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MATHEMATICAL MODELING OF BIOREMEDIATION OF
TRICHLOROETHYLENE IN AQUIFERS

BENITO M. CHEN-CHARPENTIER AND HRISTO V. KOJOUHAROV

ABSTRACT. Trichloroethylene (TCE) is a very common contaminant of ground-
water. It is used as an industrial solvent and is frequently poured into the soil.
There exist bacteria that can degrade TCE. In contrast with most cases of
bioremediation, the bacteria that degrade TCE do not use it as a carbon
source. Instead the bacteria produce an enzyme to metabolize methane. This
enzyme can degrade other organics including TCE. In this paper we model in
situ bioremediation of TCE in an aquifer by using two species of bacteria: one
that forms biobarriers to restrict the movement of TCE and the second one
to reduce TCE. The model includes flow of water, transport of TCE and the
nutrients, bacterial growth and degradation of TCE. Nonstandard numerical
methods are use to discretize the equations. Some results are presented.

1. INTRODUCTION

Trichloroethylene (TCE) is a very widely used industrial and commercial solvent.
It is an unsaturated aliphatic chlorinated hydrocarbon chemical compound. Before
its toxic properties were discovered it was widely used as an anesthetic and anal-
gesic. Today it is still widely used by the dry cleaning industry and as a degreaser
in many applications, including decaffeinating coffee and extracting vegetable fats.
Unfortunately TCE finds its way to groundwater deposits, where it mixes with wa-
ter and is a serious source of contamination. Even without having to deal with the
added complication of the porous medium, the elimination of TCE from the envi-
ronment is an expensive and complicated process. Recently [1] the use of biofilters
was proposed to degrade this harmful compound. Many researchers have reported
that cometabolism is responsible for TCE degradation. Different species of microor-
ganisms, more specifically methanotrophs (bacteria that metabolize methane), use
methane as a substrate. In order to metabolize the methane, these bacteria produce
an enzyme called MMO (methane mono-oxygenase). However, this enzyme can also
degrade other organic compounds, including TCE. So, by stimulating the bacteria
with air and methane, they produce mono-oxygenase that will also degrade the
TCE ([1]). But the bacteria can also be stimulated with phenol or toluene and also
ammonia oxidizers, instead of methane, in order to produce enzymes that degrade
TCE.

Under aerobic conditions microorganisms utilizing a primary substrate such as
methane, phenol or toluene and also ammonia oxidizers produce non-specific oxyge-
nases that degrade TCE [2, 3, 4]. Experiments carried out in anaerobic conditions
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also revealed the possibility of TCE degradation to ethane by means of methanol-
degrading bacteria [5].

Biofilm bacteria have been successfully used for forming biobarriers to control
the propagation of contaminants in ground water. In [6] we have simulated the
growth of biofilms and the formation of biobarriers in porous media using non-
standard numerical methods. Experiments and numerical models show that while
subsurface biobarriers substantially control the movement of contaminants, they do
not reduce it to zero as is really desirable in practice. Recently there have been
some experiments [7, 8, 9] where two different types of bacteria are combined to
get better results. One type is a strong biofilm-forming bacteria and the other is a
bacteria that reacts with the contaminant transforming it into harmless substances.
The biofilm-forming bacteria are needed to form the biobarrier so the contaminant
transport is reduced and also allows the contaminant-degrading bacteria to estab-
lish themselves in the biobarrier and therefore be almost immobile and efficiently
destroy the contaminant as it flows by. In many cases the contaminant-degrading
bacteria uses the contaminant directly as a nutrient. It may also use the nutrient
used to grow the biofilm as an additional nutrient. Several different cases of the use
of two bacteria to control pollutants in groundwater were simulated numerically in
10]

As mentioned above, one of the most common contaminants in ground wa-
ter is TCE. Now we have a different situation because it has been reported that
cometabolism is responsible for TCE degradation. The microbes do not use TCE
as a carbon or energy source, but the amount of TCE degraded depends directly on
the amount of enzymes produced, which depends directly on the amount of methane
or phenol consumed. According to [8], the toluene ortho-monooxygenase (TOM)
pathway is responsible for the degradation of TCE by B. cepacia and is located on
the TOM plasmid. The authors also calculated the rate of TCE degradation per
substrate consumption. There have also been some large scale demonstrations of
the use of in-situ bioremediation of TCE done by Los Alamos National Laboratory
11, 12].

In this paper we model the water flow, the transport of nutrients and TCE as
well as the growth of biofilm-forming microbes and biodegradation microbes. We
only consider the limiting nutrient in the simulations and assume that all the other
necessary nutrients are present in enough quantities. We will study the interaction
between the two types of bacteria, the TCE and the nutrients. We are specially
interested in the persistence of the biobarrier with the degrading bacteria. Under
many conditions two species of bacteria using the same resources, one species will
dominate and the second will eventually disappear. We want to see whether this
undesirable situation will happen. The paper is organized as follows. In the next
section we present the mathematical model. The model includes flow of water,
transport of nutrients and TCE and growth and degradation. In Section 3 we show
qualitative results of some dual-species biobarrier simulations. The purpose and
value of the numerical simulations is to guide future multi-species biofilm experi-
ments that could lead to the design of more effective bioremediation strategies. In
the last section we present some conclusions and future research directions.
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2. THE MATHEMATICAL MODEL

In order to model multi-species biofilm interactions in porous media we consider
a three-phase mixture consisting of a liquid phase, a solid rock phase and a biofilm
phase. Even though the biofilm can be considered to be part of the solid phase, it
is simpler to take it as a separate phase. The seven molecular species present in the
porous medium are the contaminant, for example, trichloroethylene (TCE), the the
biodegradation microbe unable to form a significant biofilm, which could be, for
example, Burkholderia cepatia microorganism (a TCE-degrading bacteria unable to
form a significant biofilm), the strong biofilm-forming bacteria, which could be, for
example, Klebsiella ozytoca, the two substrates (which could be methane, phenol
or toluene), and the water and rock species. The formulations used in the rest of
the paper are valid for diverse species of microbes and chemical substances. In the
rest of the paper, we will usually refer to these particular microbesbut, of course,
the formulations are valid for other microbial species (and substances).

The biofilm-forming microbes use the nutrients to grow and to form extra-
polymer substances (EPS). The EPS is used to link the microbes together to form
the biofilm. One modeling possibility is to consider the EPS an additional species,
but this method increases the number of equations and the complexity of the prob-
lem. Since the biofilm microbes use a percentage of the available nutrients to form
EPS, a second alternative is to consider the microbes and the EPS as one species.
The growth parameters for these microbes have to be adjusted accordingly. We will
follow the second way and consider that the mass of the biofilm forming microbes
includes the EPS.

The fundamental equation for saturated transient ground-water flow of constant
density, in horizontal direction, can be written in the form [13]:

oh 0 oh
K= =T 2.1
S ot  Ox ( Bx) ! 2.1)
The single fluid-flow equation (2.1) arises from the mass balance law
oh  Ov
Ss—+——=1F, 2.2
o Taw 7 (22)
when we substitute for the specific discharge vector v using Darcy’s law
oh
=-K_—. 2.3
v o (2.3)

Here h(x,t) denotes the hydraulic head, S; is the specific storage, K is the saturated
hydraulic conductivity, and f(z,t) represent sources or sinks. The specific discharge
vector v(z, t), called superficial or Darcy velocity, represents the speed of the water.
We assume there are no sources and sinks for the fluid, therefore f = 0 in Equation
(2.1). We also assume a piecewise steady-state fluid flow, due to the relatively slow
changes in the porous media properties [14]. Also we are modeling very short cores
with uniform biofilm distribution so we can take the velocity to be independent of
x [14]. Invoking the above simplifying assumptions to Equations (2.1) yields:

_% (KgD —0. (2.4)

The transport and reaction of nutrients and the contaminant, and the growth of
the two microbial species are governed by a system of partial differential equations
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[13]. We assume that the two types of microbes are immobile, as part of the dual-
species biofilm structure. Since the rock phase does not change we assume that the
solid rock matrix is stationary and that the diffusion of the two microbial, nutrient
and contaminant species in the solid phase is negligible. Therefore we can work
only with the liquid and biofilm phases:

9
a((ZSBwPB) = r5(PB, PK, PN, PM; PT);

0 .
a(ci?BmPK) = rx(pB, PK, PN, PM, PT),
0 0 0 0
§(¢LPN) + %(UPN) ~ (Dp;;v> = rn(pB, PK, PN, PM; PT), (2.5)
0 0 0 0
E(Qf)LPM) + %(UPM) Tz (Dgf) =rym(pB, PK, PN, PM S PT),

%(¢LPT) + (%(UPT) - 6% (DaéOxT) = rr(pB, prcs PN, P PT)-

Here p;, i = B, K, N, M, T, represents the intrinsic mass density of the biodegration
microbes, the strong biofilm-forming microbes, the two nutrients, and the contam-
inant, respectively. For a single-fluid flow, the quantity ¢ = V/(Vy, + Vpi,) and
the quantity ¢P%° = Vp;,/(VL + VBio), where Vi, and Vp;, represent the volumes
occupied by the liquid and by the biofilm, respectively, are the portions of the void
space occupied by the biofilm and the liquid, D is the hydrodynamic dispersion co-
efficient, and r; represents the total rate at which species i is produced via reactions
and sources.

Let Xp and X g be the current biO(legradation and biokarrier—forming micro-
bial concentrations, respectively, then Xp = Xp/pp and Xx = Xk /px are the
corresponding normalized microbial concentrations. We assume that the growth
and accumulation of both microbial species in the pore spaces cause changes in the
porous media properties. It follows that the changes in porosity and in saturated
hydraulic conductivity, for small initial biobarrier-forming microbial concentrations
[15], are given by

o(Xp, XK) = ¢o(1 — Xp — Xk),
s 5 o (2.6)
K(XB’XK) = Ko(l - XB — XK)”‘"”

respectively, where ¢q is the clean surface porosity, K is the initial hydraulic
conductivity and ny is an experimentally determined parameter which takes values
around 3 [15]. Furthermore, we assume that the two microbial death rates are
proportional to the size of the corresponding microbial populations.

For simplicity, from now on we drop the tilde from the normalized microbial
concentration. We examine four different models based on the types of interactions
between the microbial and nutrients species.

2.1. Dual-Species Biobarrier Model I. First, we assume that only one species
of nutrients, M, is present in the system, for example methane, phenol, or toluene,
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that is needed in order for the biodegradation microbes, B, to produce the TCE-
degrading enzyme. Also, direct interactions in the system are assumed to occur only
between the strong biofilm-forming microbial and the nutrients species, and also
between the biodegradation microbial and the nutrients and contaminant species.

Incorporation the above simplifying assumptions yields the following governing
system of differential equations:

0X
TtB = 1B (Svm)XpG(Xp + XK) — kpXp
0X
TtK = uK(SM)XKG(XB + Xk) — kx Xk
8SM 8SM 0 aSM o _i B
Tt et (P = S XeG(s £ X))
1
77,LLK(SM)XKG(XB +XK)7
K

B T ar \ Do ) =y S XsG(Xp + Xe),
where R is the rate-constant of TCE degradation per substrate, M, consumed by
the biodegradation microbes B, p’ (j = B, K) describes the kinetics of microbial
transformations of nutrient and/or contaminant species, Yp and Yx are the yield
rate coefficients [16], Xk is the normalized concentration of biobarrier-forming mi-
crobes, X p is the normalized concentration of biodegradation microbes, Sj; is the
concentration of the limiting nutrient, and St is the concentration of the contam-
inant. The coefficients kg and kg represent the first-order microbial decay rates
and account for the decay processes that diminish the active biomass and for the
desorption of the microbes caused by the shear force of the surrounding liquid.
The function G represents the fraction of daughter cell of adherent bacteria that
find attachment sites [17]. It is introduced to restrict the growth of microbes as the
pores are being plugged and is reasonable to assume that it is a decreasing function,
because a more fully saturated wall provides less chance for a daughter cell to find
space on it. For example, Freter [18, 19] employs

1-X
D I

0St oSr 0 ( 8ST) _ R

G(X)

with ~ typically small.

One common assumption in Monod’s growth rate for bacteria is that there is
only one nutrient that limits the growth [20]. That is, there is an excess of the other
nutrients. In this case the rate of substrate utilization has been usually described
by [16]:

Si
Kél +5; ’

j = B, K, where S; is the concentration of the limiting nutrient. For simplification,
we assume that the effects of the adsorption process, which is aided by the extra-
cellular polymer substances (EPS), are implicitly incorporated into the growth rate
function through the maximum specific bacterial growth rate p?’ . To account

max"*

for the experimental observation that biofilms do not degrade a substrate that is

1 (Si) = i
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present below a certain threshold concentration Sy, [21, 22], we modify the Monod
expression for the growth rate to force u(S) to zero when S — Sy < 0. In this
case, the following modified Monod equation [23] is used:

j /J'jﬂl Si Sl - Szj min
p(5) = Hbax D1y 217 Tiamin | (2.8)
2 Ksi + S’L SZ - qu,min

where Sg,min represents the minimum/threshold concentration of substrate ¢ below
which the energy that species j gains from the metabolism is less than the energy

required to metabolize the substrate <.

2.2. Dual-Species Biobarrier Model II. We assume both nutrients species are
present in the system, for example methane, phenol, or toluene, and also another
nutrient that is used to grow the biofilm-barrier. Direct interactions in the system
are assumed to occur only between the strong biofilm-forming microbial and the
biofilm-growth nutrients species, N, and also between the biodegradation microbial
and the other nutrients, M, and the contaminant species.

Incorporation the above simplifying assumptions yields the following governing
system of differential equations:

% = uB(Sa)X5G(Xp + Xk) — kpXp

%{TK — 1B (SN)XKG(Xp + Xi) — ki X

R <Di~?> = g NGB 4 X) (2)
&;TM + Uagf - (% (D%) = —YLB,UB(SM)XBG(XB + Xk),

0S5 0S8 0 08 R
T a (D T) = — 2 uP(Su)XpG(Xp + Xk),

R A A
where Sy is the concentration of the biofilm-growth nutrients, and the other scalars
and functions are the same as in System (2.7).

In our mathematical models we use Equation (2.8) to describe the kinetics of
microbial transformations of the nutrients. In many cases, the limiting nutrient
may change with time and position. In this case the Monod kinetics are given by
a product of terms of the form (2.8), as in Section 2.3. Another scenario is when
two or more nutrients have a similar role. Then the Monod kinetics are given as
the sum of above terms, as in Section 2.4.

2.3. Dual-Species Biobarrier Model ITI. This case corresponds to the pollutant-
reducing bacteria needing both substrates to grow with no unique limiting one,
while the biofilm-forming bacteria needing only one of the nutrients, IV, for growth.



BIOREMEDIATION OF TRICHLOROETHYLENE 7

Incorporating the above simplifying assumptions yields the following governing sys-
tem of differential equations:

0X
TtB = uP (Sn,Sm) X5G(Xp + Xk) — kpXp
0X
TtK = ‘LLK(SN)XKG(XB +XK) — kXK
OSN SN 0 OSNn _ 1 K
ot v dr Oz (D ox ) B YKM (Sw) Xk G(Xp + Xx)
F B
—YfB,U (SN Sm) XpG(Xp + Xk)

a8 a8 0 oS 1
MJr M <D M) = B(SN,SM)XBG(XB+XK)

ot or  ox \ ox 7%

B (Sn,Sm) XpG(Xp + Xk),

(2.10)
where F' is the ratio of nutrients N to nutrients M consumed, and u? (Sy, Sar)
has the following form:

8ST+ oSr 0 (D85T> __R

ot Vor 0w\ ox ) g

B _ S, — 8B .
B Hmax Sl 1 i,min
o (SN,SM) = I | 1+ : (2.11)
4w K S ‘Si = 8 min

Here it is assumed that both nutrients have a threshold S7

i min that can be different
for each species of bacteria.

2.4. Dual-Species Biobarrier Model IV. In this case, we assume that the
biofilm-forming bacteria needs only one of the nutrients, N, and that the pollutant-
reducing bacteria can use either of the two nutrients for growth. Incorporating the
above assumptions yields the following governing system of differential equations:

0X
TtB = (1P (Sn) + 1”(Sm)) XpG(Xp + Xk) — kpXp
0X
Tf = S (SN)XKkG(Xp + Xk) — kx Xk
0Sy . 9Sy 9 (.0Sw\ 1 .
o U o (Dax> = Tyt BNXRGX s 1 Xr)
(2.12)
F oy
—Yfll (SN)XBG(XB + XK)
B
65]\/[ 85]\/[ 0 8S]u _ L B
ot " Vor ax( 9z ) = Tyt (S XpC(Xp + X),

6ST 8ST 0 aST o 1
ot v Jxr  Ox (D ) N

% _73 B(SM)XBG(XB+XK).
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3. SIMULATIONS

Equations (2.4)-(2.5) represent a coupled system of nonlinear, time-dependent
ordinary and partial differential equations that is difficult to solve numerically. A
key objective of the numerical simulation is to develop time-stepping procedures
that are accurate and computationally stable. We use a sequential solution tech-
nique that first solves implicitly for the Darcy velocity v at the current time-level,
by solving Equations (2.3) and (2.4). Then the species transport system (2.5) is
solved implicitly for the concentrations Xpg, Xk, Sa, Sy, and St, in a decoupled
fashion [24]. New values of the porosity and the hydraulic conductivity are then
calculated using Equation (2.6) and the cycle is repeated by calculating the new
velocities.

For the solution of the ordinary differential equation (2.4) we use a standard
finite-difference method to calculate h. Then we numerically differentiate using
Darcy’s law (2.3) to get the velocity field v. The temporal differentiation in the
microbial species equations (2.5) uses a forward Euler time integration. The nutri-
ents and contaminants transport equations are solved using a nonstandard finite-
difference (NSFD) numerical method [6, 25, 26]. Since we are mainly interested in
the steady states of the system, the low-order accuracy of this method is not an
issue.

Values of the parameters used in the numerical experiments are summarized in
Table 1, below.

The initial and boundary conditions used in the numerical simulations are:

h(0,t) =0.5 cm, h(1,t) =0 cm,

0.2, 03<x<0.4

0, otherwise ’

XB(.’IJ,O) = XK(LC,O) = {

Sa(x,0) = Sy (0,8) =2.5 pg/ml, Sn(z,0) =Sn(0,t) = 3.5 pg/mi,
ST(x70) = ST(Oat) =02 /J/g/mla

OSw, . OSn,. . OSr..
W(Lt) = %(Lt) = o2 (1,t) =0 pg/(ml - h),

except in the fourth set of simulations, System (2.12), where
Sn(z,0) = Sn(0,t) =7 pg/ml.

The boundary and initial conditions considered in the biobarrier models are in
agreement with the porous media experiments done by Cunningham et al., 1991
[14] for a 5 em-long reactor packed with 0.70 mm, in diameter. Most of the reaction
parameters are taken from Semprini and McCarty, 1991 and 1992 [27, 28], Chang
and Alvarez-Cohen, 1995 [29], Reddy and Ford, 1996 [23], Travis and Rosenberg,
1997 [30], Komlos et. al., 2004 and 2006 [31, 7], and the parameter + in the function
G is taken from Jones and Smith, 2000 [17]. We assume that the amount of TCE
degraded depends directly on the amount of enzymes produced, which depends
directly on the amount of methane or phenol consumed, and use and estimate 0.3
for the rate-constant, R, of TCE degradation per substrate consumed. The diffusion
that we consider represents the average diffusion in the system, so we are assuming,
in our simulations, that the coefficient D is constant. For ease of calculations, the
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TABLE 1. Parameter values used in the numerical experiments.

Parameters Values
Initial saturated hydraulic conductivity, Ky 0.865 e¢m/h
Initial porosity, ¢q 0.35
Hydrodynamic dispersion coefficient, D 0.4 cm?/h
Parameter, ny 3
Biofilm microbes decay coefficient, kg 0.0072 /h
Degrading microbes decay coefficient, kp 0.005 /h
Biofilm microbes maximum specific growth rate, p,M 0.095 /h
Biofilm microbes maximum specific growth rate, p, 0.144 /h
Biofilm microbes maximum specific growth rate, 2,2 0.072 /h
Biofilm microbes maximum specific growth rate, 2% 0.02 /h
Half saturation constant, KéfM 0.3 ug/ml
Half saturation constant, K é{N 1.5 pg/ml
Half saturation constant, K EM 0.4 pg/ml
Half saturation constant, K EN 0.5 pg/ml
Threshold substrate concentration, Sﬁmin 0.1 pg/ml
Threshold substrate concentration, Sﬁmin 0.25 pg/ml
Threshold substrate concentration, S’{f{’min 0.07 pg/mi
Threshold substrate concentration, Sﬁ’min 0.08 ug/ml
Biofilm microbes yield coefficient, Yy 0.16
Degrading microbes yield coefficient, Yp 0.33
Ratio constant, F' 0.5
Degradation constant, R 0.3
Parameter, ~ 0.1

reactor’s length has been scaled to 1. For graphing purposes, the time has been
scaled by a factor of 250 and the nutrients concentrations, Sy, and Sy, have been
scaled by a factor of 1/5 in all figures, except in Figure 4 where Sy has been scaled
by a factor of 1/10.

In the first set of experiments we simulate the case where both species of bacteria
use only methane as their carbon source. Both species are competing for methane,
so here we have a case where one bacteria is likely to dominate and therefore
the degrading biobarrier will disappear as one of the species disappears. In our
calculations we found that doubling the substrate concentration level (Figure 1
(bottom)), i.e., using Spr(z,0) = Sp(0,t) =5 pg/ml, leads to the biofilm-forming
bacteria eventually disappearing. In both cases the degrading biobarrier disappears,
but for different reasons.

In the second set of numerical experiments we simulate we simulate the situation
of the two species using different carbon sources. So there is no competition between
the two species and both will survive and the biobarrier will persist for a very long
time. The results (Figure 2) show that all values stabilize as time increases.
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In the third and fourth set of numerical experiments (Figures 3 and 4) we simu-
late the porous media experiments done by Komlos et al., [7, 8, 9] at the Center for
Biofilm Engineering, Montana State University. In these experiments the pollutant-
reducing bacteria can use either of the two nutrients as a carbon source, while the
biofilm bacteria has only one carbon source.

The dual-species simulation results qualitatively match actual experiment results
done by Komlos et al., [7, 8, 9]. The presence of a threshold, which limits the
amount of bacteria, reduces the amount of TCE eliminated as expected, but does
not change the results significantly.

Which of the models is the most realistic, of course, depends on the species of
bacteria used. In real life it is better to use bacteria that use different carbon
sources since then the two species are more likely to survive and the biodegrading
biobarrier will exist and reduce TCE for a long time.

In real life situations it is likely that the TCE will come into the system for a
limited amount of time, instead of continuously as in our simulations. Our simula-
tions show more extreme cases but give more information about the interaction of
all species. The TCE degradation potential of the dual-species biobarriers observed
in our numerical simulations is as follows:

e 83% of TCE removed via biodegradation using model I;

e 71% of TCE removed via biodegradation using model IT;

e 29% of TCE removed via biodegradation using model III; and
e 51% of TCE removed via biodegradation using model IV.

Long-term numerical simulation results of contaminant degradation are in agree-
ment with actual experiments presented in [30, 31, 32].

Even though the agreement with experimental results is fairly good, it should be
noted that the values of the kinetic parameters reported in the literature have large
variations, which could certainly produce different results. Also there are some
parameters that are not given in the literature were estimated from the given ones.

4. CONCLUSIONS AND FUTURE RESEARCH

The motive for this research was to gain a better understanding of the interac-
tions between two microbial species as part of a single biofilm capable of perform-
ing multiple functions (bioremediation, biofilm formation, etc.). We also wanted
to study the amount of reduction of TCE and the effectiveness of the degrading
biobarrier. We were also interested in seeing the persistence of the barrier. We have
presented a mathematical model for the flow, the transport of two nutrients and
a contaminant, and the growth of two types of microorganisms in porous media,
under different hypotheses. The coupled system of equations was solved numeri-
cally in a sequential way using mixed-finite elements for the flow and a nonstandard
method for the transport equations. Nonstandard methods work well in conditions
where there is transport and nonlinear reactions as in this case. And the coupling
of the numerical methods produces a method for a very complicated problem that
is stable and fairly accurate.

The dual-species biobarrier experiments show that it is possible to construct a
degrading biobarrier and therefore enhance its TCE control potential. The experi-
ments also show that these biobarriers can persist for long times. The four models
emphasize the importance of choosing the bacteria species and the carbon sources
carefully, as the models give very different rates of TCE elimination.
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In real life, the biofilm would spread in the porous medium, which our mathe-
matical model does not allow in its current form. In order to include this in the
model, spatial transport terms in the equations for the biomass densities would be
needed. Our future work will allow the degrading bacteria some movement, will let
biofilm bacteria detach and will consider more spatial dimensions.
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FIGURE 1. Log-linear scale plots of the L' norms of X, Xg, Sur,
and Sp vs. time at a low nutrient supply (top) and at a high
nutrient supply (bottom) into the system (2.7) for the dual-species
biobarrier model 1.
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FIGURE 2. Numerical simulation results for the dual-species bio-
barrier model II, System (2.9) — at a steady-state of the system
(top) and a log-linear scale plot of the L! norms of Xg, Xk, Sas,
Sn and St vs. time (bottom).
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FIGURE 3. Numerical simulation results for the dual-species bio-
barrier model III, System (2.10) — at a steady-state of the system
(top) and a log-linear scale plot of the L' norms Xp, Xf, Sar, Sy
and St vs. time (bottom).
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FIGURE 4. Numerical simulation results for the dual-species bio-
barrier model IV, System (2.12) — at a steady-state of the system
(top) and a log-linear scale plot of the L' norms Xp, Xf, Sar, Sy

and St vs. time (bottom).
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