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Abstract: The �rst two chapters of this paper give a brief intro duction into the
subject of weak crossedproduct algebras. In Chapter 3 we present somenew examplesof
weak2-cocycles. The remaining chaptersarededicatedto the considerationof the algebraic
properties of weakcrossedproduct algebras,mostly questionsrelated to the decomposition
of an algebra and its ideals.

1. In tro duction: Classical Theory .

The main algebraic structure consideredhere, namely the crossedproduct algebras,
can be understood with only the formal de�nition which is given in chapter 2. Nonetheless,
it seemsuseful to justify the reasonsfor the consideration of this structure. In this we
follow Herstein [He]; however, for the most part proofs are omitted.

Definition 1.1. An algebra A is said to be simple if it contains no two-sided ideals
asidefrom (0) and itself.

Simple algebrasare, in a sense,the most primitiv e ones. Any other algebra can be
factored and the study of the quotient algebra immediately contributes to our knowledge
of the original algebra. To simple algebras,this method is inapplicable.

On the other hand, if an algebra nice enough (that is, Artinian) is factored by its
radical, the quotient algebra is a direct sum of simple algebras. This demonstrates the
importance of the study of simple algebrasin the Artinian case.

We will now consideronly simple algebraswith the unit element 1. Let F be the base
�eld. The sub�eld F 1, which we will identify with the �eld F , lies in the center of A.
However, the conversedoesnot necessarilyhold.

Definition 1.2. A simple algebraA over a �eld F is called a central simpleF -algebra
if its center consistsentirely of F .

Therefore, central simple F -algebrasare \more simple" than others with a unit ele-
ment.

Central simple algebrasare a fairly closedfamily, that is a tensor product of two is
again a simple central algebra over the same�eld. A classicalexampleof a central simple
algebra is a matrix algebraover any �eld. Moreover, even matrices over a division algebra
form a central simple algebra. However, this is all we've got up to isomorphism as the
following demonstrates.

Theorem 1.1. (Wedderburn) Every central simple algebra A is isomorphic to a ring
of all n � n matrices over somedivision algebra D.

It seemsonly natural to intro duce the classi�cation of central simple algebrassuch
that two algebrasbelongto oneclassif and only if they may be viewed as the matrix rings
over the same division algebra. This de�nes an equivalence relation. Furthermore, the
tensor product respects classes,i.e. if A1 � A2 and B1 � B2, then A1 
 F A2 � B1 
 F B2.
One may de�ne a binary operation on classesand, surprisingly, a group structure emerges
with the class of matrix algebras over �eld F serving as the unit element. The inverse
elements come along; we will not go into details here. The group is called the Brauer
group, B (F ). It is abelian and torsion.
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All would be well and covered with glory if the classi�cation of division algebraswere
a simple task. Unfortunately , this is not the caseand a slightly di�eren t approach in the
study of central simple algebrasmust be employed. One may still try to use the Brauer
group but to look for classrepresentativ esother than division algebras.

An important observation of a more philosophical nature arguesthat we should pay
attention to maximal sub�elds of central simple algebras;after all, a �eld extension is a
relatively well known object. The following statement pavesthe way for the further study
of central simple algebras:

Theorem 1.3. In every equivalence class of central simple algebras there exists an
algebra A with a maximal sub�eld K Galois over F such that [A : F ] = [K : F ]2.

Let G be the Galois group of K over F . A corollary of the Noether-SkolemTheorem
states that for every element � 2 G, there is an invertible element x � of A such that
k� = x � kx � 1

� for every k 2 K . Furthermore, the x � are linearly independent over K
and, since the dimension of their linear span is n2 over F , it must be all of A. In short,
A =

� P
� 2 G k� x � jk� 2 K

	
.

It is a natural desire to study x � more closely. A simple computation reveals that
(x � x � ) � 1x � � 2 K � , in other words that x � x � = f (� ; � )x � � where f (� ; � ) 6= 0. We have
obtained a function f : G � G ! K � . Associativit y of A translates in terms of f into the
following property:

f � (� ; 
 )f (� ; � 
 ) = f (� � ; 
 )f (� ; � ): (1:1)

It is easy to demonstrate that f (id; � ) = f � (id ; id) and that f (id; id) � 1x id is a unit
element of A. In order to simplify the situation, we will allow only such functions f for
which

f (id ; � ) = f (� ; id) = 1: (1:2)

Definition 1.3. Let K be an extension of F with Galois group G. A function
f : G � G ! K � is called 2-cocycle if it satis�es (1.1) and (1.2) for all � ; � ; 
 2 G.

Later it will becomeclear that even under the limitation (1.2), it is still possibleto
�nd in each classan algebra with f being a 2-cocycle. We may now formally de�ne such
algebras:

Definition 1.4. Let K be an extension of F with Galois group G. Let f be a
2-cocycle. The algebra (K ; G; f ) =

� P
� 2 G k� x � jk� 2 K

	
with component-wise addition

and multiplication de�ned by

(i) x � k = k � x � for k 2 K ;

(ii ) x � x � = f (� ; � )x � � for � ; � 2 G;

is called the crossed product of K and G re f .

However, since formally the crossedproduct is a totally new structure, we need to
establish its properties and, �rst of all, to show that it is indeed an algebra. The latter
task is not extraordinarily di�cult; as for the former, one may easily seethat x id acts as
a unit element, that each x � is invertible, that the center of (K ; G; f ) is F , and that its
dimension over F is [K : F ]2.
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We will now demonstrate that (K ; G; f ) is simple. Let I 6= (0) be an ideal of (K ; G; f )
and let a =

P
� 2 G k� x � be a non-zeroelement of I of shortest length. Multiplying by x � 1

� ,
we may always achieve kid 6= 0. For any l 2 K , la � al =

P
� 2 G (l � l � )k� x � lies in I ;

however, for � = id, l = l � and we get an element of shorter length. Therefore, k� = 0 for
all � 6= id and a = kid x id which meansthat a is invertible. HenceI is all of (K ; G; f ).

The reasonablewish now is to dig further into the crossedproduct algebrasand, since
we de�ne them with respect to a basis, study what di�eren t basesgive rise to the same
algebras,i.e. study the isomorphisms.

Let the canonical basis of A = (K ; G; f ) be x � . It is clear that elements y� = � � x � ,
� 2 K � span A. Then, y� y� = � � x � � � x � = � � � �

� f (� ; � )x � � = � � � �
� � � 1

� � f (� ; � )y� � and we
get another 2-cocycle,

g(� ; � ) = � � � �
� � � 1

� � f (� ; � ): (1:3)

We intro duce another de�nition:

Definition 1.5. Two cocycles f and g are said to be equivalent if (1.3) holds for
someset of � � 2 K � .

One may also show that if (K ; G; f ) and (K ; G; g) are isomorphic, then f � g. Had
we allowed earlier cocyclesto take any value of f (� ; id), it would be still possibleto �nd
an equivalent cocycle with f (� ; id) = 1, the � � de�ned in this caseby � � = f � (id; id) � 1.

We have demonstrated an important result:

Theorem 1.4. Let K be an extensionof F with Galois group G. Let f be a 2-cocycle.
Then the crossed product (K ; G; f ) is a central simple F -algebra. Furthermore, for every
central simple F -algebra A, there exist K ; G; f such that A � (K ; G; f ).

Equivalenceclassesof cocycles form a group H 2(G; K � ) with point-wise multiplica-
tion. A product of two cocyclesf ; g producesa crossedproduct algebra that is equivalent
to the tensor product of the algebrasarising from by f and g. Therefore, we can speak of a
map H 2(G; K � ) ! B (F ) with exactly equivalent cocyclesbeing mapped into oneelement
of the Brauer group.

For further results on cocycles and central simple algebras, the reader is referred to
[He].

2. W eak Crossed Pro duct Algebras and Their Basic Prop erties.

The 2-cocyclesdiscussedabove were mappings G � G ! K � . We allow them now to
take value 0:

Definition 2.1. Let K be an extension of F with Galois group G. A function
f : G � G ! K is called weak 2-cocycley if it satis�es conditions (1.1) and (1.2) and for
all � ; � ; 
 2 G.

The next step is to de�ne weak crossedproduct algebras:

y Another name is cosickleand it well re
ects the sick nature of these functions. How-
ever, the author views the term very ambiguous, for sickles that immediately spring to
mind have long beenin the realm of Agriculture and not Mathematics.
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Definition 2.2. Let K be an extensionof F with Galois group G. Let f be a weak
2-cocycle. The algebra (K ; G; f ) =

� P
� 2 G k� x � j k� 2 K

	
with component-wise addition

and multiplication de�ned by

(i) x � k = k � x � for k 2 K ;

(ii ) x � x � = f (� ; � )x � � for � ; � 2 G;

is called the weak crossed product of K and G re f .

For the sakeof brevity, wewill refer to weak2-cocyclessimply ascocycles. All algebras
discussedbelow are weak crossedproduct algebras.

One may still try to �nd connections with the classical theory and search where f
doesnot take value 0. Consider the set H of � 2 G such that f (� ; � ) 6= 0 for all � 2 G. It
follows from the equality

f � 1 (� 2; � )f (� 1; � 2� ) = f (� 1� 2; � )f (� 1; � 2) (2:1)

that if � 1; � 2 2 H , then � 1� 2 2 H . Let � 2 = � � 1
1 , then

f � 1 (� � 1
1 ; � )f (� 1; � � 1

1 � ) = f (� 1� � 1
1 ; � )f (� 1; � � 1

1 ): (2:2)

Since f � 1 (� � 1
1 ; � ) 6= 0, � � 1

1 2 H . Therefore, H is a group. From (2.2), it is easy to
deducethat the necessaryand su�cien t condition for � to belong to H is f (� ; � � 1) 6= 0.
In terms of algebra, this meansthat for all � 2 H , x � is invertible which is yet another
connectionbetweenH and the classicalcase.Moreover, if one is to considera subgroupof
G such that for every � from this subgroup f (� ; � ) 6= 0 for every � 2 G, onewill eventually
seethat this group is nothing but H .

Definition 2.3. The subgroup of G, H =
�

� j f (� ; � � 1) 6= 0
	

is called the inertial
subgroup.

Wehave just shown that for every � 2 H and every � 2 G, f (� ; � ) 6= 0 and f (� ; � ) 6= 0.
The algebra B =

L
� 2 H K x � is therefore a central simple K H -algebra. Furthermore,

J =
L

� 62H K x � is the Jacobsonradical of A.

To study the algebra deeper, we would like to intro duce the meansof understanding
how \far" an x � is from the simple component, in other words, how non-classicalit is. Let
us say that � � � if there exists x 
 such that x � x 
 = x � . Obviously, x � � x � if and only
if f (� ; � � 1t) 6= 0. This givesa partial ordering on G. If � � � , then for every h belonging
to the inertial subgroup H ,

f � (� � 1� ; h)f (� ; � � 1� h) = f (� ; h)f (� ; � � 1� )

and � � � h. One may also demonstrate that � h � � ; therefore, the constructed partial
ordering is actually on the set of left cosetsof G.

Definition 2.4. � H � � H if f (� ; � � 1� ) 6= 0.

Theorem 2.1. The partial ordering de�ned above is lower subtractive, that is, given
� H � � H , then � H � 
 H � � H if and only if � � 1
 H � � � 1� H .
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One may also intro duce a partial ordering on right cosets:

Definition 2.5. H � � H � if f (� � � 1; � ) 6= 0.

The lower subtractivit y for the right cosetsis formulated in the following way: given
H � � H � , then H � � H 
 � H � if and only if H 
 � � 1 � H � � � 1.

We will write � l and � r when both partial orderings are used in the discussion
simultaneously.

Every partial ordering givesa rise to a graph, namely the elements of the set (in our
case, the cosets) serve as a vertices. Two vertices a and b are connected by an edge if
and only if one is greater or equal than the other and there exist no element c such that
a � c � b and c 6= a; c 6= b. Lower subtractivit y in terms of graphs meansthat every part
of a graph can be draggeddown any number of vertices, so that it will coincide with the
structure below.

The invertible cocycles form a group H 2(G; K � ) under the equivalence de�ned in
Chapter 1. All cocyclesform a monoid M 2(G; K ), the elements of which we denoteas [f ].
The idempotent cocycles,that is cocyclestaking only values0 and 1, can not be equivalent
to each other and thusuniquely correspond to the idempotent elements of M 2(G; K ). Let e
be an idempotent cocycle. Considercocyclesassumingzerovalueswheree assumeszeroes,
or in more rigorous form, consider

M 2
e (G; K ) =

�
[f ] 2 M 2(G; K ) j [f ][e] = [f ]; 9g [f ][g] = [e]

	
:

This is a group. Clearly, all cocyclessuch that their equivalenceclassesbelong to one M 2
e

have the samegraph, thus there is exactly one graph corresponding to each M 2
e .

Moreover, M 2(G; K ) =
F

e M 2
e (G; K ). A homomorphism H 2(G; K ) ! M 2

e (G; K ) is
given by [f ] 7! [f e]. The restriction f jH � H is an invertible cocycleon H , and this provides
us with a group homomorphism M 2

e (G; K ) ! H 2(H ; K � ) given by [f ] 7! [f jH � H ].

It was shown in [HLS] that the idempotents with the inertial subgroup H corre-
spond one-to-oneto the lower subtractive partial orderingson the left cosetsG=H. Hence,
the study of graphs, a structure reasonably simple to handle, gives information about
M 2

e (G; K ), a rather complicated group. The most well-researched caseis the caseof a
graph being a tree.

Theorem 2.2. [H1] If the graph of M 2
e (G; K ) is a tree, then the homomorphism

M 2
e (G; K ) ! H 2(H ; K � ) described above is injective.

Therefore, if H is trivial, there exists only one cocycle corresponding to any tree.
Consider now the Waterhouseidempotent cocycle eH : eH (� ; � ) 6= 0 if and only if � 2 H
or � 2 H .

Theorem 2.3. [H2] If the graph of M 2
e (G; K ) is a tree, then M 2

e (G; K ) is isomorphic
to M 2

eH
(G; K ).

This fact makes possibleto study M 2
e (G; K ) for any tree, since M 2

eH
(G; K ) is fairly

simple to analyze, its graph being a tree with all leavesdirectly above the node.

We have stated above that for every cocycle, there exists a lower subtractive graph.
However, the number of cocycles grows enormously as G becomeslarger and sometimes
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eventhe study of graphsdoesnot furnish the desiredinformation. Onemay try to construct
examplesand counterexamples by the means of constructing a lower subtractive graph
and then looking for a cocycle corresponding to it. It is not known whether or not one
necessarilysucceeds.

Conjecture. Given a lower subtractive graph, it is always possibleto �nd a group
such that there exists a cocycle on this group corresponding to the given graph.

The stronger statement suggeststhat it is always possibleto �nd a group and a cocycle
such that the inertial subgroup is trivial. The weaker statement arguesthat it is always
possibleto �nd a group and a cocycle such that a subgraph of its graph is the given one.

3. Some Examples: Cyclic Groups and Cycles.

As we have said above, the most interesting situation emergeswhen the graph of a
cocycle is not a tree. Moreover, sincewe are interested mostly in the di�erences between
the classicand the weak cases,it would be reasonableto considerspecially the �nite �elds.
Their Brauer groups are trivial, yet there are a plenty of weak crossedproduct algebras
in the �nite case. Since the only possibleGalois extensionsof a �nite �eld are the cyclic
ones,someattention should be paid to the cyclic groups.

For the rest of this chapter, wewill con�ne ourselvesto the caseof a trivial inertial sub-
group. This enablesus to reach direct conclusionsabout the cocycle by the consideration
of the corresponding graph.

Consider a cyclic group Cn of order n generatedby � .

Our target is to have an example of a non-tree graph for Cn . However, every lower-
subtractive graph with 3 verticesis a tree, sowe considern � 4. The immediate suggestion
would be to have just one cycle with � 0 = id at the bottom and some � m at the top.
The intermediate elements, certainly, may be positioned in any fashion, yet the lower
subtractivit y should be obeyed. The simplest picture ariseswhen the elements follow each
other in the natural order:

� � m

� m � 1
� � � m +1

...
...

� 1
� � � n � 1

� � 0

Fig. 3.1.

What other possibilities are there?

Assumethat directly above � 0, there are vertices � k and � l and � m is at the top:
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� � m

...
...

� k
� � � l

� � 0

Fig. 3.2.

From lower subtractivit y, directly above � k , there can be only � k+ l or � 2k ; above � l ,
only � k+ l or � 2l . If n = 4, then it is possiblethat � k+ l is directly above both � k and � l :

� � 3
� �

� � � � 2 � 3
� � � 2

� � 0 � � 0

Fig. 3.3.

Note that even though the graphs above correspond to two di�eren t setsof cocycles,
they are similar, for an automorphism on C4 that exchange� and � 3, turns one caseinto
the other.

However, for n > 4 the presenceof � k+ l in both branches is impossible. By branch,
we meanoneof the paths from � 0 to � m . Hence,without lossof generality, we may assume
that one of the two casestakesplace:

� � m
� � m

...
...

...
...

� 2k
� � � k + l � 2k

� � � 2 l

� k
� � � l � k

� � � l

� � 0 � � 0

(1) (2)

Fig. 3.4.

Owing to lower subtractivit y, the branchesshould grow up homogeneously, i.e. above
� 2k only � 3k , � 4k , etc. can be; and above � k+ l only � 2k+ l , � 3k+ l , etc.
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Consider the casecorresponding to the graph (1) in Figure 3.4. Obviously, m �
r k (mod n) and m � sk + l (mod n) for somer; s, thus

k � (r � s)k (mod n):

We have constructed the graph in such a way that all elements above � l should �t
between� k and � m , hencer � s. However, if the equality holds, then � l = id. Therefore,
r > s but then r > r � s > 0 and � ( r � s)k = � l must be located between� k and � m . The
contradiction demonstratesthat case(1) is impossibleif n > 4.

Considernow the graph (2). Since� is oneof the vertices, it is a power of either � k or
� l , thus either � k or � l is a generatorof Cn . We might renamethe group elements, so that
whichever of � k or � l is a generator, it becomesa new � . The new � n � 1 can not be above
the new � , otherwise all elements will be lined up above the new � , thus � n � 1 belongs
to the other branch and the lowest element there (formerly � k or � l ) is also a generator.
Having two generators,we may chooseone with the longer branch and, if needed,rename
it � . The graph will becomethe following:

� � m

� m � 1

� � � k s

...
...

� 1
� � � k

� � 0

Fig. 3.5.

Obviously m < n � 1. We chose k so that 2l � n. However, in this case if
m � ik (mod n) for somei , then ik � k (mod n). The best way to understand the previous
statement is to draw a circle with all numbers from 0 to n � 1 on it in a natural order,
and look at this picture for a few moments. The statement itself suggeststhat because
� n � 1 is somewherein the graph, k must be equal to n � 1. Therefore, up to a group
automorphism, for n > 4 the only possiblegraph consisting of only one cycle is the one
presented in Figure 3.1.

It is easyto seewherethe cocyclecorresponding to this graph takeszeroand non-zero
values.
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� 0 � � � � � � � � m � 1 � m � m +1 � � � � � � � n � 1

� 0 1 1 � � � � � � 1 1 1 � � � � � � 1
� 1 � � � � � � � � 0 0 � � � � � � 0
...

...
... . .

.
0

...
...

. . .
...

...
...

... . .
.

. .
. ...

...
...

. . . ...
� m � 1 1 � 0 � � � 0 0 0 � � � � � � 0
� m 1 0 � � � � � � 0 0 0 � � � � � � 0

� m +1 1 0 � � � � � � 0 0 0 � � � 0 �
...

...
...

. . .
...

...
... . .

.
. .

. ...

...
...

...
. . . ...

... 0 . .
. ...

� n � 1 1 0 � � � � � � 0 0 � � � � � � � � ;

From the cocycle condition (1.1),

f � i � 1
(� ; � j )f (� i � 1; � j +1 ) = f (� i ; � j )f (� ; � i )

and it is easy to prove by induction that in the upper triangle all entries depend on the
valuesof f (� ; � i ) which in their turn are independent. The last statement is also correct
for the lower triangle and the entries f (� n � 1; � i ). Hence, the dimension of the spaceof
cocyclesis n � 2.

However, our goal is to �nd the algebrascorresponding to the graph in Figure 3.1, i.e.
the order of the corresponding M 2

e , the group of the classesof equivalent cocycles. Recall
that the set f � � i x � i g spansthe samealgebra as the canonical basis f x � i g.

So, let f x � i g be the standard basisof (K ; G; f ). We intro duce new basis f y� i g:

y� = kx �

y� n � 1 = k0x � n � 1

y� i =

(
(y� ) i ; 1 < i � m

(y� n � 1 )n � i ; m < i < n � 1
:

The new cocycle f � will take the following shape:
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� 0 � � � � � � � � m � 1 � m � m +1 � � � � � � � n � 1

� 0 1 1 � � � � � � 1 1 1 � � � � � � 1
� 1 1 � � � � � � 1 0 0 � � � � � � 0
...

...
... . .

.
0

...
...

. . .
...

...
...

... . .
.

. .
. ...

...
...

. . . ...
� m � 1 1 1 0 � � � 0 0 0 � � � � � � 0
� m 1 0 � � � � � � 0 0 0 � � � � � � 0

� m +1 1 0 � � � � � � 0 0 0 � � � 0 �
...

...
...

. . .
...

...
... . .

.
. .

.
1

...
...

...
. . . ...

... 0 . .
.

. .
. ...

� n � 1 1 0 � � � � � � 0 0 � 1 � � � 1 ;

where (y� n � 1 )n � m = � y� m .

What f � are equivalent to the idempotent cocycle? Using the notations for the change
of basisabove, we may calculate � when f is idempotent. From the following equalities:

y� m = (y� )m = (kx � )m = k� (k) � : : : � � m � 1(k)x � m ;

� y� m = (y� n � 1 )n � m = (k0x � n � 1 )n � m = k0� n � 1(k0) � : : : � � (n � 1)( n � m � 1) (k0)x � m

by substituting l for � m +1 (k0), we obtain

� =
l � (l ) � : : : � � n � m � 1(l )
k� (k) � : : : � � m � 1(k)

: (3:1)

From this,

M e
2 = K �

� �
l � (l ) � : : : � � n � m � 1(l )
k� (k) � : : : � � m � 1(k)

�
�
�
�k; l 2 K �

�
:

We can also calculate M 2
e for C4 in the special casedepicted on Figure 3.3.

The general form of the cocycle is:

� 0 � � 2 � 3

� 0 1 1 1 1
� 1 0 � 0
� 2 1 � 0 0
� 3 1 0 0 0 :

Sinceour goal is to classify the equivalenceclasses,by the sameargument as above,
we may assumethat f (� ; � 2) = 1. If so, then the table obtains this form:
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� 0 � � 2 � 3

� 0 1 1 1 1
� 1 0 1 0
� 2 1 � 0 0
� 3 1 0 0 0 :

Following the discussionof the general case,we seethat it is possible to take new
y� = kx � and y� 2 = k0x � 2 . Thus if the cocycle is equivalent to the idempotent one,

y� 3 = kx � k0x � 2 = k� (k0)x � 3

� y� 3 = k0x � 2 kx � = k0� 2(k)x � 3 :

We seethat

� =
k0� 2(k)
k� (k0)

(3:2)

and

M 2
e = K �

� �
k0� 2(k)
k� (k0)

�
�
�
�k; k0 2 K �

�
:

For the graph in Figure 3.1, we are able to obtain the more preciseresult in the �nite
case.

We have already remarked that every Galois extension of a �nite �eld is cyclic. Fur-
thermore, if jF j = q and jK j = qn , then for every k 2 K , � i (k) = kqi

. The multiplicativ e
group of a �nite �eld is generatedby a single element a; therefore, if in the equation (3.1)
we considerk = as and l = at , then

� =
at atq � : : : � atq n � m � 1

asasq � : : : � asqm � 1 =

= at (1+ q+ ::: + qn � m � 1 ) � s(1+ q+ ::: + qm � 1 ) :

Thus the lowest possiblevalue of � is agcd(1+ q+ ::: + qn � m � 1 ;1+ q+ ::: + qm � 1 ) .

We will show now that

gcd(1+ q + : : : + qn � m � 1; 1 + q + : : : + qm � 1) = 1 + q + : : : + qgcd( n;m ) � 1:

Indeed, in this casethe �rst step of the Eucledeanalgorithm is

1 + q + : : : + qn � m � 1 = (1 + q + : : : + qm � 1)(qr + : : :) + (1 + q + : : : + qr � 1);

where r = n mod m. On the other hand, for n and m, the �rst step of the Eucledean
algorithm is

n = m � u + r:

It is easy to seethat these coincidences| the power of the remainder in the �rst
algorithm plus onebeing equal the remainder in the second| will continue to occur until
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we will arrive at 1 + q + : : : + qgcd( n;m ) � 1 which divides both 1 + q + : : : + qn � m � 1 and
1 + q + : : : + qm � 1. Thus it is the greater common divisor that we wanted to get.

Therefore, the �nal answer says that if f � is equivalent to the idempotent cocycle e,
then � is a power of a1+ q+ ::: + qgcd( n;m ) � 1

where a generatesK � , the multiplicativ e group of
K . Hence,

jM 2
e j =

qgcd( n;m ) � 1
q � 1

:

Thus, if m and n are relatively prime, i.e. when � m is a generatorof G, M 2
e is trivial.

This shows that the order of M 2
e depends not only on the geometrical properties of

the corresponding graph but also on the positioning of vertices in the graph.

Furthermore, it seemsthat the geometry of a graph is not very crucial at all.

Our other example concernscocycleson the groups Cn � Cm . Let � be a generator
of Cn and � a generator of Cm . Consider the following grid:

. . .
. . . . .

.
. .

.

� 2
� � � � � � 2

� � � �

� id

Fig. 3.6.

Unlik e the previous example, it is more di�cult to say what valuesthe cocycle takes;
however, we are still able to calculate the M 2

e . Indeed, whatever basis f x � i � j g and the
corresponding cocycle are given, we may always construct another basis:

y� = kx �

y� = k0x �

y� i � j =( y� ) i (y� ) j :

It is not di�cult to observe that the new cocycle f � dependssolely on one parameter
� = f (� ; � ). Moreover, � can take any non-zero value. The other values of f may be
obtained by the use of associativit y of the algebra and, since the cocycle condition (1.1)
is equivalent to associativit y, the cocycle condition will be preserved. Our only remaining
task is to calculate what f � are equivalent to the idempotent cocycle.

From the formulas for f y� i � j g, we seethat

y� � = kx � k0x � = k� (k0)x � � ;

� y� � = k0x � kx � = k0� (k)x � � :
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From this,

� =
k0� (k)
k� (k0)

: (3:2)

and

M 2
e = K �

� �
k0� (k)
k� (k0)

�
�
�
�k; k0 2 K �

�
:

Note that k=� (k) has norm 1 over K Cm and k0=� (k0) has norm 1 over K Cn . Fur-
thermore, by the Hilbert Theorem 90, the elements with norm 1 over K Cm and K Cn have
preciselytheseforms, hence,M 2

e is a factor of K � by the product of the groupsof elements
of norm 1 in the extensionsK =K Cm and K =K Cn .

Once again, we can �nd the order of M 2
e when F is �nite. Note that m and n must

be relatively prime in this case.

As previously, let a be a generator of K � , k = as and k0 = at . Let 
 be a generator
of Cn � Cm , then obviously � = 
 m and � = 
 n . We have the following equation for � :

� = as(qn � 1) � r (qm � 1) :

The lowestpower of a that may beexpressedin such a form is agcd( qn � 1;qm � 1) . Clearly,
gcd(qn � 1; qm � 1) = (q� 1) � gcd(1 + q+ : : :+ qn � 1; 1+ q+ : : :+ qm � 1). It follows from the
calculations of the gcd in the cyclic casethat the value of the latter expressionis simply
q � 1; therefore,

jM 2
e j = q � 1:

Recall that it is possibleto obtain the sameresult for the examplediscussed�rst. We
seenow that, whereasthe absenceof cycles in the graph in
uences M 2

e , the presenceof
thosemay lead to any possibleresult. Nonetheless,the graphsstill remainsa rather useful
machinery which we will heavily employ below.

4. Tw o-Sided Ideals.

In the remaining chapters, we will discussthe algebraicproperties of the weak crossed
product algebras.

One of the most important di�erences betweenthe classicaland the weak casesis the
existenceof two-sidedideals inside weakcrossedproduct algebras. Naturally , theseobjects
require attention. We will start by proving an important structural theorem.

Theorem 4.1. [H1] If I is a two-sided ideal, then I =
L

x � 2 I K x � .

Pr oof. Obviously,
L

x � 2 I K x � � I . Consider a 2 I �
L

x � 2 I K x � of the shortest
length. If in the standard decomposition of a somex � 2 I has a non-zero coe�cien t k,
then a � kx � is of a shorter length. Thus, if a =

P
� k� x � , then x � 62I .

Takeany x 
 such that in the standard decomposition of a, x 
 hasa non-zerocoe�cien t.
For any l 2 K , al =

P
� k� l � x � 2 I and l 
 a =

P
� k� l 
 x � 2 I ; therefore, al � l 
 a 2 I

and has a shorter length. Hence, al = l 
 a and l � = l 
 for every l 2 K . This situation
is possibleonly if a = k
 x 
 but then, since k
 6= 0, x 
 belongs to I . The contradiction
provesthe statement.
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Let us now considerthe ideals I � generatedby a single x � . All other two-sidedideals
are their sums (though, not necessarilydirect). The ultimate goal is to understand what
x � belong to I � .

Assumex � 2 I , then for any � above � in the left graph, x � x � � 1 � 2 I , thus x � 2 I .
This is also true for every � above � in the right graph. This non-formal observation
suggestsa path for the examination of the structure of I � . First we needto de�ne \ab ove"
rigorously.

Definition 4.1. For any subsetS of the group G,

L(S) = f � j 9 � 2 S �H � l � H g;

R(S) = f � j 9 � 2 S H � � r H � g:

It is easy to see that L (L (S)) = L(S) and R(R(S)) = R(S). Also, L (S [ T) =
L(S) [ L (T) and R(S [ T) = R(S) [ R(T).

Furthermore, aswe have noticed above, for every � that belongsto L(f � g) or R(f � g),
x � 2 I for any two-sided ideal I that includes x � . In particular, for every � 2 L (R(f � g)),
x � 2 I � . The sameis true for every � 2 R(L(f � g)).

Theorem 4.2. [W] For every two-sided ideal I � generated by a single element x � ,
I � =

L
� 2 L (R ( f � g)) K x � .

Pr oof. By Theorem 4.1 and by the statement of the previous paragraph, we needto
prove only that every x � 2 I � belongsto R(L(f � g)).

Consider x � 2 I � . By de�nition, I � = Ax � A; therefore, x � = ax� b where a; b 2 A.
Among the elements with non-zerocoe�cien ts in the standard decomposition of a, there
is at least one x 
 , such that x 
 x � 6= 0 and in the standard decomposition of b, x � � 1 
 � 1 �
has a non-zero coe�cien t. Furthermore, in order for x � to come from the product ax � b,
f (� 
 ; � � 1
 � 1� ) 6= 0. Sincef (
 ; � ) = f (
 � � � � 1; � ) and we chose
 such that f (
 ; � ) 6= 0,
H � � r H 
 � and 
 � H � l � . In other words, � 2 L (R(f � g)).

In the similar manner we could have shown that � 2 R(L (f � g)), henceL(R(f � g)) =
R(L(f � g)).

Cor ollar y. For any set S, R(L (S)) = L(R(S)) .

For every � , I � includes xh1 � h2 where h1; h2 2 H . These elements and there combi-
nations are the only possibleelements of I � if and only if there are no vertices above � in
both left and right graph.

Definition 4.2. An element x � is said to be l-maximal if L (f � g) = � H . An element
x � is said to be r-maximal if R(f � g) = H � . An element is said to be bimaximal if it is
both l-maximal and r-maximal.

Therefore, for every bimaximal x � , I � =
L

� 2 H � H K x � is minimal. Not surprisingly,
the converseis also true. To prove it, we needa small lemma.

Lemma 4.1. If x � is l-maximal and H � � r H � , then x � is l-maximal.
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Pr oof. Sincex � is l-maximal, for every 
 62H , f (� ; 
 ) = f (� ; � � 1 � � 
 ) = 0. From
the cocycle condition (1.1),

f � � � 1
(� ; 
 )f (� � � 1; � 
 ) = f (� ; 
 )f (� � � 1; � );

it follows that f (� ; 
 ) = 0. Hencex � is maximal.

Obviously, if x � is r-maximal and � H � l � H , then x � is r-maximal.

Theorem 4.3. A two-sided ideal I is minimal if and only if it is generated by a
bimaximal element.

Pr oof. We have demonstrated that for a bimaximal x � , I � is minimal.

Considernow an arbitrary two-sidedideal I . By Theorem 4.1, I � I � for some� 2 G.
We can always �nd an l-maximal x 
 such that � H � l 
 H , henceI 
 � I � .

There exists an r-maximal x � such that H 
 � r H � . Furthermore, x � is l-maximal
according to Lemma 4.1, thus I � � I for somebimaximal x � .

Cor ollar y. [W] The intersection of all two-sided ideals is bigger than (0) if and
only if for all bimaximal elementsx � , � belongsto the samedoublecoset.

Pr oof. We may reformulate the statement: There exists exactly one minimal ideal
if and only if for all bimaximal elements x � , � belongsto the samedouble coset.

Indeed, if there exists only one minimal ideal, then for every two bimaximal x � 1 and
x � 2 , � 2 2 L(R(f � 1g)). Hence,� 2 2 L(H � 1), thus � 2 2 H � 1H .

The reversedargument demonstratessu�ciency .

This result shows that not only weak crossedproduct algebrashave two-sidedideals,
even the intersection of those is not necessarily(0).

It was stated above that for every set S, R(L (S)) = L(R(S)). Moreover, for every � ,
the elements that are above it in both left and right graphs are precisely those that are
contained in R(L(S)). Indeed,

R(R(L(S))) = R(L(S)) ;

L (R(L (S))) = L(L (R(S))) = L(R(S)) = R(L(S)) ;

and the rest is clear.

Definition 4.3. For any subsetS of the group G,

D(S) = R(L(S)) :

If x � 2 I for sometwo-sidedideal I and � 2 D(f � g), then x � 2 I . Moreover, we may
say now that x � belongsto I � if and only if � 2 D(f � g). After a few remarks, we will be
able to make the similar statement for all two-sidedideals.

Although the left and the right graphs demonstrate D(S) rather well, one may try to
�nd better graphical meansof presentation, for instance, to useone and not two pictures.
The following notion was intro duced by Krashen [K].
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Definition 4.4. The digraph is an oriented graph with the set of vertices G. Two
vertices � and � are connectedby the edge(� ; � ) if either � H � l � H or H � � r H � .

From the discussionabove, it becomesclear that if there exists a path between two
vertices � ; � of the digraph, it consistsof either oneedge(when � 2 R(f � g) or � 2 L (f � g))
or two edges.

For every two-sided ideal I , we de�ne the subdigraph corresponding to I . It is a
subgraph of the digraph that consists of all vertices � such that x � 2 I and all edges
betweensuch � . Obviously, every subdigraph is closed,i.e. there is no edgecoming from
it. Clearly, if a closedsubgraph of a digraph contains the set S, then it contains D(S).
Furthermore, every closedsubgraph of a digraph de�nes a two-sided ideal, namely if x 
 i

are the vertices in the closedsubgraph, I =
L


 i
K x 
 i is an ideal.

We may also de�ne connectivity of a subdigraph. The subdigraph is called connected
if for every two vertices � ; � in it, there exists either a path from � to � or a path from �
to � .

Theorem 4.4. [K] A two-sided ideal I is indecomposableif and only if its subdigraph
is connected.

Pr oof. Indeed, assumethat I is decomposable,i.e. I = R1 � R2 or somenon-empty
two-side ideals R1 and R2. Then the subdigraphs of R i make up the subdigraph of I
and, sincethe subdigraphs of R i are closedand do not overlap, the subdigraph of I is not
connected.

Assumenow that the subdigraph of I is not connected. Each connectedcomponent
is closed, for no edgecan lead from a vertex in this component to a vertex into another
component or to a vertex outside the subdigraph of I . Hence, I is a direct sum of the
ideals generatedby the elements of each component.

The notion of a digraph doeshelp to analyze the structure of two-sided ideals. How-
ever, it merely re
ects the concept of D(S) and as such does not directly arise from the
structure of G, whereasboth right and left ideals certainly do. It would be better to have
a graphic representation of D(S) more closely connected to the Galois group; so far no
progresshas beenmade in this direction.

5. One-Sided Ideals.

For the sake of brevity, in this chapter we will consider only right ideals. All facts
presented below are true for the left ideals and the proofs can be easily modi�ed.

Unfortunately , one-sided ideals are not as easy to handle as the two-sided ones.
Whereas in the previous chapter we could understand the structure of the ideals as de-
scribed in Theorems4.1 and 4.2, the one-sidedcaseis more complicated. There exists no
classi�cation theorems;however, we can provide analogousbut weaker statements.

Definition 5.1. An element x � is said to be involved in the set S � A if there exists
an element a 2 S such that x � has a non-zerocoe�cien t in the standard decomposition of
a.

We denote involvement by x � e2S.

F-17



Theorem 5.1. If x � is involved in the right ideal I , then for every � 2 L (f � g), x � is
involved in I.

Pr oof. Since� 2 L(f � g), f (� ; � � 1� ) 6= 0. Therefore, if x � has a non-zerocoe�cien t
in the standard decomposition of a 2 I , the coe�cien t of x � in the standard decomposition
of ax� � 1 � is non-zerotoo. I is a right ideal, thus ax � � 1 � 2 I and x � e2I .

We will now con�ne ourselvesto the caseof a trivial inertial subgroup. This will ease
the situation quite a bit. If one is interested in the general case,all statements would be
true if B is substituted for K and instead of an element, a whole coset is considered.

It is time to move on to the consideration of minimal right ideals. Let f � i g be l-
maximal elements of G. Consider the ideal aA generated by a =

P
i ki x � i . For every

� 6= id, ax� = 0, thus aA = aK and, sinceevery � is an automorphism of K , this ideal is
minimal. Furthermore, every minimal ideal is of this very form.

Theorem 5.2. In an algebra produced by a cocycle with a trivial inertial subgroup,
every minimal right ideal is of the form (

P
i ki x � i )K for someset of l-maximal elements

� i .

Pr oof. We have already demonstrated above that every ideal of such a form is
minimal.

Considernow an arbitrary right ideal I . It certainly involvessomel-maximal elements.
Consider all elements of I , in the standard decomposition of which at least one l-maximal
element hasa non-zerocoe�cien t. Let a be such an element of the shortest length. Assume
that in the standard decomposition of a somenon{l-maximal x � hasa non-zerocoe�cien t.
If � is an l-maximal vertex above � , then ax � � 1 � involvesan l-maximal element. However,
its length is shorter that the length of a and we arrive at a contradiction.

Hence,a involvesonly l-maximal elements and I has a subideal aK .
Following the discussionof two-sided ideals, we will try now to understand how the

one-sidedideals decompose. In this, we will again limit ourselves to the caseof a cocycle
with a trivial inertial subgroup.

We needto intro duce a natural notion of level.

Definition 5.2. The level of a vertex � above a vertex � , lev� (� ), is the maximal
number of vertices between� and � . If � 6� � , then lev� (� ) is not de�ned. The level of �
above a set of vertices S, levS (� ), is the maximal level of � above all vertices in S.

The level is transitiv e, i.e. lev� (
 ) = lev� (� ) + lev� (
 ) if � � � � 
 . Furthermore,
there is a corelation betweenthe level and the multiplication in the algebra. If x � x � 6= 0,
we can de�ne the level of the vertex corresponding to the product. However, if the prod-
uct equals zero, there is no such possibility | a rather sad limitation of De�nition 5.2.
However, we can expand it in quite an awkward fashion, namely the level of 0 above any
element of G is consideredto be 1 ; even though, 0 is not a group element.

Lemma 5.1. For every � ; � , and 
 , the levelof the vertex corresponding to the product
x 
 x � � 1 � above 
 , is greater or equal to lev� (� ).

Pr oof. If x 
 x � � 1 � = 0, then the statement is obvious.
Assumenow that x 
 x � � 1 � 6= 0. Then 
 � 
 � � 1� , and we need to demonstrate that

lev
 (
 � � 1� ) � lev� (� ).
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Let lev� (� ) = n. This means that there are n vertices between � and � , namely
� = � 0 � � 1 � : : : � � n = � . Obviously,

x � x � � 1 � = x � 0 x � � 1
0 � n

= x � 0 x � � 1
0 � 1

� : : : � x � � 1
n � 1 � n

:

Hence,x � � 1 � = x � 0 x � � 1
0 � 1

� : : : � x � � 1
n � 1 � n

: Therefore,

x 
 x � � 1 � = x 
 x � 0 x � � 1
0 � 1

� : : : � x � � 1
n � 1 � n

:

Every multiplication raisesthe product at least onevertex up, thus the total lift is not less
than n vertices.

The next result follows from onestated in [K]; however, the proof is entirely di�eren t.
The methods usedbelow seemto be of a more generalnature.

Theorem 5.3. In an algebra produced by a cocycle with a trivial inertial subgroup, a
right ideal I generated by one element x � is indecomposable.

Pr oof. SinceI is generatedby x � , I = x � A and all elements x 
 involved in it belong
to L(f � g) Moreover, every element involved in I has a level greater or equal than 1 above
� .

Assumenow that I decomposesinto the direct sum of two right ideals I = R1 � R2.
In this casex � = r 1 + r 2, where r i 2 Ri . Without loss of generality, we may assume
that x � has a non-zero coe�cien t in the standard decomposition of r 1. Consider the set
S =

�
r 1x � � 1 
 j x 
 e2I

	
. It is clear that S spansR1. Furthermore, S forms a basisof R1:

To prove this, weneedto show that all elements of S are linearly independent. Assume
the contrary and consider


 =
X

x 
 e2 I

k
 r 1x 
 � 1 � :

Our assumption is that 
 = 0 and by induction we will show that all k
 must be 0 under
this condition.

In the standard decomposition of 
, x � may appear only once, namely from the
summand r 1x � � 1 � , therefore the coe�cien t of this summand in 
 is 0. Let now somex �

be on the n-th level above � . We assumethat for every x 
 with lev� (
 ) < n, k
 = 0.
What coe�cien t can x � have in the standard decomposition of 
? Obviously, x � comes
from r 1x � � 1 � . Let it also appear from somer 1x � � 1 
 . If lev� (
 ) > n then it is impossible,
for all elements in the standard decomposition of r 1x � � 1 
 have level greater than n above
� . If lev� (
 ) = n, then x � x � � 1 
 = f (� ; � � 1
 )x � and x 
 = x � . Therefore, the coe�cien t
of x � in the standard decomposition of 
 is k� , thus k� = 0.

Hence, all elements of S are linearly independent and dimR1 = jSj = dimI . Thus,
I = R1 and R2 = 0.

Consider now an ideal I generated by two elements x � 1 and x � 2 . It is clear that
I = x � 1 A + x � 2 A. When L(f � 1g) \ L (f � 2g) = ; , the sum is direct. In casewhen the
intersection is not empty, one would like to seeindecomposableideals. Unfortunately , as
it is, this is not true.
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Consider the following graphs:

(1 ;2;3) � � (1 :3) � 2

� � � 5

(1 ;2) � � (1 ;3;2) � (2 ;3) � � � � 4
� � 3

� (1) � � 0

S3 C6

In both examples,we consider idempotent cocycles.

For S3 the ideal generatedby x (1 ;2) and x (1 ;3;2) decomposesinto the sum of two ideals:
one is generatedby 1

2 x (1 ;2) � 1
2 x (1 ;3;2) , the other one by 1

2 x (1 ;2) + 1
2 x (1 ;3;2) .

For C6 the ideal generatedby x � and x � 4 decomposesinto the sum of two ideals: one
is generatedby 1

2 x � � 1
2 x � 4 , the other one by 1

2 x � + 1
2 x � 4 .

Obviously, the similarit y of the graphs induces the similarit y of the decompositions;
even though, the groups S3 and C6 di�er greatly.

We may attempt to study the properties of the direct summandsin the decomposition.
Let I be generatedby two elements x � 1 and x � 2 such that L (f � 1g) \ L (f � 2g) 6= ; . As
above, the inertial subgroup is trivial. Furthermore, for a moment we will assumethat the
cocycle is idempotent. Let I = R1 � R2.

Assumethat R1 involvesx � 1 but not x � 2 and R2 involvesonly x � 2 . In this case,

x � 1 = (x � 1 + 
 1) + (� 
 1);

x � 2 = (� 
 2) + (x � 2 + 
 2)
(5:1)

are the decompositions of x � 1 andx � 2 whereno 
 i involvesx � j . Consider 
 above both � 1

and � 2. From (5.1),
x 
 = (x 
 + 
 1x � � 1

1 
 ) + (� 
 1x � � 1
1 
 );

x 
 = (� 
 2x � � 1
2 
 ) + (x 
 + 
 2x � � 1

2 
 ):
(5:2)

From the uniquenessof the decomposition, � 
 2x � � 1
2 
 = x 
 + 
 1x � � 1

1 
 . It is clear that
x 
 can not be involved in � 
 2x � � 1

2 
 , otherwise for somex � , x � x � � 1
2 
 = x 
 . Hence, x 


must be involved in 
 1x � � 1
1 
 which is also impossible. Therefore, at least one R i involves

both x � 1 and x � 2 . The argument above may be applied to a caseof an arbitrary cocycle
with a trivial inertial subgroup. The equations (5.2) will not be correct, of course,yet the
di�erence will be in the coe�cien ts only, not in the elements with non-zerocoe�cien ts.

Without lossof generality we may assumeR1 involvesboth x � 1 and x � 2 . Assumenow
that there is an element in R1 that doesnot involve x � 1 but involvesx � 2 . There also is an
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element that involvesx � 1 , henceby subtraction, we can always have in R1 two elements,
one of which of all x � i involvesonly x � 1 , the other only x � 2 . Let them be a1 = x � 1 + 
 1

and a2 = x � 2 + 
 2 respectively.

Consider now the following set

S =
n

a1x � � 1
1 
 j � 1 � 
 and � 2 6� 


o
[

n
a1x � � 1

1 
 j � 1 � 
 ; � 2 � 
 and lev� 1 (
 ) � lev� 2 (
 )
o

[
n

a2x � � 1
2 
 j � 2 � 
 ; � 1 � 
 and lev� 2 (
 ) > lev� 1 (
 )

o
[

n
a2x � � 1

2 
 j � 2 � 
 and � 1 6� 

o

:

It is clear that every x 
 involved in I is mentioned above.

All elements of S belong to R1. Furthermore, they are linearly independent. Indeed,
consider

P
s2 S lss = 0. Our goal is to show that under this condition all ls equal 0. As in

the proof of Theorem 5.3, we will use induction by the level of 
 's.

By Lemma 5.1, x � 1 comesinto the sum only from the summand ax � � 1
1 � 1

; the same
for x � 2 . Consider now � such that levf � 1 ;� 2 g(� ) = n. We assumethat for any 
 with
levf � 1 ;� 2 g(
 ) < n, the corresponding ls is 0. Where does x � come from in the sum?
Certainly, not from somesummand in 
 i x � � 1

i 
 , for the level of 
 is at least n, thus the
level of every summand in 
 i x � � 1

i 
 is greater than n. Hence,x � can only possibly come
from the summand x � i x � � 1

i 
 which is impossible. Therefore, x � comesonly from one and
only one s, thus in the sum, the coe�cien t of this s is 0.

This demonstratesthe linear independenceof S. SincedimR1 � jSj and jSj = dimI ,
we concludethat R1 is all of I and I is indecomposable.

The immediate conclusion is that in the standard decomposition of every element of
Ri , x � i must have either both zero or non-zero coe�cien ts. It follows that if we write
an element of Ri in the form x � 1 k1 + x � 2 k2 + 
, then for all elements of R i , k1 's are
proportional and k2 's are proportional.

This givesat leastsomeideaof the nature of the direct summandsin the decomposition
of an ideal generatedby two elements if such is possible. However, sofar no further progress
has beenmade in understanding the decomposition of right ideals.

6. Decomp osing the Algebra.

We now turn our attention to the decomposition of the algebra and closely related
questions. We will work only with idempotent cocycles.

It is clear that A can not be decomposedinto the sum of two-sided ideals, for in this
caseoneof the summandswill involve, thus include, x id . However, the decomposition of A
into the sum of one-sidedideals is more interesting. We will now view A asa right module
over itself.

It follows from Theorem5.3that if the inertial subgroupis trivial, A is indecomposable.
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Consider now the general case. We remind the reader that the direct summandsof
the algebraare called principal indecomposableideals. It appearsthat there is an easyway
to describe them. For this, we needto intro duce new terminology.

Definition 6.1. Two idempotents e1; e2 are said to be orthogonal if e1e2 = e2e1 = 0.
An idempotent e is calledprimitive if it is impossibleto expresse asa sumof two orthogonal
idempotents.

It is clear that for any idempotent e, eA is a right ideal.
Theorem 6.1. [CR] A right ideal I of A is principal indecomposableif and only if

I = eA for someprimitive idempotent e in A.
The quotient ideal eA=eJ sits inside the central simple component of A. The following

fact makes it possibleto classify all principal indecomposableideals of A.
Theorem 6.2. [CR] There is a one-to-onecorrespondence between classesof isomor-

phic principal indecomposableideals and classesof isomorphic irr educible right A-modules,
given by the mapping f eAg ! f eA=eJg.

However, there is only oneclassof irreducible submodulesof B , namely if B = M n (D ),
where D is a division algebra, then every irreducible submodule is isomorphic to D n and
may be seenas a set of matrices with zero entries in all but one column. Therefore, all
principal indecomposable ideals are isomorphic to each other. We will now attempt to
construct one such ideal.

Theorem 6.3. If the algebra A is produced by an idempotent cocycle and if the
characteristic of F does not divide jH j, an ideal eA for e = 1

jH j

P
h2 H xh is principal

indecomposable.
Pr oof. We will �rst show that e is an idempotent. Indeed,

e2 =
1

jH j2
X

h1 2 H

xh1

X

h2 2 H

xh2 =

=
1

jH j2
X

h1 ;h 2 2 H

xh1 xh2 =

=
1

jH j2
X

h2 H

X

h02 H

xh0xh0� 1 h =

=
1

jH j2
X

h2 H

jH jxh =
1

jH j

X

h2 H

xh = e:

Assumenow that e = e1 + e2 for someorthogonal e1 and e2. Let e1 = 
 1 + 
 2 where

 1 2 B and 
 2 2 J . Without loss of generality, we may assumethat 
 1 6= 0. It is clear
that e
 2 can not involve elements of H ; therefore, sinceee1 = e1 and e
 1 2 B , e
 1 = 
 1

and e
 2 = 
 2. Let 
 1 =
P

h2 H hkh , then

e
 1 =
1

jH j

X

h1 ;h 2 2 H

xh1 xh2 kh2 =

=
1

jH j

X

h2 H

 

xh

X

h02 H

kh0

!

= 
 1:
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Hence, for every h, 1
jH j

P
h02 H kh0 = kh . From this, it follows plainly that all kh are

equal and 
 1 = em for somem 2 K . Without lossof generality, we may assumem 6= 0.

We may rewrite now e1; e2 in the form e1 = em + 
 2; e2 = e(1 � m) + 
 2.

Since e1 is an idempotent, e2
1 = e1 or, in more explicit form, e2

1 = (em)2 + em
 2 +

 2em + 
 2

2 = em + 
 2. However, no multiple of 
 2 can involve an element of H , thus
(em)2 = em.

Taking the square of e2, we seethat (e(1 � m)) 2 = e(1 � m) for the reasonsstated
above. In more explicit form,

e(1 � m)e(1 � m) = e � em � eme+ (em)2 =

= e � em � eme+ em = e� eme = e(1 � m):

Therefore, em = eme. On the other hand, em = emem and em 6= 0 (otherwise e
would be 0). Hence,eme = emem and m = 1.

We conclude that if e is not primitiv e, e2 2 J . Hence, e2 is nilp otent which is
impossible;therefore e is primitiv e and by Theorem 6.1, eA is principal indecomposable.

The set of elements ex� includes a basisof eA. If � 1 and � 2 belong to the sameright
coset,then ex� 1 = ex� 2 . It follows that the set S of ex� with each � belongingto a di�eren t
right coset,also includes a basis. On the other hand, this set is linearly independent.

Indeed, assumelinear dependence,that is, assumethat
P

l � ex� = 0. The element
x � appears in the product ex� . If it also comesfrom someex
 , then xh x 
 = x � for some
h 2 H , thus h
 = � . But this is precisely the condition for � and 
 being the in the same
right coset. Therefore, sincewe postulated that there can be no such x 
 in the sum, S is
a basisof eA.

Knowing the precisestructure of a principal indecomposableideal of A, we may use
it in search of projective ideals.

Definition 6.2. A right ideal I is called projective if every exact sequenceof right
A-modules

0 � ! M � ! N � ! I � ! 0 (6:1)

splits.

Theorem 6.4. [CR] An ideal I is projective if and only if it is direct sum of principal
indecomposableideals.

Hence,every projective ideal of A is isomorphic to a sum of the copiesof eA, e as in
the proof of Theorem 6.3. Obviously, the algebra A itself is projective. What about its
most interesting part, the radical?

Theorem 6.5. The radical J is not projective.

Pr oof. We will prove a stronger statement: no subideal of J is isomorphic to a
principal indecomposableideal.

Assumethat such is not the caseand that for someI 2 J there exists an isomorphism
� : eA ! I , e a primitiv e idempotent. Then I is generatedby � (e) and its basis is formed
by � (ex� ) = � (e)x � . Consider x � with � r-maximal. Since � (e) 2 J , � (e)x � = 0 while
ex� 6= 0. The contradiction provesthe desiredstatement.

F-23



Our proof has an obvious corollary: no subideal of the radical is projective. We know
at least one ideal that is projective, namely the principal indecomposableideal itself.

We intro duce another concept which is similar to the notion of projective ideals.

Definition 6.3. A right ideal I is called injective if every exact sequenceof right
A-modules

0 � ! I � ! N � ! M � ! 0 (6:2)

splits.

Unlik e the projective case,not every weak crossedproduct algebra is injective. To
�nd those that are injective, we require the following fact.

Theorem 6.6. [CR] An algebra A is injective over itself if and only if for every
minimal right ideal its dual ideal is minimal, and if for every minimal left ideal its dual
ideal is minimal.

We will again consideronly the caseof a trivial inertial group. One may show that the
conclusion of the next theorem is also true in the general caseif, instead of one element,
one considersa coset.

Theorem 6.7. An algebra A produced by a cocycle with a trivial inertial subgroup is
injective over itself if and only if has exactly one l-maximal and one r-maximal element.

Pr oof. According to Theorem 5.2, every minimal right ideal I has the form

 
X

i

ki x � i

!

K

for somel-maximal x � i .

The dual ideal I 0 is the set of homomorphismsfrom I to A. It is clear that every such
homomorphism � is de�ned by the image of a =

P
i ki x � i . Furthermore, since for every

x 2 J ,
� (a)x = � (ax) = 0;

� (a) must be a sum of l-maximal elements with somenon-zerocoe�cien ts.

Sincewe require I 0 to be minimal, there must be only one l-maximal element. More-
over, the same line of argument may be applied to the left ideals and it will show that
there must be only one r-maximal element. Therefore, we have establishedthe existence
of exactly one l-maximal element and one r-maximal element when A is injective.

On the other hand, when there is exactly one l-maximal, by Lemma 4.1 it must be
also r-maximal, hencein this casethe dual ideal of a minimal right ideal is automatically
minimal. The sameis true for a minimal left ideal when there is exactly one r-maximal
element.

The argument in the last paragraph of the proof shows that we may rewrite the
statement of the last theorem: An algebra produced by a cocycle with a trivial inertial
subgroup is injective if and only if there exists only one bimaximal element and no other
l- and r-maximal elements.
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Cor ollar y. If algebra A is injective, it has only one minimal right ideal.

Pr oof. Indeed, we know that every minimal right ideal is of the form kx � K where
x � is the bimaximal element but for every k1; k2 2 K , k1x � = k2x � (k1k� 1

2 ) � � 1
. Hence

there exists only one such ideal.

Cor ollar y. [K] If algebra A is injective, then all its ideals are indecomposable.

However, so far the caseof injective algebrasis the only one in which the one-sided
ideals can be classi�ed to someextent. The most interesting part of the algebra is that
makes it non-simple, namely the radical J . As we have seenin the last two chapters, the
structure of the radical in the generalcaseis still a mystery.
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