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Abstract

Raising the Orders of Unconventional Schemes for Ordinary Differential Equations
by

Ren-Cang Li
Doctor of Philosophy in Applied Mathematics

University of California at Berkeley

Professor William Kahan, Chair

Many models of physical and chemical processes give rise to ordinary differential equations
with special structural properties that go unexploited by general-purpose software designed
to solve numerically a wide range of differential equations. If those properties are to be
exploited fully for the sake of better numerical stability, accuracy and/or speed, the differ-
ential equations may have to be solved by unconventional methods. This thesis concerns
general ways to increase their efficiency.

Up to a point, the more efficient methods have higher orders. Higher order methods
tend to be complicated to design and expensive to implement. This thesis concentrates upon
a family of mostly unconventional methods, called reflexive, whose orders can be increased
in ways simple to implement but increasingly difficult to design.

We first discuss ways to construct reflexive updating formulas via either splitting
or partitioning. Special attention will be given to systems y’ = f(y) where f(y) is quadratic
in y, in which case an unconventional updating formula Q(6,g) which advances from g ~
y(t) to the next estimate Q(6,g) =~ y(t + #) can be constructed in such a way that Q is
computed numerically by solving a linear system once. Such systems arise in a variety of
applications. Also discussed is a time-compression technique invented by Kahan to suppress
these formulas’ tendencies towards overshoot when applied to the solution of stiff systems.

Reflexive updating formulas always have even orders, usually second order. This
thesis studies composition schemes and, briefly, an extrapolation technique for raising the
order of second order reflexive updating formulas. Palindromic schemes with orders as

high as 10 are constructed and tested. However numerical experiments and some heuristic



reasoning suggest that palindromic schemes of ever higher orders must run very soon into
a law of diminishing returns.

We also study other kinds of composition schemes for systems which partition in
an obvious way. The technique includes methods that have been studied extensively for
separable Hamiltonian systems over the past decade.

Numerical experiments conducted on four problems are reported here, but only
applications to the KdV equation and the Hénon-Heiles system are reported in detail.
Nluminated by these numerical experiments, the applicability and limitations of composition

schemes and the extrapolation technique are discussed.

Professor William Kahan
Dissertation Committee Chair



To my wife, Liting Chen
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Chapter 1

Introduction

1.1 Introduction

Modeling many problems in physics, chemistry, and engineering gives rise to sys-
tems of ordinary differential equations. Typically these systems take the form

d .
= —f(t,y), with ¥(0)=yo. (1.1)

The initial vector yo and the vector-valued function f(-) are given, and the function is
assumed as smooth as necessary. An interval 0 < ¢ < 7T is usually specified for the scalar
variable ¢, often identified with Time. The problem (1.1) is known as an Initial Value
Problem (IVP).

This thesis concerns ways to increase the efficiency of certain numerical methods
for solving initial value problems. Up to a point, the more eflicient methods have higher
orders. (This term order will be explained later.) Higher order methods tend to be com-
plicated to design and expensive to implement. This thesis concentrates upon a family
of unconventional methods, called reflexive, whose orders can be increased in ways sim-
ple to implement but increasingly difficult to design. Beyond a certain point, a kind of
law of diminishing returns sets in, and increases in order no longer imply increased effi-
ciency. What orders are worth implementing? To which initial value problems should these
unconventional methods be applied? Questions like those are addressed in this thesis.

In relatively few instances can analytical solutions be found for (1.1), and therefore
the only option for most IVPs is a numerical solution. A typical program to solve the initial

value problem is expected to generate a sequence of approximations yi,yz, -+, yn to y(¢)



at Sample-Times tg = 0 < t1 <ty < --- <ty = T. Numerical methods are classified into
two major categories—One-Step Methods and Multistep Methods according to how they use
past information. A numerical method is classified as a one-step method if the computation
of y,41 involves only the approximation y, to y(¢,), but not approximations at previous
sample times; it is a multistep method otherwise.

The simplest numerical methods are the Forward and Backward Euler methods,

and both happen to be one-step methods:

Forward Euler:  y,41 =y, + 0.f(t,,¥,),
Backward Euler: Yni1 = Yo+ 8uf (s Yni1),

where 0, = t,41 — t,, is the step-size at time ¢,,. The Forward Fuler method is an explicit
method in that y, 41 is readily obtainable explicitly from y,; the Backward Euler method
is implicit because the computation of y,; normally requires solving a nonlinear system
of equations unless the vector-valued function f(-) is extremely special.

Many conventional methods (linear multistep, Runge-Kutta methods) are in use.
To achieve generality, they have evolved into complicated programs thousands of lines long,
and have become highly refined and relatively efficient solvers of a wide range of differential
equations. Yet, because of their generality, conventional methods may do worse than what
we called unconventional methods which exploit what may be known a priori about the
initial value problem. In applications, differential systems often have some special structures
and properties. Such structures and properties, if known and incorporated, may improve
the efficiency of a numerical method greatly. Normally, constructing low order numerical
formulas that preserve the structure is often much easier than going directly for higher
order formulas that preserve the structure. These ad hoc formulas are often better than
conventional formulas in some respect, but may be inaccurate because of their low orders
of convergence. Composition Schemes and Fztrapolation Schemes are then particularly
helpful to obtain higher order methods while retaining the properties of simple lower order
updating formulas. An outstanding example is the development of composition schemes for
numerically integrating separable Hamiltonian systems in the past 10 years or so. We shall

return to them in §1.5.



1.2 The Autonomous Initial Value Problem (AIVP)

Any given initial value problem (1.1) can be rewritten in a way that suppresses all

explicit references to t as follows: Define new vectors

e t 7 de 1 ~ e 0
y def and ff and ¥ def ,
y f(tv Y) Yo

in terms of which the given initial value problem (1.1) now takes the form

dy <, . . - -
L =1), with 3(0) = Fo.

That form is called Autonomous, and it will be presumed from now on, unless otherwise

stated, in order to simplify the formulas that will arise.

1.3 Convergence of One-Step Methods

In principle, any one-step method for solving the initial value problem (1.1) yields
an updating formula Q(6,g) which advances g =~ y(7) to Q(#,g) =~ y(r + 6). Many
updating formulas are in use: from the simplest Forward and Backward Euler methods to
very complicated ones [10, 55, 42, 43]. The most commonly used one-step methods are
Runge-Kutta methods.

Any updating formula appropriate to problem (1.1) is intended to be iterated N

times thus:

y(T)~yn = Q(ON-1,Q(0N-2, Q(ON-3, ..., Q(01, Q(b0,¥0)) - - *)))-

For this numerical solution to make sense, it is natural to ask that this N-fold composition
of the updating formula yield a value converging to y(7') as max#,, — 0. It turns out that
n

convergence depends on the local error
Q(07 g) - (I)(Ov g)
where ®(6,y) is the solution operator defined by ®(0,g) def y(7 + 0) for the problem

dy i
%If(w with  y(7) =g.



The updating formula Q(#, g) is called consistent if the local error is at most o(6). It turns
out that convergence is guaranteed if the updating formula Q(6, g) is consistent. A one-step

method with updating formula Q(6,g) is of order p if the local error satisfies
Q(6,8) — ®(8,8) = O("*). (1.2)

This means that the Taylor series of the numerical updating formula in powers of 8 matches
that of the true solution ®(6,g) up to the term in 6 for all g. It is provable [42] that under
(1.2) the global error behaves like

y(T) = yx = O(max#?).

1.4 Reflexive Numerical Formulas

Let Q(6,g) be an updating formula for AIVP
d :
L =tly), with y(0)=yo. (1.3)
Q(0,g) is Reflexive if
Q(_07 Q(07 g)) -3
(It has been called Symmetric, Reversible, and Self-Adjoint too but, as argued by Kahan [51],

these terms are already overworked, so we prefer the word reflexive.) Two examples are

the Trapezoidal Rule: y,11 =y, + Onﬂ&mgy—’“"—ll7

(1.4)
the Implicit Mid-point Rule: y,11 =y, +0,f (W—#) .

A consistent and reflexive formula has at least second order convergence and has other
properties which allow efficient constructions of higher order approximations. One such
construction composes Q(6;, - ) with specially correlated step-sizes 6;; details will be given in
Chapter 6. Another particularly important property of a reflexive formula is its asymptotic
error expansion in even powers of a fixed step-size € at a fixed time T, which allows efficient
Romberg-like extrapolation [72] (for details see [41], [42], and [49]). These properties are
interesting enough that this thesis is devoted almost entirely to schemes for increasing orders
or efficiencies of reflexive formulas. Neither composition nor extrapolation is a panacea;
that is why both schemes have to be considered. In §6.6, a brief numerical comparison
between extrapolations and compositions will be given for the KdV equation; while in §6.7,

extrapolation will be seen to fail for the Hénon-Heiles System though composition succeeds.



In principle, a reflexive scheme can be obtained out of any conventional one-step
numerical scheme by composing it with its Reflection. In Chapter 2, we will discuss an
idea of Kahan: splitting the function f(-). An application of Kahan’s splitting idea to a

particular class of ordinary differential equations will be studied in detail in Chapter 3.

1.5 Composition Schemes Devised to Increase a Formula’s

Order

Assume now g =~ y(7). By composing the existing updating formula Q(-,-) to
obtain higher order methods we mean, for example, that with appropriately chosen integer

m and scalar §;’s

approximates y(7+6) (much) more accurately than Q(6, g) does provided 6 is small enough.

Consistency implies that
> 6 =1 (1.6)
i=1

Because some of the §;’s may be negative, the approximation (1.5) may be called a Back-
and-Forth numerical scheme. An immediate question is “how shall we find these magic
numbers 6;7” This thesis searches for determining equations for the magic numbers and
then solves them. The search begins in Chapter 2 using Butcher’s tree theory [10], but soon
bogs down. A better way in Chapters 6, 7 and 8 uses Lie Algebra tools.

The approximation (1.5) consists of m moves; at the end of the jth move

Q(5;0,Q(---,Q(018,8) ) R y(T+ ¢;0)

def < : : .
where ¢; = Y §;. It is possible for a scheme to have some c; < 0or ¢; > 1, which means
=1

some of the iZITtermediate moves may jump “out of bounds” outside [7, 7+ 6]. Such “out of
bounds” moves are permissible in orbit calculations, but may be harmful in situations when
true solutions y(¢) pass too near singularities: “out of bounds” moves may hit or cross the
singularities, and thus jeopardize computations. In searching for high order schemes (1.5)
later in this thesis, efforts have been made to keep all 0 < ¢; <1, among other things.

Particularly interesting are the

Palindromic Compositions: 0; = 0—41 fori=1,2,--- m.



(This term was coined by Kahan in his lecture notes [51, 1993].) They preserve reflexiveness,
and then lead to far simpler determining equations than do non-palindromic compositions.

A few other kinds of compositions will be discussed in later chapters.

1.5.1 Conversion to Exponential Approximation Problems

To bring Lie Algebra tools to bear upon the search for higher order composition
schemes, we introduce a kind of symbolic logarithm of the updating formula and the exact
solution. In Chapter 4 we will show that, for small 8, the exact solution of?

dy :
- —aly), with y(r) =g (1.7)
can be represented exponentially as y(7+6) = exp(OA)y|y:g7 where A is the corresponding
“vector field”, a differential operator that acts upon functions of y, and equality is under-

stood in the sense of asymptotic series in powers of 8. For small # the numerical updating

formula Q(+,-) has a representation

Q(f,8) = exp(0A(9))yly_g

for some one-parameter vector field A(#) which may exist only locally or even just formally.
This formula remains valid even if g = g(#) for sufficiently small step-size 6. In this
framework, the numerical updating formula Q(-, -) has an order of convergence p determined
by the difference A — A(#) = O(#”). Under appropriate smoothness assumptions, the one-

parameter vector field A(6) has a power series expansion
Af) = A4 ApbF (1.8)
7=1
which we understand to mean
A0) = A+ ApbF + 00"t
7=1
for some sufficiently big integer n, depending on the situation. With this in mind, the

approximation (1.5) then takes the form

exp (0 A (0,.0)) exp(d—10A(0p-10)) - - -exp(316A(610))y ]y -

'We change notation f(-) to a(-) in the hope of making the correspondence between a vector-valued
function and its corresponding vector field more transparent; see Chapter 4 for definitions.



The integer m and scalars §;’s are then to be chosen so that
exp(0,,0A(6,,0)) exp(,,—10A(6,-180)) - - - exp(610A(610)) (1.9)

comes much closer to exp(6A) then exp(6A4(f)) does.

What do we mean by “closer”? An explanation lies in the Baker-Campbell-
Hausdorff (BCH) formulas (see Chapter 5). Repeated applications of the BCH formulas
reduce (1.9) to a single exponential of a linear combination of the A;’s and their brackets
with coefficients that are powers of § multiplied by polynomials in the §;’s. By “close” we
mean that the logarithm of (1.9), the linear combination just mentioned, should approxi-
mate #A to higher order in 6 than #A(6) did. To this end, coefficients of leading powers of
6 in #A—0A(f) must vanish; the conditions that they vanish are the determining equations
that must be solved for the magic 4;’s. Quite a few of them will be solved in Chapters 6 and
7; we shall obtain schemes with orders as high as 8 and 10. Such high order schemes are
called for in applications like Celestial Mechanics (see Gladman, Duncan, and Candy [37]).

Another kind of composition is available when A = A; + A5 splits in such a way
that exp(f#A;) and exp(fAz) are easier to compute than exp(#A4). The simplest example of

this kind is a system (1.7) partitionable conformally in the following way:

y = ( ! ) and a(y) =a(y1,y2) = ( aaly2) ) = ( a1(2) ) + ( k ) :
Y2 as(y1) 0 az(y1)

(1.10)

Then the integration of (1.7) can be approximated by successive applications of

exp(8A;) ( Y1 ) _ ( y1+ 0a; (y2) ) and  exp(6Ay) ( Y1 ) _ ( Y1 ) |
Y2 Y2 Y2 y2 + 0az(y1)

a (Y2) 0 .
where vector field A; corresponds to , and As corresponds to . This
0 a2(y1

is exactly the situation for separable Hamiltonian systems. Then the question is: how well

can we approximate exp(6#A) by

exp(vmbAsz) exp(£,0A1) - - -exp(110A2) exp(£10A1)7 (1.11)

Chapter 8 will apply to this question the same tools for approximating exponentials in a
non-commutative Lie Algebra as were used in the previous two chapters. We have obtained
6th order formulas designed specially for (1.10); higher order formulas of the same quality

were too complicated for the available computing resources to determine.



1.5.2 A Brief History

Representing the solution to an autonomous system of ordinary differential equa-
tions locally as an exponential is an ancient idea. (I do not know its provenance, but
Steinberg [87, 1984] and [88, 1985] are very good references). However attempting to search
for exponential representations for general numerical schemes for solving ordinary differen-
tial equations is quite recent. The only reference that I know is the unpublished preprint
by Kang Feng [27] in 1991.

Composition methods for solving differential equations are ancient, too going back
to the mid 1950s when Peaceman and Rachford [66] invented Operator Splitting to de-
vise their Alternating Direction Implicit methods for solving parabolic partial differential
equations.

Composition methods for Separable Hamiltonian Systems become popular in the
last few years since the publication of Yoshida [117, 1990], where exponentiations can be
defined naturally for both true solutions and the numerical schemes he started with. With
the powerful Baker-Campbell-Hausdor{f formula, Yoshida was able, in principle, to construct
arbitrarily high order Symplectic Integrators (refer to [80] for definitions). He also obtained
with a little work the 4th order integrator found by Forest and Ruth [31, 1990], by Candy
and Rozmus [14, 1991], and also by Qin, Wang and Zhang [67, 1991]. Independently, Sexton
and Weingarten [84, 1992] also discovered that 4th order scheme.

Okunbor and Skeel [63, 1992] showed that Fxplicit Canonical Runge-Kutta-Nystrém
methods first studied by Suris [96, 1989] are actually composition methods. So are Explicit
Canonical Runge-Kutta methods proposed by Sanz-Serna [78, 1989] and independently by
Suris [97, 1990] for separable Hamiltonian systems.

Compositions like (1.5) need not be restricted to symplectic integration. This
assertion will be justified in this thesis for the first time. Feng’s theory [27] on repre-
senting numerical schemes exponentially will be used to do so in §4.4. However, in the
past people had applied this composition scheme to solve ordinary differential systems any-
way. In 1969, W. Kahan had applied back-and-forth schemes to solve special differential
equations from circuit simulations with his hand-held calculators. Qin and Zhu [69, 1994]
realized, from Feng’s theory, that compositions like (1.9) could be applied to general ordi-
nary differential equations, but little work was done in their paper. McLachlan [60, 1995]

presented an excellent exposition of diverse compositions, and he seemed to have the idea



that compositions could be applied to more general equations. But he never worried about
exponential representations of general numerical formulas which are really the backbone of
the theory of compositions, because he always started with formulas that were exponen-
tials to begin with. Also, Suzuki attacked exponential approximations in his several papers
[98, 99, 100, 101, 102] that are worth mentioning, especially [102] where he attempted to
develop a general theory for higher-order decompositions of exponential operators. He got
order conditions for orders up to 12. Though the present author has found errors in Suzuki’s
order conditions for orders 10 and 12 (they will be explained later in this thesis), it is still
remarkable that Suzuki got so far.

Iserles [47, 1984] has used Butcher tree theory to fashion compositions of different
Runge-Kutta methods to get higher orders and better stability.

1.6 Hamiltonian Systems and Symplectic Integrations

Many developments of numerical schemes in this thesis are automatically applica-
ble to the area of Symplectic Integrations for Hamiltonian systems. Our unified treatment
produces many new symplectic schemes as well as older ones discovered by others in recent
years.

In this section, we will review briefly the definition of a Hamiltonian system and
its essential properties which should be taken into considerations at the time numerical
schemes are designed in order to obtain better numerical results. The graduate textbook
[4] by Arnold presents an excellent account of the mathematical theory of Hamiltonian
systems; while Sanz-Serna and Calvo [80] explains the most up-to-date numerical methods
for solving Hamiltonian systems.

Apart from the detail of various domains where functions live, a Hamiltonian
System of ordinary differential equations is determined by a scalar function H = H (p, q, t)
called the associated Hamiltonian Function, where p = (p1,p2, -+, 0n)’ s a = (q1,q2, -+, ¢n) "
The system takes the form

dp” OH  dq" oH
—— = “9q’ dr = _|_%7 (1.12)

or equivalently

21 P ) 5vn,
q
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where
aet [ 0 1

J= =-J°N
-1 0
This is a system of 2n differential equations. In mechanics n is the number of degrees of
freedom; q is generalized position and p the conjugated generalized momentum; H is the

total energy. In the case when H does not contain ¢t explicitly, H is conserved along the

solution to the system (1.12). In fact,

di _OHdp  0Hdq  OH 8H(8H)T 8H(8H)T oH  OH

dt  dpdt ' 9qdt ' 9t Ip \dq dq \ dp ot ot
So if % =0, i.e., H does not contains ¢ explicitly, then % = 0 along the solution, which

means H remains constant.
A fundamental property of the Hamiltonian system (1.12) is the canonicity of its
p(t) Po

solution operator: Let = d(t,

) be the solution to the system (1.12) with
q(t) do

initial values p(0) = po and q(0) = qo. (¢, P ) has a partial derivative ®' with respect

q
to its second (vector) argument. The map
t
oty [P0 ) = [ PV
do q(t
is canonical, which means?
T30 = 7.

A numerical updating formula Q(#, P ) is canonical if and only if
q

Q'IQ =13 (1.13)

where Q' is the partial derivative of Q with respect to its second (vector) argument. By
the chain rule of differentiation, composing a canonical updating formula as in (1.5) yields
canonical numerical methods. It has been proved that a canonical numerical method is an

exact solution to a Hamiltonian system nearby the original system (1.12) (see, e.g., Wu [115,

2 A better way to introduce the concept of canonicity may be to use differential forms which would present
a view from symplectic geometry. To do so, we would need to cover more mathematical background. We
decide not to in order to keep our introduction to Hamiltonian systems fairly short. Arnold [4] explains
canonicity in the language of differential forms.
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1990]). This means that the numerical results from a symplectic numerical method, though
very different from the exact solution of (1.12), still describe the behavior of some physical
system that approximates the one for which (1.12) was derived. The simplest general-
purpose symplectic method is the implicit mid-point rule, as we shall see in §2.4.

A canonical transformation is also called a symplectic transformation.

Attempts to integrate Hamiltonian systems symplectically go back at least as
far as 1956 when De Vogelaere wrote his report [108, 1956]. But it was not until the
1980s that interest in symplectic integration flourished, developed mainly by Ruth [74,
1983], Channell [16, 1983], Kang Feng’s group at the late Computing Center of the Chinese
Academy of Science, and later by J. M. Sanz-Serna’s group at the Universidad de Valladoid
in Spain and Robert Skeel’s group at the University of Illinois. Now there are quite a few
symplectic methods available. The most up-to-date developments are compiled in Sanz-
Serna and Calvo [80, 1994] which supersedes a survey paper Sanz-Serna [77, 1991]. Other
survey papers are Scovel [83, 1991] and Yoshida [118, 1993]. Here we give a brief account

which is by no means intended to be complete.

1. Schemes initiated by Kang Feng around the mid 1980s and developed mainly by Feng’s
group used generating function techniques [25], [26], [28], [29], [30], [113], [114], [115],
[116]. In particular, Feng [25, 1985] first showed that the implicit mid-point rule is
symplectic (see §2.4). In principle, it is possible to construct arbitrarily high order
symplectic schemes via generating functions; but high order schemes derived this way
involve high order partial derivatives of the Hamiltonian function H which present
potential difficulties to implementation. Channell and Scovel [17] showed how to use
symbol manipulating software to help reduce the difficulties, but still these schemes

are not easy to implement.

2. Explicit schemes for separable Hamiltonian systems were initiated first by Ruth [74,
1983] where he obtained 2nd and 3rd order schemes. Then Forest and Ruth [31, 1990],
and Candy and Rozmus [14, 1991] attempted to construct schemes of order 4 and in-
dependently found the same one. Also independently Qin, Wang and Zhang [67, 1991]
derived order 4 schemes along the line of Ruth [74, 1983]. Forest and Ruth [31, 1990]
also realized that the Baker-Campbell-Hausdorff formula may be used to construct
symplectic schemes for separable Hamiltonian systems and they actually reconstructed

the order 4 scheme with little effort in contrast with the heavy computations in the
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first half of the paper and in contrast with similar computations by Candy and Roz-
mus [14, 1991] and by Qin, Wang and Zhang [67, 1991]. It was Yoshida [117, 1990]
who went further with the Baker-Campbell-Hausdorff formula and found schemes?®
with orders as high as 8. Schemes developed along theses lines fall into the category
of so-called Composition Methods which have been mentioned in §1.5 and will be

discussed in later chapters of this thesis.

3. Canonical Runge-Kutta Methods and Canonical Runge-Kutta-Nystrom Methods ex-
ist. It was independently proved by Lasagni [56, 1988], Sanz-Serna [76, 1988] and
Suris [95, 1988] that implicit Runge-Kutta methods, satisfying certain quadratic con-
ditions, are symplectic. In particular, those constructed by Gauss-Legendre quadra-
ture rules (see Butcher [10]) are symplectic [76], including the implicit mid-point rule.
Other known high order symplectic Runge-Kutta methods are Lobatto 11l E (see
Chan [15, 1990], Ngrsett and Wanner [73, 1981]), and Lobatto III S [15], and Radau
I B and Radau II B proposed by Sun [91, 1993]. Sun [93, 1994] also considered linear
symplectic Runge-Kutta methods. A major difficulty of these schemes of high orders
is their high implicitness which requires solving (generally) systems of nonlinear equa-
tions of dimensions several times more than that of the original problem. Thus they
may cost a lot. For this reason, Sanz-Serna and Abia [79, 1991] proposed canonical
diagonally implicit Runge-Kutta methods which are actually composition methods
based on the implicit mid-point rule.* Other methods along this line are Partitioned
Runge-Kutta methods which are symplectic subject to certain quadratic conditions
(see Abia and Sanz-Serna [1, 1993], Sanz-Serna [78, 1992], Sun [92, 1993] and [94],
and Suris [97, 1990]). Partitioned Runge-Kutta methods were proposed mainly for
separable Hamiltonian systems for which the methods can be made explicit. The re-
formulations of explicit Partitioned Runge-Kutta methods for separable Hamiltonian
systems by Okunbor and Skeel [63, 1992] shows that they are actually composition
methods. It can also be shown that the explicit canonical Runge-Kutta-Nystrém

methods are composition methods as in Okunbor and Skeel [64, 1994]. Schemes of

®The constants defining various schemes of order 6 in [117] are correct to about 14 decimal digits, and
those defining schemes of order 8 are correct to about 12 decimal digits; so are the corresponding numbers
in Sanz-Serna and Calvo [80, p.169].

*Sanz-Serna and Abia did their construction via Butcher’s complicated tree theory [10]. Since their
canonical diagonally implicit Runge-Kutta methods can be classified as composition methods based on the
implicit mid-point rule which is reflexive, elegant Lie Algebra tools can be applied to facilitate derivations.
All the details will be explained in this thesis.
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this kind of order 5 were obtained in Qin and Zhu [68, 1993] and [64] and schemes of
order 6 by [64].

1.7 A Word on Notation

Throughout this thesis, we will generally follow the convention:

Lower case letters and lower case Greek letters are for scalars. Capital

letters are for vector fields, variables in a noncommutative algebras, or

matrices depending on the context. Bold face letters are for vectors.
There are some exceptions like ¢, 7, k, £, m, and n (with/without subscripts) which are used
for integers for various purposes. In any case when exceptions occur, notation will either

be explicitly explained or should be easily judged from the context. Some special symbols

are:
R: the set of real numbers;
1,: the n-dimensional identity matrix; the subscript n
may be dropped if it is obvious;
e;: The jth column of I;
AT the transpose of matrix A;
A the complex conjugate transpose of matrix A;
||x]|2: Vx*x, the {3 norm of vector x;

(%] 0t the (., (biggest element) norm of vector x.
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Chapter 2

Partitioning, Splitting and
Reflexive Methods

2.1 Introduction
Consider solving numerically the autonomous initial value problem (AIVP)
dy :
= = fy), with y(0) = yo. (2.1)
Let Q(#,g) be an updating formula that advances from g ~ y(7) to a later estimate
Q(0,g) = y(r +0). This updating formula is reflexive if [51]

Q(_07 Q(07 g)) = 8-

In this chapter, we first study two ways of constructing reflexive formulas: Partitioning and
Splitting techniques; and then go on to prove Kahan’s theorem which says every reflexive
updating formula can in principle be derived from some symmetric splitting. Brief discussion
of the implicit mid-point rule and the trapezoidal rule will be given in §2.4 because they
are closely related to a reflexive formula for a special class of ordinary differential equations
to be proposed in Chapter 3. Extrapolation schemes, as an efficient way to raise the order
of a reflexive updating formula, are mentioned only briefly in §2.5; but relevant references
will be given for further reading. Finally order conditions for compositions with a reflexive
updating formula are presented for orders up to 6; these conditions will also be re-derived

via a different approach in Chapter 6. Nevertheless the order conditions here appear to be
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in more elegant form and they may serve as a way to check the correctness of those to be

derived in Chapter 6.

2.2 Partitioning and Reflexive Schemes

The idea is to partition a big complicated problem into a collection of simpler
subproblems, each of which can be solved relatively easily for some variables assuming
given constant values for the others. To solve the big problem, we iteratively solve the
subproblems, using as data for each whatever approximations may be available from the
solutions of the others. It is an ancient idea, going back at least as far as the Block Relaxzation
methods Southwell used in the 1930s to solve big (for that time) systems of linear algebraic
equations associated with elastic structures under load (see [86]).

Suppose we wish to solve numerically a big system of AIVP, say

d
d_}t( = a(x,y,z) with x(0) = xo,
d
d_}t’ = b(X7Y7Z) with Y(O)IYO7
d
d_? = c(x,y,z) with z(0) = zo,

having already written subprograms to solve the subsystems into which the big system has
been partitioned. Our subprograms have the form of consistent updating formulas that

provide approximate solutions

x(1) =~ Qx(7,%0,y,2z) forany 7> 0 and constant xo, y and z,
y(r) = Qy(7,X,y0,2) forany 7> 0 and constant x, yo and z,

z(T) = Qu(7,%x,y,20) forany 7 >0 and constant x, y and zg.

We then could concatenate these subprograms to produce a larger program that updates
the given system thus:
Given approximations x ~ x(7), y = y(7), and z = z(7), we approxi-

mate in turn
X(T+0) by X: QX(07X7Y7Z)7

y(r+0) by Y=Qy0 Xy, z),
z(t+6) by Z=Qy(0,X,Y,z).
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Such an updating formula for the whole system would be consistent too, so it would converge
at first order as § — 0. But that is too slow.

We can do better if the subprograms are accurate enough; in fact, all we require
is that each subprogram be Consistent and Reflexive, and hence of even order at least 2.

Here Reflexzive means that

QX(_07 QX(07X7Y7Z)7Y7Z) = X,
Qy(_07X7 Qy(07X7Y7Z)7Z) =Y,
QZ(_07X7Y7QZ(07X7Y7Z)) = Z.

Then a larger program that is also reflexive is constructed thus:
Given approximations x ~ x(7), y = y(7), and z = z(7), we approxi-

mate in turn

x(T+6/2) by X =Qx(8/2,x,y,z),
y(T+6/2) by Y =Qy(0/2,X,y,2),
z(t+6) by Z=0Q,0,X,Y,z),

y(r+6) by Y=Qy(0/2,X,Y,Z),

)

x(t+6) by X=Qx(0/2,X,Y,Z).

An alternative is to replace the third line by

z(t+60/2) by Z=Q,(0/2,X,Y,z),
z(t+6) by Z=Q,0/2,X,Y,Z).

This will not make any difference if Qy solves z’ = ¢(x,y, z) exactly. The big system’s
passage from 7 to 7+#6 this way is also consistent and reflexive, and hence also has even order
at least 2. It is reminiscent of Aitken’s Symmetric Relaxation and Symmetric Successive
Over-Relaxation [2].

The foregoing partitioning idea generalizes to arbitrarily many small subsystems,
each of which may be solved by an implicit or explicit updating formula. One pass forward
and backward over all the subsystems usually costs far less than would one time-step of a
conventional implicit method applied to the big system. Thus, if step-sizes 6 for the two
approaches are not too disparate, partitioning may well turn out to be the cheapest way to

handle very big systems.
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Partitioning is closely related to (vector field) splitting if interpreted in the follow-

ing way:
; X a(x,y,z) a(x,y,z) 0 0
% y = b(X7Y7Z) = 0 + b(X7Y7Z) + 0
V7 c(x,y,z) 0 0 c(x,y,z)

For example, this happens to Separable Hamiltonian systems for which a natural parti-
tioning like (1.10) exists and each subsystem can be solved ezactly by the Forward Euler

method.

2.3 Splitting and Reflexive Schemes

This section is largely taken from Kahan’s lecture notes [51].
To solve numerically the AIVP (2.1), we assume that f(y) can be Split into a
smooth function F (6, u, v) with the property

F(0,y,y)=f(y).

Then, for all # not too big, the updating formula Q(#,g) determined uniquely by solving

is a consistent updating formula, and so yields first order convergence.

The same goes for the updating formula Q(G, g) obtained by solving

Q = g‘I’OF(_ervg)

We said that Q is a Reflection of Q in the step-size # because

Q(-0.Q(0.8)) =g =Q(-0,Q(4,8))

for all @ of small enough magnitude. A Reflexzive updating formula is its own Reflection.
Any first order updating formula can, in principle, be promoted to a second order

formula by composing it with its reflection, though at the cost perhaps of having to solve a

system of nonlinear equations for the reflection of what started out as an explicit formula.

At least second order is achieved because the composition is reflexive (see §1.4 and §6.1).
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For instance, composing the two formulas obtained from the splitting F(6, u, v) above, and

renaming the result Q, produces a reflexive updating formula thus: solve successively
q = g+ (0/2)F( 6/2,g,q) for q, then

Evidently Q(—6,Q(0,g)) = g here.
Another way to derive a reflexive updating formula is through splitting f(y) sym-
metrically into F (0, u,v) [51] so as to satisfy both

F(0,y,y)=f(y) and F(-6,v,u)=F(0,u,v). (2.2)
Then solving
Q=g+0F (9,8 Q)

for Q = Q(0,g) gives a reflexive updating formula. Two trivial symmetrical splittings are

f(w) +£(v)
2

u+tv

F(O,u,v)="~f ( ) and F(f,u,v)= (2.3)

They yield the implicit mid-point rule and the trapzoidal rule respectively.
A remarkable result of Kahan [51] says that in principle, every reflexive updating

formula can be gotten through some symmetric splitting.

Theorem 2.3.1 (Kahan, 1993) FEvery consistent reflexive updating formula Q can be de-

rived from a symmetric splitting F of f.

The proof of this theorem needs the notion of divided differences for vector-valued functions.

2.3.1 Digression: Divided Differences for Vector-Valued Functions

Let variables z,y,x,w, - - lie in some vector space, and let h(y) be a given differ-
entiable function mapping some domain in that space nonlinearly to a range in another or
the same space. Then the derivative h'(y) is a linear map from the domain’s vector space

to the range’s; h'(y)w is linear in w but usually nonlinear in y, and
h(y +w)=h(y) + h'(y)w+ ¥(y,w)w

for some ¥(y,w) — 0 as w — 0.
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We seek now an analogous linear map we shall call Ah({x,z}); it is a nonlinear
function of the pair {x,z} though Ah({x,z})wis linear in w, and satisfies the characterizing
identity

h(x) — h(z) = Ah({x,z})(x — z) (2.4)

for all x and z in the domain of h. This last identity defines Ah({x,z}) uniquely only if

the vector space’s dimension is 1; then

h(x)—h(z) if
Alh({xy Z}) = { h/()zc)_z 1f z 7_£ 27

That is why Ah({x,z}) is called a Divided Difference of h.
In general, the characterizing identity above is incapable of defining Ah uniquely,
not even if we impose additional reasonable constraints. But this does not matter to our

proof below. Nevertheless we do require
Ah({x,z}) = Ah({z, x}). (2.5)
One instance of a Ah which satisfying both (2.4 and (2.5) is
Ah({x,2}) = /01 F'(x + 1(z — x)) dt.
2.3.2 A Proof of Theorem 2.3.1

Assume that Q(#,g) is smooth, and that

Q.81 =8 5 QE.8)| =fE), ad Q-4.Q(60.8) =

0=0

One such splitting will be shown to be

F(buv) £ [2QE {u,v})+ 2Q(~6, {u V)] x
[QAQ({& _0}7 u) - AXQ({O, 0}7 u) + QAQ({Ov _0}7 V) - AQ({Ov _0}7 V)] :
It is not hard to confirm that this F (6, u, v) satisfies

F(O,u,v)=F(-0,v,u) and F(0,y,y)="f(y).

To confirm that q = Q(6,g) satisfies ¢ = g+ 6F(0,g,¢q), we compute and compare the
result of multiplying each side of the desired equation q—g = 6F(0,g,q) by AQ(0,{g,q})+
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AQ(—0,{g,q}). First the left-hand side; from the charaterizing identity (2.4) follows

(AQ(0.{g.a}) + AQ(-0.{g,q)] (d - &)
= Q(07 CI) - Q(evg) + Q(_07 CI) - Q(_ng)
= Q(f,q)—qa+g—-Q(-0,g). (by reflexiveness: Q(—6,q) = g)

Next the right-hand side;

[24Q({0,-0},8) — 2Q({0,0},8) + 24Q({0, -0}, q) — AQ({0,—0},q)] 6
= Q(f,8) —Q(-0,8) — (Q(f,8) — Q(0,g))
+Q(0,q) - Q(-0,q) — (Q(0,q) - Q(-F,q))
= q-Q(-0,8)—a+g+Q(f.a)-g-—q+g
= -Q(-0,g8) +g+Q(f.q) —q,

the same as the left-hand side. [ |

2.4 The Implicit Mid-point Rule and the Trapezoidal Rule

The two trivial symmetrical splittings

F@,u,v)=Ff(*¥) and F(f,u,v)= w (2.3)

give rise to the implicit mid-point rule and the trapezoidal rule
the Trapezoidal Rule: y,11 =y, + On%
the Implicit Mid-point Rule: y,11 =y, +0,f (L%’"‘*'—l) .

Both are implicit methods. They are closely related to a new method to be proposed for a

9

(1.4)

class of systems of ODEs in Chapter 3. Such relations may help us to explain some of our
numerical experiments for the Hénon-Heiles System in §6.7.

The implicit mid-point rule is also called the one-leg twin of the trapezoidal rule
[55, p.271]. Both are the two particular members of the class of linear multistep methods

and the class of their one-leg twins. Their close relation can be summarized as follows:
Proposition 2.4.1 Assume 6, = 0 is independent of n. Then

1. If the sequence {y,} is computed via the trapezoidal rule, then the sequence {y,}

defined by y, def o+ (0/2)f(y,) satisfies the implicit mid-point rule;
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2. If the sequence {y,} is computed via the implicit mid-point rule, then the sequence

{y.} defined by v, def (¥n + Ynt1)/2 satisfies the trapezoidal rule.

Proof: 1) Assume the sequence {y,, } satisfies the trapezoidal rule, and y,, def Vot (0/2)f(y.);

then
Yort Z¥n Yoty g ) ()
— %(f(ym_l) +f(y,)) + %(f(}’n-l—l) —f(yn))
= f(yn-l-l)'

To complete the proof, we have to show y, 41 = (¥, + ¥n+1)/2. To this end, we notice that
by the definition of ¥, that

- - 0
Yo+ ¥nt1 =Yn+ Vg1 + §(f(}’n) +£(ynt1)) =Y+ Ynt1 + (Ynt1 — ¥n) = 2Yn41,

as needed.

2) Assume the sequence {y, } satisfies the implicit mid-point rule, and y,, def (Ynt+Ynt+1)/2;

then
g’n-l—l - g’n _ 1}’n+2 —Yn+1 + 1}’n+1 - Y
0 2 0 2 0
— lf <Yn+2‘|’}’n—|—1) ‘|‘1f (}’n—l—l‘l’}’n)
2 2 2 2
2 b
as was to be shown. [ |

This proposition is a corollary of a theorem due to Dahlquist [18, 1975], where he
proved a more general result for general linear multistep methods and their one-leg twins
[55, p.271], [43, p.344].

What is so surprising is that the implicit mid-point rule is symplectic when applied
to Hamiltonian systems of ordinary differential equations while the trapezoidal rule is not.
In fact the implicit mid-point rule is the simplest general-purpose symplectic method. That
it is symplectic was first proved by Feng [25, 1985]. Let us present a short proof of this fact
here to illustrate how numerical methods are proved symplectic.

Proof of the symplecticity of the implicit mid-point rule: Given an approximation y &
p
q

(p(t),q(t)) to a solution of (1.12) at time ¢, the approximation Y dof Q( ,0)

Q
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t+6
( PE + ; ) is defined implicitly by a system (generally) of nonlinear equations
q(t+0

Y-y
0

= J"'VH(z,7)

z=(Y+y)/2,7=t+6/2 (2.6)

Let K be the Jacobian matrix of J"!VH (z,7) with respect to z and evaluated at z =
(Y +y)/2, so that

9

9*H 9*H
opop 9q9p

_9H _ 9%H
K= | ~Ppoa Toavq

z=(Y+y)/2, 7=t+6/2

which shows that JK is the Hessian matrix of H at (Y +y)/2 and with 7 = ¢ + /2 fixed;
thus JK is symmetric. Since Y is implicitly a vector-valued function of y defined by (2.6),

so are the two sides of (2.6). Taking partial derivatives of the two sides gives

(%-1)/0:1((88—;{“)/2

Y g \" 0. 0 . g \"
P (1 0) " (1 8) = (1 ) (1= 2)

. . aY\T 1 av .. .
Notice that the equation (1.13) now takes the form (—) J 5 = J which is equivalent to

6 N\T 6 6 N\T 6
I+ =K JII+-K|=|]--=-K JII - =K
<+2 ) <+2 ) ( 2 ) ( 2 )

expanding and collecting like-terms show that the last equation holds only if KTJ4+JK = 0,

which yields

ie., JK — (JK)T = 0 which is guaranteed by the symmetry of the matrix JK as we
commented above. The proof is completed. |
To see the trapezoidal rule is not symplectic, we compute the Jacobian matrix of

V41 as a vector-valued function of y,, for the trapezoidal rule (1.4)
Dot (1= Satyaen)) (145900 27)
where J(y) be the Jacobian matrix of f(y). So the non-symplecticity results from that
generally J(y,) # J(¥yn+1). However the above proposition shows the trapezoidal rule can

be transformed to become symplectic.
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2.5 Reflexive Methods and Extrapolation Schemes

Extrapolations provide an efficient ways to raise the order of a (2nd order) reflex-
ive updating formula Q(#,g), beside compositions (see §2.7). They rely on the following
theorem which may be found in Kahan [49, 1977] and Hairer, Ngrsett, and Wanner [42].

Theorem 2.5.1 Lett = nf be fized and y, = y(t) be the numerical solution computed by
a reflexive updating formula Q( -, -) to the system (2.1). Then asymptotically

Yo —y(t) = Z h; ()6

where p = 2q is the order of the reflexive updating formula, and h;(t) are smooth functions.

With Theorem 2.5.1, extrapolations can be applied efficiently because only even powers
of @ appear in the error expansion. The reader is referred to Gragg [41, 1965], Bulirsch
and Stoer [9, 1966], Deuflthard [21, 1985], and Hairer, Norsett, and Wanner [42] for early

developments and recent implementations.

2.6 Autonomous Symmetric Splitting
A symmetric splitting F (60, u, v) is autonomous if
FO,u,v)=F(u,v).

In general, any given symmetric splitting F (6, u, v) can be rewritten in a way that suppresses

all explicit references to € as follows: Define new vectors

def [ T _def [ M def | ¥ Sy def 1
= , U= , f(y) = , and
() e () =) ()

In terms of these the initial value problem takes the equivalent form (see §1.2)

dy =
_— = f
o (¥)

<
Il

and the numerical scheme takes the equivalent form

~
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~

too. Moreover F(11,v) = F(¥,1) because of (2.2).
In what follows, without loss of generality, we will always assume that systems

under considerations are autonomous and their splittings (if any) are also autonomous.

2.7 Back-and-Forth Numerical Schemes—Order Conditions

Let Q(6#,g) be a consistent and reflexive updating formula for AIVP

d .
d_}t’ =f(y) = F(y,y), with y(0)=yo, (2.1)
where Q = g+ F(g, Q). Therefore Q(6,g) is at least second order. To construct formulas

of higher order, we compose the updating formula:

Q(9mb, Q(0r-10, Q(- - - Q(520, Q(5:6,8)) - ))) (2.8)

hoping that this composition scheme would yield more accurate approximation if we choose
m real §;’s properly. Consistency implies
i 6; = 1. (2.9)
=1
Set
Q;(6) < Q5,6 Q(---Q(5:6. Q(16.8)) - ).

Then we have Q; = Q;_1 + §;0F(Q;_1,Q;), where Qq def g = y(0) for convenience.

Therefore

| 517 (g, Qu) '
Q1 g
617 (g, Q1) + 62F(Q1, Qa)
Q; _
Q; - g +9 j;15jf(Qj—17Qj) ' (2.10)
L Qn | |8 ,ml 0; F(Qj-1,Q;)
L J= i

This reformulation makes the composition (2.8) a lot like a Diagonally Implicit Runge-Kutta
method. Hence Butcher’s tree theory [10] may be employed to derive order conditions for
higher order approximations. This is exactly what was done by Li [58]. However, the
situation for (2.10) is much more complicated than that for Runge-Kutta methods. Li [58]

was able to reach conditions for orders up to 6, after that computations become too messy.
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Fortunately, better ways will be devised in Chapter 6, where equivalent order conditions
for orders up to 12 will be derived. In what follows, we simply copy the order conditions
obtained in [58]. Define

c; d:efz& forj=1,2,---,m.
3

Theorem 2.7.1 Let y(t) be the solution to AIVP (2.1). The following statements are
proved in [58]:

1. Q. (0) =y'(0), if (2.9) holds;
2. QI (0)=y"(0), if (2.9) holds;

3. QP(0) = y®)(0) if (2.9) holds and

= 1

g dici_1c; = = (2.11)
, 3

J=1

4. QS(0) = yW(0) if (2.9) and (2.11) hold and

i 1
Z(Sjcj—lcj(cj—l + C]‘) = 5; (2.12)

7=1
5. QD(0) = y®(0) if (2.9), (2.11) and (2.12) hold and
DULECEE
=1 (2.13)
-1 + C?

= 2
Zl djcj—1c;(c; o=
]:

O DO O =

6. (Too complicated to reproduce here.)

We present these order conditions here for two reasons: 1) although their derivations in [58]
were very complicated, these order conditions appear to be more elegant in their present
forms than what is going to be given in Chapter 6; 2) conditions obtained in two different
ways may help to check their correctness.

There are many equivalent ways to write above conditions. For example, under

(2.9), equation (2.11) is equivalent to

> =0, (2.14)



26

because of the following identity
¢y, —3> iciiic; =) 60, (2.15)
j=1 j=1

In the case when F(u,v) = f(%$¥), Sanz-Serna and Abia [79] obtained (2.14). The
equations (2.9) and (2.13) imply that

> 62 =0, (2.16)

=1
because of the following identity
c, +5 Z (S]‘C?_IC? -5 Z 5j0j_10j(c?_1 + C?) = Z 5]5. (2.17)
=1 =1 =1

In the cases of palindromic schemes where §; = d,,41—;, more can be said. As a

matter of fact, palindromic schemes are always of even orders of convergence. This implies

Q..(0)=y'(0) = Q(0)=y"(0),
Q.0 = yo | _ {Q;@(m = ¥'0)
QY0 = y®(0) QY0 = yW()
Q,(0) = y'(0) {Q;@(O) = y"(0)
QY0 = ¥y ¢ = QY0 = yWo)
QY (0) = y®(0) QY (0) = y©(0)

and so on.
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Chapter 3

On a Class of Systems of Ordinary

Differential Equations

3.1 Introduction

Various chemistry reactions yields systems of differential equations with a special
property: f(y) in (2.1) is at most quadratic in y. A typical example is air pollution models
[119]. In this section, we consider the following system of ordinary differential equations

%:f(Y)EA(YJ)—I-BY—I-b (3.1)
where A( -, -) is a symmetric tensor, B is a matrix with appropriate dimension and b is a
constant vector. Or in other words, f(y) is at most quadratic in y.

Although systems of this kind look very restrictive at first sight, they actually
appear often in applications—examples also include many partial differential equations after
spatial discretization by finite difference, finite element or pseudospectral methods, like the
Korteweg-de Vries Equation [52], [110], the Boussinesq equation [110], and potentially many
others.

In general a system of ordinary differential equations for which f(y) is a polynomial
in y can be transformed into a bigger system like (3.1) by introducing new variables. Un-

fortunately doing so may end up with an unstable system even though the original system

is stable.
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3.2 A Reflexive Updating Formula and its Relation to the
Implicit Mid-Point Rule and the Trapezoidal Rule

For the system (3.1), there is a readily available symmetric splitting F(u, v) as

follows
u+t+v

F(u,v) d:efA(u,V) +B 5

+ b.

The associated reflezive method! is
Y-y
0

Y +y
2

= F(Y,y)=A(Y,y)+ B

+b. (3.2)

It is worth noting that equation (3.2) is linear in Y, and therefore it is easy to solve.
Equation (3.2) admits another formulation which will enable us to discover its link to the
implicit mid-point rule and the trapezoidal rule later on. Denote by Jg(u) the Jacobian
matrix of f(u) evaluated at u, and denote by Jp (u) the Jacobian matrix of A(u,u) also

evaluated at u. It is easy to see that
1
Ja(u)+ B=Jg(u) and §JA(u) ‘u= A(u,u),

since A(u,u) is a symmetric tensor. Equation (3.2) is equivalent to
Y-y
¢

1 1 1

So

1 1
1 1 1
= 3t (Y =y)+5Jk(y) -y + 5By +b
1 1 1 1
= 3/t (Y =y)+5Jaly) -y + 5By + 5By +b
1
= 35ty (Y -y)+Aly.y)+ By +b
1
= 3/e) (Y -y) +£y),
which means that equation (3.2) is equivalent to
0
(1= 50} (Y~ y) = o8y). (33)

This is the equation that will link the newly-proposed method to the implicit mid-point

rule and the trapezoidal rule.

'Such a method solves y' = ay?® exactly!
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Proposition 3.2.1 1. One iteration of Newton’s Method to solve the implicit mid-point
rule (Y —y)/0 =£((Y +y)/2) for Y, starting from a first guessy, is

Yeyeo(i- gw)* f(y).

In other words, the newly-proposed method (3.2) is just one Newton iteration applied

to the implicit mid-point rule.

2. One iteration of Newton’s Method to solve the trapezoidal rule (Y —y)/0 = (£(Y) +
f(y)/2) for Y, starting from a first guessy, is

Yeyeo(i- gw)* f(y).

In other words, the newly-proposed method (3.2) is just one Newton iteration applied

to the trapezoidal rule.

Proof: It can be verified easily. |
It is a remarkable fact that the newly-proposed method is nothing more than one Newton
iteration applied to either the implicit mid-point rule or the trapezoidal rule and yet it is
reflexive for systems like (3.1). This link might explain the favorable behavior of the new
method on the Hénon-Heiles Hamiltonian system to be presented later in this thesis, though
our method (3.2) is not symplectic. To see the non-symplecticity, we notice that from (3.2)

the Jacobian matrix of Y as a vector-valued function of y is given by

Y Y
9 1) /o= F(Y, ) I Y
(G5 —1) /0= FY3) 5+ RlY oy,
where (partial) Jacobian matrices
Fi(u,v) def 78]:(117 v) and  Fa(u,v) def 78]:(117 V).
u ov
So we have
oY _1
%I(I_Ofl(Yv}I)) (I+0‘7_-2(Y7Y))
By the definition of F(u,v), we get
1 1 1
FY,y) = 5Ja)+ 5B = 5h(y),
1 1 1
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therefore .
Y 0 - 0
—=(1-= I+ -Je(Y) ). 4
5y = (1-520) (14 500) 3:4)
This is very much like the expression (2.7) we derived for the trapezoidal rule. The non-

symplecticity results from the fact that generally J¢(y) # Je(Y), as happened to the trape-

zoidal rule.

3.3 Tendency to Overshoot

It is interesting to study the behavior of (3.3) when 6 goes to co. “Good” behavior
is very important in solving a stiff system whose solution eventually converges to an at-
tractive stationary point. This can be done easily when Jg(y) is nonsingular. In that case,
letting 8 — oo gives

Y =y - 2J¢(y) (). (3.5)

Now referring back to the system (3.1) of ordinary differential equations, if its solution
eventually converges to a stationary point y.., then the numerical process of long time
integration is, to some extent, trying to solve the nonlinear system f(y) = 0 which may also
be accomplished by Newton’s iteration. Given approximation y, one Newton’s iteration

reads
y=y—Je(y) 'y (3.6)

Roughly speaking if y is sufficiently close to y.., J¢(y) " f(y) is pretty much the difference
Y — Y. The difference between (3.5) and (3.6) suggests that the method (3.3) is likely to
overshoot when step-sizes are too large. The phenomenon is typical for almost all methods
based on symmetrical splitting, including the implicit mid-point rule and the trapezoidal
rule as two examples.

In many applications, these Jacobian matrices J¢(y) are singular because of redun-
dancies. Nevertheless, our argument above explains in part a typical behavior of reflexive

methods when used with large step-sizes.

3.4 Time Compression Technique

The term Time Compression is coined by Kahan in his lecture notes [51] for a

technique he proposed to curb the overshootings just discussed.
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As we noticed, an overshooting (3.5) happens when 6 is too large, so we need
something to prevent this from happening. To this end, we propose to replace 8 in (3.3) by

a matrix valued function © depending on §. Then (3.3) reads

(1- 3091()) (Y - ) = 0£(). (3.7)

To see what © we should use to compress time, we assume for the moment that the system
(3.1) be linear and b = 0, i.e, f(y) = By. Then the true solution at 7 + # would be
exp(#B)y. Substituting this for Y in the equation above yields

1
(I — §®B) (exp(6B) — I)y = OBy.
Since y may be arbitrary, we arrive at
1
(I — §®B) (exp(#B) —I) = OB

which implies
0 =0T (%OB)

where 7(z) = tanh(z)/z=1—-23/3+---.

These arguments suggest that a good time compression function is

0 =0T (%OJf(y)) . (3.9)

A nice property of this © is O(—0) = —0O(f) and ©(0)/6 — [ as § — 0, which means that
the method (3.7) remains reflexive and consistent and therefore retains its second order
convergence. Let’s look at the behavior of the method (3.7) as § — oo with © defined by

(3.8), assuming

1. J¢(y) is non-singular, which is often not true but the conclusion would provide valuable

insights anyway;

2. All eigenvalues of J¢(y) have negative real parts, which appears to be true for stiff

systems whose solutions eventually go to some attractive stationary point.

With these two assumptions, we see that © — —2J¢(y) ™! as # — oco. In the mean time the
method (3.7) behaves like 21(Y —y) =~ —2J¢(y) " 'f(y), so

Y~y - Je(y) ' E(y)
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which coincides with one Newton iteration (3.6) for solving the nonlinear system f(y) = 0.
Therefore overshooting is suppressed.

The time compressing function © can be computed via matrix exponentials; the
problem associated with (3.8) is the high cost for computing matrix exponentials at all
steps. This diminishes the incentive for introducing a time compression technique. A
possible modification is available when the true solution at t = oo is known, namely the
point y., which the solution to the differential system will eventually approach. Then we
simply replace the J¢(y) in (3.8), which changes from time step to time step, by the Jacobian
matrix J., of f(y) evaluated at y.,. Doing so, we hope, will render the cost of computing

the matrix exponentiation minimal. Two strategies may be used, depending on situations:

1. Whenever J., is diagonalizable and its eigendecomposition may be computed, then

exp(#J.) can be computed at modest price;

2. We may limit the step-size changing strategy to only double or halve the previous step-
size when necessary. Whenever the step-size doubles, we square the current matrix
exponential to get the next time compressing function O; when step-size is halved, a

matrix exponential has to be computed in order to compute ©.

3.5 Example Runs with Time Compression Technique

In the numerical examples reported below, each step of our implementation means

the following: Given an updating formula Q(6,y), we do

Y1/2 = Q(0/2,y),
Y = Q(0/2,Y,),
Q

Y, = Q(b,y),

and then compute the component-wise error estimator (vector)
err = (Y — ?)/(ertol|Y| + €atol(1, 1, -, 1)T)7 componentwise,

where €01 and €u01 are prescribed relative and absolute tolerances. Now if [lerr||o. < 1,Y
is accepted as an approximation to y (¢ 4 ) and we continue to integrate the system with

the new step-size (see [43, p.134] or [107] for a discussion of the constants in the formula
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for Gpew below)

Opew = max (0.57 min (2.07 0.8/\3/HerrHoo)) X 6;

otherwise reject the approximation and reduce the step-size according to the above formula
and do it again. We listed the number of time steps as m 4+ n meaning there were m
successful time steps and n rejected ones.

It is conceivable that one can do an extrapolation at each step to get a better
approximation to y (t+6); but extrapolation is not guaranteed to be helpful for stiff problems
and it may be even harmful to some problems. However, in what follows, we intend to show
how time compression can be used to prevent numerical results from deviating away from
correct stationary points, so I did not include extrapolation in our tests.

Our experience indicates that time compression should be used in the final stages
of integrating a stiff system; For better intermediate accuracy, initially integration should

be done without time compression.

3.5.1 The Reaction of Robertson (1966)

This is a widely discussed system of stiff ordinary differential equations and has
been used heavily in testing stiff ordinary differential equation solvers (see [11, 1987], [43,
page 157]). For example, it is a teaching example provided by the designers of LSODE and
VODE, two most frequently used ordinary differential equation solver packages publicly
available, to demonstrate the usages of LSODE and VODE [8] and how powerful they are
in handling stiff systems. The system is

S —0.04y; + 10%y2ys Y1 1
7| 2 | = | 0.04y1 — 10%yays — 3 x 107y2 |, Y2 =10
Y3 3% 107y32 Y3 0

=0
and was first studied by Robertson [71, 1966]. It can be proved that
as time evolves, y1(t), y2(t) and ys(t) stay nonnegative and
moreover yy (t) — 0, y2(t) = 0 and y3(t) — 1.

In chemistry, these ordinary differential equations describe chemical reactions as follows.

Reaction Reaction Rate
A — B, 0.04,
B+C — A+C, 104,

2B — 20, 1.5 x 107.
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Figure 3.1: Solution curve to Robertson’s reaction.

The solution curve is plotted in Figure 3.1. For this problem, it is easy to get eigendecom-

position
—0.04 1.0D4 0.0
J(co) = 0.04 —1.0D4 0.0
0.0 0.0 0.0
-1

1.0 1.0D4 0.0 —0.04 — 1.0D4 1.0 1.0D4 0.0

= —-1.0 0.04 0.0 0] —-1.0 0.04 0.0

0.0 0.0 1.0 0] 0.0 0.0 1.0

Thus our time compression technique can be applied easily since the compression function
O can be computed cheaply. The following five tables display numerical results of our 2nd
reflexive updating formula with time compression technique incorporated, together with
numerical results by VODE [8]. We integrate the system from ¢ = 0 to T for three different
T; and €401 = 1.0D — 2 since we use a 2nd order method. In Tables I and II, VODE failed
because I think €,o) = 1.0D — 2 and 1.0D-4 are just too rough for VODE. (One would
expect a solver to go faster with rough tolerances, but not fail.) VODE did managed to
complete the integration successfully when €,¢,) was reduced to 1.0D-6, but yielded negative

y1 and yy (see Table I1I). Now if we let the integration go longer to 7' = 4.0D + 16, VODE
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got the signs of y; and y; right (see Table IV). It is arguable that what happened to VODE

in Tables 111 and IV are to be expected since eventually y; and y; are supposed to go to

zero, and oscillations around zero with magnitudes below €,t,] = 1.0D — 6 are not blame

worthy. But when we let the integration go even longer to 7' = 4.0D + 18 (see Table V),

VODE became unstable! In all tables, our time compression technique executed beautifully.

Table 1

T — 4.0D + 14, €ri0] — €arol — 1.0D — 2
Ours (2nd Order+TC) | VODE
Computed | 2.604350319588634e-12
y(]ﬁ 1.041766714446571e-17 | Failed
9.999999999974170e-01
# Steps 7340 777

VODE offered a reason “Solution component i vanished, and ATOL or ATOL(i) = 0.”

That cannot be right because ATOL was at input assigned the value 1.0D-2.

Table 11
T —4.0D + 14, eyp0] — 1.0D — 2, and eno — 1.0D — 4
Ours (2nd Order+TC) VODE
Computed | 2.604133528054873e-12
y(]ﬁ 1.041657352861054e-17 Failed
9.999999999974074e-01
# Steps 9440 777

Again VODE offered a reason “Solution component i vanished, and ATOL or ATOL(i)
= 0.7

No.
No.
No.

Table 111
T =4.0D + 14, €401 = 1.0D — 2, and €, = 1.0D — 6
Ours (2nd Order+TC) VODE
Computed | 2.604436484661015e-12 | -7.454356812169944D-07
y(T) 1.041722672364902e-17 | =2.981742725909207D-12
9.999999999973921e-01 1.000000745031628D+00
# Steps 110+0 224410
Detailed information for VODE are
steps = 224 No. f-s = 358 No. J-s = 16 No. LU-s = 82
nonlinear iterations = 357
nonlinear convergence failures = 3

No.

error test failures =

10



Table IV

T = 4.0D + 16, €401 = 1.0D — 2, and €no) = 1.0D — 6

Ours (2nd Order+TC)

VODE

Computed
y(T)

2.62574877977803%e-14
1.050161706999255e-19
9.999999999999697e-01

4.151717636724031D-07
1.660687077813689D-12
9.999995422295196D-01

# Steps

11740

311+16
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This is a surprise for VODE, since it computed negative y; and y, at ¢ = 4.0D 4 14 with
the same tolerances and now at ¢t = 4.0D + 16 both y; and y, are positive and reasonable.
Detailed information for VODE are

No. steps = 311 No. f-s = 564 No. J-s = 38 No. LU-s =
No. nonlinear iterations = 553
No. nonlinear convergence failures = 10
No. error test failures = 16
Table V
T =4.0D+ 18, €401 = 1.0D — 2, and €, = 1.0D — 6
Ours (2nd Order+TC) VODE
Computed | 1.699814485333164e-15 | -1.917147475132423D+15
y(T) 4.584507962497273e-21 | -3.999011987535289D-06
1.000000000000001e+00 1.916944107486053D+15
# Steps 12340 634444

VODE becomes unstable. Detailed information for VODE are

No. steps = 634

No. f-s = 1410 No. J-s = 168 No.

No. nonlinear iterations = 1407
No. nonlinear convergence failures = 53
No. error test failures = 44

LU-s =



3.5.2 A High Irradiance Response Problem
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. This problem was first proposed by Schéafer [82], and later became a test problem

for stiff ordinary differential equation solvers.

Gl
Y2
Y3
Y4
Ys
Ye
Y7
Ys

—1.71y; + 0.43y2 + 8.32y5 + 0.0007
1.71y, — 8.75y

—10.03ys + 0.43y4 + 0.035y5
8.32y2 + 1.71ys — 1.12y,

—1.745ys + 0.43ye + 0.43y~

—980ysys + 0.69y4 - 1.71ys — 0.43y5 + 0.69y7
280ygys — 1.81y7

—280yeys + 1.81y7

and initially y(0) = (1,0,0,0,0,0,0,0.0057)7. It can be proved that

y1(c0) = .6703055034476460e — 3,
y2(00) = .1309968469594828e — 3,
ys(oco) = .4686223157486744e — 4,
ys(oco) = .1044668020264215e — 2,
ys(00) = .5948838280659461e — 3,
ys(oo) = .1399628827714197e — 2,
yr(oco) = .1014492753623188e — 2,
ys(oo) = .4685507246376812e — 2.

These numbers were computed by the following piece of Maple V code.

pl1]
pl2]
pL3]
p 4]
pL5]
pL6]

pl7]
pL8]
pp38

-171/100 * y[1]1+43/100 * y[2]+832/100 * y[3]+7*10~(-4):

171/100 * y[11-875/100 * y[2]:

-1003/100 * y[3]1+43/100 * y[4]+35/1000 * y[5]:
832/100 * y[2]+171/100 * y[3]-112/100 * y[4]:
-1745/1000 * y[5]+43/100 * y[6]+43/100 * y[7]:
-280 * y[6]*y[8]+69/100 * y[4]+171/100 * y[5]

-43/100 * y[6]+69/100 * y[7]:
280 * y[6]*y[8]1-181/100 * y[7]:

-pl7]:

y[7]1+y[8]1-57/10000:
solve({p[1],p[2],p[3],p[4],p[5],p[6],p[7]1,pp8});




With y(oo) known, J(oo) can be computed.
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Its eigendecomposition is perfectly well-

conditioned. So our time compression technique can be easily applied. Here are some

numerical results for integrating from ¢ = 0 to T'. We will mainly consider two T"s:

T =321.8122 and T =421.8122.

At T = 321.8122, the solution is quite far away from its final stationary value?

y1(321.8122
y2(321.8122
y5(321.8122
y1(321.8122
y5(321.8122
v (321.8122
y7(321.8122

(

)
)
)
)
)
)
)
)

ys(321.8122

.7371312573347259D — 03,
.1442485726320319D — 03,
.56888729741014096D — 04,
.1175651343286320D — 02,
.2386356198926911D — 02,
.6238968253091476D — 02,
.2849998395229726D — 02,

.2850001604770283D — 02,

while at 7" = 421.8122, the solution is almost settled®

y1(421.8122
y2(421.8122
y3(421.8122
y4(421.8122
y5(421.8122
ye(421.8122
y7(421.8122

(

)
)
)
)
)
)
)
)

yg(421.8122

Tables I and II indicate time

.6703055035818978D — 03,
.1309968469863538D — 03,
.4686223159773841D — 04,
.1044668020551778D — 02,
.5948838309522196D — 03,
.1399628833944355D — 02,
.1014492757719525D — 02,

.4685507242280507D — 02.

compression seems to move the numerical solution

to the final stationary point too fast; the tighter the tolerance, the slower the numerical

solution moves towards the stationary point by our technique. Thus intermediate accuracy

may be poor. In this example, VODE costs less, but gave negative y;’s when €,¢,] is rough

(see Tables I and I1I).

2These numbers are obtained by VODE with €rto] = 1.0D — 12 and €4, = 1.0D — 18.
®These numbers are again obtained by VODE with e.,] = 1.0D — 12 and ¢4, = 1.0D — 18.



Table 1

T = 321.8122, €140] = €ato] = 1.0D — 2

Ours (2nd Order+TC)

VODE

6.703057701292967e-04 .5725282527584436D-03
1.309969003366572e-04 .1122896622840371D-03
4.686227700663483e-05 .2557353213140912D-04
Computed | 1.044668591484158e-03 .9012709305761431D-03
y(T) 5.948895615632840e-04 .3844439312438358D-02
1.399641203763748e-03 .2268432632439765D-01
1.014500890852384e-03 .5641245545242673D-02
4.685499109147486e-03 .5875445475742460D-04
# Steps 6240 43
Detailed information for VODE are
No. steps = 43 No. f-s = 71 No. = 5 No. LU-s =
No. nonlinear iterations = 68
No. nonlinear convergence failures = 1
No. error test failures = 0]
Table 11

T = 321.8122, €140 = 1.0D — 2, and €40 = 1.0D — 4

Ours (2nd Order+TC)

VODE

6.713857790682387e-04 | .7558243074613788D-03
1.312129964291393e-04 | .1479323798111295D-03
4.704663198532799e-05 | .6237295228853745D-04
Computed | 1.046973653118531e-03 | .1210375647876922D-02
y(T) 6.183270777229269e-04 | .2950691373010578D-02
1.450653508870112e-03 | .8020037016949090D-02
1.047443294615701e-03 | .3238418039984794D-02
4.652556705384564e-03 | .2461581960015208D-02
# Steps 18740 83
Detailed information for VODE are
No. steps = 83 No. f-s = 141  No. J-s = 9 No. LU-s =
No. nonlinear iterations = 138
No. nonlinear convergence failures = 2

No. error test failures = 2

22

28

39
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Table 11
T = 421.8122, €,00] = €ato] — 1.0D — 2
Ours (2nd Order+TC) VODE

6.703055034476465e-04 | —.1233389736348425D-02
1.309968469594829e-04 | -.2406379074512964D-03
4.686223157486753e-05 | -.3273566250419065D-03
Computed | 1.044668020264216e-03 | —.2259296806484339D-02
y(Tj 5.948838280659612e-04 | -.6615440568182412D-01
1.399628827714248e-03 | —.2755526919224018D+00
1.014492753623196e-03 .5645679731365962D-02
4.685507246376674e-03 .5432026863336759D-04

# Steps 63+0 43

Detailed information for VODE are

No. steps = 43 No. f-s = 71 No. J-s = 5 No. LU-s = 22
No. nonlinear iterations = 68
No. nonlinear convergence failures = 1
No. error test failures = 0
Table 1V

T = 421.8122, ey = 1.0D — 2, and €y — 1.0D — 4
Ours (2nd Order+TC) VODE

6.703055034488190e-04 | .6703984836068498D-03
1.309968469597176e-04 | .1310139873468162D-03
4.686223157506727e-05 | .4688616046516635D-04
Computed | 1.044668020266728e-03 | .1044773906295759D-02
y(T) 5.948838280911594e-04 | .6007444328514930D-03
1.399628827768585e-03 | .1446753985010592D-02
1.014492753659000e-03 | .9965151415095106D-03
4.685507246341264e-03 | .4703484858490496D-02
# Steps 19040 101
Detailed information for VODE are
No. steps = 101 No. f-s = 167 No. J-s = 9 No. LU-s = 30
No. nonlinear iterations = 164
No. nonlinear convergence failures = 2

No. error test failures = 3

Our numerical results for this problem strongly suggest that time compression

should be applied at the final stages of integration in order not to hurt the overall accuracy

of numerical results early in the integration.
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3.5.3 Conclusions on the Numerical Tests

Besides the two examples above, several other examples collected in Enright, Hull
and B. Lindberg [24] have been run as well. But the examples above are typical enough for

us to draw some conclusions about the time compression technique.

1. The time compression technique is helpful in forcing numerical solutions to move to

the right stationary point.

2. The technique is particularly useful for solving systems in chemistry, where each com-
ponent represents the concentration of a particular substance; and therefore they must
be non-negative. Violations of non-negativity must be avoided at all costs lest a neg-
ative concentration undermine chemists’ confidence in numerical analysts. As we saw
above, VODE provides negative numbers from time to time even with tiny tolerances;
our method with the time compression technique always yields physically meaningful

numbers.

3. With time compression, the accuracy of the intermediate results may be poor, as
suggested by the second example. Therefore we recommend that time compression be

applied only at the final stages of integration.

4. Time compression technique may entail more work, but is well justified.
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Chapter 4

Exponential Representations of
the Solution to a System of
Ordinary Differential Equations

and of its Numerical Solutions

4.1 Introduction

In this chapter we review relevant standard material on Lie Algebra of vector fields
on RM and discuss the classical exponential representation of the solution to an AIVP and
Feng’s theory on the exponential representation for a numerical scheme.

Consider a system of ordinary differential equations

Y —ay), with y0)=yo (1.1
where a(y) = (a1(y),...,an(y))T : RV — RM. This chapter is concerned with the
locally exponential representation of the solution to the system (4.1), as well as exponential
representations of its numerical solutions. The idea for such representations was scattered
among previous literature, most notably in Steinberg [87, 1984], [88, 1985], Feng [27, 1991].
Other relevant papers are Magnus [59, 1954], Norman [109, 1964], Gamkrelidze [34, 1977].

Throughout this chapter, every scalar function is assumed analytic in a neighbor-

hood of interest, for example, in a neighborhood of yo = (y0,1, - - -,yQN)T. This means if
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¢ = ¢(y), then ¢ has a power series expansion:
Oy) = D iy (1 — Yo,1)" - (YN — Yo.N)Y, (4.2)
21207721\720

in a neighborhood of yq, where

def 1 grtting(y)

27! IN! 3y11---8y]{,v —

4.2 The Lie Algebra of Vector Fields

A vector field A on RY corresponds to a unique vector-valued function denoted

by a(y) = (ay(y),...,an(y))T in the following way:

On a scalar function ¢(y), the action of A is defined as

N
Ao(y) =Y ai() 25,

=1

A vector field can also be determined uniquely by its actions on all possible scalar functions.
Proposition 4.2.1 Let ¢ and ¢ be two scalar functions on RN . It holds that

1. Ao =0, where « is a scalar constant;

2. Alov) =¥ - A(9) + ¢+ A().
Such an operator A is called a derivation.

Let B be another vector field, and b(y) = (b1(y),...,bn(y))? its corresponding vector-
valued function. The product AB is defined as

ABo = A(Bg)

for any scalar function ¢ on RY. The action A* is defined analogously. The commutator

[A, B] of two vector fields A and B, which is also called a Lie bracket, is

[AB]d—efAB—BA—g:g: Obi Qa0 (4.3)
T N “fayj Ty ) Oy '

=1 7=1
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Proposition 4.2.2 Let A, B and C' be vector fields. It holds that
1. [A, B] is also a vector field;
2. [+, -] is bilinear, i.e.,

[0A+6B,C] = ofA,C]+ B[B, ],
[AvaB—I'ﬁC] = O‘[AvB]—I'ﬁ[AvC]v

where o and 3 are scalar constants.
3. Skew-Symmetry: [A, Bl = —[B, A;

4. Jacobi identity:
[A,[B, CT]+ [B,[C, A]]+ [C, [A, B]] = 0.

Thus all vector fields on RN form a Lie algebra.

Proof: That [A, B] is also a vector field is a consequence of (4.3). Bilinearity and skew-
symmetry are easy to verify. Jacobi identity here is a special case of a corresponding result

in more general context (see Proposition 5.1.1). n

4.3 Lie Series and the Solution of & = a(y)

An exponential of a vector field A is termed a Lie Series defined as

tA def k
) k;A
k=0

where ¢ is a scalar parameter. lts action upon a scalar function ¢(y) is given by

oly) = Zk,Akqb
2 3

= Hly)+HA6(Y) + SAAGY)) + TAA(AG)) +

This series may be convergent for sufficiently small [¢|. Lie series also act on vector-valued

functions: let ®(y) & (41 (y),- -+, dn(y))T, and define

é1D(y) L (o1 (y), o e o (y)T
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Proposition 4.3.1 Let ¢ and v be two scalar functions and ®(y) a vector-valued function.

Lie series have the following three basic properties:

1. Linearity:
“ag(y) +Be(y)) = aeoly) + se v (y),

where o and (3 are scalar constants;

2. Product preservation:

3. Composition:
¢e(y) = e(ely).

Proof: The linearity of Lie series depends on the linearity of the vector field A, acting on
scalar functions: A(a@(y) + v (y)) = aAe(y) + BAY(y) from which it follows for every
positive integer k

AM(ad(y) + Be(y)) = aA"o(y) + BAMY(y).

Therefore

Aadly) +Aily) = i LA (00(y) + B(y)

= O‘Z klAk(b +52 klAk¢
= oae“‘cb(Y) +ﬁe“‘¢(>')-

The proof of the product preservation property is based on the fact that A is a
derivation (see Proposition 4.2.1), so the higher powers A* satisfy an identity analogous to
the Leibnitz rule for derivatives:

k [k . .
AF(y)b(y) = Y () (Aio)) (A v()),

N 2
=0

which can be showed easily by induction. Hence

O = Y A ey
k=0

= i%i()(w )) (A1)

k=0 =0
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k!

- Y s () (4 u)

1=0 k=1

= T34 (o) 5 (o)

1=0 7=0

= ("o(y)) (¢1(y)) -

To show the composition property, it suffices to prove

eo(y) = ¢(e"y)

for a scalar function ¢. As we assumed all functions are analytic in a neighborhood of
interest. We may expand ¢ as a power series (see (4.2)). The linearity of the action of e'4
allows us to pass its action to each term of the series. Furthermore we can pass e’ to each
y; by the product preserving property and that et = « for any scalar constant a. Now
we see the power series of etAqb(y) has exactly the same form as the series for ¢, except that
every y; has been replaced by e*y;, as was to be proved. |

Now we are able to present an elegant representation of the solution to the system

(4.1).
Theorem 4.3.1 y(t) = etAy‘ is the solution to the system (4.1): y' = a(y) with
Y=Yo
y(0) = yo.
Proof:
d
L) = oA _ A o otA _ ‘
th() ‘ ‘y=yo e"a( ‘y=yo e )‘y=yo aly (),
as required. |

It follows from Theorem 4.3.1 that e’ is a map which maps a neighborhood of yq

to RY for sufficient small |¢|. It is called the local flow for a. In this respect, we may write

1k

1dN—|—Z k'Ak
k=1

where id is the identity operator: idyy = y.
4.4 Exponential Representations for Numerical Solutions

Every one step numerical scheme for solving the system (4.1) advances y(0) = yo

to Q(8,yo) which is intended to approximate the true solution y(f) to certain accuracy.



47

Typically this updating formula Q(6,yo) is analytic in @ for small |6], i.e.,

Q(0,y0) = yo + f: 0" Qy(yo) = (idN + i Oka) (¥0), (4.4)

k=1 k=1
where Q. : RV — R" are vector-valued functions. Our goal is to search for a vector field
A(#) depending on # such that the representation
QUorya) = | s
holds for small |6].
The material below is largely taken from Feng [27, 1991] with modifications.
First, we show how a choice of vector field A(f) can be made to determine an up-
dating formula Q. Consider a vector-valued function a(6;y) depending on a real parameter

# and having the power expansion in 6
= Z Okak(Y)v (46)
k=0

where a; : RY — RY. Denote the corresponding vector fields to a(f; -) and a; by A(6)
and Ay, respectively. Then A(f) = io: 6% Ay,. The system
k=0

d .
Y —aBiy), with y(0)=1yo

dt
has the local flow e*4(?)
et = k'A = idn + Z D6 A Ay
k=0 k=1""j=0  did-dig=]
The diagonally local flow is then defined to be
tA(6) N
€ ‘t_ 1dN—|—ZZ Z Ay - Ay
B k=1 j=0 : R
Define .
def
Q(o,y) = 10|y =3 6" Quly)
N k=0
then
Qo(y) = v,
F
Qily) = ZF Z Ay - Ay, for k> 1.

T teeti=k—g

ECH
Il
—
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Feng [27, 1991] gave the name near-1 map to the map Q(6, - ) that we shall call an updating
formula.

Conversely, given any near-1 map (4.4), there exists a unique vector field A(6)
whose diagonal flow is the given map Q(#, -). In fact, the corresponding vector-valued

function (see (4.6)) depending on the parameter 8 is given by

aly) = Quly)

k+1
1
arly) = Quui(y) - Z F Z A ---A¢Jy7 for k > 1.
i=2 i e =k
This proves the representation (4.5). It can be seen that Q is consistent if Q;(y) = a(y).

In summary, we have proved

Theorem 4.4.1 Let Q(6,yo) be an updating formula for the system (4.1). Assume that

this updating formula Q(0,yo) is analytic in 6 for small |8] and Q(0, -) =idy. Then there
exists locally a vector field A(8) depending on 6 such that the representation (4.5):

Q(0,yo) = " y|

Y=¥o

holds.
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Chapter 5

The Baker-Campbell-Hausdorft
(BCH) Formulas

5.1 Introduction

In this chapter, we review relevant material that leads to the proof of BCH for-
mulas. Material may be found in early papers Wilcox [111, 1967], Eichler [23, 1968], and
more recent Steinberg [88, 1985].

It is known that for two square matrices A and B of the same sizes

€A€B # 6A—I—B

unless A and B commute. This conclusion actually applies to all noncommutative algebras.
Fortunately, as we will see later, adding suitable correction terms which involve only (higher-

fold) commutators of A and B gives

€A€B — eA—I—B—I—(suitable correction terms)

This is the case for all noncommutative algebras, such as the Lie algebra of vector
fields discussed in Chapter 4. Without adding difficulties, in this chapter we deal with a
more general noncommutative Algebra (over the real/complex number field) whose elements
will be denoted by capital letters X, Y, Z, and so forth, and with a bracket mapping

(X,Y) = [X,V]E Xy —vX. (5.1)

The bracket so defined satisfies a set of identities similar to the bracket for vector fields in

Chapter 4 (see Proposition 4.2.2).



Proposition 5.1.1 [t holds that
1. [+, ] is bilinear, i.e.,

[aX +5Y,7Z] = oX,Z]+ plY, 7],
[(X,aY +387] = oX,Y]+5[X, 7],

where o and (3 are scalar constants;
2. Skew-Symmetry: [X,Y] = —[Y, X];

3. Jacobi identity:
X, 1Y, Z])+ IV, [Z, X 4 [4,[X, V] = 0.
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Proof: The first two follow immediately from the definition (5.1). Verifying the Jacobi
identity is a tedious thing. Such a verification can be done easily using symbol manipulating
software like Mathematica [112]. The following is a short Mathematica program to do the

job.

(* Function Mm[ ... ] represents the noncommutative
product of 1its arguments. The first three rules
apply to this function Mm.

Cmt[ . , . ] 4is the commutator function which is
defined by the fourth rule. *)

Mmla___,x_+y_,b___]:=Mm[a,x,b]+Mm[a,y,b];
Mm[a___, n_7?NumberQ x_,b___]:=n Mm[a,x,b];
SetAttributes[Mm, Flat];

Cmt [x_,y_]:=Mm[x,y]-Mm[y,x];

(* Verify the Jacobi Identity *)

jid=Cmt [X,Cmt[Y,Z]]1+Cmt [Y,Cmt[Z,X]]+Cmt [Z,Cmt [X,Y]];
If[jid==0,

Print["Jacobi Identity holds"],

Print["Jacobi Identity does not hold"l];

The proof was completed by running the program and seeing the 1st printed message.
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5.2 Exponentials and its Differentiation

The exponential of a noncommutative algebra’s variable X is defined formally by

the power series

Here formal means that no assumptions on the convergence of the series will be made and
two series are equal if they are equal term by term. One important identity which still holds

for the noncommutative case is

: (5.2)

or in other words, (eX)™! = ¢=X.

Proposition 5.2.1 Let a(t) be a scalar function of t, then

d

RalpR-1(D. QU a(t)X
P a'(t)Xe .

The proof of this proposition is a straightforward computation as the exponential series is

defined to be formal, so differentiations can be carried out term by term.

Proposition 5.2.2 Let X (t), as a function of scalar t, be an element of a noncommutative

algebra, and

d
/ [e—
X'(t) = 2 X (1),
Then
1
4 X _ / X0 X/ (1) =X g7 (X0 (5.3)
dt 0
. ¢0) /1 X (0 X7 (1) X gr (5.4)
0

Proof: By definition,

Thus
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Interchange the order of summation to get

d —i—1
a = Z Z k' XX "

1=0 k=i+1

20]0

= ZZ 1+J+1 XX (X @)

Now use the integral identity

1 I ,
b = / (1 —71)dr
0

(t+ 7+ 1)!
to get
d X(t)_/l = TiX(t)i (1-1) ]X() _/1 FX () ey (1=7) X (1)
7<= ; f Z:: dr = € X'(t)e dr
which yields (5.3). Changing the variable of integration gives (5.4). n

Proposition 5.2.2 in the language of matrices appeared as an exercise in Bellman [6,

p.181]. Its first appearance may be Wilcox [111, 1967].

5.3 Adjoint Operator and its Properties

Another important concept is the Adjoint Operator X® generated by X. It is

defined by

X Ydef[

X,Y].
Proposition 5.3.1 X" has these properties:
1. Skew-Symmetry: XY = —Y"X;

2. Linearity:
XY +87) = aX"Y + X7,

where o and (3 are scalar constants;

3. Derivation property:
X°Y2)=(X"V)Z7+YX"Z,
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4. Bracket property:
XY, Z] = [XY, Z]+ [Y, X" Z].

Proof: The properties for skew-symmetry and linearity of the adjoint operator X° follow

from those of the bracket. The derivation property is proved as follows:
XY =XYZ-YZIX=XYZ-YXZ+YXZ-YZX =[X,Y]Z+Y[X, Z].
Now we confirm the bracket property.

XY, 7z] = [X,[Y,Z]]
= -V [Z4,X]]-Z,[X,Y]] (Jacobi Identity)
= [Y,[X, 7]+ [[X,Y], 7] (Skew Symmetry)
= [V, X"Z]+[X"Y, Z],

as was to be shown. [ |

The Adjoint operator can be exponentiated:

o 1.

k=0

In other words,
XD 1 1
Proposition 5.3.2 The following equation holds
Xye X =Xy
Proof: The following proof is taken from Steinberg [88, 1985]. Define F(t) def otXye—tX,

Then F(0) =Y and

F'(t) = %F(t) = XAV X — Xy e XX = [X, F(t)] = X°F(1).

Now define G(t) = ¢!X°Y. Then G(0) =Y and G'(t) = X°G(t). This means that F(t) and
G/ (t) satisfy the same ordinary differential equation with the same initial value condition.

Such functions are unique. Thus F'(t) = G/(t). Setting ¢ = 1 completes the proof. n

Proposition 5.3.3 Fzponentials of adjoint operators have following properties:
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1. Linearity:
eXD(oeY +p57) = aeX’Y ¢ ﬁeXDZ7

where o and (3 are scalar constants;

2. Product Preservation:

eXD(YZ) = (eXDY) (eXDZ) ;

3. Bracket Preservation:

&Y, 2] = [X7Y, X7 7).
Proof: 1t is easy to verify the linearity. It follows from Proposition 5.3.2 that
eXD(YZ) = (YZ2)e X =X Ve XX Ze X = (eXDY) (eXDZ)

which shows the product preservation property. The bracket preservation property is then

verified by
Ky, 7] = X (vz) - X (2Y)
= (eXDY) (eXDZ) — (eXDZ) (eXDY)
= [eXDY7 eXDZ]
which completes the proof. |

5.4 The Baker-Campbell-Hausdorff Formulas

We have remarked earlier that for two noncommuting variables X and Y the
identity eXe¥ = XtV fails to hold generally. The following theorem provides an important
identity known as the Baker-Campbell-Hausdorff Formula (or BCH formula for short) which
gives a way to write eXe¥ as a single exponential. For its early development the reader
is referred to Campbell [13, 1903], Baker [5, 1905], Hausdorff [44, 1906], and Dynkin [22,

1950].

Theorem 5.4.1 The following identity holds:
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where 7 = io: n(X,Y) and 1(X,Y) = X + VY, and ¢,(X,Y) for n > 2 is a linear
n=1
combination of n-fold commutators of X and Y, computable via the following recursive

relations: forn > 1
(n+1)cp1(X,Y) = Iy — ZZ k+ i e (X, Y) e (X, Y) (X, YY), (5.5)

where the second sum " is over all positive integers ty,19,- -+, 1g, j that sum ton + 1.

Proof: The following proof is taken from Steinberg [88, 1985] with modifications. Set

F(t) — etXetY7

C(t) = Ztkck(Xv Y)7
k=1

Gty = “W,

Then by (5.2) we have the inverse ()7t = e~V e~ '*. Notice that
F/ (t) — XetXetY _I_ €tXY€tY7
SO

FIOFH™ = X4e¥ye ™
= X+X% (by Proposition 5.3.2)

00 Lk
= X+ D (X))
k=0 "

2 3

— X—|—Y—|—t[X,Y]—I—%[X [X, Y]]+t

S LG+

On the other hand, Equation (5.3) in Proposition 5.2.2 and Proposition 5.3.2 imply that

jti1+~~~+ik+]—1

T O (X Y) (X, Y)

= C'M+>, >
k=11%1,ig,72>1

def Z(n—l— Depp1 (X, V)" + Zb .

n=0



With ¢, (X, Y) determined recursively by (5.5), we see that (n+1)c, (X, Y)4b, = L(X°)"Y
which shows that
FOFn™" =a'mao)™" € H@).

Notice that F(0) = G(0) = I; so both F(t) and G/(t) satisfy the ordinary differential
equation Z'(t) = H(t)Z(t) with Z(0) = I. Such functions are unique. Thus F(t) = G(t).
Setting t = 1 completes the proof. |
Remark. The most commonly cited reference for the BCH formula is Varadarajan [106,
1984], where a recursive relation was proved for ¢;(X,Y) for finite dimensional Lie algebras.
Since BCH formula can also be interpreted as an identity for exponentials defined as formal
power series, where two series are equal if they are equal term by term, the recursive relation

derived for special cases in [106, 1984] is also true in a more general context as we are dealing

with here. In [106, 1984], it is derived:
1
(n+ Dep1(X,Y) = §[X —Y, e, (X,Y)]

+ > oy > i (X, Y) %, (X, Y)7 ey (X, Y)P(X 4 Y),
j>1,25<n
11,02, 002521

t1+io 4 Fiz;=n
where «y; are given by the coefficients of a scalar power series:
x x 1 1 1 4 1

- = 14 —a2t— —at+ x — x
l—e® 2 12 720 30240 1209600

o0
def 27
= 1—|—E gz,
7=1

o)

In our applications in this thesis, we are also interested in converting eX e e¥ into
a single exponential. One way to achieve this is to compute Z so that ¢Z = eXe¥ via BCH
formula, and then applying the formula again to get eZe*. The following theorem presents

another formula to do this job in one step.

Theorem 5.4.2 The following identity holds:

where Z = io: ¢ (X,Y) and ¢,(X,Y) is a linear combination of n-fold commutators of X
n=1
and Y determined by

gl(va) = 2X+Y7

MY
5
I
=
1

0 forn>1,
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and the following recursive relations: for n > 1

1 oy 2n 1 aye ayg
i+j=2n
§,j>0

ZZ 2k—|—1 2k T 152 (XY g, 1 (X Y) P00, (XL Y),

where the last sum > is over all positive integers iy, 12, - -, tag, J that sum to n+k + 1.
Proof: Set
F(t) 6tX tY tX
- 1
o0

Theorem 5.4.1 implies that there exist ¢, (X, Y) such that F'(¢t) = G(t). In what follows, we
are going to compute ¢,(X,Y). It follows from (5.2) that

F(t)y = e emtX = p(y).
F(t) = G(t) implies G(t)™! = G(-1), i.e.,
e Zk 1 tk gk(X Y) =€ O(t) = 6 - = ezk 1 gk X Y)

which shows that ¢, (X,Y) = 0. Notice that

F/ (t) — XetXetyetX _I_ ethetyetX _I_ etX e?fY)(el‘AX7

SO
F/(t)F(t)_l - X + ethe—tX + etXetYXe—tye—tX
= X4y 4 X% x (by Proposition 5.3.2)
o 4k A o0 4 : ] ,
= X+)Y (XY + Z (X9) Z ﬁ(Y”)JX
k=0 =0 7=0
o tF k ok 1 ; j
= X+> H(X”) DAY rﬂ(XD) (Y)Y X.
k=0 k=0 g
=

1,20
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One the other hand, it follows from Proposition 5.2.2 that
1 a
GG = / eCO°C (1) dr
0

1 < Tk
= /0 > (CONEC @ dr
k=0 "
= io: ﬁ(c(t)n)kc/(t)
k=0 :
(2]' — 1)t2(i1+~~~+ik)—k+2]‘_2

= C'O+>. > ) X

F= iy ing 21
Xegi—1 (X, Y)7 g, 1 (X, Y) 76,1 (XL Y)

n=0 n=1

where the coefficients by, are given by

- 25— 1
ban =3 m@nq@ﬁ Y1 (X, Y) 6, 4 (XY,
k=1 :
and the second sum ) is over all positive integers iy, 9, -, %95, 7 that sum to n + k + 1.

The equation (5.6) is a consequence of comparing the coefficients of F/(t)F(t)~! and those
of G'(t)G(t)~ L. |
Remark. Theorem 5.4.2 appears to be new, although its proof is similar to that of Theo-
rem 5.4.1.

The recursive formulas (5.5) and (5.6) imply that both ¢,(X,Y) and ¢, (X,Y) are
linear combinations of composed commutators. These composed commutators generally
have complicated forms if not simplified. With repeated application of Jacobi’s Identity,
each of the composed commutators can be represented as a linear combination of commu-
tators of the form [Zy,[Za, [ -+, [Zn=1, Zn] - -*]]] with Z; € {X,Y} because of the following
proposition. We say a bracket is a n-fold if the total number of occurrences of single elements

is n.

Proposition 5.4.1 FEvery n-fold composed commutator of many single elements is a linear
combination of commutators of the form [Zy,[Za, [ -+, [Zn=1, Zn] -+ ]]], where each Z; is a

single element.

Proof: Define the length of an n-fold composed commutator to be n. Evidently, a composed

commutator has the form W = [Wy, W3], where W; are (;-fold (¢; < k and (1 + {3 = n).
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(Without loss of generality, we may assume {1 < {3.) Now if the length of W is bigger than
1, we write Wy = [Wyy, Wis]. By Jacobi’s Identity:

W = [[W117W12]7W2]
= —[[Wha, W], Wir] = [[Wa, W], Wiy
= Wiy, Wiz, Wal] + [Wha, [Wa, Wii])-

Repeatedly applying Jacobi’s Identity at most £; — 1 times, W can be represented as a
linear combination of commutators whose first arguments are of length 1. So we only need
to work on the case when £; = 1. Applying similar arguments to W5 completes the proof. i

This proposition implies that both ¢, (X,Y) and ¢,(X,Y) are linear combinations
of the commutators of the form [Zy,[Zs, [ -+, [Zn-1, Z,] - -]]] with Z; € {X,Y}. Even so,
the representations are not unique unless a set of basis brackets are prescribed, since some
of them may be linearly dependent.

Although we have recursive formulas, it is almost impossible to actually compute
them by hand using the formulas except for the first few of ¢,(X,Y) and ¢,(X,Y), as
the number of commutators in ¢,(X,Y) of the form [Z1,[Zs,[ -+, [Zn-1, Zn] - - *]]] grows
at least exponentially as a function of n since the number of linearly independent n-fold
brackets grows at least exponentially (see §5.5). So this is an intrinsically difficult problem.
Even with computers, computing ¢,(X,Y) and ¢,(X,Y) for large n is still a challenging
problem. In 1965, Richtmyer and Greenspan [70] reported that they had computed the first
512 terms in BCH formulas on IBM 7094, but without doing much simplifications to the
computed terms. In the same paper, they also mentioned John and Olga Taussky Todd did
similar computations. Nowadays, we are lucky to have handy symbolic software packages
available. Writing a program to do the computations is much easier, but limitations of
each particular package still prevent us from easily getting ¢, (X,Y) and ¢,(X,Y) for large
n. For the purpose of our later applications to differential equations, we have computed
c,(X,Y) and ¢,(X,Y) up to n = 9, which is sufficient for our purpose. We wrote our
program in Mathematica [112]. The reader is referred to Appendix A for the formulas.

5.5 Counting Linearly Independent Brackets

Given two noncommuting elements X and Y, consider the linear space spanned

by X and Y and their possible brackets. Let £;(X,Y) denote the subspace spanned by all
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possible k-fold brackets of X and Y. Its dimension is given by Witt’s formula [7, Theorem
2 on p.141]:
ef .. 1 . ;
a(k) € dim(Lp (X, V) = = (2, (5.7)

ik

where p(7) is the M&bius function: p(1) 41, and

(0 def | (=1)7 if 7 is the product of j distinct primes,
1) =
0 otherwise.

The notation ¢|k stands for “k is a divisor of ¢”. L (X,Y) for k up to 7 are given as follows.

The dimensions of L£;(X,Y)
k 112134567
Im(Ce(X,Y)) |2 1] 2]3]6]9]18

For brackets invloving many noncommuting elements, say Xy, X3, ---, X,,, the
situation gets more complicated. Consider the linear space of brackets involving n; occur-
rences of Xq, ny occurrences of X5, - -+, and n,, occurrences of X,,,. The dimension of this
space is then given by the extension of Witt’s formula [7, Theorem 2 on p.141]:

def 1 A (o ni/g)!
By, o) & L S () s ) (5.5)
7 7 o ZT:I U3 ]MZ,:VZ H:ll (nl/])'
Formulas (5.7) and (5.8) will help us to see possible numbers of determining equa-

tions in our later chapters.
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Chapter 6

From a Reflexive Approximation

6.1 Introduction

Let X; and X () be elements from a noncommutative Algebra, where 6 is a small
scalar parameter. Assume that asymptotically X (6) can be expanded as a formal power

series with only even powers of 6
X(0)2X1—|—02X3—|—04X5—|—---:ZOQkXQJH_l. (61)
k=0

Thus X (#) = X1 + O(6*). This means X () approximates X; to 2nd order.

A one-parameter operator S(#) is said to be reflexive if
S(0)S(—0) = identity or equivalently S(8)~" = S(—6).

Evidently, X9 is reflexive:
(X )T = X0, (6.2)

(It is also called symmetric or self-adjoint in the literature (see §1.4).) So we have seen that
the power expansion (6.1) of X () with only even powers of # implies the reflexive property

(6.2). In fact, the converse is also true.
Proposition 6.1.1 Refleziveness in (6.2) implies that X (0) there is even as in (6.1).

Proof: The equation (6.2) implies that —0.X () = —0.X (—6) which further implies X () =
X (—6). Then (6.1) has to be true. n
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Generally, if X3 #0,
e@X(@) — €€X1 _I_O(03)

In many applications, approximations like this are not accurate enough. Fortunately, there

are many ways to construct more accurate approximations by compositions:

F(0) “ exp(8,,0X (6,,0)) - - -exp(5,0X (5,6)). (6.3)

With appropriately chosen scalars §;’s and integer m, F(f) can be made to approximate
exp(#X1) to arbitrary high order. One particularly interesting class is the class of Palin-

dromic Compositions for which

0 = dpy1—; fori=1,2,--- m. (6.4)
We will denote F'(#) by Fp(#) whenever (6.4) holds. For example when m = 3

Fp(0) = exp (010X (010)) exp (020X (520)) exp(6:0X (6,6)).
Generally F(6) is denoted by Fip (@) for non-palindromic cases. The consistency condition:
F'(0)|y—o = X1 is
> 6 =1. (6.5)
7=1

From Theorem 5.4.1 in Chapter 5, one can, in principle, transform both Fp(#) and

Fp () into single exponentials:
Fp(0) = exp(0Xp) and Fnp(0) = exp(0Xnp), (6.6)

where both Xp and Xyp are linear combinations of X;’s and their brackets. Writing them
into single exponentials is a crucial step towards obtaining determining equations for higher

order approximations.

6.2 Palindromic Compositions

We have the following proposition for palindromic compositions.

Proposition 6.2.1 Xp in (6.6) contains only terms with even powers of 6.
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The importance of this proposition lies in the fact that with palindromic compositions based

on a reflexive formula, the terms with odd powers of § automatically vanish, and therefore

the numbers of determining equations are reduced; in fact the reduction is substantial as

we shall see.

Proof of Proposition 6.2.1: Observe that Fp(0)Fp(—6) = identity. The proof is completed

by Proposition 6.1.1. |
We have remarked that Xp is a linear combination of X;’s and their brackets. In

Appendix B, we will further show that

Proposition 6.2.2 Up to 0'°-terms, Xp is a linear combination of the following linearly

independent terms:

60 Xi;
6? . Xjs;
6t Xs, [Xq, X1, X3);
0% Xr, [Xy, X1, X5], [X1, X1, X1, X4, X3], [ X3, X1, X3];
0% 1 Xo, [ Xy, X1, X7], [X1, X1, X1, X1, X5],
(X3, X1, Xy, Xy, X3], [Xy, X3, Xy, Xy, X3),
(X1, X1, Xy, Xy, Xy, Xy, X3);
01° 0 Xy, [Xy, X1, Xo,
(X1, X3, X7], [X5, X1, X7],
(X1, X1, Xy, Xy, X7],

6.7
[X57X17X5]7 [X37X37X5]7 ( )

[X17X17X17X37X5]7 [X37X17X17X17X5]7
[X17X37X17X17X5]7 [X17X17X37X17X5]7

[X17X17X17X17X17X17X5]7
[X17X37X37X17X3]7 [X37X17X37X17X3]7

[X37X17X17X17X17X17X3]7
[X17X37X17X17X17X17X3]7
[X17X17X37X17X17X17X3]7

[XhX17X17X17X17X17X17X17X3]-
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6.2.1 Writing fp(f) as a Single Exponential

By Theorem 5.4.2, we can define
def
exp(Y;) 2 exp(8,0 (6,0)) exp (Y1) exp(d,0X (6,0)), (6.5)
for j = [m/2],---,2,1 with the initial condition

0 if m is even,

Yim/z)+1 = .
5(m+1)/20X(5(m+1)/20)7 if m is odd.

Let’s say we want to compute each Y; up to #''-terms, ignoring terms of higher orders.
Clearly, modulo 6'2, these Y;’s are linear combinations of objects in (6.7) also. For the sake

of simplicity, let’s drop the subscripts, and consider a typical step of (6.8):

exp(Y) = exp(60.X (60)) exp(Y) exp(660.X (69)),

where X (66) is determined by (6.1) and, modulo '3, ¥ and Y are linear combinations
of objects in (6.7). Passing from Y to Y can be converted to the problem of computing
the combination coefficients for Y given those for Y. Formulas will be given in §B.3 of

Appendix B.

6.2.2 Counting Numbers of Determining Equations

Another way to put Proposition 6.2.1 is that
A Xp contains terms with only odd powers of 6.

We observed that Xp is a linear combination of X;’s and their brackets. If a bracket involves
ny occurrences of Xy, ns occurrences of X3, ---, and ngg_q occurrences of Xop_1, then it

associates with
grit3ns +-4(2k=1)ngg—_1

in 0.Xp. By §5.5, there are §(ny, ns, - - -, nax—_1) linearly independent brackets which involves
ny1 occurrences of Xy, ng occurrences of Xs, - -+, and nop_1 occurrences of Xop_;. The num-
ber of linearly independent terms (with respect to X;’s and their brackets) in all coefficients

of powers up to §27~1 turns out to be

Z Z 5(7117”37"'7”%—1)-

k=1 N —|—3n3—I—~~~—|—(2k—1)n2k_1:2k—1
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McLachlan [60, 1995] simplified the inner summation to get!

m k—1

> D B 2(k=j) = 1).

k=1 j=0
Since each independent bracket will yield an equation to determine the step-sizes 6;6 in a
palindromic scheme, the determining equations that must be solved for the approximation
Fp(0) to exp(#X1) to be order 2m turn out to be as numerous as the above expression
indicates, unless there are some redundant equations. (None have been encountered yet.)
Let Np(n) be the number of determining equations for I'p(6) to be an order n approximation
to exp(#X1). We already know that Np(2m) = Np(2m — 1). From the summation above,

we have computed ...

2m | 2]4]6[8[10] 12
Ne(2m) < | 1|2 [4[8] 1634

(see also McLachlan [60]).

6.2.3 Determining Equations

Determining equations are readily available once Y; defined by (6.8) is computed.
For example, it can be shown that

Yi=0> §X1+6°> 68Xs+0(6°),

i=1 i=1
so for Fp to be a 4th order approximation to exp(f#X;) it requires, besides consistency

condition (6.5),
3 _
2.9 =0

J=1

6.3 High Order Palindromic Schemes By Palindromic Com-

positions

In this section we will construct a few palindromic compositions (6.4). Define

7
def .
- g o; fore=1,2,---,m.
i=1

'The equation (2.9b) in McLachlan [60, 1995] needs a correction to cover the case m = 1. The correction
is to let j run from 0, not 1.
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It is easy to see that ¢;+c¢;—j+1 = 1 and ¢, = 1. In searching for the best possible schemes,

we will attempt to minimize

m

either ;Mﬂ or 1gzg>§n|5j| (6.9)

if there is any opportunity to do so. At the same time, we also like to have
0<¢; <1, forg=1,2,---,m

though it is not always possible, as we shall see. (For a brief disscussion of why we like this

requirement, see §1.5).

6.3.1 Palindromic Schemes of Order 4

To find palindromic schemes of order 4, we have to solve two equations correspond-

ing to X1 and X3, and therefore we have to choose m > 3. The two equations are

Z(Si =1 and 2523 =0.
=1 =1

The 3-Stage Palindromic Scheme of Order 4 (m = 3): Denote §; = 03 = z. With
3
m =3 and &§; + d, + d3 = 1, we have § = 1 — 2z. Hence 3 &7 = 0 becomes

=1

28+ (1-22)°=0

which has one real solution and two complex conjugate ones. The real one is what we are
looking for:

1 /2
; PR 2 (6.10)

2 - /2
or numerically (to 20 decimal digits),

51 =05 =

S

d1 = 83 &~ 1.351207191959657634, &y &~ —1.7024143839193152681

for which ¢ =& > 1, e3 =1 and

2-1
22

This scheme was first discovered by Kahan in 1969 when he was composing a reflexive

Ccy = =~z —0.35120719195965763405 < 0.

updating formula of his own for solving a linear system of ordinary differential equations

to simulate an electronic circuit. The 4th order schemes he used most often, because it
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was simplest to program on his calculator, as a 9-Stage Scheme with §5 = —1/3 and
0 =0y =63 =64 = 8 = 0y = 0s = 09 = 1/6. It did not occur to him that his
construction would work for any reflexive updating formula. After he saw Sanz-Serna and
Abia [79, 1991] where these same magic numbers were discovered again for the implicit
mid-point rule, a special reflexive method, he realized his early construction might work for
every reflexive updating formula and finally settled it with the help of Theorist for general
reflexive updating formulas in Kahan [51, 1993]. The scheme was also discovered by Yoshida
[117, 1990] for separable Hamiltonian systems, where a special reflexive updating formula
can be created, and admits a natural exponential representation. Also related is the 4th
order scheme again for separable Hamiltonian systems obtained by Forest and Ruth [31,
1990], by Candy and Rozmus [14, 1991], and by Qin, Wang and Zhang [67, 1991].

A disadvantage of this scheme is that the second move jumps “out of bounds”
since ¢; > 1 and ¢y < 0. It turns out that by making m larger and therefore introducing
some freedom in the solutions, we can get better schemes.
5-Stage Palindromic Schemes of Order 4 (m = 5): Going from 3-stages to 5-stages,
we have one extra degree of freedom which, as we shall see soon, provides us room for not
only making 0 < ¢; < 1 but also minimizing both ]‘231 |0;] and 121};2(5 |0;] at the same time.

With m = 5, write §; = ¢; — ¢;_1, and note c3 =1 — ¢, ¢4 =1 —¢1, and ¢5 = 1. Then the

5
equation Y §? = 0 becomes
1=1

1 —6cy + 12¢5 — 65 — 6c3¢ + 6ege; =0

which is quadratic in ¢;. Solving it, one gets

C9 + A Coy — A
and c¢_ = ,
2 2

Cl+ =

where

N 15¢3 — 24¢% + 12¢9 — 2‘
302

Imposing 0 < ¢; < 1, we see that ¢;4 are real iff 150% — 240% 4+ 12¢5—2 > 0, i.e.,

. 2v22 4+ /248
= 15

~ 0.82898154358875147428.

C2

Because of the freedom in choosing the 4 sign, we now have two sets of ¢;’s. For notational

purposes we append to each ¢; and &; either a plus sign or a minus sign to indicate to which



sign they correspond. The two sets of solutions are

C1+
Coyt
C3+
Cay
Cs4
and
C1—
Co_
C3_
Cq—

Cr_

Cg-l—A
2 1
C2,
1— ¢, for which
+A
L,
L,
CQ—A
2 9
C2,
1— ¢, for which
co—A
1-ogt,
L,

51y
8oy
534
Sas

S5t

o
do—
O3
dq—
d5—

C2+A

2
CQ—A

2
1 - 20%
52+7
51+7
CQ—A

2
C2+A

2
1 - 20%
52—7
&1

68

(6.11)

(6.12)

The two sets of solutions are really dual to each other in the sense that §;_ and do_ can be

obtained by swapping 14+ and do4. Figure 6.1 shows that for

0.82898154358875147428 < ¢y < 1,

(6.13)

no moves will jump “out of bounds”, i.e., all 0 < ¢; < 1. To see what value of ¢, minimizes

5
>~ 18;] or max |d;|, we notice that under the restriction (6.13) we have
; 1<;<5

7=1 >

5
Z |0;|] =4c; —1 and
i=1

C.e o2, 8 .
So both are minimized at ¢ = 22;‘1"5@, for which

C1
C2
C3
&1

Cs

d;] = 2¢9 — 1.
i 0 =2

3
2V VI8 1 0.41449077179437573714,

3 3
2VP4VES o 0,82898154358875147428,

3 3
1=V2-2VP 1 0.17101845641124852572,

3
2=VI2VP () 58550922820562426286,

30
L

and the corresponding 4;’s are

2V22 + /2 +8

= ~2 0.41449077179437573714,

30
422 4232+ 1
15

~ —0.65796308717750294857.

(6.14)
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0.8 — 1
cl+ ////
0.95
0.6 —
— c2
/ 0.9
0.4 ‘
0.85
cl-
0.2 0.8
0.8 0.85 0.9 0.95 1 0.8 0.85 0.9 0.95 1
0.2 0.8
c4-
0.15
0.6 (
c3
0.1 \
\\
0.4 ~C4+
0.05 S~
0 0.2 —
0.8 0.85 0.9 0.95 1 0.8 0.85 0.9 0.95 1

Figure 6.1: Plotting ¢y, ¢, ¢3 and ¢4 against cs.

Other interesting schemes are the ones which make ¢ = 1. One may argue that
5
¢z = 1 maximizes both 3 |§;| and max |§;| subject to (6.13). However, still one has
= 1<<5 7

]_
0 < ¢ < 1. What may be important is that with ¢ = 1 and ¢3 = 0 the 5 moves will

revisit the starting point and the final point. This is very helpful when the equation of form
Q =g+ 6F(g, Q) associated with symmetrical splitting techniques discussed in Chapter 2
is implicit in Q and solvable only by some iterative method. In this situation, at the return
to the starting point and the final point, there are fairly accurate initial guesses available
to help iterative methods converge faster. Another motive for having ¢, = 1 was that the
resulting scheme might have a built-in error estimation mechanism consisting of a scheme
of order 2 embedded in the scheme of order 4. But it is not very good because of the orders

differ too much and thus provides error estimates which are usually too rough.

Now we list the parameters that define the two 4th order schemes that make ¢5 = 1:

1. Scheme I:
_3+V3 3-3

) = 17 = 07 =
6 C9 C3 C4q 6

(4] y C5 = 17 (615)

for which
3—|—\/§ 3 — \/g
6 = 557 52 = 6

o = =04, 03 = —1;
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2. Scheme I1I:
cl = %, co=1,c3=0,¢4 = 3+6\/§7 cs =1, (6.16)
for which
5y = 3_6\/5 Y - 3+6\/§:54, 5y = —1.

6.3.2 Palindromic Schemes of Order 6

To search for palindromic schemes of order 6, we have to solve four equations.
These four equations correspond to Xy, X3, X5 and [Xy, Xy, X3], respectively. So we need
to choose m > 7. In what follows, we will study the cases m =7 and m = 9. (m = 8 was
rejected because it does not introduce any freedom for us to get a better scheme, nor does

it yield a scheme such that all 0 < ¢; < 1.)

7-Stage Palindromic Schemes of Order 6 (m = 7): If we work with ¢;’s, the equation
corresponding to X is satisfied automatically. Then we have a polynomial system consisting

of 3 polynomials in z, y and z:

Polynomial 1: 1 — 6z 4+ 1222 — 622 — 622y + 6zy? — 6y%2 + 6y22,
Polynomial 2: 1 — 10z 4+ 4022 — 802° 4+ 802* — 302° — 102y + 2023y? — 202%y>
+10xy* — 10y 2 + 203322 — 209223 + 10y 2,

Polynomial 3: —%x + gxz — %ny + %ny + 23y — 2y’ — %x4y + %x?’yQ — %x2y3
—I—%xy4 _ %79034— %7904 _ 5 %yzz—l— %yz2 TP -y - %y‘lz
—|—%y322 _ %y223—|— %yz‘ﬂ
where = and y and z are defined by
[017 Cg, €3, C4, C5, Cg, 07] = [Zv Yy, z, 1- T, 1- Y, 1- 2, 1] (617)

It turns out that the system is a rather easy one whose Grébner Basis with respect to pure
lexicographical order? can be computed by symbolic software like Maple. Once this basis is
computed, all solutions to the original systems are “readily” obtained. Only three sets of

real solutions exist:

=z 0.78451361047755726382 | §; = d7 | 0.78451361047755726382
cy =1y 1.0200868238369153975 | d9 = d¢ | 0.23557321335935813368
c3 =12 | -0.15759316034195560944 | d3 = 5 | -1.1776799841788710069
0y 1.3151863206839112189

(6.18)

2 As specified in MAPLE V.
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=z 1.4398481679767830909 | §; = &7 1.4398481679767830909
cy =1y 1.4441088498475751071 | d9 = dg 0.0042606818707920162 (6.19)
c3 =1z | -0.68817637215387641358 | d3 = 45 | -2.1322852220014515207 '

0y 2.3763527443077528272
=z 1.4477825623992979329 | §; = &7 1.4477825623992979329
co =1y | =0.69625275390609137770 | d9 = dg | =2.1440353163053893106 (6.20)
c3 =1x | -0.69472389162184210745 | d3 = 45 | 0.00152886228424927025 '

0y 2.3894477832436842149

While the scheme (6.18) appears to be the best, none of them satisfies 0 < ¢; < 1 for all j.

9-Stage Palindromic Schemes of Order 6 (m = 9): We have just seen that there is no
7-Stage Palindromic Scheme of order 6 for which all 0 < ¢; < 1. So it is natural for us to
search for 9-Stage Palindromic Schemes of order 6 satisfying the constraint. For this case
still there are three equations but with 4 unknowns, leaving one degree of freedom. Let the

unknowns be z, y, z and w, where
[017 C2, C3, C4, C5, Ce, C7, C8, C9:| = [w7 24,7, 1- €T, 1- Y, 1- 2, 1- w, 1] (621)

Although it seems we are dealing with a polynomial system similar to the one for 7-Stage
Palindromic Schemes of order 6, the current system is much harder to solve. Grobner Basis
with pure lexicographical ordering never worked for me because it took too long to finish.
Instead, I tried to use pseudo-polynomial division [36] to eliminate the unknowns z and w.
After running Maple V Release 3 on an IBM RS 6000/590 for 2-3 weeks, I finally obtained
a polynomial only in 2z and y with 754 terms and of degree 24 in y and of degree 42 in
2. This is the most important step. Now let z vary from 0 to 1. We found the 754-term
polynomial determines at least two interesting curves. We tried unsuccessfully to show the
two curves are the only ones; extensive trials suggest very strongly that no other curves live
in the unit square. The two curves do not exist for all # € [0, 1] but only on a subinterval
of width nearly one tenth. The two curves are plotted in Figure 6.2. The numbers of real

solution sets to the system as z varies from 0 to 1 are described in the following table?:

S“At least” and “?” are in the table because we have not shown mathematically that the two curves are
the only ones.
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0.03 0.895

0.02

0.01

1 0.89 4

—-0.01

1 0.885F 1

>-0.02

—0.03

b 0.88 b
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—0.05 b 0.875r b
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where

Description of Real Solution Sets

0 <z < a | At least four sets two of which satisfy (6.22)

r=a At least three sets one of which satisfies (6.22)

a <z <b | At least two sets none of which satisfies (6.22)

b <z <c | At least two sets one of which satisfies (6.22)

c <z <d | At least two sets; both satisfy (6.22)

= At least one set which satisfies (6.22)

d < x <1 | No real solution set?

a =~ 0.028467183943928598030,

b =~ 0.038040313750650959643,

c ~ 0.087338934128333081621,

d =~ 0.10072800453258501830.

As we said before, we are particularly interested in the solution sets satisfying

0<2<1,0<y<1,0<2<1,0<w< 1.
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(6.22)

Now we present two more figures so that the reader can have an overall view of these

solution curves. Each of the two figures (Figure 6.3 and Figure 6.4) corresponds to one of

the two aforementioned curves determined by the 754-term polynomial in z and y. Every

curve is plotted in such a way—half in one color and half in another—that for every z the

corresponding y, z, and w can be discerned.

About the First Curve

Clearly, one can see that

max |6;] =1—2z =05

1<5<9

for 0 <z < d,

and thus max |0;] achieves its minimum 0.798543 at z = d:
<<

cp =w
Cy = 2
3=y
Cq4 =2

0.39216144400731413928
0.72476058079667357788
0.018514408232034218070
0.10072800453258501830

01 = do
02 = 0s
03 = 07
04 = dg

95

0.39216144400731413928
0.33259913678235943860
-0.70624617255763935981
0.082213596293550800230
0.79854399093482996340

(6.23)



_01 . .
0 005 01 015
X

06
3 ()
04
0 005 01 015
X
?
L
2 (V)
§45
9
3 4
<
E3s ' '
"0 005 01 015

X

9
Figure 6.3: About the first curve: (IV) plots {|§;|}’s against z; (V) plots ) |4;| against z;
J=1

(V1) plots 121;2{9 |0;] against .

0.9
(n
N 0.8
0.7 ' '
0 0.05 0.1 0.15
X
o 1 . .
N (V)
o |
i
N
v)/ |
Q
0 0.05 0.1 0.15
X
g1 "
N
09
)
208
<
307 ' '
20 0.05 0.1 0.15
X

74



75

09 . |
(1)
08 ()
) N
088
N N 0.7 N N
0 001 002 003 0 001 002 003
X X
0.25 -1 - -
) -
N
0.2 cg
3 005
0.15 0 (V)
()}
() 3
0.1 ' ' <o ' '
0 001 002 003 0 001 002 003
X X
n n
3 wl & W)
1)} 0]
§45 90.98
) )
()] n
44 096
< <
Eqz ' ' S 0.94 ' '
® 0 001 002 003 =0 001 002 003
X X

9
Figure 6.4: About the second curve: (IV) plots {|6;]}’s against z; (V) plots ) |§;| against
J=1

z; (V1) plots 121;2{9 |0;] against .



76

9
To see when )~ |§;] achieves its minimum, we notice that for the first curve
i=1

Zléjl=2<w+(z—w>+<z—y>+(w—y>>+<1—2w>=4<z—y>+1-

9

With this in mind, and thinking of y, z and w as functions of z, at the point where 3" |§;]
=1

achieves its minimum we have a new equation z/ —y' = 0. Let g(x,y) be the 754-term

polynomial in 2 and y, and let f(z,y, z) be a polynomial which is linear in z and lies in
the ideal generated by the originial polynomial system we started with. (f(z,y, z) is gotten

during our pseudo-polynomial division process to get g(z,y).) Then we have to solve
g(z,y) =0, f(z,y,2)=0 and 2 —y' =0.
Differentiating the first two equations yields
9o+ 9y’ =0 and fo+ fyy'+ f.2' =0
which transform 2z’ — y’ = 0 into
fy9e = 9y fo + [292 = 0.

9
With those equations in hand, we are able to compute that ) |J;| achieves its minimum
=1
3.8249 at ...

¢y = w | 0.39103020330868478817 | §; = 9 0.39103020330868478817
co =z | 0.72506749291982080566 | dy = Jg 0.33403728961113601749
c3=y | 0.018840211732259462202 | 3 = 7 | -0.70622728118756134346 |(6.24)
cy =2 | 0.10071776138031890797 | 64 = g | 0.081877549648059445768
d5 0.79856447723936218406

which differs slightly from (6.23). The schemes (6.23) and (6.24) will turn out to be the
best.

About the Second Curve

Clearly, one can see that

max |[0;| =1—-2x =465 for0<az<aq,
1<5<9



77

and thus max |0;] achieves its minimum 0.9430656 at x = a:
<<

¢y =w | 0.18927660120105187176 | §; = 9 0.18927660120105187176
co =z | 0.74440271037823510655 | d = &g 0.55512610917718323479
c3 =19y | 0.87156040292818742103 | 43 = &7 0.12715769254995231448 |(6.25)
cy =12 | 0.028467183943928598030 | 6, = g | —0.84309321898425882300
d5 0.94306563211214280394

9
To see when )~ |§;] achieves its minimum, we notice that for the second curve
i=1

dDlsil=2w+(z-w)+(y—2)+y—2)+(1-22) =4y —2)+ L

j=1

With this in mind, and again thinking of y, z and w as functions of z, at the point where
9

>~ |4, achieves its minimum we have a new equation y’ = 1. Let g(z,y) be the 754-term

J=1
polynomial in z and y. Then we have to solve

g(z,y) =0 and o =1.
Differentiating the first equation yields

9e + 9, = 0.

9
With the two equations in hand, we are able to compute that } |J;| achieves its minimum
J=1

4.372353 at ...

c1 = w | 0.18978487784793099392 | §; = 9 0.18978487784793099392
co =z | 0.74485679615177705346 | d = &g 0.55507191830384605954
c3 =1y | 0.87155281645793217641 03 = &7 0.12669602030615512295 |(6.26)
cy = | 0.028464467495359083987 | 44 = g | —0.84308834896257309242
d5 0.94307106500928183203

which differs slightly from (6.25).

The two quantities in (6.9) for the above four solutions are ...

(6.23) | (6.24) (6.25) (6.26)

1r2a<X9 |0;] | 0.79854 | 0.79856 | 0.943066 | 0.943071
SIS

9
Y2 16;] | 3.8250 | 3.8249 | 4.37237 | 4.37235
i=1

Comparing these extremal solutions, the optimal ones appear to be (6.23) and (6.24) on

the first curve.
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6.3.3 Palindromic Schemes of Order 8

Order 8 is the highest order anyone has attacked so far for separable Hamiltonian
systems, partly because the correct determining equations for orders higher than 8 were
not available. H. Yoshida [117] and Masuo Suzuki have been working on high order de-
composition of exponential operators for many years. The paper by Suzuki [102] in 1990
is by far the most significant one; in it Suzuki obtained order conditions for palindromic
decompositions® for orders up to 12, except that his order conditions are not quite correct
for orders 10 and higher for reasons to be explained later.

To find palindromic schemes of order 8 we have to solve eight equations (see §6.2),
and therefore we need to choose m > 15. In what follows, we study the cases m = 15 and

m = 17.

15-Stage Palindromic Schemes of Order 8 (m = 15): If we work with ¢;’s, the equation
corresponding to X is satisfied automatically. Then we have a polynomial system of seven
equations to work with and the unknowns are ¢y, ¢, - -, c7.

It appears that the polynomial system is too large to be solved by any available
symbol manipulating software using the Grobner Basis method. Running Maple V Release
3 for less than half an hour on an IBM RS6000/590, raised an error message saying object
too large because of its memory limitation. Dec/Alpha workstation has more address bits,
so it carried the Grobner Basis algorithm further with the above system, but not far enough;
Professor Keith Geddes of the University of Waterloo had to stop the computation on a
Dec/Alpha workstation after about 12 hours. Getting all the solutions to the system appears
not yet to be practical.

Yoshida [117] found 5 numerical solutions to the system; his solutions are correct
up to roughly 12 decimal digits. McLachlan [60] presented one solution which he thought
was the best that he knew. We have been able to find over two hundred solution sets
including those of Yoshida and McLachlan. None of them keep all 0 < ¢; < 1. The one that

minimizes the two quantities in (6.9) among all known solutions happens to be McLachlan’s

... called symmetric decompositions there.
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in [60], which is the following

1 0.74167036435061295345 | 4y = &5 0.74167036435061295345
C 0.33256953855058135945 | 4, = &14 | =0.40910082580003159400
c3 0.52332424884681973940 | 45 = &3 0.19075471029623837995
¢y | =0.050538222269262527252 | 4 = d15 | —0.57386247111608226666
Cs 0.24852595903439339659 | 45 = 411 0.29906418130365592384
Cs 0.58315087727969158038 | dg = 19 0.33462491824529818378
cr 0.89844396967645817701 | 47 = dg 0.31529309239676659663
dg -0.79688793935291635402

(6.27)

17-Stage Palindromic Schemes of Order 8 (m = 17): We have just seen that there is
no known 15-Stage Palindromic Scheme of order 8 for which all 0 < ¢; < 1. So it is natural
for us to search for 17-Stage Palindromic Schemes of order 8 satisfying the constraint. For
this case there are still seven equations but with 8 unknowns ¢y, cq, -, cs, leaving one
degree of freedom. This system is even harder to solve than the previous one.

McLachlan [60] found a solution which is almost optimal in the sense that it makes
both quantities in (6.9) reasonably small but does not minimize either of them. Since we

are interested in the solution curves that intersect the unit cube
{(e1,¢2,-+-,¢c8) : 0<¢; <1 forl<i <8},

we have been trying to locate as many interesting curves as possible. So far, we have found
14 curves and suspect very much they are the only curves which intersect the unit cube.
Some of the curves are even closed. We number the curves from Curve I to Curve 1. It

17
turns out there is no point which minimizes both max_ |6;] and >~ |§;| at the same time,
S =1

17
and the points which minimize either max |0;] or 3~ |9;| happen to lie on Curve 1 which
S 1=

is plotted in Figure 6.5.

Minimizing max_ |6;]: It can be seen from Figure 6.5 and Figure 6.6 that

max _|§;| = 2¢s — 1.
1<i<17

This says that we need to find the point on Curve I for which ¢g is minimized. We found
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that min max |d;| = 0.6055085 at the point:
1<i<17

1 0.13020248308889008088 | §; = #;7 | 0.13020248308889008088
C 0.69136546486399846544 | 3 = §16 | 0.56116298177510838456
c3 0.30189050221915117903 | &3 = &5 | —0.38947496264484728641
Cq 0.46073240877430677993 | 64 = §14 | 0.15884190655515560090
cs | 0.064828514641069202593 | ds = §13 | —0.39590389413323757734 (6.28)
Cs 0.24936815561938490968 | g = d12 | 0.18453964097831570709
cr 0.50774254330570695698 | 67 = §;1 | 0.25837438768632204729
cs 0.80275426691501725585 | dg = d1p | 0.29501172360931029887
dg -0.60550853383003451170

17
Minimizing Y |4;]
=1
It can be seen from Figure 6.5 that

17
Z 10;] = 2[ci+ (ca—c1)+ (ca—c3) + (ca —¢3) + (ca— ¢5) + (c6 — ¢5)

+(c7 — ¢c6) + (cs — c7)] + (2¢5 — 1)
= 4(02—03—|—C4—C5—|—Cg) — 1.
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17
We found that min ) |§;| = 5.34955334 at ...
=1

c1 | 0.12713692773487857916 | §; = &7 0.12713692773487857916
co | 0.68883946572368127888 | dy = &g 0.56170253798880269972
c3 | 0.30630474577485109000 | 43 = &5 | —0.38253471994883018888
cy | 0.46638080206949852119 | d4 = &14 0.16007605629464743119
cs | 0.064564427742691554464 | 65 = 15 | —0.40181637432680696673 (6.29)
cg | 0.25193114428497005171 d¢ = 612 0.18736671654227849724
c7 | 0.51263985349276245740 | &7 = 613 0.26070870920779240570
cg | 0.80303724161792408129 | dg = &1 0.29039738812516162389
dg -0.60607448323584816258

The two quantities in (6.9) for the above two solutions are ...

(6.28) | (6.29)

max_|d;] | 0.60551 | 0.60607
1<;<17

17
S 16;] | 5.3525 | 5.3496
j=1

6.3.4 Palindromic Schemes of Order 10

To find palindromic schemes of order 10 we have to solve 16 equations (see §6.2),
and therefore we need to choose m > 31. In what follows we will study the cases m = 31

and m = 33.

31-Stage Palindromic Schemes of Order 10 (m = 31): If we work with ¢;’s, the
equation corresponding to X is satisfied automatically. Then we have a system of 15
equations to work with and the unknowns are ¢y, ¢, - -+, €15.

As we mentioned, Suzuki has been working on exponential splitting for many
years. In his paper [102, 1992] he attempted to derive order conditions for high-order
decomposition of exponential operators. At the end of the paper he presented conditions
for orders® up to 12 for decompositions of the palindromic type. I discovered his conditions
for order 10 were wrong. I first noticed that the Jacobian of Suzuki’s polynomial system

is zero with “high” probability®; and later assigned the same integers to the variables in his

5 A palindromic scheme is always of even order of convergence. Nevertheless, Suzuki still assigned an odd
order to a palindromic scheme. A scheme to which he assigned order 2k — 1 would actually have order 2k.

For this reason his condition for order 12 may be wrong as well. The claim “high” probability means the
following: actually computing the Jacobian of his polynomial system symbolically is impossible because of
too many terms and not enough address bits on available computers; so instead I ran several hundred tests
computing the Jacobian with each variable assigned a random integer; and results were zeros all the time.
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system and ours and found the Jacobian of his polynomial system is zero while that of our

system is not. We have double checked our polynomials to make sure they are correct.

Apparently, the polynomial system is too large to be solved by any available symbol

manipulating software using the Grobner Basis method. We did not even consider doing it

that way. Numerically, we have found over a hundred solutions and apparently there are

more out there remaining to be found. The best solutions we could find are the following:

C1
C2
C3
Cq
Cs
Ce
c7

&

-0.48159895600253002870
-0.47726856284807043601
0.0238346127392160966776
0.30681863898422351546
1.1138483179379457535
1.0877577373993535481
0.21489183593617283260
-0.30884384468893298382

C9
€10
C11
C12
€13
C14
C15

0.13637459831059490870
0.32249749378157398757
0.55387077244595759390
0.031960406541771304852
0.78062154368676427278
0.84735805557736833031
0.043754811820660027146

and the corresponding §;’s are

(6.30)

01 = 031 -0.48159895600253002870 dg = 093 0.44521844299952789252
5y = 639 | 0.0036303931544595926879 | 610 = 099 | 0.18612289547097907887
65 = 699 | 0.50180317558723140279 | 6;; = 69y | 0.23137327866438360633
54 =0s5 | 0.28298402624506254868 | 619 = 090 | —0.52191036590418628905
55 = 697 | 0.80702967895372223806 | 613 = 819 | 0.74866113714499296793
56 = 696 | —0.026090580538592205447 | 6,4 = 815 | 0.066736511890604057532
57 = 695 | —-0.87286590146318071547 | 615 = 617 | —0.80360324375670830316
08 = Oou -0.52373568062510581643 d16 0.91249037635867994571
This set of solution minimizes both

31

Z |0;] and max ¢; — min ¢;

= 1<5<31 1<5<31

among all the solution sets we have found. The set that minimizes max, |0;] among all the

known solution sets is as follows.

1<j

C1
C2
C3
Cq
Cs
Ce
c7

Cg

0.27338476926228452782
.71926323428788736779
.5514596627592504390
.71749097720967101026
.99640940777982295318
.8867367882368482732
.9434183030820939827
.0860440949323051054

= = = O O = O

C9
€10
C11
C12
€13
C14
C15

0.61814916938393924433
0.13895907755995660185
0.30619982436039369094
-0.56823168827336774213
-1.0669665068095694000
-0.47766114071982021148
0.35692823718200708627

and the corresponding §;’s are

(6.31)
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51 = 031 | 0.27338476926228452782 | 09 = 033 | -0.46789492554836586111
8y = 059 | 0.44587846502560283997 | &19 = b22 | -0.47919009182398264249
83 = 099 | 0.83219642847136307126 | &11 = 621 | 0.16724074680043708909
54 = 098 | —0.83396868554957942879 | &13 = b3 | -0.87443151263376143307
85 = 097 | 0.27891843057015194293 | &;5 = 819 | -0.49873481853620165786
86 = 096 | 0.89032738045702532006 | &4 = 815 | 0.58930536608974918851
87 = 895 | 0.056681514845245709418 | &;5 = 67 | 0.83458937790882729775
8 = 094 | —0.85737420814978887722 516 0.28614352562198582747

Regarding the two solution sets, we have

31
(285, 1051 L 18] | max, ¢ - min ¢
(6.30) 0.91249 13.919 1.9632
(6.31) 0.89033 17.046 3.1339

33-Stage Palindromic Schemes of Order 10 (m = 33): We have just seen that no
31-Stage Palindromic Scheme of order 10 is known for which all 0 < ¢; < 1. So we turned
to 33-Stage Palindromic Schemes of order 10 and looked for solution sets that satisfy the
constraint. For this case still there are 15 equations but with 16 unknowns ¢y, ¢cg, - - -, ¢16,
leaving one degree of freedom.

Since we are interested in the solution curves which intersect the unit cube
{(e1,¢9,+-+,¢33) 1 0<¢; <1 forl<i<33},

we have been trying to locate as many interesting curves as possible. So far, we have found
only one curve which intersects the unit cube. The curve is ploted in Appendix C. It turns
out that the points on the curve which minimize either quantity in (6.9) do not lie within
the unit cube but slightly away from it. The one that does minimize both quantities in

(6.9) and also lies within the unit cube is as follows.

c1 | 0.070428877682658066880 | cg | 0.41100594684580454818

co | 0.94458539503619755729 c10 | 0.95487420737052878156

c3 |1 c11 | 0.022351898086056138449

cyq | 0.93319952210120298840 c12 | 0.19195369692282078700 (6.32)
c5 | 0.30678643251320743247 c13 | 0.90803937270732642308 '

cg | 0.54361264338849506120 c14 | 0.10787207023422068796

cr | 0.121402009356792451910 c15 | 0.34565392315678839544

cg | 0.36363143136720311159 c16 | 0.022350907648148961545

and the corresponding §;’s are



51 = 533
52 = 532
53 = 531
54 = 530
55 = 529
56 = 528
07 = da7
58 = 526
59 = 525

0.070428877682658066880
0.87415651735353949041
0.055414604963802442707
-0.066800477898797011598
-0.62641308958799555593
0.23682621087528762872
-0.42221063403170054210
0.24222942201040859249
0.047374515478601436524

510 = 524
511 = 523
512 = 522
513 = 521
514 = 520
515 = 519
516 = 518
o17

.54386826052472423338

.93252230928447264311

.16960179883676464855
.71608567578450563608
.80016730247310573512
.23778185292256770747
.32330301550863943389
.95529818470370207691
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We have also computed points on the curve shown in Appendix C which minimize one of

the quantities in (6.9). These points lies only slightly outside the unit cube.

Minimizing max |d;]
1<i<33

It can be seen that

max_ |5}
1<<33

=1 _2016

This says that we need to find the point for which ¢6 is maximized. We found

c1 | 0.12282427644721572094 | c9 | 0.45769021135686462033
cy | 0.89927108535418012436 | c1g | 0.90032429949679707981
c3 | 1.04808623089215230991 c11 | 0.080970924700860105168
cq | 0.87569497135646242666 | c1o | 0.21542566611838894562 (6.33)
cs | 0.32823501353793778878 | c13 | 0.85986805780855541100
cg | 0.47336433681100706358 | c14 | 0.14056656410653928542
cy | 0.15771878527986245795 | c15 | 0.35093558908002593152
cg | 0.27858743617820117774 | c1g | 0.081853639664320768579

and the corresponding §;’s are
51 = 033 | 0.12282427644721572094 | 0,0 — 044 | 0.44263408813993245949
5y = 639 | 0.77644680890696440342 | §;; = b93 | -0.81935337479593697464
65 = 63, | 0.14881514553734297479 | 819 = b9y | 0.13445474141752884045
04 = 0309 | =0.17239125953506067249 | 13 — o1 0.64444239169016646538
05 = 099 | =0.54745995781852463787 | 814 — d9g9 | =0.71930149370201612557
56 = 605 | 0.14512932327306927479 | §;5 = 619 | 0.21036902497348664610
57 = 697 | -0.31564555153114460562 | 8,5 = d15 | -0.26908194941570516294
ds = 096 0.12086865089833871979 d17 0.83629272067135846284
59 = 095 | 0.17910277517866344258




33
Minimizing ) |4;]
=1

33

> 18]

=1

86

It can be seen from the curve in Appendix C that

2[c1+ (2 —e1) + (3 —¢2) + (3 — ca) + (ca — ¢5) + (c6 — ¢5)

+(ce — c7) + (cs — ¢7) + (c9 — ¢s) + (€10 — o) + (c10 — €11) + (€12 — €11)
+(c13 — €12) + (c13 — €14) + (c15 — €14) + (€15 — c16)] + (1 — 2¢16)

Ales — 5+ €6 — €7+ 10 — €11 + €13 — €14 + €15 — C16) + 1.

We found
c1 | 0.12313526870982994083 | cg | 0.45728247090890761976
¢y | 0.89958508567920304603 | c1g | 0.90046791756319334905
c3 | 1.0486399864748735022 c11 | 0.080978911880202504863
cq | 0.87613237428093605795 | c12 | 0.21480436926509833506 (6.34)
c5 | 0.32741996609293427854 | cy3 | 0.85989460450920438526 '
cg | 0.47031762031135269954 | c14 | 0.14053123280998377807
c7 | 0.15612568767148407956 | c15 | 0.35004505094462027488
cg | 0.28283512506709448979 | c14 | 0.081763919538259755223
and the corresponding §;’s are
5, = 033 | 0.12313526870982994083 | 6,0 — 094 | 0.44318544665428572929
5y = 639 | 0.77644981696937310520 | 61, = do3 | -0.81948900568299084419
65 = 63, | 0.14905490079567045613 | 89 = d95 | 0.13382545738489583020
54 = 630 | -0.17250761219393744420 | 8,5 = &9, | 0.64509023524410605020
S5 = 699 | ~0.54871240818800177942 | 8§14 = do0 | -0.71936337169922060719
56 = 005 | 0.14289765421841842100 | ;5 = b19 | -0.71936337169922060719
57 = 697 | -0.31419193263986861997 | ;5 = d15 | -0.26828113140636051966
ds = 096 0.12670943739561041022 d17 0.83647216092348048955
dg = da5 0.17444734584181312998
Regarding the three solution sets, we have
(6.32) (6.33) (6.34)
max_|6;] | 0.95530 | 0.83629 | 0.83647
1<;<33
33
> 1851 13.686 | 12.373 | 12.370
i=1

6.4 Summary of Palindromic Schemes

Palindromic Schemes of orders up to 10 have been constructed in §6.3. For ease

of future references, we will adopt notation sTodrJ? to denote an I-Stage Order J scheme.

The following table defines the correspondence.
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slodr2 | The 2nd order reflexive updating formula itself.
s3odr4 | The 3-stage order 4 scheme:

sbodr4 | The optimal 5-stage order 4 scheme:
sbodr4a | An embedded 5-stage scheme of order 4:
sbodr4b | Another embedded 5-stage scheme of order 4:
s7odr6 | The 7-stage order 6 scheme:

s9odr6a | One of the best 9-stage order 6 schemes:

(6.10)
(6.14)
(6.15)
(6.16)
(6.18)
(6.23)
s90dréb | Another one of the best 9-stage order 6 schemes:  (6.24)
s16odr8 | The 15-stage order 8 scheme: (6.27).
(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(634)

s170dr8a | One of the best 17-stage order 8 schemes:
8170dr8b | Another one of the best 17-stage order 8 schemes:
s31lodri0a | A 31-stage order 10 scheme:
s310dr10b | Another 31-stage order 10 scheme:
s330dri10a | A 33-stage order 10 scheme:
8330dr10b | Another 33-stage order 10 scheme:
8330dr10c | Another 33-stage order 10 scheme:

6.5 Linear Stability Regions for Palindromic Schemes

Studying the linear stability region of a newly proposed stiff solver for systems of
ordinary differential equations is a standard practice to see how good the solver might be
if it is actually applied to a stiff system [35, 1971], [42, 1992], [43, 1991], [55, 1991]. Linear
Stability Theory is then invoked to locate linear stability regions. It starts with the simplest

ordinary differential equation:

where the real part Re(A) < 0. This equation is readily solvable and its solution exists over
all time and goes to zero as t — +00. So it is reasonable to expect a numerical method to
yield a bounded solution when applied to (6.35).

At the behest of Prof. J. Demmel, a Linear Stability Theory is developed. In this
section for Back-and-Forth compositions constructed in §6.3 and applied to (6.35). The
theory describe regions where these schemes are stable. All these regions contain holes in
the left half plane; unfortunately the holes are fairly close to the origin which indicates, in
general, that Back-and-Forth compositions may have difficulties in solving very stiff systems.

A typical method to solve an initial value problem is expected to generate a se-

quence of approximations yi,yz2, -+, yn to y(t) at Sample-Times to = 0 < t; <tz <--- <



88

tny =T. Typically when a One-Step method is applied to (6.35), it produces
Ynt+1 = R(éN)yn

where 6, = A\, and 6, = tnt1—tn, and R(-)is the stability function, generally a polynomial
or a rational function. Now it is clear that all y, are bounded if every |R(f)| < 1. The
region R 4 of absolute stability is then defined to be

def
Ra =

{02 [R(O)] <1},
in the complex é—plane. The method is said to be A-stable if
R4 2 {6 : Re(d) < 0};

and not A-stable, otherwise. As an example, let’s consider the implicit mid-point rule which

is the same as the trapezoidal rule for the equation (6.35):

C146,/2
Ynt1 = 1_ én/Qym
so in this case R(f) = p(f) where
s def 1+6/2
f) = —. 6.36
O (6.3

It is easy to see that

Ip(8)] <1< Re(d) <0,

which means the implicit mid-point rule (the trapezoidal rule) is A-stable.

6.5.1 Palindromic Schemes and Linear Stability Theory

Let Q(6,g) be an updating formula that advances from g ~ y(7) to an approxi-
mation Q(8,g) ~ y(r + ) for the initial value problem

d )
d—}t’:f(y)7 with  y(0) = yo.

When such a Q(#,g) exists, higher order formulas can be constructed via

Q(0m, Q(9m—10,Q(---,Q(:6,8) --)))- (1.5)

Trying to establish a linear stability theory for schemes like (1.5) is not always
possible, because generally Q(6,g) is constructed purposely to take advantage of the special
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structure of a particular problem. In other words, it is not designed for the simplest equation
(6.35). Nevertheless it is still fruitful to see how things go when Q(6, g) is the implicit mid-
point rule applied to (6.35). Perhaps that will shed some light on the suitability of (1.5)

for stiff systems in general. For Q(6,g) = p(é)g defined in (6.36), the approximation (1.5)

becomes o (#)g where
0 (8) E p(6,0)p(0,1—10) - p(816). (6.37)

Now write § = x + vV—1y = x + 1y, where  and y are real; then

j)|2 (1+2/2)° + (y/2)?
PO = T prr e
|U(é)|2 (1 + 5m$/2)2 T (5my/2)2 (1 + 51$/2)2 + (51y/2)2
(1= 0ma/2)* + (6y/2)* (1—612/2)2 + (61y/2)%

Two properties of this ¢ are:
1. |o(z + ty)| - |o(—x + ty)| = 1, so the regions
{(z,y) : lo(z+iy)l <1} and {(z,y) : |o(e+y)[ > 1}
are reflections of each other with respect to the y-axis;
2. lo(0+41y)| = 1.

To determine the relevant linear stability region
def (4 A
Ra={0:]0(0)] <1}

it suffices for us to compute its boundary, where |U(é)| = 1, which turns out to be the union

of a few curves.

6.5.2 Linear Stability Regions for Some Palindromic Schemes

With the definitions proposed above, we are now able to compute linear stability
regions for our palindromic schemes. A common feature of those regions for orders higher
than 2 is that they all have hole(s) in the left half plane, which signals that higher order
palindromic schemes may be unsuitable for very stiff systems.

The stability region for s3odr4 is shown in Figure 6.7. The regions for s5odr4
and s5odr4a are similar. The hole for the optimal 5-Stage Palindromic Scheme s5odr4 of

Order 4 appears substantially smaller and farther to the left than the hole for the embedded
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Figure 6.7: Shaded area on the left is the linear stability region for s3odr4. It has two
components; one is the whole left half plane minus a hole, and the other is the reflection of
the hole with respect to the y-axis. The hole is shown enlarged on the right.

5-Stage Palindromic Schemes s5odr4a and s5odr4b of Order 4, and holes here are smaller
and farther to the left than the one in Figure 6.7. Thus the three 5-Stage Palindromic
Schemes of Order 4 are less unstable than the 3-Stage Palindromic Scheme of Order 4.

Figures 6.10, 6.11, and 6.12 show that the 7-Stage Palindromic Scheme s70dr6 of
Order 6 is substantially less stable than the two 9-Stage Palindromic Schemes: s9odréa
and s9o0dréb. All the order 6 holes are substantially larger than the order 4 holes in
Figures 6.7-6.9.

Figures 6.13, 6.14, and 6.15 show that the 15-Stage Palindromic Scheme s150dr8
of Order 8 is substantially less stable than the two 17-Stage Palindromic Schemes: s170dr8a
and s170dr8b. All the three order 8 schemes here are “less stable” than the lower order

schemes previously discussed except for s7o0dr6, which is worst of all.
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Figure 6.8: Shaded area on the left is the linear stability region for sbodr4. It has two
components; one is the whole left half plane minus a hole, and the other is the reflection of
the hole with respect to the y-axis. The hole is shown enlarged on the right.
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Figure 6.9: Shaded area on the left is the linear stability region for sbodr4a and s5odr4b.
It has two components; one is the whole left half plane minus a hole, and the other is the
reflection of the hole with respect to the y-axis. The hole is shown enlarged on the right.
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Figure 6.10: Shaded area on the left is the linear stability region for s7odr6. It has two
components; one is the whole left half plane minus a hole, and the other is the reflection of
the hole with respect to the y-axis. The hole is shown enlarged on the right.
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Figure 6.11: Shaded area on the left is the linear stability region for s9odréa. It has two
components; one is the whole left half plane minus a hole, and the other is the reflection of
the hole with respect to the y-axis. The hole is shown enlarged on the right.
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Figure 6.12: Shaded area on the left is the linear stability region for s9odréb. It has two
components; one is the whole left half plane minus a hole, and the other is the reflection of
the hole with respect to the y-axis. The hole is shown enlarged on the right. Figure 6.11
and Figure 6.12 are very much alike.
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Figure 6.13: Shaded area on the top is the linear stability region for s150dr8. It has four
components; one is the whole left half plane minus three holes, and the others are the
reflections of the three holes with respect to the y-axis. The holes are shown enlarged on
the bottom.
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Figure 6.14: Shaded area on the top is the linear stability region for s17odr8a. It has
three components; one is the whole left half plane minus two holes, and the others are the
reflections of the two holes with respect to the y-axis. The holes are shown enlarged on the
bottom.
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Figure 6.15: Shaded area on the top is the linear stability region for s170dr8b. It has
three components; one is the whole left half plane minus two holes, and the others are the
reflections of the two holes with respect to the y-axis. The holes are shown enlarged on the
bottom. Figure 6.14 and igure 6.15 are fairly close.
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Figure 6.16: Shaded area on the top is the linear stability region for s31odri0a. It has
six components; one is the whole left half plane minus five holes, and the others are the
reflections of the five holes with respect to the y-axis. The holes are shown enlarged on the
bottom. The hole to the farthest left is left out on purpose on the top so that the other
four holes can be spotted relatively easily.
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Figure 6.17: Shaded area on the top is the linear stability region for s310dr10b. It has
four components; one is the whole left half plane minus three holes, and the others are the
reflections of the three holes with respect to the y-axis. The holes are shown enlarged on
the bottom.
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Figure 6.18: Shaded area on the top is the linear stability region for s33odri10a. It has
seven components; one is the whole left half plane minus six holes, and the others are the
reflections of the six holes with respect to the y-axis. The holes are shown enlarged on the
bottom. The hole furthest to the left is left out on the top.
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Figure 6.19: Shaded area on the top is the linear stability region for s330dr10b. It has
seven components; one is the whole left half plane minus six holes, and the others are the
reflections of the six holes with respect to the y-axis. The holes are shown enlarged on the
bottom. The hole furthest to the left is left out on the top.
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Figure 6.20: Shaded area on the top is the linear stability region for s330dr10c. It has
seven components; one is the whole left half plane minus six holes, and the others are the
reflections of the six holes with respect to the y-axis. The holes are shown enlarged on the
bottom. The hole furthest to the left is left out on the top.
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6.5.3 Comments on Holes in the Left Half Plane

The existence of holes in the left half plane for those linear stability regions is a
warning signal; it implies that unstable numerical results may be gotten for stable systems
of ordinary differential equations when unfortunate step-sizes are chosen. The holes are
closely related to the poles of the function ¢(6) defined in (6.37); there must be holes in the
left half plane as long as there are negative §;’s which produce poles in the left half plane
for O'(é). In the case of the implicit mid-point rule applied to the equation 3’ = Ay, the
poles actually corresponds to critical step-sizes € for which the implicit mid-point rule fails
to have a finite solution.

As we know there is no need to design unconventional schemes to solve the simplest
ordinary differential equations y’ = Ay, but can similar things happen to unconventional
schemes on other occasions? We shall examine unconventional treatments of a linear system

of ordinary differential equations to explore the question. Consider the following linear

system of ordinary differential equations
y' = Ay (6.38)

where A is a square matrix. Suppose now A splits into the sum of two matrices I and
U: A= L+ U. (For example take L to be lower triangular, and U upper triangular.) A

reflexive updating formula Y = Q(6,y) can be constructed as follows:
Y-y=(0/2)(LY+Uy) and Y -Y = (0/2)(LY +UY)

which yields

Y=Qy) =(- gU)‘l(I + gL)(I — gL)‘l(I—l— gU)y. (6.39)

Y computed from this updating formula may “explode” whenever I — gU or [ — %L becomes
singular for some step-size #. The updating formula (6.39) is unlikely to be used in actual
computations unless L is lower triangular and U upper triangular, in which case either
I— %U or [ — gL or both may be singular for some —oo < 6 < oo unless A has zero diagonal
entries and so do L and U.

Therefore updating formula (6.39) is safe for all step-sizes only when both L and

U are nilpotent”, and thus I — %U and [ — gL are always invertible. Generally it is possible

TA square matrix M is nilpotent if M* = 0 for some k. A nilpotent matrix have only zero eigenvalues.



103

for a square matrix A to be decomposed into the sum of two nipotent matrices only if its

trace of A is zero. Then we find ...

Proposition 6.5.1 Any square matriz A can be decomposed as A = ol + L + U, where
both L and U are nilpotent, o = trace(A)/n, and n is the dimension of A.

Proof: B = A — «f has zero trace. It is a known fact that a matrix of zero trace can
be decomposed as the sum of two nilpotent matrices. (Unfortunately I do not know its
provenance at this moment.) A proof of this fact goes as follows. It suffices for us to find a
unitary matrix ¢ such that Q* AQ has zero diagonal entries. To this end, we carry out a key
step of introducing a zero in the first diagonal element of A by a unitary transformation;
and then mathematical induction can be applied to the rest of A to complete the proof.
Since trace(B) = 0, the origin must be in the field of values of B. (For the definition of the
field of value and its properties see [89].) Hence there is a vector q of unit length such that
q*Bq = 0. Now extend q to an orthonormal basis of the whole unitary space upon which B
acts, and let ) be the unitary matrix whose first column is q and whose other columns are
the rest of the chosen orthonormal basis. It is easy to verify that the (1,1) entry of Q*BQ
is q*Bq = 0. Therefore the asserted decomposition is feasible, though this proof may not
be the best way to accomplish it. |

Now let us split the matrix A as the proposition suggests: A = ol + L 4+ U, where
L and U are nilpotent. Before starting to solve the system (6.38) we substitute y = ¢*'z to
transform that system into

Z =(L+U)z

with both L and U nilpotent. Now a reflexive updating formula like (6.39) can be con-
structed for z; because both L and U are nilpotent, the constructed formula will not risk
“explosion”. When transformed back to the original variable y, the updating formula be-

comes

Y =Q(b,y) = e"(I - gU)_l(I—I- gL)(I - gL)_l(]-|- gU)y

still reflexive, and therefore eligible to be composed to achieve higher order. This method
is an example of time compression of a kind advocated by Kahan [51], but its practicality

and stability remain to be investigated.
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6.6 Numerical Test: the Korteweg-de Vries (KdV) Equa-
tion

We are interested in integrating systems of ordinary differential equations arising
from the spatial discretizations of the well-known Korteweg-de Vries (KdV) Equation with

smooth solutions. Two types of spatial discretization will be considered:

1. Finite differences or finite elments. For the purpose of illustration of our idea only,

we consider here the space discretization suggested by Sanz-Serna and Christie [81].
2. Pseudospectral Methods.

Two kinds of reflexive formulas will be compared to see how well they solve the discretized
equations. One family comes from our own methods in Chapter 3 for quadratic differential
equations; the other comes from the implicit mid-point rule explored by de Frutos amd
Sanz-Serna [19]. They explained briefly why fourth-order explicit Runge-Kutta methods
and the popular backward differentiation formulas may be unsuitable for wave problems
like the KdV equation.

The KdV equation was first proposed in Korteweg and deVries [52, 1895] to de-
scribe long waves in water of relatively shallow depth (see also Whitham [110]). It takes
the form

Uy + 6utly + Uppy = 0, (6.40)

where u = u(z,t), and subscripts -, and -, denote partial derivatives. Later it was discovered
that the equation arises in a number of other physical phenomena, e.g., ion-acoustic waves
in plasma physics, anharmonic lattices, longitudinal dispersive waves in elastic rods, and
pressure waves in liquid gas bubble mixtures. The literature on the KdV equation is vast.
Lax [57] and Miura [61] are two good places to start.

The KdV equation on the infinite interval —oo < & < 400 possesses a family of

one-soliton solutions:

u(z,t) = 2k*sech® (kx — 4k*t — n)

for constants k and 1 (see Taha and Ablowitz [104]). We have chosen a solution with k£ =1
and n = 0:
u(z,t) = 2sech®(x — 4t) for — oo < a < +oo. (6.41)
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It has peak amplitude 2 and velocity 4. It was the most difficult one-soliton solution
considered in Nouri and Sloan [62] which compared pseudospectral methods for the KdV
equation. It also was adopted as a test example in [19]. Since this wu(z,t) approaches
zero exponentially as || increases, practical purposes are served by limiting x to the space
interval @« = —20 < x < 20 = § and time interval 0 < ¢t < 2; we set v = 0 for z < « or
x > (3 as did in [62] and [19].

6.6.1 Finite Element Spatial Discretization

Sanz-Serna and Christie [81] proposed a fourth-order modified Galerkin space dis-

cretization: Partition the interval [o, 8] uniformly by grid points
x;=a+jh, forj=0,1,--- N, (6.42)

where h = (f—«)/N and N is a positive integer, and let v;(t) be approximations to u(z;,t).

Then v;(t) satisfies the system of ordinary differential equations

1. 26 . 66 | 26 . 1

— — i Ay 9. . 643
2072 T 0t gt 120”1Jr1 HETTRAE (6:43)
L, 10, 10,
T T R S I 8h Vi
1 2 2 1
Topa i gt T gt T gpa it =0,
for j =0,1,---, N. It is assumed that v_y = v_; = vy41 = vy42 = 0. Compactly, this

system can be written as

Mcfi—: = f(v),
where M is a (N 4+ 1) x (N + 1) positive definite matrix. v(¢) is the (N + 1)-dimensional
vector-valued function whose jth entry is v;_1(¢), and f(v) is a vector-valued function of v.
Since f(v) turns out to be at most quadratic in v. it admits a symmetric splitting to get
a 2nd order reflexive updating formula (see Chapter 3) for numerically solving the system

(6.43): Given the approximation v to v(¢), an approximation V to v(t+#6) can be obtained

by solving the linear system

(M - gJ(v)) (V —v) = 0f(v), (6.44)

where J(v) is the Jacobian matrix of f(-) evaluated at v. Notice that this linear system is

easy to solve because its coeflicient matrix is pentadiagonal. The method has an advantage
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over the implicit mid-point rule used in [19] in that there is no system of nonlinear equations
to be solved at each time step, and no loss of numerical accuracy, as shall be clear soon.
Because it is obtained via splitting f(-) symmetrically, (6.44) is reflexive and of 2nd order
and can be composed or extrapolated to get higher order schemes. There is a limit to the
orders worth considering because no reason exists to solve the system (6.43) much more
accurately than is compatible with the error of the 4th order spatial discretization.

In what follows, we set h = 0.1 as in [19] in order to compare our results with
those reported therein; and this results in a 401-dimensional system of ordinary differential
equations (6.43). With this meshsize, the maximum norm error at the final time ¢ = 2 in
the solution to (6.43) as an approximation to u(z,2) in (6.41) has order of magnitude about
107°.

In the following table, “Errors” refer to maximum norm errors at ¢ = 2 of the
numerical solutions as an approximation to wu(z,2). Such “Errors” may not reflect the
distances to the true solution of the discretized ordinary differential equations (6.43), espe-
cially when “Errors” have order of magnitude about 1075. We shall return to this later. The
numbers related to the implicit mid-point rule were copied from de Frutos and Sanz-Serna
[19]. The “Extrapolation” column contains errors for solutions obtained as follows: for each
6, run the 2nd order method (6.44) with step-size € first and then run it with step-size /2
and finally extrapolate the two solutions to 4th order. de Frutos and Sanz-Serna [19] did
not test sbodr4; they might not have been aware of it at that time. We do not include

numerical results for the very small step-sizes # included in [19] for two reasons:

1. At very small step-sizes little difference in cost between solving a nonlinear system

and a linear system; They both take one iteration.

2. When step-sizes are sufficiently small, high order explicit schemes might do better.

Table I: Errors

No. of || Mid-Point | s3odr4 [19] || Scheme s3odr4 sbodr4 | Extra-

6 | steps [19] | by mid-point (6.44) | by (6.44) | by (6.44) | polation

5e-2 40 1.6e-2 | 1.9e-1 1.9e-2 2.1e-3 | 7.1le-3

2.5e-2 80 3.1e-2 1.1e-3 || 4.7e-2 1.1e-3 7.2e-5 | 4.8e-4

1.25e-2 160 7.7e-3 3.4e-5 || 1.2e-2 6.6e-b 9.4e-5
6.25e-3 320 1.9e-3 2.9e-3

A primitive implementation of (6.44) factorizes its coefficient matrix at every step. Better

implementations are conceivable. In any event, even with this primitive implementation,
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Figure 6.21: Distances to u(z,2) in (6.41) versus Costs for solving the KdV equation.

this new method clearly beats schemes based on the implicit mid-point rule that was used
in [19] since they did one matrix factorization for every step.

Table I also shows that s5o0dr4 is substantially more accurate than s3odr4 at the
same step-size though both are of order 4. Apparently the two extra stages in s5odr4
allow it to take larger steps than s3odr4. To get the error below 107, s30dr4 calls upon
(6.44) 480 times, sbodr4 only 400 times, which takes about 20% less time. To compare the
effectiveness of the schemes, we plot their errors versus effort in Figure 6.21. Arithmetic
operations called flops are counted as follows. The coeflicient matrices here are pentadiag-

onal; LU decomposition® of a pentadiagonal matrix with dimension n costs about 18n flops

8A flop is defined to be the amount of work of a floating point operation [38, p.19]. One addition or
multiplication of two real numbers is counted as 1 flop; a division is counted as 5 flops (it takes about that
long on most commercially significant machines). We consulted [38, pp.150-151] for flop counts. It turns
out the flop counts given there are not good enough for our application since matrices here have extremely
narrow band width. Our calculation here is based on: LU decomposition for a banded matrix of dimension
n and with upper bandwidth ¢ and lower bandwidth p costs about p(2q + 5)n flops (see Algorithm 4.3.1
in [38, pp.150]); then Band Forward Substitution (column version) costs about 2pn flops, and Band Back-
Substitution (column version) costs about (2g + 5)n flops (see Algorithm 4.3.2 and Algorithm 4.3.3 in [38,

pp-150]).
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and solving a linear system after decomposition costs 13n flops; each f evaluation costs
11n and each coefficient matrix evaluation 10n. With those in mind, together with the
information in [19, Table I], distances to u(x,2) in (6.41) versus numbers of flops is plotted
in Figure 6.21, where anything related to mid-point is from de Frutos and Sanz-Serna [19].
Roughly speaking, for the step-sizes considered, to get about the same accuracy, our method
(6.44) is about 1.5 times faster than the implicit mid-point rule; s3odr4 based on (6.44)
is roughly 2.3 to 1.5 times faster than s3odr4 based on the implicit mid-point rule. The
speed difference diminishes as step-sizes get smaller because the nonlinear systems involved
in the implicit mid-point rule require fewer iterations to solve. On the other hand, the
extrapolation method may be one of the most efflicient ways to go.

As we remarked, comparing numerical solutions of (6.43) against the true solution
u(z,t) of the KdV equation may lead us to misinterpret the effectiveness of each scheme
because the error introduced by spatial discretization swoops the errors suffered by the

higher order schemes when they solve the discretized system (6.43). To overcome this, we
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have computed an “exact” solution to the system (6.43) by using a step-size so small that
the “exact” solution comes within at worst about 10~ of the true solution to (6.43). With
this, we are able to plot Figure 6.22. (Schemes based on the implicit mid-point rule are
not included.) Figure 6.22 shows clearly that the extrapolation method is very competitive
for this problem. s5odr4 is less efflicient than extrapolation at the beginning and then gets

better as step-sizes diminish.

6.6.2 Discretization by the Pseudospectral Method

The pseudospectral method is an alternative to finite differences and finite ele-
ments for certain classes of partial differential equations. Its applicability is restricted in
comparison to finite differences or finite elements, but it works much better when it works.
Kreiss and Oliger [54, 1972] first introduced the pseudospectral method for hyperbolic equa-
tions. Early development of its basic theory can be found in Orszag [65, 1972], Fornberg [32,
1975], Gottlieb and Orszag [39, 1977], and more recently Gottlieb and Turkel [40, 1983],
Tadmor [103, 1986], and Fornberg [33, 1987].

Let’s briefly describe the pseudospectral method. The basic idea is to interpolate
a periodic function ¢(z) by trignometric functions. Here is one way to do it: Suppose g(z)
is periodic on the interval [a, ], so g(o) = g(8). Let N be a positive integer, and let
t;=a+j(B—a)/N for j =0,1,---,N. Then the discrete Fourier transformation of the

sequence of values g(z;) is given by a sequence
N-1 B
i) =" glz;)e ™V for —N/2 < p< N/2. (i =+/~1) (6.45)
j=0

Accordingly, the inverse discrete Fourier transformation recovers g(z;):

N/2-1
g(%)z% ST g(p)ermirtrm /(0= for j=0,1,---,N. (6.46)
p=—N/2

For this reason, the trigonometric interpolation Pyg is then given by

N/2-1

Png(z) = g(p)e27rip(x—a)/(ﬁ—a)

= g(z;) Z e2mipllz—a)/(B—a)=5/N] (6.47)
7=0 p:—N/2
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It is easy to see that Pyg(z;) = g(z;). The derivatives of g(z) can be approximated by the

derivatives of Png(z):

| V-1 N/2—-1 omip \Y o 4
(Pxg)e) = 5 Lola) X (Fom) enlemeo=sihl - (odg)
J=0 p=—N/2
= LY )/ ( 27”1’) o) e=2miinIN.
N p=—N/2 p-a) i3
Set w = ¢~ 2™/N and define an N x N matrix F whose (k,{) entry is Wk=N/2=1)x(¢=1)

Denote g = (g(z0), g(21), - - '7g($N—1))T and g = (§(—N/2),9(-N/2+1), - '7g(N/2_1))T'
Equations (6.45) and (6.46) read as®

g=Fg and g=F"'g,

and the derivative vector (¢*)(z¢), ¢®)(z1), -+, g (xn_1))T is approximated by (see (6.48))

F'A"Fg,
1 27t N 2mi (N 2mi (N
where A = diag (_ﬁ——a77_ﬁ—a (7 _ ) Jo =10, 1, 2L (7 _ 1))
Let’s go back to the KdV equation. For the case we mentioned above, o = —L,

= L and L = 20. Although the functions involved are not really periodic, they can be
approximated this way. Again, we work with the spatial grid {z;} as defined by (6.42); but
now vg(t) = vn(t). Now the vector-valued function v(t) is of length N, rather than N + 1
as in the previous investigation. The spatial discretization by the pseudospectral method
can be written as

dv

1
pra 66 'AF 5v2 + PP AFv =0, (6.49)

where v? should be interpreted entry-wise. This form again enables us to derive a reflexive
method with no systems of nonlinear equations involved(see Chapter 3). Given the ap-
proximation v to v(¢), an approximation V to v(¢+ #) can be obtained by solving a linear

system:
6
(I — §J(V)) (V—v)=10f(v) (6.50)
where f(v) = —(6F'AF v+ F~'A®Fv), and J(v) is the Jacobian matrix of f(-) evaluated

at v;

J(v) = —6F'AF diag(v) — F7'A®F.

°The matrix-vector product F'g can be realized via a Fast Fourier Transformation (FFT) and the product
F~'g via Inverse Fast Fourier Transformation (IFFT). In the language of MATLAB, they can be realized
by fftshift (fft(g)) and ifft (fftshift (g)), respectively.
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Unfortunately, it is a full matrix, as is the coefficient matrix in (6.50). Premultiplying the

two sides of (6.50) by F yields
1
(F + 93A Fdiag(v) + 0§A3F) (V= v) = —0(3AFv? + A’Fv). (6.51)

Applying a direct solver requires work O(N?) at each time step, which is too expensive;
but because of its special form I believe there should be iterative methods which solve this
linear system cheaply. Two particularly simple-minded iteration methods can be obtained

from the following rearrangements:
1
(1 + 0§A3) F(V —v) = —03AFdiag(v) 7' F(V — v) = 03AFV? + A°Fv),  (6.52)
and

(I + 03An + 0%1&3) F(V —v) = —03AF(diag(v) —n) F7'F(V —v) — 0(3AFV? + A°Fv),

(6.53)
where 7 is the average of the entries of v. (Notice that the diagonal entries of Fdiag(v)F~!
are equal to 17.) How to solve the linear system (6.51) is of independent interest. Later, we
will present an implementation using GMRES (see Saad and Schultz [75]).

De Frutos and Sanz-Serna [19] proposed the implicit mid-point rule to solve the
system (6.49), solving a system of nonlinear equations at each time step. Unfortunately, the
Jacobian matrix associated with the system is full so, instead of Newton iteration, de Frutos
and Sanz-Serna designed a functional iteration which requires about one pair of FFT/IFFT
per iteration.

Our later implementation of GMRES shows our updating formula is cheaper for
f not too small. When 8 gets very small GMRES provides little help, because simple
iterations based on either rearrangement (6.52) or (6.53) are then good enough for quick

convergence.

6.6.3 Numerical Results with GMRES

Let us briefly review GMRES, which stands for generalized minimal residual algo-
rithms, for solving nonsymmetric linear systems. In particular, we are interested in using

GMRES(m) with no restart to solve a linear system Ax = b.

Algorithm GMRES(m):
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1. Choose an initial guess xg, compute ro = b — Axq, 5 = ||ro||2, and q; = ro/f;
2. Forj=1,2,---,mdo:
qQj+1 = Aqy;
Fori=1,2,---,7 do:
hij = Qi Q415 Qi1 = Q1 — hajqis
enddo;
hivij = [1Qj+4ll2s Qr = @i/ P s
enddo;
3. Solve for y,,, which minimize ||fe; — H,,y||2, where H,, = (hi;) is (m+ 1) x m;
4. Take x,, = xg + @y as an approximation to the solution to the system Ax = b,

where @, = (1,92, -+, Q).

GMRES(m) [75] in its most general form has a Restart mechanism, namely after Step 4
residual r,, = b — Ax,, is computed and checked; if a prescribed tolerance is satisfied then
stop, else set xg = x,,, and q; = r,,,/||r/m||2 and go back to Step 2. In our case, this Restart
mechanism will not be considered.

Let us now explain two improvements to GMRES(m) in our particular case. (It
may apply to some other cases as well.) Notice that GMRES(m) requires m + 1 matrix-
vector multiplications; and the last matrix-vector multiplication to get q,,41 is not fully

used in the sense that only A,,41., is incorporated to get y,,. It follows from Step 4 that

Axm = AXO + VQmYm = AXO + Qm-l—leYm-

Subtracting b from these equations gives

ry =T — Qm—l—leYm- (654)

Computing r,, this way costs about (m+1)8m+N8(m+1)+2N = (8m+10)N+8m(m+1)
flops'®. On the other hand, the cost of computing directly r,, = b — Ax,, depends on
that of computing Ax,,. Before we count the number of flops for doing a matrix-vector
multiplication, let’s reformulate the system (6.51) into the form that we will actually use in
our implementation. Set

-1

1 -1 1
D = (I—|—0§A3) 63A, D, = (I—|—0§A3) OA>.

190ne multiplication of two complex numbers takes 6 flops, and addition/subtraction 2 flops.
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Dy and Dj should be computed prior to entering GMRES(m). Then the system takes the
form

(I+Q)x=h, (6.55)

where b = —D{Fv? — DyFv is precomputed, and Q = D;Fdiag(v)F~! is kept in this
factored form, and x = F(V — v) is to be found. Counting as Demmel [20] did, we
find FFT in complex arithmetic costs about 5N log, N and IFFT costs 2N more. So
a matrix-vector multiplication in our case costs 2 x 5N logy N + 2N + 2 X 6N + 2N =
16N + 10N log, N flops; therefore the straightforward way of computing a residual in our
case costs 18N + 10N logy, N. The flop ratio

18N + 10N log, N
(8m+ 10)N + 8m(m + 1)

is plotted for N = 128 and N = 256 with m running from 1 to 13 in Figure 6.23. The
picture shows that it is worthwhile to use (6.54) for m < 9 when N = 128 and for m < 10
when N = 256. In our tests, m does satisfy these bounds.

Our second improvement to GMRES is again to utilize the last g-vector q,,+1 to
improve x,,,. The idea is that simple iterations based on either (6.52) or (6.53) will improve
a given approximation for reasonable #; and it turns out for step-sizes we are interested
in these simple iterations will reduce residuals by at least about 1/5 and much more when

step-size gets smaller. We observed that (6.53) is a little bit better than (6.52). So what we
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do is: separate the diagonal and off-diagonal entries of 14+ as I+€2 = D+ B; it can be seen
that D = I+nD;, where 7 is the average of the entries of v; rewrite the equation (6.55) into
Dx = —Bx + b; define new improved approximation Xpew by Xnew = Xm + (I + nDl)_lrm
since

DXpew = —BXy, + b= D(Xpew — Xm) = b — (D + B)Xy, = 1.

Lastly, we point out our initial guess xg to the system (6.55) is gotten either by
quadratic interpolations or by the Leap-Frog-like method!'!, depending on which is more
convenient to invoke at various points in the program. Both guesses provide approximations
with errors of order O(8%). (It is conceivable that with quadratic interpolations both x¢ and
F~1x¢ could be available without doing any FFT/IFEFT and thus the first residual vector
could be computed using one IFFT in addition to some O(N) flops.)

Roughly speaking, using GMRES(m) to solve the system (6.55) costs about m + 2
pairs of FFT/IFFT operations. As we just commented, if quadratic interpolations were
always used for initial guesses, cost may be reduced to m+1.5 pairs of FE'T /IFFT operations.
This shall be done in some future implementation. For the moment, we count costs as m+2
pairs of FET/IFFT operations for using GMRES(m) to solve the system (6.55).

Tables 111 and IV list our numerical results. The residual columns refer to the
maximums among all 2-norms of residuals for x,.w for all linear systems involved in a
particular scheme. The values m are for GMRES(m).

Table 1V: Errors for N = 128
No. of Scheme (6.50) s3o0dr4 by (6.50) sbodr4 by (6.50)
0 steps || Error | m | Residual | Error | m | Residual | EErTOr | m | Residual
1.6e-2 125 || 2e-2 4e-4 | 2e-4 | 4 8e-6 | 7e-6 | 3 2e-7
8.0e-3 250 || be-3 3e-5 | 8e-6 | 3 2e-6 | 2e-6 | 2 le-7
4.0e-3 500 || 1e-3 4e-5 | 3e-6 | 2 4e-7

2.0e-3 1000 3e-4 3e-6 3e-7
1.0e-3 2000 8e-5 3e-7

oo O ==

"' The Leap-Frog method for the system of ordinary differential equations y’ = f(y) is
VYnt1 —¥Yn—1 = 26f(yn), (656)

where y,, & y(to —|—n{9)7 the true solution at time ¢, = to+nfd. In the case when step-size varies, i.e., tp,41 —tp
depends on n, one can construct the following second order scheme:

VYnt1 = (v = 1/V)yn = (1/7)¥n-1 = (tnt1 — ta—1)E(yn), (6.57)

where v = (tn — tn—1)/(tnt1 — tn). In the constant step-size case, v = 1 and thus (6.57) degenerates to
(6.56).
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Table V: Errors for N = 256
No. of Scheme (6.50) s3o0dr4 by (6.50) sbodr4 by (6.50)
0 steps || Error | m | Residual | Error | m | Residual | Error | m | Residual

1.6e-2 125 || 2e-2 | 1 | 9e-04 | 2e-04 | 4 | 2e-05 | 9e-06 | 3 | 4e-07
8.0e-3 250 || Be=3 | 1 | 5e-05| 1e-05 | 4 | 3e-07 | 4e-07 | 3 | 2e-08
4.0e-3 500 || 1e-3 | 1 | 3e-06 | 9e-07 | 3 | 5e-08 | 2e-08 | 2 | 9e-09
2.0e-3 1000 || 3e-4 | 1 1e-07 | 8e-08 | 3 1e-09 | 7e-10 | 2 | 2e-10
1.0e-3 2000 || 8e-5| 0 1e-07 | 7e-09 | 2 7e-10 | 6e-10 | 1 2e-10
5.0e-4 4000 || 2¢=5 | 0 | 8e-09 | 4e-10 | 2 | 2e-11

2.5e-4 8000 || 5e-6 | 0 | 5e-10 | 3e-10 | 1 | 2e-11

Figure 6.24 plots distances to wu(z,2) in (6.41) versus costs in the numbers of pairs of
FET/IFFT operations for the case N = 128. Information regarding the implicit mid-point
rule is taken from [19, Table II]. Schemes based on the newly proposed method are more
efficient than schemes based on the implicit mid-point rule at larger step-sizes and gradually
the speed difference diminishes as step-sizes decrease. Our second order scheme starts by
almost twice as fast as the implicit mid-point rule and then goes at about the same speed
as step-sizes get smaller. Our s3odr4 is 1.5 to 1.2 times faster than s3odr4 based on the
implicit mid-point rule. Figure 6.25 plots distances to u(z,2) in (6.41) versus costs in the
numbers of pairs of FF'T/IFFT operations for the case N = 256. Information regarding the
implicit mid-point rule is taken from [19, Table I1I]. Again, schemes based on the newly
proposed method are more efficient than schemes based on the implicit mid-point rule at
larger step-sizes. Our schemes become less favorable choices at smaller step-sizes. This is no
surprise and due entirely to the fact that we still use GMRES, which becomes less efficient
than simple functional iterations as step-sizes get much smaller. For § = 2.0e — 3 cand
f = 1.0e — 3, our second order scheme is about 1.2 times faster than the implicit mid-point
rule. Our s30dr4 is from 2 to 1.2 times faster than s3odr4 based on the implicit mid-point
rule for the first three #’s in Table V. Our s5odr4 seems to be the only favorable choice for
f = 1.6e — 2. For other #’s, our current implementation with GMRES does not do well for

reasons adduced above.

6.7 Numerical Test: the Hénon-Heiles System

The Hénon-Heiles System [45, 1964] is one of the most popular Hamiltonian sys-
tems that have been used to show the advantages of Symplectic Integrators over standard

conventional integrators like the classical Runge-Kutta method of order 4 [17], [63]. The
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Hamiltonian function associated with the system is
1

1
H(p,q) = 5(1)3 Pt g+ @)+ e - §q§ (6.58)

which gives rise the following Hamiltonian system known as the Hénon-Heiles System

o= —% = —qi(1 + 2¢2),
. oH 2
P2 = -5 =4 — a2l —q2)
© ’ (6.59)
G = +% =1,
@ = —I-% = pa.

It is found [45] that this system is nearly integrable!? at low energy, i.e., for small H.

6.7.1 Two Reflexive Schemes

The right-hand sides of the equation (6.59) are at most quadratic in (p1, p2, ¢1, q2)-

So a readily available 2nd order reflexive formula is through symmetric splitting

Pr—p Qi+ aq
) = 5 Q192 — 1Q2,
Py — +
= 9 P2 _ -Qiq1 — Q22 & + 242,
hh-an _ Pi+m
9 N 2
Qe—q@  P+p
[ N 2

where (p1, p2, q1, q2) stands for the values of the solution to the system (6.59) at time ¢;
while (P1, Py, @Q1,Q2) approximates the solution at time ¢ + . The new approximation
(P, P2, Q1,Q2) can be obtained by solving a linear system (see Chapter 3):

0 —1-2¢ —2q P —p —q1(1+ 2q2)
000 20 —142 Pr=p2 | _, —q7 — q2(1 — q2)
211 0 0 0 Qi—q P1
0 1 0 0 Q2 — ¢ P2

(6.60)
The inverse of the coefficient matrix in this linear equation can actually be calculated easily

by noticing that

(1 —gB)_(I 0)(1 0 )(1-%3)
g - g 62
—0r 0 —0r T 0 1-£B 0 I

12 A Hamiltonian system with 2m unknown is said integrable if there are m independent first integrals [4].
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and thus

L) -G L) )

So equation (6.60) can be solved much more cheaply than by simply calling a general linear
equation solver like xGESV in LAPACK [3].

On the other hand, the Hamiltonian function (6.58) is separable in terms of p-
variables and g-variables, so its corresponding system (6.59) admits a natural partitioning

into two subsystems:

Subsystem I (with ¢; fixed) : P = _ZH7
q;
H

Subsystem Il (with p; fixed) : G = —I—Z .
Pi

What’s so remarkable is that each subsystem can be solved exactly by the Forward Fuler

method! This invites us to design another 2nd order reflexive method in the following way:
1. Hold p; constant, and integrate Subsystem II from ¢ to t 4+ 6/2 to get @1 and @2;

2. Hold ¢; constant as @i, and integrate Subsystem I from ¢ to t 4+ 6 to get P, and Ps;
and lastly

3. Hold p; constant as P;, and integrate Subsystem II from t + /2 to t + 0 to get @y
and (5.

To be specific, the formula for such an advancement is

Qr=q 4 (0/2)p1; Q2 = 2 + (6/2)pa;

Py =py = 0Q1(1+2Q3); Py = py — 0[QF + Q21 — Q2)); (6.61)

Qu= Q1+ (6/2)P1; Q2 = Q2 + (6/2) .
By the way it is constructed, method (6.61) is a 2nd order reflexive symplectic method;
while method (6.60) is not symplectic. In terms of arithmetic operation counts, method
(6.60) needs about 2.5 times as many as that for method (6.61). What is so remarkable is
that although (6.60) is not symplectic, it demonstrates remarkably the ability to curb error
growth in H during long time integration. (Notice that H is conserved for true solutions.)
It performs at least as well as, if not better than, the symplectic method (6.61), in terms of
stability and accuracy. In fact, the semi-implicitness of (6.60) makes it less likely to overflow

when (6.61) does for larger H like 0.185 or bigger
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Both (6.60) and (6.61) are reflexive; and therefore arbitrarily higher order schemes
can be constructed from them. For the Hénon-Heiles system the schemes s9odr6a and
s90dr6éb perform roughly the same; so do s170dr8a and s170dr8b; and so do s330dr10b
and s33o0dr10c. Thus numerical results for s9odr6éb, s170dr8b, and s330dr10c will not be
displayed.

It is argued numerically by Calvo and Sanz-Serna [12] and theoretically by Skeel
and Gear [85] that simple-minded variable step-size implementation of a symplectic method
destroys symplecticity; and therefore efficiency may be lost. Our tests below adopt fixed
step-sizes.

While many tests were run, for the sake of brevity results for two different sets
of initial conditions will be presented in such a way: trajectories were visualized using
Poincaré’s surface-of-section technique—the coordinate (p3,¢2) were plotted in the plane
whenever the trajectory crossed the hyperplane ¢; = 0. (Notice that p; is not independent
as it can be determined from the other three coordinates and the energy.)

Also tested is the classical Runge-Kutta method of order 4.

6.7.2 Numerical Results from Symmetrical Splitting, Partitioning and

the Classical Runge-Kutta Method of Order 4

In this section we are going to compare Poincaré sections of the trajectories for
the Hénon-Heiles System computed by three different kinds of methods. Every method
will be run for two different sets of initial values and care has been taken to make sure
that for each set of initial values every method performs roughly the same amount of work.
Methods that will be compared are palindromic schemes based on symmetrical splitting
method (6.60), palindromic schemes based on partitioning method (6.61), and the Classical
Runge-Kutta Method of Order 4. The Classical Runge-Kutta Methods of Order 4 refers to
the following method for a system of ODEs y’ = f(y): Given the approximation y at time

t, the approximation Y at time ¢t + 6 is computed as follows.
0 0
k=t e =f (v 45k ) k=t (v 0k ) ki =y oke), (662)
and the approximation Y is given by

0
Y=y+ g(kl + 2k + 2k3 + ky). (6.63)



120

In scaling work by this Runge-Kutta method, we roughly treat work per step by (6.62) and
(6.63) is the same as what is needed by our s3odr4 per step.

For high accuracy computation, roundoff errors may dominate truncation errors.
To suppress rounding errors, compensated summation technique is used in our code. This
technique turns out to be crucial in order to get the errors in energies reported in Figures 6.29
and 6.33 for orders 8 and 10 schemes. This technique was invented by Kahan [48] in 1965.
It may be vulnerable to some compiler’s optimization option.

Let us briefly describe what we did with compensated summation technique in our
code. (For more discussion of compensated summation, see Kahan [50] and Higham [46].)
Notice that the idea of the technique is to represent a number by two double precision
floating point numbers such that the number is correctly represented to roughly 30 decimal
digits. Take p; for an example. We represent p; by (phl,pl1). As time advances from ¢
tot+ 6, py is advanced to P, and the difference Py — p; (not P itself) is computed. Let
the computed difference be dp1l. Then P; is represented in machine by

Phi = (dp1+4 pli) +pht and P11 = ((phl—Phi)+dpl)+ pli.

Parentheses here must be fully respected. Therefore some compiler’s optimization option

can not be used. One example is IBM FORTRAN with option -03.

6.7.3 Comments and Conclusions
Several conclusions may be drawn from numerical experiments above.

1. Reflexive schemes based on either (6.60) or (6.61) exhibit excellent long time behavior
of integration for the Hénon-Heiles System over the classical Runge-Kutta method
of order 4. The latter clearly makes substantially more errors to energies than our

s3odr4, sbodr4, and s5odr4a for the same amount of work.

2. Schemes based on (6.61) are symplectic and symplectic methods are known to have
better long time behavior of integration. So Figures 6.30-6.33 are expected. What
is so surprising are Figures 6.26-6.29 which are gotten from non-symplectic schemes
based on (6.60). A relation between method (6.60) and the implicit mid-point rule
described in Proposition 3.2.1 may explain a little, but strictly it is not a satisfactory
explanation. A natural question one may ask is whether method (6.60) can be made

symplectic by some transformation.



