Partitioning and

Splitting techniques� and then go on to prove Kahan�s theorem which says every re
exive

updating formula can in principle be derived from some symmetric splitting� Brief discussion

of the implicit mid�point rule and the trapezoidal rule will be given in x��� because they
are closely related to a re
exive formula for a special class of ordinary di�erential equations

to be proposed in Chapter �� Extrapolation schemes� as an e�cient way to raise the order

of a re
exive updating formula� are mentioned only brie
y in x���� but relevant references
will be given for further reading� Finally order conditions for compositions with a re
exive

updating formula are presented for orders up to �� these conditions will also be re�derived

via a di�erent approach in Chapter �� Nevertheless the order conditions here appear to be



��

in more elegant form and they may serve as a way to check the correctness of those to be

derived in Chapter ��

��� Partitioning and Re�exive Schemes

The idea is to partition a big complicated problem into a collection of simpler

subproblems� each of which can be solved relatively easily for some variables assuming

given constant values for the others� To solve the big problem� we iteratively solve the

subproblems� using as data for each whatever approximations may be available from the

solutions of the others� It is an ancient idea� going back at least as far as the Block Relaxation

methods Southwell used in the ����s to solve big �for that time
 systems of linear algebraic

equations associated with elastic structures under load �see ����
�

Suppose we wish to solve numerically a big system of AIVP� say

dx

dt
� a�x�y� z
 with x��
 � x��

dy

dt
� b�x�y� z
 with y��
 � y��

dz

dt
� c�x�y� z
 with z��
 � z��

having already written subprograms to solve the subsystems into which the big system has

been partitioned� Our subprograms have the form of consistent updating formulas that

provide approximate solutions

x��
 � Qx���x��y� z
 for any � � � and constant x�� y and z�
y��
 � Qy���x�y�� z
 for any � � � and constant x� y� and z�
z��
 � Qz���x�y� z�
 for any � � � and constant x� y and z��

We then could concatenate these subprograms to produce a larger program that updates

the given system thus�

Given approximations x � x��
� y � y��
� and z � z��
� we approxi�

mate in turn

x�� � �
 by X � Qx���x�y� z
�

y�� � �
 by Y � Qy���X�y� z
�

z�� � �
 by Z � Qz���X�Y� z
�



��

Such an updating formula for the whole system would be consistent too� so it would converge

at 	rst order as � � �� But that is too slow�

We can do better if the subprograms are accurate enough� in fact� all we require

is that each subprogram be Consistent and Re�exive� and hence of even order at least ��

Here Re�exive means that

Qx����Qx���x�y� z
�y� z
 � x�

Qy����x�Qy���x�y� z
� z
 � y�

Qz����x�y�Qz���x�y� z

 � z�

Then a larger program that is also re
exive is constructed thus�

Given approximations x � x��
� y � y��
� and z � z��
� we approxi�

mate in turn

x�� � ���
 by %X � Qx�����x�y� z
�

y�� � ���
 by %Y � Qy����� %X�y� z
�

z�� � �
 by Z � Qz��� %X� %Y� z
�

y�� � �
 by Y � Qy����� %X� %Y�Z
�

x�� � �
 by X � Qx����� %X�Y�Z
�

An alternative is to replace the third line by

z�� � ���
 by %Z � Qz����� %X� %Y� z
�

z�� � �
 by Z � Qz����� %X� %Y� %Z
�

This will not make any di�erence if Qz solves z� � c�x�y� z
 exactly� The big system�s

passage from � to ��� this way is also consistent and re
exive� and hence also has even order

at least �� It is reminiscent of Aitken�s Symmetric Relaxation and Symmetric Successive

Over�Relaxation ����

The foregoing partitioning idea generalizes to arbitrarily many small subsystems�

each of which may be solved by an implicit or explicit updating formula� One pass forward

and backward over all the subsystems usually costs far less than would one time�step of a

conventional implicit method applied to the big system� Thus� if step�sizes � for the two

approaches are not too disparate� partitioning may well turn out to be the cheapest way to

handle very big systems�
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Partitioning is closely related to �vector 	eld
 splitting if interpreted in the follow�

ing way�

d

dt

�
BBB�
x

y

z

�
CCCA �

�
BBB�

a�x�y� z


b�x�y� z


c�x�y� z


�
CCCA �

�
BBB�
a�x�y� z


�

�

�
CCCA�

�
BBB�

�

b�x�y� z


�

�
CCCA �

�
BBB�

�

�

c�x�y� z


�
CCCA �

For example� this happens to Separable Hamiltonian systems for which a natural parti�

tioning like �����
 exists and each subsystem can be solved exactly by the Forward Euler

method�

��� Splitting and Re�exive Schemes

This section is largely taken from Kahan�s lecture notes �����

To solve numerically the AIVP ����
� we assume that f�y
 can be Split into a

smooth function F���u�v
 with the property

F���y�y
� f�y
�

Then� for all � not too big� the updating formula Q��� g
 determined uniquely by solving

Q � g � �F��� g�Q


is a consistent updating formula� and so yields 	rst order convergence�

The same goes for the updating formula eQ��� g
 obtained by solving
eQ � g � �F���� eQ� g
�

We said that eQ is a Re�ection of Q in the step�size � because

eQ����Q��� g

 � g � Q���� eQ��� g


for all � of small enough magnitude� A Re�exive updating formula is its own Re�ection�

Any 	rst order updating formula can� in principle� be promoted to a second order

formula by composing it with its re
ection� though at the cost perhaps of having to solve a

system of nonlinear equations for the re
ection of what started out as an explicit formula�

At least second order is achieved because the composition is re
exive �see x��� and x���
�
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For instance� composing the two formulas obtained from the splitting F���u�v
 above� and

renaming the result Q� produces a re
exive updating formula thus� solve successively

q � g � ����
F� ���� g�q
 for q� then

Q � q� ����
F������Q�q
 for Q � Q��� g
�

Evidently Q����Q��� g

 � g here�

Another way to derive a re
exive updating formula is through splitting f�y
 sym�

metrically into F���u�v
 ���� so as to satisfy both

F���y�y
� f�y
 and F����v�u
� F���u�v
� ����


Then solving

Q � g � �F��� g�Q


for Q � Q��� g
 gives a re
exive updating formula� Two trivial symmetrical splittings are

F���u�v
 � f

�
u� v

�

�
and F���u�v
 � f�u
 � f�v


�
� ����


They yield the implicit mid�point rule and the trapzoidal rule respectively�

A remarkable result of Kahan ���� says that in principle� every re
exive updating

formula can be gotten through some symmetric splitting�

Theorem ����� �Kahan� ����
 Every consistent re�exive updating formula Q can be de�

rived from a symmetric splitting F of f �

The proof of this theorem needs the notion of divided di�erences for vector�valued functions�

����� Digression� Divided Di�erences for Vector	Valued Functions

Let variables z�y�x�w� � � � lie in some vector space� and let h�y
 be a given di�er�
entiable function mapping some domain in that space nonlinearly to a range in another or

the same space� Then the derivative h��y
 is a linear map from the domain�s vector space

to the range�s� h��y
w is linear in w but usually nonlinear in y� and

h�y�w
 � h�y
 � h��y
w� &�y�w
w

for some &�y�w
� � as w� ��
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We seek now an analogous linear map we shall call �h�fx� zg
� it is a nonlinear
function of the pair fx� zg though�h�fx� zg
w is linear inw� and satis	es the characterizing
identity

h�x
� h�z
 � �h�fx� zg
�x� z
 ����


for all x and z in the domain of h� This last identity de	nes �h�fx� zg
 uniquely only if
the vector space�s dimension is �� then

�h�fx� zg
 �
	

�

h�x��h�z�
x�z if x 	� z�

h��z
 if x � z�

That is why �h�fx� zg
 is called a Divided Di�erence of h�

In general� the characterizing identity above is incapable of de	ning �h uniquely�

not even if we impose additional reasonable constraints� But this does not matter to our

proof below� Nevertheless we do require

�h�fx� zg
 � �h�fz�xg
� ����


One instance of a �h which satisfying both ���� and ����
 is

�h�fx� zg
 �
Z �

�
f ��x� t�z � x

 dt�

����� A Proof of Theorem �����

Assume that Q��� g
 is smooth� and that

Q��� g
 � g�




�
Q��� g


����
�	�

� f�g
� and Q����Q��� g

 � g�

One such splitting will be shown to be

F���u�v
 def
� ��Q��� fu�vg
��Q���� fu�vg
��� 


���Q�f����g�u
��Q�f�� �g�u
 � ��Q�f����g�v
��Q�f����g�v
� �

It is not hard to con	rm that this F���u�v
 satis	es

F���u�v
� F����v�u
 and F���y�y
� f�y
�

To con	rm that q � Q��� g
 satis	es q � g � �F��� g� q
� we compute and compare the
result of multiplying each side of the desired equation q�g � �F��� g� q
 by�Q��� fg�qg
�



��

�Q���� fg�qg
� First the left�hand side� from the charaterizing identity ����
 follows

��Q��� fg�qg
 ��Q���� fg�q
��q� g


� Q���q
�Q��� g
 �Q����q
�Q���� g

� Q���q
� q� g�Q���� g
� �by re
exiveness� Q����q
 � g


Next the right�hand side�

���Q�f����g� g
��Q�f�� �g� g
� ��Q�f����g�q
��Q�f����g�q
��
� Q��� g
�Q���� g
� �Q��� g
�Q��� g



�Q���q
�Q����q
� �Q���q
�Q����q


� q�Q���� g
� q� g �Q���q
� g � q� g

� �Q���� g
 � g �Q���q
� q�

the same as the left�hand side�

��
 The Implicit Mid	point Rule and the Trapezoidal Rule

The two trivial symmetrical splittings

F���u�v
 � f

u�v

�

�
and F���u�v
 � f�u��f�v�

� � ����


give rise to the implicit mid�point rule and the trapezoidal rule

the Trapezoidal Rule� yn�� � yn � �n
f�yn��f�yn���

� �

the Implicit Mid�point Rule� yn�� � yn � �nf
�
yn�yn��

�

�
�

����


Both are implicit methods� They are closely related to a new method to be proposed for a

class of systems of ODEs in Chapter �� Such relations may help us to explain some of our

numerical experiments for the H�enon�Heiles System in x����
The implicit mid�point rule is also called the one�leg twin of the trapezoidal rule

���� p������ Both are the two particular members of the class of linear multistep methods

and the class of their one�leg twins� Their close relation can be summarized as follows�

Proposition ����� Assume �n � � is independent of n� Then


� If the sequence fyng is computed via the trapezoidal rule� then the sequence feyng
de	ned by eyn def

� yn � ����
f�yn
 satis	es the implicit mid�point rule�



��

�� If the sequence fyng is computed via the implicit mid�point rule� then the sequence

feyng de	ned by eyn def
� �yn � yn��
�� satis	es the trapezoidal rule�

Proof
 �
 Assume the sequence fyng satis	es the trapezoidal rule� and eyn def
� yn�����
f�yn
�

then

eyn�� � eyn
�

�
yn�� � yn

�
�
�

�
�f�yn��
� f�yn



�
�

�
�f�yn��
 � f�yn

 �

�

�
�f�yn��
� f�yn



� f�yn��
�

To complete the proof� we have to show yn�� � �eyn� eyn��
��� To this end� we notice that
by the de	nition of eyn that

eyn � eyn�� � yn � yn�� �
�

�
�f�yn
 � f�yn��

 � yn � yn�� � �yn�� � yn
 � �yn���

as needed�

�
 Assume the sequence fyng satis	es the implicit mid�point rule� and eyn def
� �yn�yn��
���

then

eyn�� � eyn
�

�
�

�

yn�� � yn��
�

�
�

�

yn�� � yn
�

�
�

�
f

�
yn�� � yn��

�

�
�
�

�
f

�
yn�� � yn

�

�

�
f�eyn
 � f�eyn��


�
�

as was to be shown�

This proposition is a corollary of a theorem due to Dahlquist ���� ������ where he

proved a more general result for general linear multistep methods and their one�leg twins

���� p������ ���� p������

What is so surprising is that the implicit mid�point rule is symplectic when applied

to Hamiltonian systems of ordinary di�erential equations while the trapezoidal rule is not�

In fact the implicit mid�point rule is the simplest general�purpose symplectic method� That

it is symplectic was 	rst proved by Feng ���� ������ Let us present a short proof of this fact

here to illustrate how numerical methods are proved symplectic�

Proof of the symplecticity of the implicit mid�point rule� Given an approximation y �

�p�t
�q�t

 to a solution of �����
 at time t� the approximation Y
def
� Q�

�
� p

q

�
A � �
 �



��

�
� p�t� �


q�t� �


�
A is de	ned implicitly by a system �generally
 of nonlinear equations

Y� y

�
� J��rH�z� �


���
z	�Y�y���� �	t����

� ����


Let K be the Jacobian matrix of J��rH�z� �
 with respect to z and evaluated at z �
�Y � y
��� so that

K �

�
� � ��H

�p�q � ��H
�q�q

��H
�p�p

��H
�q�p

�
A
������
z	�Y�y���� �	t����

�

which shows that JK is the Hessian matrix of H at �Y� y
�� and with � � t� ��� 	xed�

thus JK is symmetric� Since Y is implicitly a vector�valued function of y de	ned by ����
�

so are the two sides of ����
� Taking partial derivatives of the two sides gives

�

Y


y
� I

�
�� � K

�

Y


y
� I

�
��

which yields


Y


y
�

�
I � �

�
K

��� �
I �

�

�
K

�
�

�
I �

�

�
K

��
I � �

�
K

���
�

Notice that the equation �����
 now takes the form
�
�Y
�y

�T
J�Y

�y � J which is equivalent to

�
I �

�

�
K

�T
J

�
I �

�

�
K

�
�

�
I � �

�
K

�T
J

�
I � �

�
K

�
�

expanding and collecting like�terms show that the last equation holds only if KTJ�JK � ��

i�e�� JK � �JK
T � � which is guaranteed by the symmetry of the matrix JK as we

commented above� The proof is completed�

To see the trapezoidal rule is not symplectic� we compute the Jacobian matrix of

yn�� as a vector�valued function of yn for the trapezoidal rule ����



yn��

yn

�

�
I � �

�
J�yn��


��� �
I �

�

�
J�yn


�
����


where J�y
 be the Jacobian matrix of f�y
� So the non�symplecticity results from that

generally J�yn
 	� J�yn��
� However the above proposition shows the trapezoidal rule can

be transformed to become symplectic�
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��� Re�exive Methods and Extrapolation Schemes

Extrapolations provide an e�cient ways to raise the order of a ��nd order
 re
ex�

ive updating formula Q��� g
� beside compositions �see x���
� They rely on the following
theorem which may be found in Kahan ���� ����� and Hairer� N$rsett� and Wanner �����

Theorem ��
�� Let t � n� be 	xed and yn � y�t
 be the numerical solution computed by

a re�exive updating formula Q� � � � 
 to the system ���
�� Then asymptotically

yn � y�t
 �
X
j�q

hj�t
�
�j

where p � �q is the order of the re�exive updating formula� and hj�t
 are smooth functions�

With Theorem ������ extrapolations can be applied e�ciently because only even powers

of � appear in the error expansion� The reader is referred to Gragg ���� ������ Bulirsch

and Stoer ��� ������ Deu
hard ���� ������ and Hairer� N$rsett� and Wanner ���� for early

developments and recent implementations�

��� Autonomous Symmetric Splitting

A symmetric splitting F���u�v
 is autonomous if

F���u�v
� F�u�v
�

In general� any given symmetric splitting F���u�v
 can be rewritten in a way that suppresses
all explicit references to � as follows� De	ne new vectors

by def
�

�
� t

y

�
A � bu def

�

�
� 


u

�
A � bv def

�

�
� �

v

�
A � bf�by
 def�

�
� �

f�y


�
A � and

bF�bu� bv
 def�
�
� �

F�
� ��u�v


�
A �

In terms of these the initial value problem takes the equivalent form �see x���

dby
dt
� bf�by


and the numerical scheme takes the equivalent form

bQ � bg � � bF�bg� bQ
�



��

too� Moreover bF�bu� bv
 � bF�bv� bu
 because of ����
�
In what follows� without loss of generality� we will always assume that systems

under considerations are autonomous and their splittings �if any
 are also autonomous�

��� Back	and	Forth Numerical Schemes�Order Conditions

Let Q��� g
 be a consistent and re
exive updating formula for AIVP

dy

dt
� f�y
 � F�y�y
� with y��
 � y�� ����


where Q � g � F�g�Q
� Therefore Q��� g
 is at least second order� To construct formulas
of higher order� we compose the updating formula�

Q��m��Q��m����Q�� � �Q�����Q����� g

 � � �


 ����


hoping that this composition scheme would yield more accurate approximation if we choose

m real �j �s properly� Consistency implies

mX
j	�

�j � �� ����


Set

Qj��

def
� Q��j��Q�� � �Q�����Q����� g

 � � �

�

Then we have Qj � Qj�� � �j�F�Qj���Qj
� where Q�
def
� g � y��
 for convenience�

Therefore �
��������������

Q�

Q�

���

Qi

���

Qm

�
��������������
�

�
��������������

g

g
���

g
���

g

�
��������������
� �

�
�����������������

��F�g�Q�


��F�g�Q�
 � ��F�Q��Q�

���

iP
j	�

�jF�Qj���Qj


���
mP
j	�

�jF�Qj���Qj


�
�����������������

� �����


This reformulation makes the composition ����
 a lot like a Diagonally Implicit Runge�Kutta

method� Hence Butcher�s tree theory ���� may be employed to derive order conditions for

higher order approximations� This is exactly what was done by Li ����� However� the

situation for �����
 is much more complicated than that for Runge�Kutta methods� Li ����

was able to reach conditions for orders up to �� after that computations become too messy�



��

Fortunately� better ways will be devised in Chapter �� where equivalent order conditions

for orders up to �� will be derived� In what follows� we simply copy the order conditions

obtained in ����� De	ne

cj
def
�
X
��j

�� for j � �� �� � � � � m�

Theorem ��	�� Let y�t
 be the solution to AIVP ���
�� The following statements are

proved in ����



� Q�
m��
 � y���
� if ����� holds�

�� Q��
m��
 � y����
� if ����� holds�

�� Q
���
m ��
 � y�����
 if ����� holds and

mX
j	�

�jcj��cj �
�

�
� �����


�� Q
�
�
m ��
 � y�
���
 if ����� and ���

� hold and

mX
j	�

�jcj��cj�cj�� � cj
 �
�

�
� �����


�� Q
���
m ��
 � y�����
 if ������ ���

� and ���
�� hold and

	��

���

mP
j	�

�jc
�
j��c

�
j �

�

�
�

mP
j	�

�jcj��cj�c�j�� � c�j 
 �
�

�
�

�����


�� �Too complicated to reproduce here��

We present these order conditions here for two reasons� �
 although their derivations in ����

were very complicated� these order conditions appear to be more elegant in their present

forms than what is going to be given in Chapter �� �
 conditions obtained in two di�erent

ways may help to check their correctness�

There are many equivalent ways to write above conditions� For example� under

����
� equation �����
 is equivalent to

mX
j	�

��j � �� �����




��

because of the following identity

c�m � �
mX
j	�

�jcj��cj �
mX
j	�

��j � �����


In the case when F�u�v
 � f

u�v

�

�
� Sanz�Serna and Abia ���� obtained �����
� The

equations ����
 and �����
 imply that

mX
j	�

��j � �� �����


because of the following identity

c�m � �
mX
j	�

�jc
�
j��c

�
j � �

mX
j	�

�jcj��cj�c
�
j�� � c�j
 �

mX
j	�

��j � �����


In the cases of palindromic schemes where �i � �m���i� more can be said� As a

matter of fact� palindromic schemes are always of even orders of convergence� This implies

Q�
m��
 � y���
 � Q��

m��
 � y����
�

Q�
m��
 � y���


Q
���
m ��
 � y�����


��
� �

	

� Q��

m��
 � y����


Q
�
�
m ��
 � y�
���


�

Q�
m��
 � y���


Q
���
m ��
 � y�����


Q
���
m ��
 � y�����


�����
���� �

	���

����

Q��
m��
 � y����


Q
�
�
m ��
 � y�
���


Q
���
m ��
 � y�����


�

and so on�



��

Chapter �

On a Class of Systems of Ordinary

Di�erential Equations

��� Introduction

Various chemistry reactions yields systems of di�erential equations with a special

property� f�y� in ����� is at most quadratic in y� A typical example is air pollution models

	��
�� In this section� we consider the following system of ordinary di�erential equations

dy

dt

 f�y� � A�y�y� � By � b �����

where A� � � � � is a symmetric tensor� B is a matrix with appropriate dimension and b is a

constant vector� Or in other words� f�y� is at most quadratic in y�

Although systems of this kind look very restrictive at �rst sight� they actually

appear often in applications�examples also include many partial di�erential equations after

spatial discretization by �nite di�erence� �nite element or pseudospectral methods� like the

Korteweg�de Vries Equation 	���� 	����� the Boussinesq equation 	����� and potentially many

others�

In general a system of ordinary di�erential equations for which f�y� is a polynomial

in y can be transformed into a bigger system like ����� by introducing new variables� Un�

fortunately doing so may end up with an unstable system even though the original system

is stable�



��

��� A Re�exive Updating Formula and its Relation to the

Implicit Mid�Point Rule and the Trapezoidal Rule

For the system ������ there is a readily available symmetric splitting F�u�v� as

follows

F�u�v�
def

 A�u�v� � B

u � v

�
� b�

The associated re�exive method� is

Y � y

�

 F�Y�y�� A�Y�y� � B

Y � y

�
� b� �����

It is worth noting that equation ����� is linear in Y� and therefore it is easy to solve�

Equation ����� admits another formulation which will enable us to discover its link to the

implicit mid�point rule and the trapezoidal rule later on� Denote by Jf �u� the Jacobian

matrix of f�u� evaluated at u� and denote by JA�u� the Jacobian matrix of A�u�u� also

evaluated at u� It is easy to see that

JA�u� � B � Jf �u� and
�

�
JA�u� � u � A�u�u��

since A�u�u� is a symmetric tensor� Equation ����� is equivalent to

Y � y

�



�

�
JA�y� �Y �

�

�
BY �

�

�
By � b�

So

Y � y

�



�

�
Jf �y� �Y �

�

�
By � b



�

�
Jf �y� � �Y � y� �

�

�
Jf �y� � y�

�

�
By � b



�

�
Jf �y� � �Y � y� �

�

�
JA�y� � y�

�

�
By �

�

�
By � b



�

�
Jf �y� � �Y � y� � A�y�y� � By � b



�

�
Jf �y� � �Y � y� � f�y��

which means that equation ����� is equivalent to�
I �

�

�
Jf �y�

�
�Y � y� 
 �f�y�� �����

This is the equation that will link the newly�proposed method to the implicit mid�point

rule and the trapezoidal rule�

�Such a method solves y
� � �y

� exactly�



�


Proposition ����� �� One iteration of Newton�s Method to solve the implicit mid�point

rule �Y � y��� 
 f��Y� y���� for Y� starting from a �rst guess y� is

Y � y� �

�
I �

�

�
Jf �y�

���
f�y��

In other words� the newly�proposed method 	
��� is just one Newton iteration applied

to the implicit mid�point rule�

�� One iteration of Newton�s Method to solve the trapezoidal rule �Y � y��� 
 �f�Y� �

f�y���� for Y� starting from a �rst guess y� is

Y � y� �

�
I �

�

�
Jf �y�

���
f�y��

In other words� the newly�proposed method 	
��� is just one Newton iteration applied

to the trapezoidal rule�

Proof
 It can be veri�ed easily�

It is a remarkable fact that the newly�proposed method is nothing more than one Newton

iteration applied to either the implicit mid�point rule or the trapezoidal rule and yet it is

re�exive for systems like ������ This link might explain the favorable behavior of the new

method on the H�enon�Heiles Hamiltonian system to be presented later in this thesis� though

our method ����� is not symplectic� To see the non�symplecticity� we notice that from �����

the Jacobian matrix of Y as a vector�valued function of y is given by�
�Y

�y
� I

�
�� 
 F��Y�y�

�Y

�y
� F��Y�y��

where �partial� Jacobian matrices

F��u�v�
def



�F�u�v�

�u
and F��u�v�

def



�F�u�v�

�v
�

So we have
�Y

�y

 �I � �F��Y�y���� �I � �F��Y�y�� �

By the de�nition of F�u�v�� we get

F��Y�y� 

�

�
JA�y� �

�

�
B 


�

�
Jf �y��

F��Y�y� 

�

�
JA�Y� �

�

�
B 


�

�
Jf �Y��



��

therefore
�Y

�y



�
I �

�

�
Jf �y�

��� �
I �

�

�
Jf �Y�

�
� �����

This is very much like the expression ����� we derived for the trapezoidal rule� The non�

symplecticity results from the fact that generally Jf �y� �
 Jf �Y�� as happened to the trape�

zoidal rule�

��� Tendency to Overshoot

It is interesting to study the behavior of ����� when � goes to �� �Good� behavior

is very important in solving a sti� system whose solution eventually converges to an at�

tractive stationary point� This can be done easily when Jf �y� is nonsingular� In that case�

letting � �� gives

Y � y� �Jf �y���f�y�� �����

Now referring back to the system ����� of ordinary di�erential equations� if its solution

eventually converges to a stationary point y�� then the numerical process of long time

integration is� to some extent� trying to solve the nonlinear system f�y� 
 � which may also

be accomplished by Newton�s iteration� Given approximation y� one Newton�s iteration

reads

�y 
 y� Jf �y���f�y�� �����

Roughly speaking if y is su�ciently close to y�� Jf �y���f�y� is pretty much the di�erence

y � y�� The di�erence between ����� and ����� suggests that the method ����� is likely to

overshoot when step�sizes are too large� The phenomenon is typical for almost all methods

based on symmetrical splitting� including the implicit mid�point rule and the trapezoidal

rule as two examples�

In many applications� these Jacobian matrices Jf �y� are singular because of redun�

dancies� Nevertheless� our argument above explains in part a typical behavior of re�exive

methods when used with large step�sizes�

��� Time Compression Technique

The term Time Compression is coined by Kahan in his lecture notes 	��� for a

technique he proposed to curb the overshootings just discussed�



��

As we noticed� an overshooting ����� happens when � is too large� so we need

something to prevent this from happening� To this end� we propose to replace � in ����� by

a matrix valued function � depending on �� Then ����� reads�
I �

�

�
�Jf �y�

�
�Y � y� 
 �f�y�� �����

To see what � we should use to compress time� we assume for the moment that the system

����� be linear and b 
 �� i�e� f�y� 
 By� Then the true solution at � � � would be

exp��B�y� Substituting this for Y in the equation above yields�
I �

�

�
�B

�
�exp��B� � I�y 
 �By�

Since y may be arbitrary� we arrive at�
I �

�

�
�B

�
�exp��B� � I� 
 �B

which implies

� 
 �T

�
�

�
�B

�
where T �z� 
 tanh�z��z 
 �� z��� � � � ��

These arguments suggest that a good time compression function is

� 
 �T

�
�

�
�Jf �y�

�
� �����

A nice property of this � is ����� 
 ����� and ������ � I as � � �� which means that

the method ����� remains re�exive and consistent and therefore retains its second order

convergence� Let�s look at the behavior of the method ����� as � � � with � de�ned by

������ assuming

�� Jf �y� is non�singular� which is often not true but the conclusion would provide valuable

insights anyway 

�� All eigenvalues of Jf �y� have negative real parts� which appears to be true for sti�

systems whose solutions eventually go to some attractive stationary point�

With these two assumptions� we see that � � ��Jf �y��� as � ��� In the mean time the

method ����� behaves like �I�Y� y� � ��Jf �y���f�y�� so

Y � y� Jf �y���f�y�



��

which coincides with one Newton iteration ����� for solving the nonlinear system f�y� 
 ��

Therefore overshooting is suppressed�

The time compressing function � can be computed via matrix exponentials the

problem associated with ����� is the high cost for computing matrix exponentials at all

steps� This diminishes the incentive for introducing a time compression technique� A

possible modi�cation is available when the true solution at t 
 � is known� namely the

point y� which the solution to the di�erential system will eventually approach� Then we

simply replace the Jf �y� in ������ which changes from time step to time step� by the Jacobian

matrix J� of f�y� evaluated at y�� Doing so� we hope� will render the cost of computing

the matrix exponentiation minimal� Two strategies may be used� depending on situations�

�� Whenever J� is diagonalizable and its eigendecomposition may be computed� then

exp��J�� can be computed at modest price 

�� We may limit the step�size changing strategy to only double or halve the previous step�

size when necessary� Whenever the step�size doubles� we square the current matrix

exponential to get the next time compressing function � when step�size is halved� a

matrix exponential has to be computed in order to compute ��

��� Example Runs with Time Compression Technique

In the numerical examples reported below� each step of our implementation means

the following� Given an updating formula Q���y�� we do

Y��� 
 Q�����y��

Y 
 Q�����Y�����eY� 
 Q���y��

and then compute the component�wise error estimator �vector�

err 
 �Y� eY����rtoljYj� �atol��� �� � � � � ��T�� componentwise�

where �rtol and �atol are prescribed relative and absolute tolerances� Now if kerrk� � �� Y

is accepted as an approximation to y�t � �� and we continue to integrate the system with

the new step�size �see 	��� p����� or 	���� for a discussion of the constants in the formula



��

for �new below�

�new 
 max

�
����min

�
���� ���� �

q
kerrk�

��
	 � 

otherwise reject the approximation and reduce the step�size according to the above formula

and do it again� We listed the number of time steps as m � n meaning there were m

successful time steps and n rejected ones�

It is conceivable that one can do an extrapolation at each step to get a better

approximation to y�t��� but extrapolation is not guaranteed to be helpful for sti� problems

and it may be even harmful to some problems� However� in what follows� we intend to show

how time compression can be used to prevent numerical results from deviating away from

correct stationary points� so I did not include extrapolation in our tests�

Our experience indicates that time compression should be used in the �nal stages

of integrating a sti� system For better intermediate accuracy� initially integration should

be done without time compression�

����� The Reaction of Robertson ������

This is a widely discussed system of sti� ordinary di�erential equations and has

been used heavily in testing sti� ordinary di�erential equation solvers �see 	��� �
���� 	���

page ������ For example� it is a teaching example provided by the designers of LSODE and

VODE� two most frequently used ordinary di�erential equation solver packages publicly

available� to demonstrate the usages of LSODE and VODE 	�� and how powerful they are

in handling sti� systems� The system is

d

dt

�BBB�
y�

y�

y�

�CCCA 


�BBB�
�����y� � ���y�y�

����y� � ���y�y� � �	 ���y��

�	 ���y��

�CCCA �

�BBB�
y�

y�

y�

�CCCA
t��




�BBB�
�

�

�

�CCCA
and was �rst studied by Robertson 	��� �
���� It can be proved that

as time evolves� y��t�� y��t� and y��t� stay nonnegative and

moreover y��t� � �� y��t� � � and y��t� � ��

In chemistry� these ordinary di�erential equations describe chemical reactions as follows�

Reaction Reaction Rate

A �� B� �����

B � C �� A � C� ����

�B �� �C� ���	 ����
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Figure ���� Solution curve to Robertson�s reaction�

The solution curve is plotted in Figure ���� For this problem� it is easy to get eigendecom�

position

J��� 


�BBB�
����� ���D� ���

���� ����D� ���

��� ��� ���

�CCCA




�BBB�
��� ���D� ���

���� ���� ���

��� ��� ���

�CCCA
�BBB�
������ ���D�

�

�

�CCCA
�BBB�

��� ���D� ���

���� ���� ���

��� ��� ���

�CCCA
��

�

Thus our time compression technique can be applied easily since the compression function

� can be computed cheaply� The following �ve tables display numerical results of our �nd

re�exive updating formula with time compression technique incorporated� together with

numerical results by VODE 	��� We integrate the system from t 
 � to T for three di�erent

T  and �rtol 
 ���D� � since we use a �nd order method� In Tables I and II� VODE failed

because I think �atol 
 ���D� � and ���D�� are just too rough for VODE� �One would

expect a solver to go faster with rough tolerances� but not fail�� VODE did managed to

complete the integration successfully when �atol was reduced to ���D��� but yielded negative

y� and y� �see Table III�� Now if we let the integration go longer to T 
 ���D� ��� VODE



��

got the signs of y� and y� right �see Table IV�� It is arguable that what happened to VODE

in Tables III and IV are to be expected since eventually y� and y� are supposed to go to

zero� and oscillations around zero with magnitudes below �atol 
 ���D� � are not blame

worthy� But when we let the integration go even longer to T 
 ���D� �� �see Table V��

VODE became unstable! In all tables� our time compression technique executed beautifully�

Table I

T 
 ���D � ��� �rtol 
 �atol 
 ���D� �

Ours ��nd Order�TC� VODE

Computed �����	
�	��
���	�e���

y�T � ��������������
��e��� Failed
�����������������e���

" Steps ���� ###

VODE o�ered a reason �Solution component i vanished
 and ATOL or ATOL�i� � ���

That cannot be right because ATOL was at input assigned the value ���D���

Table II

T 
 ���D � ��� �rtol 
 ���D� �� and �atol 
 ���D� �

Ours ��nd Order�TC� VODE

Computed ������		
���
���	e���

y�T � ������
�	
�����
�e��� Failed
�����������������e���

" Steps 
��� ###

Again VODE o�ered a reason �Solution component i vanished
 and ATOL or ATOL�i�

� ���

Table III

T 
 ���D � ��� �rtol 
 ���D� �� and �atol 
 ���D� �

Ours ��nd Order�TC� VODE

Computed ������	���������
e��� ����
�	
����������D���

y�T � �����������	�����e��� �����������
������D���

�������������	���e��� ����������
�	����D���

" Steps ����� ������

Detailed information for VODE are

No� steps � ��� No� f�s � 	
� No� J�s � �� No� LU�s � ��

No� nonlinear iterations � 	
�

No� nonlinear convergence failures � 	

No� error test failures � ��



��

Table IV

T 
 ���D � ��� �rtol 
 ���D� �� and �atol 
 ���D� �

Ours ��nd Order�TC� VODE

Computed ����
����������	�e��� ���
�����	�����	�D���

y�T � ���
�����������

e��� �������������	���D���

�����������������e��� �������
�����
���D���

" Steps ����� ������

This is a surprise for VODE� since it computed negative y� and y� at t 
 ���D� �� with

the same tolerances and now at t 
 ���D� �� both y� and y� are positive and reasonable�

Detailed information for VODE are

No� steps � 	�� No� f�s � 

� No� J�s � 	� No� LU�s � �	


No� nonlinear iterations � 

	

No� nonlinear convergence failures � ��

No� error test failures � ��

Table V

T 
 ���D � ��� �rtol 
 ���D� �� and �atol 
 ���D� �

Ours ��nd Order�TC� VODE

Computed ����������
			���e��
 �����������
�	���	D��


y�T � ��
��
����������	e��� �	����������
	
���D���

�����������������e��� ���������������
	D��


" Steps ����� ������

VODE becomes unstable� Detailed information for VODE are

No� steps � �	� No� f�s � ���� No� J�s � ��� No� LU�s � 	��

No� nonlinear iterations � ����

No� nonlinear convergence failures � 
	

No� error test failures � ��



��

����	 A High Irradiance Response Problem

� This problem was �rst proposed by Sch$afer 	���� and later became a test problem

for sti� ordinary di�erential equation solvers�

d

dt

�BBBBBBBBBBBBBBBBBBB�

y�

y�

y�

y�

y	

y


y�

y�

�CCCCCCCCCCCCCCCCCCCA




�BBBBBBBBBBBBBBBBBBB�

�����y� � ����y� � ����y� � ������

����y� � ����y�

������y� � ����y� � �����y	

����y� � ����y�� ����y�

������y	 � ����y
 � ����y�

����y
y� � ���
y� � ����y	 � ����y
 � ���
y�

���y
y� � ����y�

����y
y� � ����y�

�CCCCCCCCCCCCCCCCCCCA
and initially y��� 
 ��� �� �� �� �� �� �� �������T � It can be proved that

y���� 
 ����	�

�	�������e� 	�

y���� 
 ��	��������
�����e� 	�

y���� 
 �������	�
�������e� ��

y���� 
 ����������������
e� ��

y	��� 
 �
����	�����
����e� 	�

y
��� 
 ��	��������������e� ��

y���� 
 ���������
	��	���e� ��

y���� 
 ����

�����	�����e� ��

These numbers were computed by the following piece of Maple V code�

p��� �� �������� � y�����	���� � y�����	����� � y�	������������

p��� �� ������� � y������
���� � y����

p�	� �� ����	���� � y�	���	���� � y����	
����� � y�
��

p��� �� �	����� � y����������� � y�	��������� � y����

p�
� �� ����
����� � y�
���	���� � y�����	���� � y����

p��� �� ���� � y����y���������� � y����������� � y�
�

��	���� � y���������� � y����

p��� �� ��� � y����y����������� � y����

p��� �� �p����

pp� �� y����y����
��������

solve��p���
p���
p�	�
p���
p�
�
p���
p���
pp����
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With y��� known� J��� can be computed� Its eigendecomposition is perfectly well�

conditioned� So our time compression technique can be easily applied� Here are some

numerical results for integrating from t 
 � to T � We will mainly consider two T �s�

T 
 �������� and T 
 ���������

At T 
 ��������� the solution is quite far away from its �nal stationary value�

y����������� 
 ��	��	��
�		���
�D� �	�

y����������� 
 �������
���	��	��D� �	�

y����������� 
 �
���������������D� ���

y����������� 
 ����
�
�	�	���	��D� ���

y	���������� 
 ��	��	
����������D� ���

y
���������� 
 ���	�����
	������D� ���

y����������� 
 ��������	�
������D� ���

y����������� 
 ���
������������	D� ���

while at T 
 ��������� the solution is almost settled�

y����������� 
 ����	�

�	
������D� �	�

y����������� 
 ��	����������	
	�D� �	�

y����������� 
 �������	�
���	���D� ���

y����������� 
 �����������

����D� ���

y	���������� 
 �
����	�	��
�����D� �	�

y
���������� 
 ��	������		���	

D� ���

y����������� 
 ���������
����
�
D� ���

y����������� 
 ����

��������
��D� ���

Tables I and II indicate time compression seems to move the numerical solution

to the �nal stationary point too fast the tighter the tolerance� the slower the numerical

solution moves towards the stationary point by our technique� Thus intermediate accuracy

may be poor� In this example� VODE costs less� but gave negative yi�s when �atol is rough

�see Tables I and III��

�These numbers are obtained by VODE with �rtol � ���D� �� and �atol � ���D� ���
�These numbers are again obtained by VODE with �rtol � ���D� �� and �atol � ���D� ���
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Table I

T 
 	�������� �rtol 
 �atol 
 ���D� �

Ours ��nd Order�TC� VODE

����	�
����������e��� �
��
���
��
���	�D��	

��	�������		��
��e��� ��������������	��D��	

�������������	��	e��
 ��

�	
	��	������D���

Computed ��������
������
�e��	 ��������	�
����	�D��	

y�T � 
������
��
�	����e��� ��	����	�	���	�	
�D���

��	�������	��	���e��	 �������	��	��	���
D���

�����
������
�	��e��	 �
�����

�
�����	D���

����
������������e��	 �
��
��
��
������D���

" Steps ���� ��

Detailed information for VODE are

No� steps � �	 No� f�s � �� No� J�s � 
 No� LU�s � ��

No� nonlinear iterations � ��

No� nonlinear convergence failures � �

No� error test failures � �

Table II

T 
 	�������� �rtol 
 ���D� �� and �atol 
 ���D� �

Ours ��nd Order�TC� VODE

����	�
�������	��e��� ��

���	�����	���D��	

��	�����������	�	e��� �����	�	��������
D��	

�������	���
	����e��
 ���	���
����
	��
D���

Computed �������	�
	���
	�e��	 �����	�
���������D���

y�T � ����	������������e��� ���
����	�	���
��D���

���
��
	
��������e��	 ������	����������D���

�������	�����
���e��	 �	�	�����	�������D���

���
�

���
	��
��e��	 �����
�������
���D���

" Steps ����� ��

Detailed information for VODE are

No� steps � �	 No� f�s � ��� No� J�s � � No� LU�s � ��

No� nonlinear iterations � �	�

No� nonlinear convergence failures � �

No� error test failures � �



��

Table III

T 
 ��������� �rtol 
 �atol 
 ���D� �

Ours ��nd Order�TC� VODE

����	�

�	������
e��� ����			���	�	����
D���

��	��������
�����e��� ������	�����
�����D��	

�������	�
�����
	e��
 ��	��	
���
������
D��	

Computed �����������������e��	 ����
����������		�D���

y�T � 
�����	�����
����e��� �����
���
��������D���

��	��������������e��	 ����


�����������D���

���������
	��	���e��	 �
��
����	�	�
���D���

����

�����	�����e��	 �
�	������			��
�D���

" Steps ���� ��

Detailed information for VODE are

No� steps � �	 No� f�s � �� No� J�s � 
 No� LU�s � ��

No� nonlinear iterations � ��

No� nonlinear convergence failures � �

No� error test failures � �

Table IV

T 
 ��������� �rtol 
 ���D� �� and �atol 
 ���D� �

Ours ��nd Order�TC� VODE

����	�

�	�������e��� ����	����	�������D��	

��	��������
�����e��� ��	���	���	������D��	

�������	�
�
�����e��
 �����������
���	
D���

Computed �����������������e��	 �������	�����
�
�D���

y�T � 
�����	�������
��e��� ��������	��
���	�D��	

��	�����������
�
e��	 ������
	��
���
��D���

���������
	�
����e��	 ����
�
���
��
���D��	

����

�����	�����e��	 ����	����
�������D���

" Steps �
��� ���

Detailed information for VODE are

No� steps � ��� No� f�s � ��� No� J�s � � No� LU�s � 	�

No� nonlinear iterations � ���

No� nonlinear convergence failures � �

No� error test failures � 	

Our numerical results for this problem strongly suggest that time compression

should be applied at the �nal stages of integration in order not to hurt the overall accuracy

of numerical results early in the integration�



��

����� Conclusions on the Numerical Tests

Besides the two examples above� several other examples collected in Enright� Hull

and B� Lindberg 	��� have been run as well� But the examples above are typical enough for

us to draw some conclusions about the time compression technique�

�� The time compression technique is helpful in forcing numerical solutions to move to

the right stationary point�

�� The technique is particularly useful for solving systems in chemistry� where each com�

ponent represents the concentration of a particular substance and therefore they must

be non�negative� Violations of non�negativity must be avoided at all costs lest a neg�

ative concentration undermine chemists� con�dence in numerical analysts� As we saw

above� VODE provides negative numbers from time to time even with tiny tolerances 

our method with the time compression technique always yields physically meaningful

numbers�

�� With time compression� the accuracy of the intermediate results may be poor� as

suggested by the second example� Therefore we recommend that time compression be

applied only at the �nal stages of integration�

�� Time compression technique may entail more work� but is well justi�ed�



��

Chapter �

Exponential Representations of

the Solution to a System of

Ordinary Di�erential Equations

and of its Numerical Solutions

��� Introduction

In this chapter we review relevant standard material on Lie Algebra of vector �elds

on RN and discuss the classical exponential representation of the solution to an AIVP and

Feng�s theory on the exponential representation for a numerical scheme�

Consider a system of ordinary di�erential equations

dy

dt

 a�y�� with y��� 
 y�� �����

where a�y� � �a��y�� � � � � aN�y��T � RN � RN � This chapter is concerned with the

locally exponential representation of the solution to the system ������ as well as exponential

representations of its numerical solutions� The idea for such representations was scattered

among previous literature� most notably in Steinberg 	��� �
���� 	��� �
���� Feng 	��� �

���

Other relevant papers are Magnus 	�
� �
���� Norman 	��
� �
���� Gamkrelidze 	��� �
����

Throughout this chapter� every scalar function is assumed analytic in a neighbor�

hood of interest� for example� in a neighborhood of y� 
 �y���� � � � � y��N�T � This means if



��

	 
 	�y�� then 	 has a power series expansion�

	�y� 

X

i��������iN��

	i����iN �y� � y����
i� � � � �yN � y��N�iN � �����

in a neighborhood of y�� where

	i����iN
def



�

i�! � � � iN !

�i������iN	�y�

�yi�� � � ��y
iN
N

�����
y�y�

�

��� The Lie Algebra of Vector Fields

A vector �eld A on RN corresponds to a unique vector�valued function denoted

by a�y� � �a��y�� � � � � aN�y��T in the following way�

A � A�y� 

NX
i��

ai�y�
�

�yi
�

On a scalar function 	�y�� the action of A is de�ned as

A	�y�
def



NX
i��

ai�y�
�	�y�

�yi
�

A vector �eld can also be determined uniquely by its actions on all possible scalar functions�

Proposition ����� Let 	 and 
 be two scalar functions on RN � It holds that

�� A� 
 �� where � is a scalar constant�

�� A�	
� 
 
 �A�	� � 	 �A�
��

Such an operator A is called a derivation�

Let B be another vector �eld� and b�y� � �b��y�� � � � � bN�y��T its corresponding vector�

valued function� The product AB is de�ned as

AB	
def

 A�B	�

for any scalar function 	 on RN � The action Ak is de�ned analogously� The commutator

	A�B� of two vector �elds A and B� which is also called a Lie bracket� is

	A�B�
def

 AB � BA 


NX
i��

NX
j��

�
aj
�bi
�yj

� bj
�ai
�yj

�
�

�yi
� �����



��

Proposition ����� Let A� B and C be vector �elds� It holds that

�� 	A�B� is also a vector �eld�

�� 	 � � � � is bilinear� i�e��

	�A � �B�C� 
 �	A�C� � �	B�C��

	A� �B � �C� 
 �	A�B� � �	A�C��

where � and � are scalar constants�


� Skew�Symmetry
 	A�B� 
 �	B�A��

�� Jacobi identity


	A� 	B�C�� � 	B� 	C�A�� � 	C� 	A�B��� ��

Thus all vector �elds on RN form a Lie algebra�

Proof
 That 	A�B� is also a vector �eld is a consequence of ������ Bilinearity and skew�

symmetry are easy to verify� Jacobi identity here is a special case of a corresponding result

in more general context �see Proposition �������

��� Lie Series and the Solution of dy

dt
� a�y�

An exponential of a vector �eld A is termed a Lie Series de�ned as

etA
def



�X
k��

tk

k!
Ak�

where t is a scalar parameter� Its action upon a scalar function 	�y� is given by

etA	�y� 

�X
k��

tk

k!
Ak	�y�


 	�y� � tA	�y� �
t�

�
A�A	�y�� �

t�

�
A�A�A	�y��� � � � � �

This series may be convergent for su�ciently small jtj� Lie series also act on vector�valued

functions� let %�y�
def

 �	��y�� � � � � 	N�y��T � and de�ne

etA%�y�
def

 �etA	��y�� � � � � etA	N �y��T �



��

Proposition ����� Let 	 and 
 be two scalar functions and %�y� a vector�valued function�

Lie series have the following three basic properties


�� Linearity


etA��	�y� � �
�y�� 
 �etA	�y� � �etA
�y��

where � and � are scalar constants�

�� Product preservation


etA�	�y�
�y�� 

	
etA	�y�


	
etA
�y�



 


� Composition


etA%�y� 
 %�etAy��

Proof
 The linearity of Lie series depends on the linearity of the vector �eld A� acting on

scalar functions� A��	�y� � �
�y�� 
 �A	�y� � �A
�y� from which it follows for every

positive integer k

Ak��	�y� � �
�y�� 
 �Ak	�y� � �Ak
�y��

Therefore

etA��	�y� � �
�y�� 

�X
k��

tk

k!
Ak��	�y� � �
�y��


 �
�X
k��

tk

k!
Ak	�y� � �

�X
k��

tk

k!
Ak
�y�


 �etA	�y� � �etA
�y��

The proof of the product preservation property is based on the fact that A is a

derivation �see Proposition ������� so the higher powers Ak satisfy an identity analogous to

the Leibnitz rule for derivatives�

Ak�	�y�
�y�� 

kX
i��

�
k

i

�	
Ai	�y�


	
Ak�i
�y�



�

which can be showed easily by induction� Hence

etA�	�y�
�y�� 

�X
k��

tk

k!
Ak�	�y�
�y��



�X
k��

tk

k!

kX
i��

�
k

i

�	
Ai	�y�


	
Ak�i
�y�






��



�X
i��

�X
k�i

titk�i

k!

k!

i!�k� i�!

	
Ai	�y�


	
Ak�i
�y�






�X
i��

�X
j��

ti

i!

	
Ai	�y�


 tj
j!

	
Aj	�y�






	
etA	�y�


	
etA
�y�



�

To show the composition property� it su�ces to prove

etA	�y� 
 	�etAy�

for a scalar function 	� As we assumed all functions are analytic in a neighborhood of

interest� We may expand 	 as a power series �see ������� The linearity of the action of etA

allows us to pass its action to each term of the series� Furthermore we can pass etA to each

yi by the product preserving property and that etA� 
 � for any scalar constant �� Now

we see the power series of etA	�y� has exactly the same form as the series for 	� except that

every yi has been replaced by etAyi� as was to be proved�

Now we are able to present an elegant representation of the solution to the system

������

Theorem ����� y�t� 
 etAy
���
y�y�

is the solution to the system 	����
 y� 
 a�y� with

y��� 
 y��

Proof

d

dt
y�t� 
 etAAy

���
y�y�


 etAa�y�
���
y�y�


 a�etAy�
���
y�y�


 a�y�t���

as required�

It follows from Theorem ����� that etA is a map which maps a neighborhood of y�

to RN for su�cient small jtj� It is called the local �ow for a� In this respect� we may write

etA 
 idN �
�X
k��

tk

k!
Ak�

where idN is the identity operator� idNy � y�

��� Exponential Representations for Numerical Solutions

Every one step numerical scheme for solving the system ����� advances y��� 
 y�

to Q���y�� which is intended to approximate the true solution y��� to certain accuracy�



��

Typically this updating formula Q���y�� is analytic in � for small j�j� i�e��

Q���y�� 
 y� �
�X
k��

�kQk�y�� 


�
idN �

�X
k��

�kQk

�
�y��� �����

where Qk � RN � RN are vector�valued functions� Our goal is to search for a vector �eld

A��� depending on � such that the representation

Q���y�� 
 e�A
��y
���
y�y�

�����

holds for small j�j�

The material below is largely taken from Feng 	��� �

�� with modi�cations�

First� we show how a choice of vector �eld A��� can be made to determine an up�

dating formula Q� Consider a vector�valued function a�� y� depending on a real parameter

� and having the power expansion in �

a�� y� 

�X
k��

�kak�y�� �����

where ak � RN � RN � Denote the corresponding vector �elds to a�� � � and ak by A���

and Ak � respectively� Then A��� 

�P
k��

�kAk� The system

dy

dt

 a�� y�� with y��� 
 y�

has the local �ow etA
��

etA
�� 

�X
k��

tk

k!
A���k 
 idN �

�X
k��

tk

k!

�X
j��

�j
X

i������ik�j

Ai� � � �Aik �

The diagonally local �ow is then de�ned to be

etA
��
���
t��


 idN �
�X
k��

�X
j��

�k�j

k!

X
i������ik�j

Ai� � � �Aik �

De�ne

Q���y�
def

 etA
��

���
t��

y 

�X
k��

�kQk�y��

then

Q��y� 
 y�

Qk�y� 

kX

j��

�

j!

X
i������ij�k�j

Ai� � � �Aijy� for k 
 ��



��

Feng 	��� �

�� gave the name near�� map to the map Q��� � � that we shall call an updating

formula�

Conversely� given any near�� map ������ there exists a unique vector �eld A���

whose diagonal �ow is the given map Q��� � �� In fact� the corresponding vector�valued

function �see ������ depending on the parameter � is given by

a��y� 
 Q��y��

ak�y� 
 Qk���y��
k��X
j��

�

j!

X
i������ij�k�j��

Ai� � � �Aijy� for k 
 ��

This proves the representation ������ It can be seen that Q is consistent if Q��y� � a�y��

In summary� we have proved

Theorem ����� Let Q���y�� be an updating formula for the system 	����� Assume that

this updating formula Q���y�� is analytic in � for small j�j and Q��� � � � idN � Then there

exists locally a vector �eld A��� depending on � such that the representation 	����


Q���y�� 
 e�A
��y
���
y�y�

holds�



�


Chapter �

The Baker�Campbell�Hausdor�

�BCH� Formulas

��� Introduction

In this chapter� we review relevant material that leads to the proof of BCH for�

mulas� Material may be found in early papers Wilcox 	���� �
���� Eichler 	��� �
���� and

more recent Steinberg 	��� �
����

It is known that for two square matrices A and B of the same sizes

eAeB �
 eA�B

unless A and B commute� This conclusion actually applies to all noncommutative algebras�

Fortunately� as we will see later� adding suitable correction terms which involve only �higher�

fold� commutators of A and B gives

eAeB 
 eA�B�
suitable correction terms��

This is the case for all noncommutative algebras� such as the Lie algebra of vector

�elds discussed in Chapter �� Without adding di�culties� in this chapter we deal with a

more general noncommutative Algebra �over the real&complex number �eld� whose elements

will be denoted by capital letters X � Y � Z� and so forth� and with a bracket mapping

�X� Y � � 	X� Y �
def

 XY � Y X� �����

The bracket so de�ned satis�es a set of identities similar to the bracket for vector �elds in

Chapter � �see Proposition �������



��

Proposition ����� It holds that

�� 	 � � � � is bilinear� i�e��

	�X � �Y� Z� 
 �	X�Z� � �	Y� Z��

	X��Y � �Z� 
 �	X� Y � � �	X�Z��

where � and � are scalar constants�

�� Skew�Symmetry
 	X� Y � 
 �	Y�X ��


� Jacobi identity


	X� 	Y� Z��� 	Y� 	Z�X�� � 	Z� 	X� Y �� � ��

Proof
 The �rst two follow immediately from the de�nition ������ Verifying the Jacobi
identity is a tedious thing� Such a veri�cation can be done easily using symbol manipulating
software like Mathematica 	����� The following is a short Mathematica program to do the
job�

�� Function Mm� ��� � represents the noncommutative

product of its arguments� The first three rules

apply to this function Mm�

Cmt� � 
 � � is the commutator function which is

defined by the fourth rule� ��

Mm�a���
x��y�
b������Mm�a
x
b��Mm�a
y
b��

Mm�a���
 n��NumberQ x�
b������n Mm�a
x
b��

SetAttributes�Mm
 Flat��

Cmt�x�
y����Mm�x
y��Mm�y
x��

�� Verify the Jacobi Identity ��

jid�Cmt�X
Cmt�Y
Z���Cmt�Y
Cmt�Z
X���Cmt�Z
Cmt�X
Y���

If�jid���


Print��Jacobi Identity holds��


Print��Jacobi Identity does not hold����

The proof was completed by running the program and seeing the �st printed message�



��

��� Exponentials and its Di	erentiation

The exponential of a noncommutative algebra�s variable X is de�ned formally by

the power series

eX 

�X
k��

Xk

k!
�

Here formal means that no assumptions on the convergence of the series will be made and

two series are equal if they are equal term by term� One important identity which still holds

for the noncommutative case is

eXe�X 
 I 
 e�XeX � �����

or in other words� �eX��� 
 e�X �

Proposition ����� Let ��t� be a scalar function of t� then

d

dt
e�
t�X 
 a��t�Xe�
t�X�

The proof of this proposition is a straightforward computation as the exponential series is

de�ned to be formal� so di�erentiations can be carried out term by term�

Proposition ����� Let X�t�� as a function of scalar t� be an element of a noncommutative

algebra� and

X ��t� 

d

dt
X�t��

Then

d

dt
eX
t� 


Z �

�
e�X
t�X ��t�e��X
t� d� eX
t� �����


 eX
t�
Z �

�
e��X
t�X ��t�e�X
t�d�� �����

Proof
 By de�nition�

eX
t� 

�X
k��

X�t�k

k!
�

Thus
d

dt
eX
t� 


�X
k��

�

k!

k��X
i��

X�t�iX ��t�X�t�k�i���



��

Interchange the order of summation to get

d

dt
eX
t� 


�X
i��

�X
k�i��

�

k!
X�t�iX ��t�X�t�k�i��



�X
i��

�X
j��

�

�i� j � ��!
X�t�iX ��t�X�t�j



�X
i��

�X
j��

i!j!

�i� j � ��!

X�t�i

i!
X ��t�

X�t�j

j!
�

Now use the integral identity

i!j!

�i� j � ��!



Z �

�
� i��� ��j d�

to get

d

dt
eX
t� 


Z �

�

�
�X
i��

� iX�t�i

i!

�
X ��t�

�� �X
j��

��� ��jX�t�j

j!

�A d� 

Z �

�
e�X
t�X ��t�e
����X
t� d�

which yields ������ Changing the variable of integration gives ������

Proposition ����� in the language of matrices appeared as an exercise in Bellman 	��

p������ Its �rst appearance may be Wilcox 	���� �
����

��� Adjoint Operator and its Properties

Another important concept is the Adjoint Operator X� generated by X � It is

de�ned by

X�Y
def

 	X� Y ��

Proposition ����� X� has these properties


�� Skew�Symmetry
 X�Y 
 �Y �X�

�� Linearity


X���Y � �Z� 
 �X�Y � �X�Z�

where � and � are scalar constants�


� Derivation property


X��Y Z� 
 �X�Y �Z � Y X�Z 



��

�� Bracket property


X�	Y� Z� 
 	X�Y� Z� � 	Y�X�Z��

Proof
 The properties for skew�symmetry and linearity of the adjoint operator X� follow

from those of the bracket� The derivation property is proved as follows�

X��Y Z� 
 XYZ � Y ZX 
 XY Z � Y XZ � Y XZ � Y ZX 
 	X� Y �Z � Y 	X�Z��

Now we con�rm the bracket property�

X�	Y� Z� 
 	X� 	Y� Z��


 �	Y� 	Z�X ��� 	Z� 	X� Y �� �Jacobi Identity�


 	Y� 	X�Z�� � 		X� Y �� Z� �Skew Symmetry�


 	Y�X�Z� � 	X�Y� Z��

as was to be shown�

The Adjoint operator can be exponentiated�

eX
�



�X
k��

�

k!
�X��k�

In other words�

eX
�

Y 
 Y � 	X� Y � �
�

�
	X� 	X� Y �� �

�

�
	X� 	X� 	X�Y ��� � � � � �

Proposition ����� The following equation holds

eXY e�X 
 eX
�

Y�

Proof
 The following proof is taken from Steinberg 	��� �
���� De�ne F �t�
def

 etXY e�tX �

Then F ��� 
 Y and

F ��t� 

d

dt
F �t� 
 XetXY e�tX � etXY e�tXX 
 	X�F �t�� 
 X�F �t��

Now de�ne G�t� 
 etX
�

Y � Then G��� 
 Y and G��t� 
 X�G�t�� This means that F �t� and

G�t� satisfy the same ordinary di�erential equation with the same initial value condition�

Such functions are unique� Thus F �t� � G�t�� Setting t 
 � completes the proof�

Proposition ����� Exponentials of adjoint operators have following properties




��

�� Linearity


eX
�

��Y � �Z� 
 �eX
�

Y � �eX
�

Z�

where � and � are scalar constants�

�� Product Preservation


eX
�

�Y Z� 

	
eX

�

Y

	

eX
�

Z



 


� Bracket Preservation


eX
�

	Y� Z� 
 	eX
�

Y� eX
�

Z��

Proof
 It is easy to verify the linearity� It follows from Proposition ����� that

eX
�

�Y Z� 
 eX�Y Z�e�X 
 eXY e�XeXZe�X 

	
eX

�

Y

	

eX
�

Z



which shows the product preservation property� The bracket preservation property is then

veri�ed by

eX
�

	Y� Z� 
 eX
�

�Y Z�� eX
�

�ZY �



	
eX

�

Y

	

eX
�

Z


�
	
eX

�

Z

 	

eX
�

Y




 	eX
�

Y� eX
�

Z�

which completes the proof�

��� The Baker�Campbell�Hausdor	 Formulas

We have remarked earlier that for two noncommuting variables X and Y the

identity eXeY 
 eX�Y fails to hold generally� The following theorem provides an important

identity known as the Baker�Campbell�Hausdor� Formula �or BCH formula for short� which

gives a way to write eXeY as a single exponential� For its early development the reader

is referred to Campbell 	��� �
���� Baker 	�� �
���� Hausdor� 	��� �
���� and Dynkin 	���

�
����

Theorem ����� The following identity holds


eXeY 
 eZ



��

where Z 

�P
n��

cn�X� Y � and c��X� Y � 
 X � Y � and cn�X� Y � for n 
 � is a linear

combination of n�fold commutators of X and Y � computable via the following recursive

relations
 for n 
 �

�n � ��cn���X� Y � 

�

n!
�X��nY �

nX
k��

X j

�k � ��!
ci��X� Y �� � � �cik�X� Y ��cj�X� Y �� �����

where the second sum
P

is over all positive integers i�� i�� � � � � ik� j that sum to n � ��

Proof
 The following proof is taken from Steinberg 	��� �
��� with modi�cations� Set

F �t� 
 etXetY �

C�t� 

�X
k��

tkck�X� Y ��

G�t� 
 eC
t��

Then by ����� we have the inverse F �t��� 
 e�tY e�tX � Notice that

F ��t� 
 XetXetY � etXY etY �

so

F ��t�F �t��� 
 X � etXY e�tX


 X � etX
�

Y �by Proposition ������


 X �
�X
k��

tk

k!
�X��k�Y �


 X � Y � t	X� Y � �
t�

�
	X� 	X� Y �� �

t�

�!
	X� 	X� 	X� Y ��� � � � � �

On the other hand� Equation ����� in Proposition ����� and Proposition ����� imply that

G��t�G�t��� 

Z �

�
e�C
t�

�

C��t� d�



Z �

�

�X
k��

�k

k!
�C�t���kC��t� d�



�X
k��

�

�k � ��!
�C�t���kC��t�


 C ��t� �
�X
k��

X
i������ik�j��

jti������ik�j��

�k � ��!
ci��X� Y �� � � �cik�X� Y ��cj�X� Y �

def



�X
n��

�n � ��cn���X� Y �tn �
�X
n��

bnt
n�



��

With cn�X� Y � determined recursively by ������ we see that �n���cn�X� Y ��bn 
 �
n��X

��nY

which shows that

F ��t�F �t��� 
 G��t�G�t���
def

 H�t��

Notice that F ��� 
 G��� 
 I  so both F �t� and G�t� satisfy the ordinary di�erential

equation Z��t� 
 H�t�Z�t� with Z��� 
 I � Such functions are unique� Thus F �t� 
 G�t��

Setting t 
 � completes the proof�

Remark� The most commonly cited reference for the BCH formula is Varadarajan 	����

�
���� where a recursive relation was proved for ci�X� Y � for �nite dimensional Lie algebras�

Since BCH formula can also be interpreted as an identity for exponentials de�ned as formal

power series� where two series are equal if they are equal term by term� the recursive relation

derived for special cases in 	���� �
��� is also true in a more general context as we are dealing

with here� In 	���� �
���� it is derived�

�n � ��cn���X� Y � 

�

�
	X � Y� cn�X� Y ��

�
X

j��� �j�n

��j

X
i��i������i�j��

i��i������i�j�n

ci��X� Y ��ci��X� Y �� � � �ci�j�X� Y ���X � Y ��

where ��j are given by the coe�cients of a scalar power series�

x

�� e�x
�
x

�

 � �

�

��
x� �

�

���
x� �

�

�����
x
 �

�

���
���
x� � O

	
x�



def

 � �

�X
j��

��jx
�j �

In our applications in this thesis� we are also interested in converting eXeY eX into

a single exponential� One way to achieve this is to compute Z so that eZ � eXeY via BCH

formula� and then applying the formula again to get eZeX � The following theorem presents

another formula to do this job in one step�

Theorem ����� The following identity holds


eXeY eX 
 eZ

where Z 

�P
n��

�cn�X� Y � and �cn�X� Y � is a linear combination of n�fold commutators of X

and Y determined by

�c��X� Y � 
 �X � Y�

�c�n�X� Y � � � for n 
 ��



��

and the following recursive relations
 for n 
 �

��n � ���c�n���X� Y � 

�

��n�!
�X���nY �

X
i�j��n

i�j��

�

i!j!
�X��i�Y ��jX �����

�
nX

k��

X �j � �

��k � ��!
�c�i����X� Y �� � � ��c�i�k���X� Y ���c�j���X� Y ��

where the last sum
P

is over all positive integers i�� i�� � � � � i�k� j that sum to n � k � ��

Proof
 Set

F �t� 
 etXetY etX �

C�t� 

�X
k��

tk �ck�X� Y ��

G�t� 
 eC
t��

Theorem ����� implies that there exist �cn�X� Y � such that F �t� 
 G�t�� In what follows� we

are going to compute �cn�X� Y �� It follows from ����� that

F �t��� 
 e�tXe�tY e�tX 
 F ��t��

F �t� � G�t� implies G�t��� � G��t�� i�e��

e�
P

�

k��
tk �ck
X�Y � � e�C
t� � eC
�t� � e

P
�

k��

�t�k �ck
X�Y �

which shows that �c�k�X� Y � � �� Notice that

F ��t� 
 XetXetY etX � etXY etY etX � etXetYXetX �

so

F ��t�F �t��� 
 X � etXY e�tX � etXetYXe�tY e�tX


 X � etX
�

Y � etX
�

etY
�

X �by Proposition ������


 X �
�X
k��

tk

k!
�X��kY �

�X
i��

ti

i!
�X��i

�X
j��

tj

j!
�Y ��jX


 X �
�X
k��

tk

k!
�X��kY �

�X
k��

tk
X

i�j�k

i�j��

�

i!j!
�X��i�Y ��jX�



��

One the other hand� it follows from Proposition ����� that

G��t�G�t��� 

Z �

�
e�C
t�

�

C��t� d�



Z �

�

�X
k��

�k

k!
�C�t���kC��t� d�



�X
k��

�

�k � ��!
�C�t���kC��t�


 C��t� �
�X
k��

X
i������ik�j��

��j � ��t�
i������ik��k��j��

�k � ��!
	

	c�i����X� Y �� � � ��c�ik���X� Y ���c�j���X� Y �

def



�X
n��

��n � ���c�n���X� Y �t�n �
�X
n��

bnt
n�

where the coe�cients b�n are given by

b�n 

nX

k��

X �j � �

��k � ��!
c�i����X� Y �� � � ��c�i�k���X� Y ���c�j���X� Y ��

and the second sum
P

is over all positive integers i�� i�� � � � � i�k� j that sum to n � k � ��

The equation ����� is a consequence of comparing the coe�cients of F ��t�F �t��� and those

of G��t�G�t����

Remark� Theorem ����� appears to be new� although its proof is similar to that of Theo�

rem ������

The recursive formulas ����� and ����� imply that both cn�X� Y � and �cn�X� Y � are

linear combinations of composed commutators� These composed commutators generally

have complicated forms if not simpli�ed� With repeated application of Jacobi�s Identity�

each of the composed commutators can be represented as a linear combination of commu�

tators of the form 	Z�� 	Z�� 	� � � � 	Zn��� Zn� � � ���� with Zi � fX� Y g because of the following

proposition� We say a bracket is a n�fold if the total number of occurrences of single elements

is n�

Proposition ����� Every n�fold composed commutator of many single elements is a linear

combination of commutators of the form 	Z�� 	Z�� 	� � � � 	Zn��� Zn� � � ����� where each Zi is a

single element�

Proof
 De�ne the length of an n�fold composed commutator to be n� Evidently� a composed

commutator has the form W 
 	W��W��� where Wi are 
i�fold �
i � k and 
� � 
� 
 n��



�


�Without loss of generality� we may assume 
� � 
��� Now if the length of W� is bigger than

�� we write W� 
 	W���W���� By Jacobi�s Identity�

W 
 		W���W����W��


 �		W���W���W���� 		W��W����W���


 	W��� 	W���W��� � 	W��� 	W��W�����

Repeatedly applying Jacobi�s Identity at most 
� � � times� W can be represented as a

linear combination of commutators whose �rst arguments are of length �� So we only need

to work on the case when 
� 
 �� Applying similar arguments to W� completes the proof�

This proposition implies that both cn�X� Y � and �cn�X� Y � are linear combinations

of the commutators of the form 	Z�� 	Z�� 	� � � � 	Zn��� Zn� � � ���� with Zi � fX� Y g� Even so�

the representations are not unique unless a set of basis brackets are prescribed� since some

of them may be linearly dependent�

Although we have recursive formulas� it is almost impossible to actually compute

them by hand using the formulas except for the �rst few of cn�X� Y � and �cn�X� Y �� as

the number of commutators in cn�X� Y � of the form 	Z�� 	Z�� 	� � � � 	Zn��� Zn� � � ���� grows

at least exponentially as a function of n since the number of linearly independent n�fold

brackets grows at least exponentially �see x����� So this is an intrinsically di�cult problem�

Even with computers� computing cn�X� Y � and �cn�X� Y � for large n is still a challenging

problem� In �
��� Richtmyer and Greenspan 	��� reported that they had computed the �rst

��� terms in BCH formulas on IBM ��
�� but without doing much simpli�cations to the

computed terms� In the same paper� they also mentioned John and Olga Taussky Todd did

similar computations� Nowadays� we are lucky to have handy symbolic software packages

available� Writing a program to do the computations is much easier� but limitations of

each particular package still prevent us from easily getting cn�X� Y � and �cn�X� Y � for large

n� For the purpose of our later applications to di�erential equations� we have computed

cn�X� Y � and �cn�X� Y � up to n 
 
� which is su�cient for our purpose� We wrote our

program in Mathematica 	����� The reader is referred to Appendix A for the formulas�

��� Counting Linearly Independent Brackets

Given two noncommuting elements X and Y � consider the linear space spanned

by X and Y and their possible brackets� Let Lk�X� Y � denote the subspace spanned by all



��

possible k�fold brackets of X and Y � Its dimension is given by Witt�s formula 	�� Theorem

� on p������

��k�
def

 dim�Lk�X� Y �� 


�

k

X
ijk

��i��k�i� �����

where ��i� is the M$obius function� ����
def

 �� and

��i�
def



��
 ����j if i is the product of j distinct primes�

� otherwise�

The notation ijk stands for �k is a divisor of i�� Lk�X� Y � for k up to � are given as follows�

The dimensions of Lk�X� Y �

k � � � � � � �

dim�Lk�X� Y �� � � � � � 
 ��

For brackets invloving many noncommuting elements� say X�� X�� � � �� Xm� the

situation gets more complicated� Consider the linear space of brackets involving n� occur�

rences of X�� n� occurrences of X�� � � �� and nm occurrences of Xm� The dimension of this

space is then given by the extension of Witt�s formula 	�� Theorem � on p������

��n�� n�� � � � � nm�
def



�Pm
j�� nj

X
jjni �i

��j�
�
Pm

i�� ni�j�!Qm
i���ni�j�!

� �����

Formulas ����� and ����� will help us to see possible numbers of determining equa�

tions in our later chapters�



��

Chapter �

From a Re�exive Approximation

��� Introduction

Let X� and X��� be elements from a noncommutative Algebra� where � is a small

scalar parameter� Assume that asymptotically X��� can be expanded as a formal power

series with only even powers of �

X��� � X� � ��X� � ��X� � � � � �
�X
k��

��kX�k��� �����

Thus X��� � X� � O����� This means X��� approximates X� to �nd order�

A one	parameter operator S��� is said to be re�exive if

S���S���� � identity or equivalentlyS����� � S�����

Evidently� e�X	�
 is re
exive� �
e�X	�


���
� e��X	��
� �����

�It is also called symmetric or self�adjoint in the literature �see x��
��� So we have seen that

the power expansion ����� of X��� with only even powers of � implies the re
exive property

������ In fact� the converse is also true�

Proposition ����� Re�exiveness in ����� implies that X��� there is even as in ������

Proof	 The equation ����� implies that ��X��� � ��X���� which further implies X��� �

X����� Then ����� has to be true�



��

Generally� if X� �� ��

e�X	�
 � e�X� �O�����

In many applications� approximations like this are not accurate enough� Fortunately� there

are many ways to construct more accurate approximations by compositions�

F ���
def
� exp��m�X��m��� � � �exp����X������� �����

With appropriately chosen scalars �j �s and integer m� F ��� can be made to approximate

exp��X�� to arbitrary high order� One particularly interesting class is the class of Palin�

dromic Compositions for which

�i � �m���i for i � �� �� � � � � m� ���
�

We will denote F ��� by FP��� whenever ���
� holds� For example when m � �

FP��� � exp����X������ exp����X������ exp����X�������

Generally F ��� is denoted by FNP��� for non	palindromic cases� The consistency condition�

F ����j��� � X� is
mX
j��

�j � �� �����

From Theorem ��
�� in Chapter �� one can� in principle� transform both FP��� and

FNP��� into single exponentials�

FP��� � exp��XP� and FNP��� � exp��XNP�� �����

where both XP and XNP are linear combinations of Xj �s and their brackets� Writing them

into single exponentials is a crucial step towards obtaining determining equations for higher

order approximations�

��� Palindromic Compositions

We have the following proposition for palindromic compositions�

Proposition ����� XP in ����� contains only terms with even powers of ��



��

The importance of this proposition lies in the fact that with palindromic compositions based

on a re
exive formula� the terms with odd powers of � automatically vanish� and therefore

the numbers of determining equations are reduced� in fact the reduction is substantial as

we shall see�

Proof of Proposition �����	 Observe that FP���FP���� � identity� The proof is completed

by Proposition ������

We have remarked that XP is a linear combination of Xj �s and their brackets� In

Appendix B� we will further show that

Proposition ����� Up to ����terms
 XP is a linear combination of the following linearly

independent terms	

�� � X��

�� � X��

�� � X�� �X�� X�� X���

�� � X�� �X�� X�� X��� �X�� X�� X�� X�� X��� �X�� X�� X���

�
 � X�� �X�� X�� X��� �X�� X�� X�� X�� X���

�X�� X�� X�� X�� X��� �X�� X�� X�� X�� X���

�X�� X�� X�� X�� X�� X�� X���

��� � X��� �X�� X�� X���

�X�� X�� X��� �X�� X�� X���

�X�� X�� X�� X�� X���

�X�� X�� X��� �X�� X�� X���

�X�� X�� X�� X�� X��� �X�� X�� X�� X�� X���

�X�� X�� X�� X�� X��� �X�� X�� X�� X�� X���

�X�� X�� X�� X�� X�� X�� X���

�X�� X�� X�� X�� X��� �X�� X�� X�� X�� X���

�X�� X�� X�� X�� X�� X�� X���

�X�� X�� X�� X�� X�� X�� X���

�X�� X�� X�� X�� X�� X�� X���

�X�� X�� X�� X�� X�� X�� X�� X�� X���

�����



�


����� Writing FP��� as a Single Exponential

By Theorem ��
��� we can de�ne

exp�Yj�
def
� exp��j�X��j��� exp�Yj��� exp��j�X��j���� �����

for j � bm��c� � � � � �� � with the initial condition

Ybm��c�� �

��� � if m is even�

�	m��
���X��	m��
����� if m is odd�

Let�s say we want to compute each Yj up to ���	terms� ignoring terms of higher orders�

Clearly� modulo ���� these Yj �s are linear combinations of objects in ����� also� For the sake

of simplicity� let�s drop the subscripts� and consider a typical step of ������

exp� eY � � exp���X����� exp�Y � exp���X������

where X���� is determined by ����� and� modulo ���� Y and eY are linear combinations

of objects in ������ Passing from Y to eY can be converted to the problem of computing

the combination coe�cients for eY given those for Y � Formulas will be given in xB�� of

Appendix B�

����� Counting Numbers of Determining Equations

Another way to put Proposition ����� is that

�XP contains terms with only odd powers of ��

We observed thatXP is a linear combination ofXj �s and their brackets� If a bracket involves

n� occurrences of X�� n� occurrences of X�� � � �� and n�k�� occurrences of X�k��� then it

associates with

�n���n������	�k��
n�k��

in �XP� By x���� there are ��n�� n�� � � � � n�k��� linearly independent brackets which involves

n� occurrences of X�� n� occurrences of X�� � � �� and n�k�� occurrences of X�k��� The num	

ber of linearly independent terms �with respect to Xj �s and their brackets� in all coe�cients

of powers up to ��m�� turns out to be

mX
k��

X
n���n������	�k��
n�k����k��

��n�� n�� � � � � n�k����



��

McLachlan ���� ����� simpli�ed the inner summation to get�

mX
k��

k��X
j��

��j� ��k� j�� ���

Since each independent bracket will yield an equation to determine the step	sizes �j� in a

palindromic scheme� the determining equations that must be solved for the approximation

FP��� to exp��X�� to be order �m turn out to be as numerous as the above expression

indicates� unless there are some redundant equations� �None have been encountered yet��

LetNP�n� be the number of determining equations for FP��� to be an order n approximation

to exp��X��� We already know that NP��m� � NP��m� ��� From the summation above�

we have computed ���

�m � 
 � � �� ��

NP��m� � � � 
 � �� �


�see also McLachlan ������

����� Determining Equations

Determining equations are readily available once Y� de�ned by ����� is computed�

For example� it can be shown that

Y� � �
mX
j��

�jX� � ��
mX
j��

��jX� �O�����

so for FP to be a 
th order approximation to exp��X�� it requires� besides consistency

condition ������
mX
j��

��j � ��

��� High Order Palindromic Schemes By Palindromic Com�

positions

In this section we will construct a few palindromic compositions ���
�� De�ne

ci
def
�

iX
j��

�j for i � �� �� � � � � m�

�The equation ����b� in McLachlan ��	
 ����
 needs a correction to cover the case m � �� The correction
is to let j run from 	
 not ��



��

It is easy to see that ci�cm�i�� � � and cm � �� In searching for the best possible schemes�

we will attempt to minimize

either
mX
j��

j�j j or max
��j�m

j�j j �����

if there is any opportunity to do so� At the same time� we also like to have

� � cj � �� for j � �� �� � � � � m

though it is not always possible� as we shall see� �For a brief disscussion of why we like this

requirement� see x�����

����� Palindromic Schemes of Order �

To �nd palindromic schemes of order 
� we have to solve two equations correspond	

ing to X� and X�� and therefore we have to choose m � �� The two equations are

mX
i��

�i � � and
mX
i��

��i � ��

The ��Stage Palindromic Scheme of Order � 	m � �
� Denote �� � �� � z� With

m � � and �� � �� � �� � �� we have �� � �� �z� Hence
�P

i��
��i � � becomes

�z� � ��� �z�� � �

which has one real solution and two complex conjugate ones� The real one is what we are

looking for�

�� � �� �
�

�� �
p
�
� �� � �

�
p
�

�� �
p
�
� ������

or numerically �to �� decimal digits��

�� � �� � �������������������	� �� � ������	�	�
���������
�

for which c� � �� � �� c� � � and

c� � �
�
p
�� �

�� �
p
�
� ��������������������	��	 ��

This scheme was �rst discovered by Kahan in ���� when he was composing a re
exive

updating formula of his own for solving a linear system of ordinary di�erential equations

to simulate an electronic circuit� The 
th order schemes he used most often� because it



��

was simplest to program on his calculator� as a ��Stage Scheme with �� � ���� and

�� � �� � �� � �� � �� � �� � �
 � �� � ���� It did not occur to him that his

construction would work for any re
exive updating formula� After he saw Sanz	Serna and

Abia ���� ����� where these same magic numbers were discovered again for the implicit

mid	point rule� a special re
exive method� he realized his early construction might work for

every re
exive updating formula and �nally settled it with the help of Theorist for general

re
exive updating formulas in Kahan ���� ������ The scheme was also discovered by Yoshida

����� ����� for separable Hamiltonian systems� where a special re
exive updating formula

can be created� and admits a natural exponential representation� Also related is the 
th

order scheme again for separable Hamiltonian systems obtained by Forest and Ruth ����

������ by Candy and Rozmus ��
� ������ and by Qin� Wang and Zhang ���� ������

A disadvantage of this scheme is that the second move jumps �out of bounds�

since c� � � and c� 	 �� It turns out that by making m larger and therefore introducing

some freedom in the solutions� we can get better schemes�


�Stage Palindromic Schemes of Order � 	m � �
� Going from �	stages to �	stages�

we have one extra degree of freedom which� as we shall see soon� provides us room for not

only making � � ci � � but also minimizing both
�P

j��
j�j j and max

��j��
j�j j at the same time�

With m � �� write �j � cj � cj��� and note c� � �� c�� c� � �� c�� and c� � �� Then the

equation
�P
i��

��i � � becomes

�� �c� � ��c�� � �c�� � �c��c� � �c�c
�
� � �

which is quadratic in c�� Solving it� one gets

c�� �
c� � �

�
and c�� �

c� ��

�
�

where

�
def
�

s
��c�� � �
c�� � ��c� � �

�c�
�

Imposing � � ci � �� we see that c�� are real i� ��c�� � �
c�� � ��c� � � � �� i�e��

c� � �
�
p
�� � �

p
� � �

��
� ��
�
�
��	��

���	�	�
�

Because of the freedom in choosing the � sign� we now have two sets of ci�s� For notational

purposes we append to each ci and �i either a plus sign or a minus sign to indicate to which



��

sign they correspond� The two sets of solutions are

c�� � c���
� � ��� � c���

� �

c�� � c�� ��� � c���
� �

c�� � �� c�� for which ��� � �� �c��

c�� � �� c���
� � ��� � ����

c�� � �� ��� � ����

������

and

c�� � c���
� � ��� � c���

� �

c�� � c�� ��� � c���
� �

c�� � �� c�� for which ��� � �� �c��

c�� � �� c���
� � ��� � ����

c�� � �� ��� � ����

������

The two sets of solutions are really dual to each other in the sense that ��� and ��� can be

obtained by swapping ��� and ���� Figure ��� shows that for

��
�
�
��	��

���	�	�
� c� � �� ������

no moves will jump �out of bounds�� i�e�� all � � ci � �� To see what value of c� minimizes
�P

j��
j�j j or max

��j��
j�j j� we notice that under the restriction ������ we have

�X
j��

j�j j � 
c� � � and max
��j��

j�j j � �c� � ��

So both are minimized at c� � �
�
p
��� �

p
��


�� � for which

c� � �
�
p
��� �

p
��


�� � ��	�		�������	�������	�

c� � �
�
p
��� �

p
��


�� � ��
�
�
��	��

���	�	�
�

c� � �� �
p
��� �

p
��

�� � �������
	��	���	
������

c� � ��� �
p
��� �

p
��

�� � ���
������
�����	���
��

c� � ��

����
�

and the corresponding �j �s are

�� � �� � �� � �� �
�

�
p
�� � �

p
� � �

��
� ��	�		�������	�������	�

�� � �

�
p
�� � � �

p
� � �

��
� ����������
��������	
���
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Figure ���� Plotting c�� c�� c� and c� against c��

Other interesting schemes are the ones which make c� � �� One may argue that

c� � � maximizes both
�P

j��
j�j j and max

��j��
j�j j subject to ������� However� still one has

� � ci � �� What may be important is that with c� � � and c� � � the � moves will

revisit the starting point and the �nal point� This is very helpful when the equation of form

Q � g� �F�g�Q� associated with symmetrical splitting techniques discussed in Chapter �

is implicit in Q and solvable only by some iterative method� In this situation� at the return

to the starting point and the �nal point� there are fairly accurate initial guesses available

to help iterative methods converge faster� Another motive for having c� � � was that the

resulting scheme might have a built	in error estimation mechanism consisting of a scheme

of order � embedded in the scheme of order 
� But it is not very good because of the orders

di�er too much and thus provides error estimates which are usually too rough�

Now we list the parameters that de�ne the two 
th order schemes that make c� � ��

�� Scheme I�

c� �
� �

p
�

�
� c� � �� c� � �� c� �

�� p�

�
� c� � �� ������

for which

�� �
� �

p
�

�
� ��� �� �

��p�

�
� ��� �� � ���



��

�� Scheme II�

c� �
��p�

�
� c� � �� c� � �� c� �

��
p
�

�
� c� � �� ������

for which

�� �
��p�

�
� ��� �� �

� �
p
�

�
� ��� �� � ���

����� Palindromic Schemes of Order �

To search for palindromic schemes of order �� we have to solve four equations�

These four equations correspond to X�� X�� X� and �X�� X�� X��� respectively� So we need

to choose m � �� In what follows� we will study the cases m � � and m � �� �m � � was

rejected because it does not introduce any freedom for us to get a better scheme� nor does

it yield a scheme such that all � � cj � ���

��Stage Palindromic Schemes of Order � 	m � �
� If we work with ci�s� the equation

corresponding toX� is satis�ed automatically� Then we have a polynomial system consisting

of � polynomials in x� y and z�

Polynomial �� �� �x� ��x� � �x� � �x�y � �xy� � �y�z � �yz��

Polynomial �� �� ��x� 
�x� � ��x� � ��x� � ��x� � ��x�y � ��x�y� � ��x�y�

���xy� � ��y�z � ��y�z� � ��y�z� � ��yz��

Polynomial �� ��
�x � �

�x
� � �

�x
�y � �

�xy
� � x�y � xy� � �

�x
�y � �

�x
�y� � �

�x
�y�

��
�xy

� � ��
� x

� � ��
� x

� � x� � �
�y

�z � �
�yz

� � y�z � yz� � �
�y

�z

��
�y

�z� � �
�y

�z� � �
�yz

��

where x and y and z are de�ned by

�c�� c�� c�� c�� c�� c�� c�� � �z� y� x� �� x� �� y� �� z� ��� ������

It turns out that the system is a rather easy one whose Gr�obner Basis with respect to pure

lexicographical order� can be computed by symbolic software like Maple� Once this basis is

computed� all solutions to the original systems are �readily� obtained� Only three sets of

real solutions exist�

c� � z ���
	������	��������
� �� � �� ���
	������	��������
�

c� � y ������
�
��
��������� �� � �� ����������������
����


c� � x �������������	�������		 �� � �� ����������
	��

������

�� ������
�����
������
�

������

�As speci�ed in MAPLE V�



��

c� � z ��	��
	
�������
����� �� � �� ��	��
	
�������
�����

c� � y ��			��

	�
	�������� �� � �� ����	����
�
���������

c� � x ����

���������
��	���
 �� � �� �������
�������	������

�� ���������		������
���

������

c� � z ��		��
�������������� �� � �� ��		��
��������������

c� � y ����������������������� �� � �� ����		����������
�����

c� � x �����	���
�����
	����	� �� � �� �������

���
	�	������

�� ���
�		��
��	��
	��	�

������

While the scheme ������ appears to be the best� none of them satis�es � � cj � � for all j�

��Stage Palindromic Schemes of Order � 	m � �
� We have just seen that there is no

�	Stage Palindromic Scheme of order � for which all � � ci � �� So it is natural for us to

search for �	Stage Palindromic Schemes of order � satisfying the constraint� For this case

still there are three equations but with 
 unknowns� leaving one degree of freedom� Let the

unknowns be x� y� z and w� where

�c�� c�� c�� c�� c�� c�� c�� c
� c�� � �w� z� y� x� �� x� �� y� �� z� �� w� ��� ������

Although it seems we are dealing with a polynomial system similar to the one for �	Stage

Palindromic Schemes of order �� the current system is much harder to solve� Gr�obner Basis

with pure lexicographical ordering never worked for me because it took too long to �nish�

Instead� I tried to use pseudo�polynomial division ���� to eliminate the unknowns z and w�

After running Maple V Release � on an IBM RS �������� for �	� weeks� I �nally obtained

a polynomial only in x and y with ��
 terms and of degree �
 in y and of degree 
� in

x� This is the most important step� Now let x vary from � to �� We found the ��
	term

polynomial determines at least two interesting curves� We tried unsuccessfully to show the

two curves are the only ones� extensive trials suggest very strongly that no other curves live

in the unit square� The two curves do not exist for all x � ��� �� but only on a subinterval

of width nearly one tenth� The two curves are plotted in Figure ���� The numbers of real

solution sets to the system as x varies from � to � are described in the following table��

��At least� and ��� are in the table because we have not shown mathematically that the two curves are
the only ones�
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Figure ���� How does y vary as x varies between � and � Two �gures on the top plot the
two curves separately� while the one on the bottom plots them together�
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Description of Real Solution Sets

� � x 	 a At least four sets two of which satisfy ������

x � a At least three sets one of which satis�es ������

a 	 x 	 b At least two sets none of which satis�es ������

b � x 	 c At least two sets one of which satis�es ������

c � x 	 d At least two sets� both satisfy ������

x � d At least one set which satis�es ������

d 	 x � � No real solution set 

where

a � ����
	���
��	���
��
����

b � ����
�	��������������	��

c � ���
���
��	��
����
�����

d � �������
��	����
���
���

As we said before� we are particularly interested in the solution sets satisfying

� � x � �� � � y � �� � � z � �� � � w � �� ������

Now we present two more �gures so that the reader can have an overall view of these

solution curves� Each of the two �gures �Figure ��� and Figure ��
� corresponds to one of

the two aforementioned curves determined by the ��
	term polynomial in x and y� Every

curve is plotted in such a way!half in one color and half in another!that for every x the

corresponding y� z� and w can be discerned�

About the First Curve

Clearly� one can see that

max
��j��

j�j j � �� �x � �� for � � x � d�

and thus max
��j��

j�j j achieves its minimum ����
�	� at x � d�

c� � w ��������			�����	����
 �� � �� ��������			�����	����


c� � z ����	����
����������

 �� � �
 ������������
����	�
��

c� � y ����
��		�
�����	��
��� �� � �� �������	�������������
�

c� � x �������
��	����
���
�� �� � �� ���
�������������
�����

�� ����
�	������	
�����	�

������
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Figure ���� About the �rst curve� �IV� plots fj�j jg�s against x� �V� plots
�P

j��
j�j j against x�

�VI� plots max
��j��

j�j j against x�
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j�j j against x�
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To see when
�P

j��
j�j j achieves its minimum� we notice that for the �rst curve

�X
j��

j�j j � ��w� �z � w� � �z � y� � �x� y�� � ��� �x� � 
�z � y� � ��

With this in mind� and thinking of y� z and w as functions of x� at the point where
�P

j��
j�j j

achieves its minimum we have a new equation z� � y� � �� Let g�x� y� be the ��
	term

polynomial in x and y� and let f�x� y� z� be a polynomial which is linear in z and lies in

the ideal generated by the originial polynomial system we started with� �f�x� y� z� is gotten

during our pseudo	polynomial division process to get g�x� y��� Then we have to solve

g�x� y� � �� f�x� y� z� � � and z� � y� � ��

Di�erentiating the �rst two equations yields

gx � gyy
� � � and fx � fyy

� � fzz
� � �

which transform z� � y� � � into

fygx � gyfx � fzgx � ��

With those equations in hand� we are able to compute that
�P

j��
j�j j achieves its minimum

��
�	� at ���

c� � w �������������
�
	�

�� �� � �� �������������
�
	�

��

c� � z ��������	�����
��
���� �� � �
 ����	����
����������	�

c� � y ����

	����������	����� �� � �� ����������
��
�����	�	�

c� � x ������������
���
����� �� � �� ���
�
���	��	
���		���


�� ����
��		���������
	��

����
�

which di�ers slightly from ������� The schemes ������ and ����
� will turn out to be the

best�

About the Second Curve

Clearly� one can see that

max
��j��

j�j j � �� �x � �� for � � x � a�



��

and thus max
��j��

j�j j achieves its minimum ���	����� at x � a�

c� � w ���
�������������
���� �� � �� ���
�������������
����

c� � z ���			�������
�������� �� � �
 ���������������
���	��

c� � y ��
�����	����
�
�	���� �� � �� ������������	������		


c� � x ����
	���
��	���
��
��� �� � �� ���
	������
�
	��

����

�� ���	�����������	�
���	

������

To see when
�P

j��
j�j j achieves its minimum� we notice that for the second curve

�X
j��

j�j j � ��w� �z � w� � �y � z� � �y � x�� � ��� �x� � 
�y � x� � ��

With this in mind� and again thinking of y� z and w as functions of x� at the point where
�P

j��
j�j j achieves its minimum we have a new equation y� � �� Let g�x� y� be the ��
	term

polynomial in x and y� Then we have to solve

g�x� y� � � and y� � ��

Di�erentiating the �rst equation yields

gx � gy � ��

With the two equations in hand� we are able to compute that
�P

j��
j�j j achieves its minimum

	������� at ���

c� � w ���
��
	
��
	��������� �� � �� ���
��
	
��
	���������

c� � z ���		
��������������	� �� � �
 ����������
���
	�����	

c� � y ��
�����
��	��������	� �� � �� ����������������������

c� � x ����
	�		��	������
��
� �� � �� ���
	��

�	
���������	�

�� ���	�����������
�
����

������

which di�ers slightly from �������

The two quantities in ����� for the above four solutions are ���

������ ����
� ������ ������

max
��j��

j�j j ����
�	 ����
�� ���	���� ���	����

�P
j��

j�j j ��
��� ��
�	� 	������ 	������

Comparing these extremal solutions� the optimal ones appear to be ������ and ����
� on

the �rst curve�
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����� Palindromic Schemes of Order �

Order � is the highest order anyone has attacked so far for separable Hamiltonian

systems� partly because the correct determining equations for orders higher than � were

not available� H� Yoshida ����� and Masuo Suzuki have been working on high order de	

composition of exponential operators for many years� The paper by Suzuki ����� in ����

is by far the most signi�cant one� in it Suzuki obtained order conditions for palindromic

decompositions� for orders up to ��� except that his order conditions are not quite correct

for orders �� and higher for reasons to be explained later�

To �nd palindromic schemes of order � we have to solve eight equations �see x�����
and therefore we need to choose m � ��� In what follows� we study the cases m � �� and

m � ���

�
�Stage Palindromic Schemes of Order � 	m � ��
� If we work with ci�s� the equation

corresponding to X� is satis�ed automatically� Then we have a polynomial system of seven

equations to work with and the unknowns are c�� c�� � � �� c��
It appears that the polynomial system is too large to be solved by any available

symbol manipulating software using the Gr�obner Basis method� Running Maple V Release

� for less than half an hour on an IBM RS��������� raised an error message saying object

too large because of its memory limitation� Dec�Alpha workstation has more address bits�

so it carried the Gr�obner Basis algorithm further with the above system� but not far enough�

Professor Keith Geddes of the University of Waterloo had to stop the computation on a

Dec�Alpha workstation after about �� hours� Getting all the solutions to the system appears

not yet to be practical�

Yoshida ����� found � numerical solutions to the system� his solutions are correct

up to roughly �� decimal digits� McLachlan ���� presented one solution which he thought

was the best that he knew� We have been able to �nd over two hundred solution sets

including those of Yoshida and McLachlan� None of them keep all � � ci � �� The one that

minimizes the two quantities in ����� among all known solutions happens to be McLachlan�s

���� called symmetric decompositions there�
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in ����� which is the following
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���Stage Palindromic Schemes of Order � 	m � ��
� We have just seen that there is

no known ��	Stage Palindromic Scheme of order � for which all � � ci � �� So it is natural

for us to search for ��	Stage Palindromic Schemes of order � satisfying the constraint� For

this case there are still seven equations but with � unknowns c�� c�� � � � � c
� leaving one

degree of freedom� This system is even harder to solve than the previous one�

McLachlan ���� found a solution which is almost optimal in the sense that it makes

both quantities in ����� reasonably small but does not minimize either of them� Since we

are interested in the solution curves that intersect the unit cube

f�c�� c�� � � � � c
� � � � ci � � for � � i � �g�

we have been trying to locate as many interesting curves as possible� So far� we have found

�
 curves and suspect very much they are the only curves which intersect the unit cube�

Some of the curves are even closed� We number the curves from Curve � to Curve ��� It

turns out there is no point which minimizes both max
��i���

j�ij and
��P
i��

j�ij at the same time�

and the points which minimize either max
��i���

j�ij or
��P
i��

j�ij happen to lie on Curve � which

is plotted in Figure ����

Minimizing max
��i���

j�ij� It can be seen from Figure ��� and Figure ��� that

max
��i���

j�ij � �c
 � ��

This says that we need to �nd the point on Curve � for which c
 is minimized� We found
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that min max
��i���

j�ij � �������
� at the point�
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Minimizing
��P
i��

j�ij

It can be seen from Figure ��� that

��X
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We found that min
��P
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The two quantities in ����� for the above two solutions are ���

������ ������

max
��j���

j�j j ������� �������

��P
j��

j�j j ������ ���	��

����� Palindromic Schemes of Order ��

To �nd palindromic schemes of order �� we have to solve �� equations �see x�����
and therefore we need to choose m � ��� In what follows we will study the cases m � ��

and m � ���

���Stage Palindromic Schemes of Order �� 	m � ��
� If we work with ci�s� the

equation corresponding to X� is satis�ed automatically� Then we have a system of ��

equations to work with and the unknowns are c�� c�� � � �� c���
As we mentioned� Suzuki has been working on exponential splitting for many

years� In his paper ����� ����� he attempted to derive order conditions for high	order

decomposition of exponential operators� At the end of the paper he presented conditions

for orders� up to �� for decompositions of the palindromic type� I discovered his conditions

for order �� were wrong� I �rst noticed that the Jacobian of Suzuki�s polynomial system

is zero with �high
 probability�� and later assigned the same integers to the variables in his

�A palindromic scheme is always of even order of convergence� Nevertheless
 Suzuki still assigned an odd
order to a palindromic scheme� A scheme to which he assigned order �k � � would actually have order �k�

�For this reason his condition for order �� may be wrong as well� The claim �high� probability means the
following� actually computing the Jacobian of his polynomial system symbolically is impossible because of
too many terms and not enough address bits on available computers� so instead I ran several hundred tests
computing the Jacobian with each variable assigned a random integer� and results were zeros all the time�
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system and ours and found the Jacobian of his polynomial system is zero while that of our

system is not� We have double checked our polynomials to make sure they are correct�

Apparently� the polynomial system is too large to be solved by any available symbol

manipulating software using the Gr�obner Basis method� We did not even consider doing it

that way� Numerically� we have found over a hundred solutions and apparently there are

more out there remaining to be found� The best solutions we could �nd are the following�
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This set of solution minimizes both

��X
j��

j�j j and max
��j���

cj � min
��j���

cj

among all the solution sets we have found� The set that minimizes max
��j���

j�j j among all the

known solution sets is as follows�
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Regarding the two solution sets� we have

max
��j���

j�j j
��P
j��

j�j j max
��j���

cj � min
��j���

cj
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������ ������� ����
� ������

���Stage Palindromic Schemes of Order �� 	m � ��
� We have just seen that no

��	Stage Palindromic Scheme of order �� is known for which all � � ci � �� So we turned

to ��	Stage Palindromic Schemes of order �� and looked for solution sets that satisfy the

constraint� For this case still there are �� equations but with �� unknowns c�� c�� � � � � c���
leaving one degree of freedom�

Since we are interested in the solution curves which intersect the unit cube

f�c�� c�� � � � � c��� � � � ci � � for � � i � ��g�

we have been trying to locate as many interesting curves as possible� So far� we have found

only one curve which intersects the unit cube� The curve is ploted in Appendix C� It turns

out that the points on the curve which minimize either quantity in ����� do not lie within

the unit cube but slightly away from it� The one that does minimize both quantities in

����� and also lies within the unit cube is as follows�
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We have also computed points on the curve shown in Appendix C which minimize one of

the quantities in ������ These points lies only slightly outside the unit cube�

Minimizing max
��i���

j�ij

It can be seen that

max
��i���

j�ij � �� �c��

This says that we need to �nd the point for which c�� is maximized� We found
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Minimizing
��P
i��

j�ij

It can be seen from the curve in Appendix C that
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Regarding the three solution sets� we have
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��� Summary of Palindromic Schemes

Palindromic Schemes of orders up to �� have been constructed in x���� For ease

of future references� we will adopt notation sIodrJ
 to denote an I	Stage Order J scheme�

The following table de�nes the correspondence�
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s�odr� The �nd order re
exive updating formula itself�

s�odr	 The �	stage order 
 scheme� �������

s�odr	 The optimal �	stage order 
 scheme� ����
��

s�odr	a An embedded �	stage scheme of order 
� �������

s�odr	b Another embedded �	stage scheme of order 
� �������

s�odr� The �	stage order � scheme� �������

s�odr�a One of the best �	stage order � schemes� �������

s�odr�b Another one of the best �	stage order � schemes� ����
��

s��odr
 The ��	stage order � scheme� �������

s��odr
a One of the best ��	stage order � schemes� �������

s��odr
b Another one of the best ��	stage order � schemes� �������

s��odr��a A ��	stage order �� scheme� �������

s��odr��b Another ��	stage order �� scheme� �������

s��odr��a A ��	stage order �� scheme� �������

s��odr��b Another ��	stage order �� scheme� �������

s��odr��c Another ��	stage order �� scheme� ����
��

��� Linear Stability Regions for Palindromic Schemes

Studying the linear stability region of a newly proposed sti� solver for systems of

ordinary di�erential equations is a standard practice to see how good the solver might be

if it is actually applied to a sti� system ���� ������ �
�� ������ �
�� ������ ���� ������ Linear

Stability Theory is then invoked to locate linear stability regions� It starts with the simplest

ordinary di�erential equation�

dy

dt
� 
y� y��� � y�� ������

where the real part Re�
� 	 �� This equation is readily solvable and its solution exists over

all time and goes to zero as t 	 �
� So it is reasonable to expect a numerical method to

yield a bounded solution when applied to �������

At the behest of Prof� J� Demmel� a Linear Stability Theory is developed� In this

section for Back	and	Forth compositions constructed in x��� and applied to ������� The

theory describe regions where these schemes are stable� All these regions contain holes in

the left half plane� unfortunately the holes are fairly close to the origin which indicates� in

general� that Back	and	Forth compositions may have di�culties in solving very sti� systems�

A typical method to solve an initial value problem is expected to generate a se	

quence of approximations y�� y�� � � � � yN to y�t� at Sample�Times t� � � 	 t� 	 t� 	 � � � 	



��

tN � T � Typically when a One�Step method is applied to ������� it produces

yn�� � R�"�n�yn

where "�n � 
�n and �n � tn���tn� and R� � � is the stability function� generally a polynomial

or a rational function� Now it is clear that all yn are bounded if every jR�"��j � �� The

region RA of absolute stability is then de�ned to be

RA
def
� f"� � jR�"��j 	 �g�

in the complex "�	plane� The method is said to be A�stable if

RA � f"� � Re�"�� 	 �g�

and not A�stable� otherwise� As an example� let�s consider the implicit mid	point rule which

is the same as the trapezoidal rule for the equation �������

yn�� �
� � "�n��

�� "�n��
yn�

so in this case R�"�� � ��"�� where

��"��
def
�

� � "���

�� "���
� ������

It is easy to see that

j��"��j 	 �� Re�"�� 	 ��

which means the implicit mid	point rule �the trapezoidal rule� is A	stable�

��	�� Palindromic Schemes and Linear Stability Theory

Let Q��� g� be an updating formula that advances from g � y��� to an approxi	

mation Q��� g� � y�� � �� for the initial value problem

dy

dt
� f�y�� with y��� � y��

When such a Q��� g� exists� higher order formulas can be constructed via

Q��m��Q��m����Q�� � � �Q����� g� � � ����� �����

Trying to establish a linear stability theory for schemes like ����� is not always

possible� because generally Q��� g� is constructed purposely to take advantage of the special



��

structure of a particular problem� In other words� it is not designed for the simplest equation

������� Nevertheless it is still fruitful to see how things go when Q��� g� is the implicit mid	

point rule applied to ������� Perhaps that will shed some light on the suitability of �����

for sti� systems in general� For Q��� g� � ��"��g de�ned in ������� the approximation �����

becomes 
�"��g where


�"��
def
� ���m"�����m��"�� � � �����"��� ������

Now write "� � x�
p��y 
 x� iy� where x and y are real� then

j��"��j� �
�� � x���� � �y����

��� x���� � �y����
� so

j
�"��j� �
�� � �mx���

� � ��my���
�

��� �mx���� � ��my����
� � � �� � ��x���

� � ���y���
�

��� ��x���� � ���y����
�

Two properties of this 
 are�

�� j
�x� iy�j � j
��x� iy�j 
 �� so the regions

f�x� y� � j
�x� iy�j 	 �g and f�x� y� � j
�x� iy�j � �g

are re
ections of each other with respect to the y	axis�

�� j
��� iy�j 
 ��

To determine the relevant linear stability region

RA
def
� f"� � j
�"��j 	 �g

it su�ces for us to compute its boundary� where j
�"��j � �� which turns out to be the union

of a few curves�

��	�� Linear Stability Regions for Some Palindromic Schemes

With the de�nitions proposed above� we are now able to compute linear stability

regions for our palindromic schemes� A common feature of those regions for orders higher

than � is that they all have hole�s� in the left half plane� which signals that higher order

palindromic schemes may be unsuitable for very sti� systems�

The stability region for s�odr	 is shown in Figure ���� The regions for s�odr	

and s�odr	a are similar� The hole for the optimal �	Stage Palindromic Scheme s�odr	 of

Order 
 appears substantially smaller and farther to the left than the hole for the embedded



��

−1 −0.5 0 0.5 1
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

x

y

−1.3 −1.28 −1.26 −1.24 −1.22 −1.2 −1.18 −1.16 −1.14 −1.12 −1.1
−0.05

−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

x

y

Figure ���� Shaded area on the left is the linear stability region for s�odr	� It has two
components� one is the whole left half plane minus a hole� and the other is the re
ection of
the hole with respect to the y	axis� The hole is shown enlarged on the right�

�	Stage Palindromic Schemes s�odr	a and s�odr	b of Order 
� and holes here are smaller

and farther to the left than the one in Figure ���� Thus the three �	Stage Palindromic

Schemes of Order 
 are less unstable than the �	Stage Palindromic Scheme of Order 
�

Figures ����� ����� and ���� show that the �	Stage Palindromic Scheme s�odr� of

Order � is substantially less stable than the two �	Stage Palindromic Schemes� s�odr�a

and s�odr�b� All the order � holes are substantially larger than the order 
 holes in

Figures ���#����

Figures ����� ���
� and ���� show that the ��	Stage Palindromic Scheme s��odr


of Order � is substantially less stable than the two ��	Stage Palindromic Schemes� s��odr
a

and s��odr
b� All the three order � schemes here are �less stable� than the lower order

schemes previously discussed except for s�odr�� which is worst of all�
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ection of the hole with respect to the y	axis� The hole is shown enlarged on the right�
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Figure ����� Shaded area on the top is the linear stability region for s��odr
� It has four
components� one is the whole left half plane minus three holes� and the others are the
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Figure ���
� Shaded area on the top is the linear stability region for s��odr
a� It has
three components� one is the whole left half plane minus two holes� and the others are the
re
ections of the two holes with respect to the y	axis� The holes are shown enlarged on the
bottom�
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Figure ����� Shaded area on the top is the linear stability region for s��odr
b� It has
three components� one is the whole left half plane minus two holes� and the others are the
re
ections of the two holes with respect to the y	axis� The holes are shown enlarged on the
bottom� Figure ���
 and igure ���� are fairly close�
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Figure ����� Shaded area on the top is the linear stability region for s��odr��a� It has
six components� one is the whole left half plane minus �ve holes� and the others are the
re
ections of the �ve holes with respect to the y	axis� The holes are shown enlarged on the
bottom� The hole to the farthest left is left out on purpose on the top so that the other
four holes can be spotted relatively easily�
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Figure ����� Shaded area on the top is the linear stability region for s��odr��a� It has
seven components� one is the whole left half plane minus six holes� and the others are the
re
ections of the six holes with respect to the y	axis� The holes are shown enlarged on the
bottom� The hole furthest to the left is left out on the top�
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Figure ����� Shaded area on the top is the linear stability region for s��odr��b� It has
seven components� one is the whole left half plane minus six holes� and the others are the
re
ections of the six holes with respect to the y	axis� The holes are shown enlarged on the
bottom� The hole furthest to the left is left out on the top�



���

−6 −4 −2 0 2 4 6
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

x

y

−11.5937 −11.5937 −11.5937
−5

0

5
x 10

−6

x

y

−7.5 −7.45 −7.4
−0.05

0

0.05

x

y

−6.6 −6.4 −6.2
−0.2

−0.1

0

0.1

0.2

x

y

−3.8 −3.6 −3.4
−0.1

−0.05

0

0.05

0.1

x

y

−2.9 −2.8 −2.7
−0.05

0

0.05

x

y

−2.46 −2.44 −2.42
−0.02

−0.01

0

0.01

0.02

x

y

Figure ����� Shaded area on the top is the linear stability region for s��odr��c� It has
seven components� one is the whole left half plane minus six holes� and the others are the
re
ections of the six holes with respect to the y	axis� The holes are shown enlarged on the
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��	�� Comments on Holes in the Left Half Plane

The existence of holes in the left half plane for those linear stability regions is a

warning signal� it implies that unstable numerical results may be gotten for stable systems

of ordinary di�erential equations when unfortunate step	sizes are chosen� The holes are

closely related to the poles of the function 
�"�� de�ned in ������� there must be holes in the

left half plane as long as there are negative �j �s which produce poles in the left half plane

for 
�"��� In the case of the implicit mid	point rule applied to the equation y� � 
y� the

poles actually corresponds to critical step	sizes � for which the implicit mid	point rule fails

to have a �nite solution�

As we know there is no need to design unconventional schemes to solve the simplest

ordinary di�erential equations y� � 
y� but can similar things happen to unconventional

schemes on other occasions We shall examine unconventional treatments of a linear system

of ordinary di�erential equations to explore the question� Consider the following linear

system of ordinary di�erential equations

y� � Ay ������

where A is a square matrix� Suppose now A splits into the sum of two matrices L and

U � A � L � U � �For example take L to be lower triangular� and U upper triangular�� A

re
exive updating formula Y � Q���y� can be constructed as follows�

"Y � y � ������L "Y� Uy� and Y� "Y � ������L "Y� UY�

which yields

Y � Q���y� � �I � �

�
U����I �

�

�
L��I � �

�
L����I �

�

�
U�y� ������

Y computed from this updating formula may �explode� whenever I� �
�U or I� �

�L becomes

singular for some step	size �� The updating formula ������ is unlikely to be used in actual

computations unless L is lower triangular and U upper triangular� in which case either

I� �
�U or I� �

�L or both may be singular for some �
 	 � 	
 unless A has zero diagonal

entries and so do L and U �

Therefore updating formula ������ is safe for all step	sizes only when both L and

U are nilpotent�� and thus I � �
�U and I� �

�L are always invertible� Generally it is possible

�A square matrix M is nilpotent if Mk � 	 for some k� A nilpotent matrix have only zero eigenvalues�



���

for a square matrix A to be decomposed into the sum of two nipotent matrices only if its

trace of A is zero� Then we �nd ���

Proposition ��
�� Any square matrix A can be decomposed as A � �I � L � U 
 where

both L and U are nilpotent
 � � trace�A��n
 and n is the dimension of A�

Proof	 B � A � �I has zero trace� It is a known fact that a matrix of zero trace can

be decomposed as the sum of two nilpotent matrices� �Unfortunately I do not know its

provenance at this moment�� A proof of this fact goes as follows� It su�ces for us to �nd a

unitary matrix Q such that Q�AQ has zero diagonal entries� To this end� we carry out a key

step of introducing a zero in the �rst diagonal element of A by a unitary transformation�

and then mathematical induction can be applied to the rest of A to complete the proof�

Since trace�B� � �� the origin must be in the �eld of values of B� �For the de�nition of the

�eld of value and its properties see ������ Hence there is a vector q of unit length such that

q�Bq � �� Now extend q to an orthonormal basis of the whole unitary space upon which B

acts� and let Q be the unitary matrix whose �rst column is q and whose other columns are

the rest of the chosen orthonormal basis� It is easy to verify that the ����� entry of Q�BQ

is q�Bq � �� Therefore the asserted decomposition is feasible� though this proof may not

be the best way to accomplish it�

Now let us split the matrix A as the proposition suggests� A � �I �L�U � where

L and U are nilpotent� Before starting to solve the system ������ we substitute y � e�tz to

transform that system into

z� � �L� U�z

with both L and U nilpotent� Now a re
exive updating formula like ������ can be con	

structed for z� because both L and U are nilpotent� the constructed formula will not risk

�explosion�� When transformed back to the original variable y� the updating formula be	

comes

Y � Q���y� � e���I � �

�
U����I �

�

�
L��I � �

�
L����I �

�

�
U�y

still re
exive� and therefore eligible to be composed to achieve higher order� This method

is an example of time compression of a kind advocated by Kahan ����� but its practicality

and stability remain to be investigated�
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��� Numerical Test	 the Korteweg�de Vries 
KdV� Equa�

tion

We are interested in integrating systems of ordinary di�erential equations arising

from the spatial discretizations of the well	known Korteweg	de Vries �KdV� Equation with

smooth solutions� Two types of spatial discretization will be considered�

�� Finite di�erences or �nite elments� For the purpose of illustration of our idea only�

we consider here the space discretization suggested by Sanz	Serna and Christie �����

�� Pseudospectral Methods�

Two kinds of re
exive formulas will be compared to see how well they solve the discretized

equations� One family comes from our own methods in Chapter � for quadratic di�erential

equations� the other comes from the implicit mid	point rule explored by de Frutos amd

Sanz	Serna ����� They explained brie
y why fourth	order explicit Runge	Kutta methods

and the popular backward di�erentiation formulas may be unsuitable for wave problems

like the KdV equation�

The KdV equation was �rst proposed in Korteweg and deVries ���� ����� to de	

scribe long waves in water of relatively shallow depth �see also Whitham ������� It takes

the form

ut � �uux � uxxx � �� ���
��

where u � u�x� t�� and subscripts �x and �t denote partial derivatives� Later it was discovered

that the equation arises in a number of other physical phenomena� e�g�� ion	acoustic waves

in plasma physics� anharmonic lattices� longitudinal dispersive waves in elastic rods� and

pressure waves in liquid gas bubble mixtures� The literature on the KdV equation is vast�

Lax ���� and Miura ���� are two good places to start�

The KdV equation on the in�nite interval �
 	 x 	 �
 possesses a family of

one	soliton solutions�

u�x� t� � �k� sech��kx� 
k�t� ��

for constants k and � �see Taha and Ablowitz ���
��� We have chosen a solution with k � �

and � � ��

u�x� t� � � sech��x� 
t� for �
 	 x 	 �
� ���
��



���

It has peak amplitude � and velocity 
� It was the most di�cult one	soliton solution

considered in Nouri and Sloan ���� which compared pseudospectral methods for the KdV

equation� It also was adopted as a test example in ����� Since this u�x� t� approaches

zero exponentially as jxj increases� practical purposes are served by limiting x to the space

interval � � ��� � x � �� � � and time interval � � t � �� we set u 
 � for x 	 � or

x � � as did in ���� and �����

����� Finite Element Spatial Discretization

Sanz	Serna and Christie ���� proposed a fourth	order modi�ed Galerkin space dis	

cretization� Partition the interval ��� �� uniformly by grid points

xj � � � jh� for j � �� �� � � � � N� ���
��

where h � ������N and N is a positive integer� and let vj�t� be approximations to u�xj � t��

Then vj�t� satis�es the system of ordinary di�erential equations

�

���
$vj�� �

��

���
$vj�� �

��

���
$vj �

��

���
$vj�� �

�

���
$vj�� ���
��

� �

�h
v�j�� �

��

�h
v�j�� �

��

�h
v�j�� �

�

�h
v�j��

� �

�h�
vj�� �

�

�h�
vj�� � �

�h�
vj�� �

�

�h�
vj�� � ��

for j � �� �� � � � � N � It is assumed that v�� 
 v�� 
 vN�� 
 vN�� 
 �� Compactly� this

system can be written as

M
dv

dt
� f�v��

where M is a �N � ��� �N � �� positive de�nite matrix� v�t� is the �N � ��	dimensional

vector	valued function whose jth entry is vj���t�� and f�v� is a vector	valued function of v�

Since f�v� turns out to be at most quadratic in v� it admits a symmetric splitting to get

a �nd order re
exive updating formula �see Chapter �� for numerically solving the system

���
��� Given the approximation v to v�t�� an approximation V to v�t��� can be obtained

by solving the linear system �
M � �

�
J�v�

�
�V� v� � �f�v�� ���

�

where J�v� is the Jacobian matrix of f��� evaluated at v� Notice that this linear system is

easy to solve because its coe�cient matrix is pentadiagonal� The method has an advantage



���

over the implicit mid	point rule used in ���� in that there is no system of nonlinear equations

to be solved at each time step� and no loss of numerical accuracy� as shall be clear soon�

Because it is obtained via splitting f��� symmetrically� ���

� is re
exive and of �nd order

and can be composed or extrapolated to get higher order schemes� There is a limit to the

orders worth considering because no reason exists to solve the system ���
�� much more

accurately than is compatible with the error of the 
th order spatial discretization�

In what follows� we set h � ��� as in ���� in order to compare our results with

those reported therein� and this results in a 
��	dimensional system of ordinary di�erential

equations ���
��� With this meshsize� the maximum norm error at the �nal time t � � in

the solution to ���
�� as an approximation to u�x� �� in ���
�� has order of magnitude about

�����

In the following table� �Errors� refer to maximum norm errors at t � � of the

numerical solutions as an approximation to u�x� ��� Such �Errors� may not re
ect the

distances to the true solution of the discretized ordinary di�erential equations ���
��� espe	

cially when �Errors� have order of magnitude about ����� We shall return to this later� The

numbers related to the implicit mid	point rule were copied from de Frutos and Sanz	Serna

����� The �Extrapolation� column contains errors for solutions obtained as follows� for each

�� run the �nd order method ���

� with step	size � �rst and then run it with step	size ���

and �nally extrapolate the two solutions to 
th order� de Frutos and Sanz	Serna ���� did

not test s�odr	� they might not have been aware of it at that time� We do not include

numerical results for the very small step	sizes � included in ���� for two reasons�

�� At very small step	sizes little di�erence in cost between solving a nonlinear system

and a linear system� They both take one iteration�

�� When step	sizes are su�ciently small� high order explicit schemes might do better�

Table I� Errors

No� of Mid�Point s�odr	 ���� Scheme s�odr	 s�odr	 Extra	
� steps ���� by mid�point ���

� by ���

� by ���

� polation

�e�� 
� ���e�� ���e�� ���e�� ���e�� ���e��

���e�� �� ���e�� ���e�� 	��e�� ���e�� ���e�� 	�
e�	

����e�� ��� ���e�� ��	e�� ���e�� ���e�� ��	e��

����e�� ��� ���e�� ���e��

A primitive implementation of ���

� factorizes its coe�cient matrix at every step� Better

implementations are conceivable� In any event� even with this primitive implementation�
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Figure ����� Distances to u�x� �� in ���
�� versus Costs for solving the KdV equation�

this new method clearly beats schemes based on the implicit mid	point rule that was used

in ���� since they did one matrix factorization for every step�

Table I also shows that s�odr	 is substantially more accurate than s�odr	 at the

same step	size though both are of order 
� Apparently the two extra stages in s�odr	

allow it to take larger steps than s�odr	� To get the error below ����� s�odr	 calls upon

���

� 
�� times� s�odr	 only 
�� times� which takes about ��% less time� To compare the

e�ectiveness of the schemes� we plot their errors versus e�ort in Figure ����� Arithmetic

operations called �ops are counted as follows� The coe�cient matrices here are pentadiag	

onal� LU decomposition
 of a pentadiagonal matrix with dimension n costs about ��n 
ops

�A �op is de�ned to be the amount of work of a �oating point operation ���
 p���
� One addition or
multiplication of two real numbers is counted as � �op� a division is counted as � �ops �it takes about that
long on most commercially signi�cant machines�� We consulted ���
 pp���	����
 for �op counts� It turns
out the �op counts given there are not good enough for our application since matrices here have extremely
narrow band width� Our calculation here is based on� LU decomposition for a banded matrix of dimension
n and with upper bandwidth q and lower bandwidth p costs about p��q � ��n �ops �see Algorithm �����
in ���
 pp���	
�� then Band Forward Substitution �column version� costs about �pn �ops
 and Band Back�
Substitution �column version� costs about ��q � ��n �ops �see Algorithm ����� and Algorithm ����� in ���

pp���	
��
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and solving a linear system after decomposition costs ��n 
ops� each f evaluation costs

��n and each coe�cient matrix evaluation ��n� With those in mind� together with the

information in ���� Table I�� distances to u�x� �� in ���
�� versus numbers of �ops is plotted

in Figure ����� where anything related to mid�point is from de Frutos and Sanz	Serna �����

Roughly speaking� for the step	sizes considered� to get about the same accuracy� our method

���

� is about ��� times faster than the implicit mid	point rule� s�odr	 based on ���

�

is roughly ��� to ��� times faster than s�odr	 based on the implicit mid	point rule� The

speed di�erence diminishes as step	sizes get smaller because the nonlinear systems involved

in the implicit mid	point rule require fewer iterations to solve� On the other hand� the

extrapolation method may be one of the most e�cient ways to go�

As we remarked� comparing numerical solutions of ���
�� against the true solution

u�x� t� of the KdV equation may lead us to misinterpret the e�ectiveness of each scheme

because the error introduced by spatial discretization swoops the errors su�ered by the

higher order schemes when they solve the discretized system ���
��� To overcome this� we



���

have computed an �exact� solution to the system ���
�� by using a step	size so small that

the �exact� solution comes within at worst about ���� of the true solution to ���
��� With

this� we are able to plot Figure ����� �Schemes based on the implicit mid	point rule are

not included�� Figure ���� shows clearly that the extrapolation method is very competitive

for this problem� s�odr	 is less e�cient than extrapolation at the beginning and then gets

better as step	sizes diminish�

����� Discretization by the Pseudospectral Method

The pseudospectral method is an alternative to �nite di�erences and �nite ele	

ments for certain classes of partial di�erential equations� Its applicability is restricted in

comparison to �nite di�erences or �nite elements� but it works much better when it works�

Kreiss and Oliger ��
� ����� �rst introduced the pseudospectral method for hyperbolic equa	

tions� Early development of its basic theory can be found in Orszag ���� ������ Fornberg ����

������ Gottlieb and Orszag ���� ������ and more recently Gottlieb and Turkel �
�� ������

Tadmor ����� ������ and Fornberg ���� ������

Let�s brie
y describe the pseudospectral method� The basic idea is to interpolate

a periodic function g�x� by trignometric functions� Here is one way to do it� Suppose g�x�

is periodic on the interval ��� ��� so g��� � g���� Let N be a positive integer� and let

xj � � � j�� � ���N for j � �� �� � � � � N � Then the discrete Fourier transformation of the

sequence of values g�xj� is given by a sequence

"g�p� �
N��X
j��

g�xj�e
���ijp�N for �N�� � p 	 N��� �i �

p��� ���
��

Accordingly� the inverse discrete Fourier transformation recovers g�xj��

g�xj� �
�

N

N����X
p��N��

"g�p�e��ip	xj�a
�	���
 for j � �� �� � � � � N� ���
��

For this reason� the trigonometric interpolation PNg is then given by

PNg�x� �
�

N

N����X
p��N��

"g�p�e��ip	x��
�	���


�
�

N

N��X
j��

g�xj�
N����X
p��N��

e��ip�	x��
�	���
�j�N �� ���
��



���

It is easy to see that PNg�xj� � g�xj�� The derivatives of g�x� can be approximated by the

derivatives of PNg�x��

�PNg�
	�
�xj� �

�

N

N��X
j��

g�xj�
N����X
p��N��

�
��ip

� � �

��
e��ip�	xj��
�	���
�j�N �� ���
��

�
�

N

N����X
p��N��

e��ip	xj��
�	���

�

��ip

� � �

�� N��X
j��

g�xj�e
���ijp�N �

Set � � e���i�N and de�ne anN�N matrix F whose �k� �� entry is �	k�N����
�	���
�

Denote g � �g�x��� g�x��� � � � � g�xN����T and "g � �"g��N���� "g��N������ � � � � "g�N������T �

Equations ���
�� and ���
�� read as�

"g � Fg and g � F��"g�

and the derivative vector �g	�
�x��� g	�
�x��� � � � � g	�
�xN����T is approximated by �see ���
���

F��&�Fg�

where & � diag
�
� ��i

���
N
� �� ��i

���
�
N
� � �

�
� � � � ���� �� �� � � � � ��i

���
�
N
� � �

��
�

Let�s go back to the KdV equation� For the case we mentioned above� � � �L�
� � L and L � ��� Although the functions involved are not really periodic� they can be

approximated this way� Again� we work with the spatial grid fxjg as de�ned by ���
��� but

now v��t� 
 vN�t�� Now the vector	valued function v�t� is of length N � rather than N � �

as in the previous investigation� The spatial discretization by the pseudospectral method

can be written as
dv

dt
� �F��&F

�

�
v� � F��&�Fv � �� ���
��

where v� should be interpreted entry	wise� This form again enables us to derive a re
exive

method with no systems of nonlinear equations involved�see Chapter ��� Given the ap	

proximation v to v�t�� an approximation V to v�t� �� can be obtained by solving a linear

system� �
I � �

�
J�v�

�
�V� v� � �f�v� ������

where f�v� � ���F��&F �
�v

��F��&�Fv�� and J�v� is the Jacobian matrix of f��� evaluated
at v�

J�v� � ��F��&F diag�v�� F��&�F�

	The matrix�vector product Fg can be realized via a Fast Fourier Transformation �FFT� and the product
F���g via Inverse Fast Fourier Transformation �IFFT�� In the language of MATLAB
 they can be realized
by fftshift�fft�g�� and ifft�fftshift��g��
 respectively�



���

Unfortunately� it is a full matrix� as is the coe�cient matrix in ������� Premultiplying the

two sides of ������ by F yields�
F � ��&Fdiag�v� � �

�

�
&�F

�
�V� v� � ����&Fv� �&�Fv�� ������

Applying a direct solver requires work O�N�� at each time step� which is too expensive�

but because of its special form I believe there should be iterative methods which solve this

linear system cheaply� Two particularly simple	minded iteration methods can be obtained

from the following rearrangements��
I � �

�

�
&�
�
F �V � v� � ���&Fdiag�v�F��F �V� v�� ���&Fv� � &�Fv�� ������

and�
I � ��&� � �

�

�
&�
�
F �V� v� � ���&F �diag�v�� �I�F��F �V�v�� ���&Fv��&�Fv��

������

where � is the average of the entries of v� �Notice that the diagonal entries of Fdiag�v�F��

are equal to ��� How to solve the linear system ������ is of independent interest� Later� we

will present an implementation using GMRES �see Saad and Schultz ������

De Frutos and Sanz	Serna ���� proposed the implicit mid	point rule to solve the

system ���
��� solving a system of nonlinear equations at each time step� Unfortunately� the

Jacobian matrix associated with the system is full so� instead of Newton iteration� de Frutos

and Sanz	Serna designed a functional iteration which requires about one pair of FFT�IFFT

per iteration�

Our later implementation of GMRES shows our updating formula is cheaper for

� not too small� When � gets very small GMRES provides little help� because simple

iterations based on either rearrangement ������ or ������ are then good enough for quick

convergence�

����� Numerical Results with GMRES

Let us brie
y review GMRES� which stands for generalized minimal residual algo�

rithms� for solving nonsymmetric linear systems� In particular� we are interested in using

GMRES�m� with no restart to solve a linear system Ax � b�

Algorithm GMRES�m��



���

�� Choose an initial guess x�� compute r� � b�Ax�� � � kr�k�� and q� � r����

�� For j � �� �� � � � � m do�

"qj�� � Aqj �

For i � �� �� � � � � j do�

hij � q�i "qj��� "qj�� � "qj�� � hijqi�

enddo�

hj�� j � k"qj��k�� qj�� � "qj���hj�� j �

enddo�

�� Solve for ym which minimize k�e� �Hmyk�� where Hm � �hij� is �m� ���m�


� Take xm � x� � Qmym as an approximation to the solution to the system Ax � b�

where Qm � �q��q�� � � � �qm��

GMRES�m� ���� in its most general form has a Restart mechanism� namely after Step 


residual rm � b�Axm is computed and checked� if a prescribed tolerance is satis�ed then

stop� else set x� � xm and q� � rm�krmk� and go back to Step �� In our case� this Restart

mechanism will not be considered�

Let us now explain two improvements to GMRES�m� in our particular case� �It

may apply to some other cases as well�� Notice that GMRES�m� requires m � � matrix	

vector multiplications� and the last matrix	vector multiplication to get "qm�� is not fully

used in the sense that only hm��m is incorporated to get ym� It follows from Step 
 that

Axm � Ax� � VQmym � Ax� �Qm��Hmym�

Subtracting b from these equations gives

rm � r� � Qm��Hmym� ����
�

Computing rm this way costs about �m����m�N��m�����N � ��m����N��m�m���


ops��� On the other hand� the cost of computing directly rm � b � Axm depends on

that of computing Axm� Before we count the number of 
ops for doing a matrix	vector

multiplication� let�s reformulate the system ������ into the form that we will actually use in

our implementation� Set

D� �

�
I � �

�

�
&�
���

��&� D� �

�
I � �

�

�
&�
���

�&��

�
One multiplication of two complex numbers takes � �ops
 and addition�subtraction � �ops�
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D� and D� should be computed prior to entering GMRES�m�� Then the system takes the

form

�I �'�x � b� ������

where b � �D�Fv
� � D�Fv is precomputed� and ' � D�Fdiag�v�F�� is kept in this

factored form� and x � F �V � v� is to be found� Counting as Demmel ���� did� we

�nd FFT in complex arithmetic costs about �N log�N and IFFT costs �N more� So

a matrix	vector multiplication in our case costs � � �N log�N � �N � � � �N � �N �

��N � ��N log�N 
ops� therefore the straightforward way of computing a residual in our

case costs ��N � ��N log�N � The 
op ratio

��N � ��N log�N

��m� ���N � �m�m� ��

is plotted for N � ��� and N � ��� with m running from � to �� in Figure ����� The

picture shows that it is worthwhile to use ����
� for m � � when N � ��� and for m � ��

when N � ���� In our tests� m does satisfy these bounds�

Our second improvement to GMRES is again to utilize the last q	vector qm�� to

improve xm� The idea is that simple iterations based on either ������ or ������ will improve

a given approximation for reasonable �� and it turns out for step	sizes we are interested

in these simple iterations will reduce residuals by at least about ��� and much more when

step	size gets smaller� We observed that ������ is a little bit better than ������� So what we



��


do is� separate the diagonal and o�	diagonal entries of I�' as I�' � D�B� it can be seen

that D � I��D�� where � is the average of the entries of v� rewrite the equation ������ into

Dx � �Bx � b� de�ne new improved approximation xnew by xnew � xm � �I � �D��
��rm

since

Dxnew � �Bxm � b� D�xnew � xm� � b� �D� B�xm � rm�

Lastly� we point out our initial guess x� to the system ������ is gotten either by

quadratic interpolations or by the Leap	Frog	like method��� depending on which is more

convenient to invoke at various points in the program� Both guesses provide approximations

with errors of order O����� �It is conceivable that with quadratic interpolations both x� and

F��x� could be available without doing any FFT�IFFT and thus the �rst residual vector

could be computed using one IFFT in addition to some O�N� 
ops��

Roughly speaking� using GMRES�m� to solve the system ������ costs about m��

pairs of FFT�IFFT operations� As we just commented� if quadratic interpolations were

always used for initial guesses� cost may be reduced tom���� pairs of FFT�IFFToperations�

This shall be done in some future implementation� For the moment� we count costs as m��

pairs of FFT�IFFT operations for using GMRES�m� to solve the system �������

Tables III and IV list our numerical results� The residual columns refer to the

maximums among all �	norms of residuals for xnew for all linear systems involved in a

particular scheme� The values m are for GMRES�m��

Table IV� Errors for N � ���

No� of Scheme ������ s�odr	 by ������ s�odr	 by ������
� steps Error m Residual Error m Residual Error m Residual

���e�� ��� �e�� � 	e�	 �e�	 
 
e�� �e�� � �e��


��e�� ��� �e�� � �e�� 
e�� � �e�� �e�� � �e��

	��e�� ��� �e�� � 	e�� �e�� � 	e��

���e�� ���� �e�	 � �e�� �e��

���e�� ���� 
e�� � �e��

��The Leap�Frog method for the system of ordinary di�erential equations y� � f�y� is

yn�� � yn�� � ��f�yn�� ������

where yn � y�t
�n��
 the true solution at time tn � t
�n�� In the case when step�size varies
 i�e�
 tn���tn
depends on n
 one can construct the following second order scheme�

�yn�� � �� � ����yn � �����yn�� � �tn�� � tn���f�yn�� ������

where � � �tn � tn�����tn�� � tn�� In the constant step�size case
 � � � and thus ������ degenerates to
�������
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Table V� Errors for N � ���

No� of Scheme ������ s�odr	 by ������ s�odr	 by ������
� steps Error m Residual Error m Residual Error m Residual

���e�� ��� �e�� � �e��	 �e��	 
 �e��� �e��� � 	e���


��e�� ��� �e�� � �e��� �e��� 
 �e��� 	e��� � �e��


	��e�� ��� �e�� � �e��� �e��� � �e��
 �e��
 � �e���

���e�� ���� �e�	 � �e��� 
e��
 � �e��� �e��� � �e���

���e�� ���� 
e�� � �e��� �e��� � �e��� �e��� � �e���

���e�	 
��� �e�� � 
e��� 	e��� � �e���

���e�	 ���� �e�� � �e��� �e��� � �e���

Figure ���
 plots distances to u�x� �� in ���
�� versus costs in the numbers of pairs of

FFT�IFFT operations for the case N � ���� Information regarding the implicit mid	point

rule is taken from ���� Table II�� Schemes based on the newly proposed method are more

e�cient than schemes based on the implicit mid	point rule at larger step	sizes and gradually

the speed di�erence diminishes as step	sizes decrease� Our second order scheme starts by

almost twice as fast as the implicit mid	point rule and then goes at about the same speed

as step	sizes get smaller� Our s�odr	 is ��� to ��� times faster than s�odr	 based on the

implicit mid	point rule� Figure ���� plots distances to u�x� �� in ���
�� versus costs in the

numbers of pairs of FFT�IFFT operations for the case N � ���� Information regarding the

implicit mid	point rule is taken from ���� Table III�� Again� schemes based on the newly

proposed method are more e�cient than schemes based on the implicit mid	point rule at

larger step	sizes� Our schemes become less favorable choices at smaller step	sizes� This is no

surprise and due entirely to the fact that we still use GMRES� which becomes less e�cient

than simple functional iterations as step	sizes get much smaller� For � � ���e� � cand

� � ���e� �� our second order scheme is about ��� times faster than the implicit mid	point

rule� Our s�odr	 is from � to ��� times faster than s�odr	 based on the implicit mid	point

rule for the �rst three ��s in Table V� Our s�odr	 seems to be the only favorable choice for

� � ���e� �� For other ��s� our current implementation with GMRES does not do well for

reasons adduced above�

��� Numerical Test	 the H
enon�Heiles System

The H(enon	Heiles System �
�� ���
� is one of the most popular Hamiltonian sys	

tems that have been used to show the advantages of Symplectic Integrators over standard

conventional integrators like the classical Runge�Kutta method of order 
 ����� ����� The
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Hamiltonian function associated with the system is

H�p�q� �
�

�
�p�� � p�� � q�� � q��� � q��q� �

�

�
q�� ������

which gives rise the following Hamiltonian system known as the H�enon�Heiles System

$p� � � 	H
	q�

� �q��� � �q���

$p� � � 	H
	q�

� �q�� � q���� q���

$q� � � 	H
	p�

� p��

$q� � � 	H
	p�

� p��

������

It is found �
�� that this system is nearly integrable�� at low energy� i�e�� for small H �

��
�� Two Re�exive Schemes

The right	hand sides of the equation ������ are at most quadratic in �p�� p�� q�� q���

So a readily available �nd order re
exive formula is through symmetric splitting

P� � p�
�

� �Q� � q�
�

�Q�q� � q�Q��

P� � p�
�

� �Q�q� � Q� � q�
�

�Q�q��

Q� � q�
�

�
P� � p�

�
�

Q� � q�
�

�
P� � p�

�
�

where �p�� p�� q�� q�� stands for the values of the solution to the system ������ at time t�

while �P�� P�� Q�� Q�� approximates the solution at time t � �� The new approximation

�P�� P�� Q�� Q�� can be obtained by solving a linear system �see Chapter ���	





�I �
�

�

�BBBBBB

� � �� � �q� ��q�

� � ��q� �� � �q�

� � � �

� � � �

�CCCCCCA

��������

�BBBBBB

P� � p�

P� � p�

Q� � q�

Q� � q�

�CCCCCCA � �

�BBBBBB

�q��� � �q��

�q�� � q���� q��

p�

p�

�CCCCCCA �

������

The inverse of the coe�cient matrix in this linear equation can actually be calculated easily

by noticing that�
 I � �
�B

� �
�I I

�A �

�
 I �

� �
�I I

�A�
 I �

� I � ��

� B

�A�
 I � �
�B

� I

�A
��A Hamiltonian system with �m unknown is said integrable if there are m independent �rst integrals ��
�



���

and thus �
 I � �
�B

� �
�I I

�A��

�

�
 I �
�B

� I

�A�
 I �

�
�
I � ��

� B
���

�A�
 I �

�
�I I

�A �

So equation ������ can be solved much more cheaply than by simply calling a general linear

equation solver like xGESV in LAPACK ����

On the other hand� the Hamiltonian function ������ is separable in terms of p	

variables and q	variables� so its corresponding system ������ admits a natural partitioning

into two subsystems�

Subsystem I �with qi �xed� � $pi � ��H
�qi

�

Subsystem II �with pi �xed� � $qi � �
�H

�pi
�

What�s so remarkable is that each subsystem can be solved exactly by the Forward Euler

method) This invites us to design another �nd order re
exive method in the following way�

�� Hold pi constant� and integrate Subsystem II from t to t � ��� to get eQ� and eQ��

�� Hold qi constant as eQi� and integrate Subsystem I from t to t � � to get P� and P��

and lastly

�� Hold pi constant as Pi� and integrate Subsystem II from t � ��� to t � � to get Q�

and Q��

To be speci�c� the formula for such an advancement is

eQ� � q� � �����p�� eQ� � q� � �����p��

P� � p� � � eQ��� � � eQ��� P� � p� � �� eQ�
� �

eQ���� eQ����

Q� � eQ� � �����P�� Q� � eQ� � �����P��

������

By the way it is constructed� method ������ is a �nd order re
exive symplectic method�

while method ������ is not symplectic� In terms of arithmetic operation counts� method

������ needs about ��� times as many as that for method ������� What is so remarkable is

that although ������ is not symplectic� it demonstrates remarkably the ability to curb error

growth in H during long time integration� �Notice that H is conserved for true solutions��

It performs at least as well as� if not better than� the symplectic method ������� in terms of

stability and accuracy� In fact� the semi	implicitness of ������ makes it less likely to over
ow

when ������ does for larger H like ����� or bigger
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Both ������ and ������ are re
exive� and therefore arbitrarily higher order schemes

can be constructed from them� For the H(enon	Heiles system the schemes s�odr�a and

s�odr�b perform roughly the same� so do s��odr
a and s��odr
b� and so do s��odr��b

and s��odr��c� Thus numerical results for s�odr�b� s��odr
b� and s��odr��c will not be

displayed�

It is argued numerically by Calvo and Sanz	Serna ���� and theoretically by Skeel

and Gear ���� that simple	minded variable step	size implementation of a symplectic method

destroys symplecticity� and therefore e�ciency may be lost� Our tests below adopt �xed

step	sizes�

While many tests were run� for the sake of brevity results for two di�erent sets

of initial conditions will be presented in such a way� trajectories were visualized using

Poincar(e�s surface	of	section technique!the coordinate �p�� q�� were plotted in the plane

whenever the trajectory crossed the hyperplane q� � �� �Notice that p� is not independent

as it can be determined from the other three coordinates and the energy��

Also tested is the classical Runge	Kutta method of order 
�

��
�� Numerical Results from Symmetrical Splitting� Partitioning and

the Classical Runge
Kutta Method of Order �

In this section we are going to compare Poincar(e sections of the trajectories for

the H(enon	Heiles System computed by three di�erent kinds of methods� Every method

will be run for two di�erent sets of initial values and care has been taken to make sure

that for each set of initial values every method performs roughly the same amount of work�

Methods that will be compared are palindromic schemes based on symmetrical splitting

method ������� palindromic schemes based on partitioning method ������� and the Classical

Runge	Kutta Method of Order 
� The Classical Runge	Kutta Methods of Order 
 refers to

the following method for a system of ODEs y� � f�y�� Given the approximation y at time

t� the approximation Y at time t� � is computed as follows�

k� � f�y�� k� � f

�
y �

�

�
k�

�
� k� � f

�
y �

�

�
k�

�
� k� � f �y� �k�� � ������

and the approximation Y is given by

Y � y�
�

�
�k� � �k� � �k� � k��� ������



���

In scaling work by this Runge	Kutta method� we roughly treat work per step by ������ and

������ is the same as what is needed by our s�odr	 per step�

For high accuracy computation� roundo� errors may dominate truncation errors�

To suppress rounding errors� compensated summation technique is used in our code� This

technique turns out to be crucial in order to get the errors in energies reported in Figures ����

and ���� for orders � and �� schemes� This technique was invented by Kahan �
�� in �����

It may be vulnerable to some compiler�s optimization option�

Let us brie
y describe what we did with compensated summation technique in our

code� �For more discussion of compensated summation� see Kahan ���� and Higham �
����

Notice that the idea of the technique is to represent a number by two double precision


oating point numbers such that the number is correctly represented to roughly �� decimal

digits� Take p� for an example� We represent p� by �ph��pl��� As time advances from t

to t � �� p� is advanced to P� and the di�erence P� � p� �not P� itself� is computed� Let

the computed di�erence be dp�� Then P� is represented in machine by

Ph� � �dp�� pl�� � ph� and Pl� � ��ph�� Ph�� � dp�� � pl��

Parentheses here must be fully respected� Therefore some compiler�s optimization option

can not be used� One example is IBM FORTRAN with option �O��

��
�� Comments and Conclusions

Several conclusions may be drawn from numerical experiments above�

�� Re
exive schemes based on either ������ or ������ exhibit excellent long time behavior

of integration for the H(enon	Heiles System over the classical Runge	Kutta method

of order 
� The latter clearly makes substantially more errors to energies than our

s�odr	� s�odr	� and s�odr	a for the same amount of work�

�� Schemes based on ������ are symplectic and symplectic methods are known to have

better long time behavior of integration� So Figures ����	���� are expected� What

is so surprising are Figures ����	���� which are gotten from non	symplectic schemes

based on ������� A relation between method ������ and the implicit mid	point rule

described in Proposition ����� may explain a little� but strictly it is not a satisfactory

explanation� A natural question one may ask is whether method ������ can be made

symplectic by some transformation�


