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1 Introduction

In this paper we consider the properties of the solution of m x n Sylvester
equation

AX —XB=C, (1.1)
where A, B, and C' are m X m, n X n, and m x n, respectively, and unknown
matrix X is m X n. Equation (1.1) has a unique solution if and only if A and
B have no common eigenvalues, which will be assumed throughout this paper.

Sylvester equations appear frequently in many areas of applied mathemat-
ics. We refer the reader to the elegant survey by Bhatia and Rosenthal [12]
and references therein for a history of the equation and many interesting and
important theoretical results. Sylvester equations are important in a number
of applications such as matrix eigen-decompositions [21,41], control theory
[16,32,41], model reduction [1,2,8,43], numerical solution of matrix differential
Riccati equations [15,17,19], and many more.

There are several numerical algorithms for calculation of the solution of Sylvester
equations. The standard ones are the Bartels-Stewart algorithm [6] and the
Hessenberg-Schur method first described by Enright [19], but more often at-
tributed to Golub, Nash, and Van Loan [20]. Another computationally efficient
approach for the case that both A and —B are (Hurwitz) stable, i.e., have all
their eigenvalues in the open left half plane, is the sign function method [38].
All these methods are efficient for dense matrices A and B.

However, recent interest is directed more towards large and sparse matri-
ces A and B, and C = GF* with very low rank, where G and F have
only a few columns. For dense A, B, an approach based on the sign func-
tion method is suggested in [9] that exploits the low-rank structure of C. This
approach is further used in [7] in order to solve large-scale Sylvester equa-
tions with data-sparse A, B, i.e., dense matrices A, B that can be represented
by O(nlog(n)) data. Common methods for sparse A, B are Krylov subspace
based algorithms [4,5,18,25-30,39,40,42] and Alternating-Directional-Implicit
(ADI) iterations [10,22,31,33,34,36,49].

On the other hand, the problem of the sensitivity of the solution of the
Sylvester equation is also widely studied problem. There are several books
which contains results about this, e.g., [37,23,45].

Our main concern is how would the solution behaves when C'is a low rank ma-
trix. Our investigation is through applying Low-rank Alternating-Directional-
Implicit method (LR-ADI) with exact shifts, i.e., all or part of the eigenvalues
of A and B.

Our results show that the right-hand side of Sylvester equation can sometimes



greatly influence the norm of X and how it changes in the face of perturbations.
The bound on the norm of X can be considered as a proper generalization of
the results from [48].

Notation. Throughout this paper, C"*™ is the set of all n x m complex
matrices, C* = C"!, and C = C!. Similarly define R**™ R" and R except
replacing the word complex by real. I,, (or simply I if its dimension is clear
from the context) is the n x n identity matrix, and e; is its jth column. The
superscript “-*” takes conjugate transpose while “T” takes transpose only. We
shall also adopt MATLAB-like convention to access the entries of vectors and
matrices. 7 : j is the set of integers from i to j inclusive and i : i = {i}. For
a vector u and a matrix X, u(;) is u’s jth entry, X ;) is X's (4, j)th entry;
X'’s submatrices X(k.0,i:j), X(k:,:), and X, ;.;y consist of intersections of row k
to row ¢ and column ¢ to column 7, row k to row ¢, and column ¢ to column
J, respectively. || - || and || - ||¢ stands for the spectral norm and the Frobenius
norm of a matrix, respectively. k(A) = ||A||||A!] is the spectral condition
number of A.

2 Low rank ADI for Sylvester Equation

Our first result is a generalization of the main results from [48] where some new
estimates for the eigenvalue decay rate of the Lyapunov equation AX +X AT =
C with a low rank right-hand side C' has been derived. Our main result will be
a bound on the norm of the solution of the following m x n Sylvester equation

AX — XB = GF*, (2.1)

where A, B, G and F are m X m, n x n, m X r and n X r, respectively, and
unknown matrix X is m x n. It is assumed r < min{m, n}.

But before we continue, we will briefly describe the Low-rank Alternating-
Directional-Implicit (LR-ADI) method for solving Sylvester equation (2.1)
(more details can be found in [47] or [11]).

Given two sets of parameters {o;} and {f;}, ADI iteration for iteratively
solving (2.1) goes as follows: For i = 0,1,.. .,

(1) solve (A - ﬁi[)XiJrl/z = XZ(B - ﬁzj) + C for Xi+1/2;
(2) solve XZ'+1<B — OQ[) = (A — Oéi[)XiJrl/Q — (C for XiJrl’

for an initial guess X, which is assumed to be 0 in this paper. A rather
straightforward implementation for ADI can be given based on this.

Note that parameters {«; } and {f;} in (LR-ADI) method for solving Sylvester



equation (2.1) should be chosen such that «; # (;, for all i. In the case of
Lyapunov equation AX + XAT = C with the stable matrix A parameters
{a;} should be chosen such that Re(o;) < 0 and §; = —a for all i, where
Re(z) denotes real part of z.

Expressing X, in terms of X;, we have?

Xip1=(8i — a)(A = B 'C(B — ;1) !
+(A — ;1) (A = BI) ' Xy(B — BiI)(B — o 1),

and the error equation

Xipy1 — X=(A—o,)(A— B X, — X)(B—3I)(B—oI) ",

[[(B=3I)(B—o;I)7"|,

J=0

%

= H(A—ij[)(A—ﬁjI)_ll (Xo = X)

Jj=0

(2.2)

where X denotes the exact solution. If convergence occurs much earlier in
the sense that it takes much fewer than min{m,n}/r steps, then ADI in the
factored form as below would be more economical. Let X; = Z;D;Y,*. We have

X = (<A — BTG (A= ail)(A- W“Zi) .

(@' - ai)[
D;

F*(B — a,1)" )

Y*(B — BI)(B — a;I)7?

o *
=Zim DY,

where

2 Tt can be also gotten from the identity

(A—BDX(B —al) — (A—al)X(B — BI) = (8 — a)C.



Zin=((A=B1)'C (A= al)(A-B1)Z),

(51 - ai)[
D’i+1 - )

D;

) F*(B — ;1) )
i+l T :
Y7 (B = BiI)(B — oil)"!

After renaming the parameters {a;} and {3;} as in [47] or [11], since Zy = 0

and Yy = 0, we can write,

= (Z(l) 7@ ... Z(k)) ,
Z0 = (A= pI)"'G,
with ¢ Z0+D) = (A — ;1) (A — B 1)1 2O
=ZD 4+ (Bip1 — i) (A — B D)1 20,

and Y, = (Y(l) ve ... Y(k)> ,

YW" = F*(B — ayI)7Y,
with ¢ YVED" — YOI(B — o, 1) "Y(B — B1)
=Y + (g — B)YO(B — i )7
All together give
X = Zp DYy, Dy =diag (81 —an)l,..., (B — ax)l),

or

3 The diagonalizable case

(2.3)

In this section we will present an upper bound for the norm of the solution of
Sylvester equation (2.1) for diagonalizable matrices A and B, an error bound
for the kth LR-ADI solution with exact shifts, and a first order perturbation

bound when A, B, G, and I are perturbed slightly.



Suppose A and B are diagonalizable, i.e.,

A=SAS™!, A =diag(\i, ..., ), (3.1)
B=TQT™, Q=diag(u,...,in)- (3.2)

Then the (i 4 1)st block of Zj and Y}" can be written as

260D — S(A — auI)(A — Bia )18~ 2, (3.3)
Y =y O 'T(Q — a1 7HQ - BT
Define
1 )\j — O
A= A—a;DA=B )Y (A = ’
Aj— B
0,=Q-610HQ—-u [)717 (G)i)(jd') =Bz ﬁl
Hj — Qi

Equations (3.3) and (3.4) imply

Z0D = S(A — o I)(A — Bir ) "H(A — au_y I)(A — Bt
o (A= ar )(A = BoI)THA = B IS
=S(A = Bt )TN - A STIG,
YED = P T(Q — g )TN (Q — an]) "N Q = BI) - - -
(= DTN Q- BT
= F*"T0,0,---0;(Q — ;i I)7'T7L

Notice (A — Bi1 )P A;A; 1 - -+ Ay is diagonal with its jth diagonal entry

_ i)\'—Oég 1
A= B ) AA, - A) = T ,
(A =D ved) =I5 8 T

and similarly ©,05---0;(Q — ;1 1)~! is also diagonal with its jth diagonal
entry

D= B 1
=1 M5 — Qg iy —Olz‘+17

(@1@2 T @i(Q - O‘z’—i-l])_l)(j’j) =

Our first theorem gives an upper bound for the norm of the solution of
Sylvester equation (2.1). But before we state the first theorem, we note that
(2.2) implies that if {a;}’_, contains all of A’s eigenvalues (multiple eigen-
values counted as many times as their algebraic multiplicities) or if {;}\_,
contains all of B’s eigenvalues, then X;;,; — X = 0. This is because, by
the Cayley-Hamilton theorem, p(A) = 0 for A’s characteristic polynomial



p(\) € det(A — A) and ¢(B) = 0 for ¢(A) & det(A\] — B). Choose parameters
such that

either a; = Ay, fori=1,... ,m, or B = g, for j=1,... ,n,

where {p; } and {¢;} denote some permutations of indices 1,...,mand 1,...,n,
respectively. Then the solution X of the Sylvester equation (2.1) can be writ-
ten as

X=X, ==5 (Z(qu — Ay, )@Y \IN)) 7', ng=min{m,n}, (3.5

j=1
where
, 1,7—-1 — 1
oY) = diag <0< J=b o olmj—1) )> s, (3.6)
A1 — Hq, Am = Ha;
.o -l >\z - )\ps .
o(i,j—1) =] &—=, o(i,0)=1, i=1,...,m, (3.7)
s=1 Al — Hgs
and
- 1,7—1 —1
v — 7 diag (7‘(,])7 . T(n’j>> ’ (3.8)
H1 — /\pj Hn — )‘pj

T(i,j—l)—H“Z iqi ,0)=1, i=1,...,n.
slMZ Ps

Before we state our first result, we like to emphasize that equation (3.5) is a
proper generalization of the similar equation for the solution of the Lyapunov
equation from [48]. Tt is obtained as a by-product of the ADI Method for
Sylvester Equations from [11] or [47]. A similar equation to (3.5) can also
be obtained using the eigenvalue decompositions of A and B and the LU
decomposition of the corresponding Cauchy matrix presented in [13].

Now, we can state our first result.

Theorem 3.1 Assume A and B have eigen-decompositions (3.1) and (3.2).
Let X be the solution of the Sylvester equation (2.1). Then the following in-
equality

)

- S g gi T, 7 —1 f
X0 < ST S gy — At 32 2= DLl g7 [T = DI
=1

i=1 |/\ _:“qj| = eyl

(3.9)

holds, where o(-,-) and 7(-,-) are defined as in (3.6) and (3.8), respectively,

and g;, fg denote the ith row ofé = S7'G and the (th column of F* = F*T,
respectively.



Proof. The proof simply follows after taking the norms of the both sides of
(3.5) and using (3.6) and (3.8). O

REMARK 3.1 Note that in the bound from Theorem 3.1 we combined each of G
and F™* together with eigenvectors matrices of A and B. This approach has two
advantages. First, if certain eigenvectors of A are nearly linearly dependent,
then it is straightforward to see that for some G it is possible ||[STIG| <
ISTH|G]|. On the other hand if for some i, numbers %};}) are large and
corresponding ||g;|| are small, then again it is possible J

< max

o (i, g — D] gl o(i,j—1) | o
> T ax - [|S 'all.
=1 | i qu| v | i qu|

3.1  FError Bounds

In this section we are going to present an upper bound for the approximation
of the solution of Sylvester equation (2.1).

Theorem 3.2 Assume A and B have eigen-decompositions (3.1) and (3.2).
Let Xy, be the kth approzimation obtained by (2.3) — (2.5) with the set of ADI
parameters corresponding to some subset of exact eigenvalues of A and B, i.e.

{a17a27 e ,O{k} = {>‘p17/\p27 sy )\pk} and {ﬁlaﬁ% R aﬁk} = {#qu:qu cee 7#’%}'
Then the following inequality

no m - Al n -
HX_XkH < ”SHHTle Z ’/qu_Apj‘ Z |O-(Zaj‘ _1)| ||gz|| Z |T(€7] _1)| ||fé||7
j=k+1 i=1 |Ai = g, | o = A

(3.10)
holds, where o(-,-) and 7(-,-) are defined as in (3.6) and (3.8), and §; and f,
are as in Theorem 3.1, and {X,,, j > k} and {N;;, j > k} are the eigenvalue
subsets of A and B complement to the ones already used as shifts for obtaining
X

Proof. It follows from (2.5) that
k

X, = Z(qu _ )\p]-)Z(j) y@*

j=1

def .
For k = ng = min{m, n}, we have



Therefore

"0 . N %
X - X, = Z (hq, — )\pj)Z(J) y ()

j=k+1

=S ( 37 (g — Apy) @Y \If(j)) T (3.11)

j=k+1

Inequality (3.10) simply follows after taking the norm from both sides in the
above equality. O

REMARK 3.2 The bound (3.10) can be used as the upper bound for the decay
of singular values of the solution X. The similar bounds can be found in [35],
[3] and [48]. Especially, in the case of Lyapunov equation it holds

| X — Xi|| < trace(X) — trace(Xy),

thus one can see that bound (3.10) is a generalization of [48, Theorem 3.1].

Example 3.1 The following example will illustrate the quality of the bound
(3.9). Let A= SAS™! with A = diag(30, 40, 60, 70,90) and

10.2028 0.0153 0.4186 0.8381 0.5028
0.1987 10.7468 0.8462 0.0196 0.7095
S =1 0.6038 0.4451 10.5252 0.6813 0.4289
0.2722 0.9318 0.2026 10.3795 0.3046
0.1988 0.4660 0.6721 0.8318 10.1897

Let B = TQT ! with Q = diag(31,41,61,71,91) and

20.1934 0.6979 0.4966 0.6602 0.7271
0.6822 20.3784 0.8998 0.3420 0.3093
T = 0.3028 0.8600 20.8216 0.2897 0.8385
0.5417 0.8537 0.6449 20.3412 0.5681
0.1509 0.5936 0.8180 0.5341 20.3704

Did
you
gener-
ate A
and B
using
S, .-
exactly
as
shown
here?
If not,
you
should
con-
sider
doing
s0.
Then
reader
could
repeat
your
exam-
ples.
No
need to
print A
and B.
This
applies
to all
exam-
ples.



Then A and B are given as

29.815 —0.40683  0.99328 2.9505 2.8681
—0.33502 39.816 1.4206  —0.28644 3.4595
A= —1.8052 —0.94791  60.046 0.68913 1.3953 |,
—1.0330 —2.6379 7.1608 - 1073 70.021 0.83157
—0.99706 —1.9850 —1.7082  —1.4306 90.302
30.936  0.20752 0.58806  1.2338 2.0822
—0.36662 40.936  0.83224 0.48647 0.72542
B =1 -0.43344e —0.87143 60.994 0.13814 1.2600 |,
—1.0334 —1.2304 —0.25766 71.042 0.62278
—0.37317 —1.3800 —1.0989 —0.47661 91.093

where all entries are proper

(

Further,

(0.0322

It can be computed that

while the bound (3.9) gives

408.112 7.952 24.152 10.892 7.952
0.308 214.938 8.904 18.638 9.322

0.2978 —0.0093 —0.0060 —0.0092 —0.0100

ly rounded to 5 digits.

)T
T

0.9852 —0.0409 —0.0146 0.0117) .

I1X ||r = 467.76,

X ||p < 213.2.

The bound will be tighter if eigenvector matrices S and 7" become more diag-
onaly dominant. On the other hand the bound will be attained for example if

A and B are diagonal (S =

3.2  Perturbation Bound

T=1) andF:G:(Lo,..

T
)

We'll present a perturbation bound for the solution of Sylvester equation (2.1)

perturbed to

(A+6A) (X +6X) — (X +6X)(B +6B) = (G + 6G)(F + 6F)*.

(3.12)

10



Neglecting the second order terms and subtracting the unperturbed Sylvester

equation from the perturbed one yield

AdX —0XB~GOF"+6GF*—0AX + X IB.

(3.13)

Note that we can approximate the solution d.X of (3.13) by 60X ~ §X;+0Xo+

0X3, where

A5X1 —5X132—(5AX,
A6Xy— 68Xy B=—X0 B,

For (3.14), we again choose parameters

either y = A\, fori=1,...,m,or B =p;forj=1,....n
to get
nO A . A .
0X; =S8 (Z(,uj — )\j)@m \I/(J)) T, no=min{m,n},
j=1
where

@@x:dmg<aﬂd-nw,w00mi-*U>S—gA7(ﬂﬁj_l):
— Uy

)\1—,uj )\m
and
. 1,7—1 — 1
\I/(J):XTdiag<T(’j>7“.’T(n’J)>7 r(i,j—1) =
pa — A P = A
Define
. o(l,7—1 om,j—1
A@ﬂ:dmg<<ﬂ>w.w<ﬂ>>’
Y- p—
1,7 -1 — 1
A\I}(J):diag (T( 7'] )7"'77—(”7] )>7
p1 = A P — Aj
and
‘ W
o = 1 8g0o | = mac 7T L) A ma
! IAi—ujl

11

(3.14)
(3.15)
(3.16)

(3.17)

_)\S

i Ms

(3.18)

(3.19)

-0l
Mi—M

(3.20)



Equation (3.17) implies
< 1 1
16X < D Ik = XillSAgo IS SANX T Agen T,
=1
and thus

16X
1]

< [[S7 Al Ss(T Z |1 = O (3.21)

Similarly for 6 X5, we have
no
10211 < > L = Al1SAg STHIOBTIIX 1 Ay T~
j=1
and consequently

[16.Xs]]
1X]

< 0BT s( Z 1 = Al o (3.22)

max max

Finally for 0 X3
ng
10X3] < > liy = MlISAew IIIS™HGIF™ + 6GF )T ||| Ay T~ ||
j=1

which implies

10Xl < [1S™HGIF™ + G F)TINSINT I X Iy — O (3.23)

max max
J=1

Now we can state the new theorem for the perturbation of the Sylvester equa-
tion (2.1) perturbed as in (3.12).

Theorem 3.3 Assume A and B have eigen-decompositions (3.1) and (3.2).
Let X be the solution of the Sylvester equation (2.1) and let X + §X be the
solution of the perturbed Sylvester equation (3.12). For sufficiently small

e = max{[|0A|, |08}, oG], |0F ]},

we have

[10XT]

XU < (st~ oAl + )T isBT)

1 |S~HGOF* + 6GF*)T|

Sl - )o@, e

12



where v = Z lj — N\j|79) oO) and o) | 7Y) are defined as in (3.20).

max ~ max max’ max

Proof. Take the norm of 60X ~ §X; 4+ X, + 0X; and use bounds (3.21),
(3.22), (3.23) to get (3.24). O

REMARK 3.3 From (3.17), and similar equalities for §X, and 6X3, we can
obtain a sharper bound

5X|
TR S5 s 4 19800 S T80 T

STHGOF* 4+ 6GF*)T
x(HMH+HaBH+” I Lo,

where diagonal matrices Ag) and Ay are defined as in (3.18) and (3.19).

REMARK 3.4 Using ||AB|r < ||A]|||B|lr and [|[AB||r < ||Allr||B]|| (see, e.g.,
[45, Theorem II. 3.9.]) similarly like in the previous calculations one can obtain
following bound for Frobenius norm

16X |

R (%(T)IISHIIS‘IMII +a(SIT 0BT
1 X e

1 IS~ HGOF* + 6GF*)T||p

HisiT- e ) o). e

where v = Z \j — Nj|m9) ol) and o) . 7U) are defined as in (3.20).

ax? max

As an illustration of the quality of the perturbation bound (3.25) we will
present a comparison between this bound and two bounds from [23]. The first
one is

10X |

X1l

< V3Ue 4+ O(e?), (3.26)
where
U =P a(X"®1,) —B(1,2X) —6Lwm]ll/|IX]F, P=I1,A-B'®I,,

19A[e [[0Ble [[0C ]|
o ) 6 ) 5

and € = max

, while o, # and ¢ are scaling factors

as in [23]. The second bound is a weaker version of (3.26):

16X |
X[

< V/3Pe + O(€?), (3.27)

13



(ot B)|X]lp +3

As pointed out in [23], the perturbation bound (3.27) with o = ||Al|r, 8 =
|Bllr and 6 = ||C||r is the one that is usually quoted in the literature for the
Sylvester equation. For example, it is also in [16].

The following example compares new bound (3.25) with bounds (3.26) and
(3.27).

Example 3.2 Let A = SAS™! with A = diag(30, 40, 60, 70,90) and

0.052 0.494 0.935 0.592 0.827
0.264 0.094 0.220 0.388 0.387
S'=110.757 0.971 0.189 0.935 0.445
0.435 0.424 0.280 0.826 0.009
0.506 0.270 0.674 0.051 0.280

Let B = TQT ! with Q = diag(100, 200, 300, 400, 450) and

85610 89420 42300 31670 97380
9709 64180 89230 36420 28030
T =1 0.3910 0.2030 0.9910 0.6150 0.1740
0.3760 0.0680 0.4000 0.5970 0.9210
0.5150 0.8000 0.3400 0.6850 0.2600

Then A and B are given as

62.226 75.155 —3.0035 —25.328 —16.256
11.270 78.342 0.14503 —11.108 —17.048
A=119.526 51.318 33.357 5.7715 —38.765 |,
11.559 11.144 —17.062 77.153 —22.014
16.626 8.2033 —5.7441 —7.3482 38.922

14



79.750 303.69  —3.0939 - 107 3.7518 - 107 —6.2612 - 10°
—65.058 291.66  —1.0842-10° 1.2139 - 107 —8.3818 - 10°
B = -1.6190-10"% 1.2461-1073 163.87 165.84 76.064 )
—1.3364-1072 1.9579 - 1073  —235.44 570.39 20.569
—2.0331-1072 1.1994 - 10~*  —130.45 232.94 344.33

where all entries are properly rounded to 5 digits.

Further,
T
—10 —600000
—60 400 0000

Perturbations are

0B =10""-diag (10,107, 1,1,1), dA =0,
§F = 6G = 0.

It can be computed that

10X e

=5.05-1074,
1 X ||e

while the perturbation bound (3.26) and (3.27) give

19X |
X[

16X |
1 X e

<5.42-1075, <1.01-107%,

respectively. On the other hand the perturbation bound (3.25) gives

16X [l
X |

<9.19-107°.

The above example illustrates that the structure of the matrices F' and G
from the right-hand side in the Sylvester equation (2.1) sometimes can greatly
influence the perturbation of the solution.

Before we explain this influence and a reason why the perturbation bounds
(3.24) or (3.25) prevail the bounds (3.26) and (3.27) respectively, recall that
all these bounds can be considered as the perturbation bounds for the solution
of the linear system

Pz =¢, perturbed to (P4 6P)(x+ dx) = c+ dc, (3.28)

15



where
P=1, A-B*"®I,, c¢=vec(),

P+éP=1,®(A+6A)— (B+0B)*®1,, and c+ dc=vec(C+3C).

The reason why (3.24) or (3.25) prevail over the bounds (3.26) and (3.27) lie
in the fact that they include the range of P and P + 0P and the orientation
of ¢ with the respect to the range of P.

The last property (which illustrates the influence of the right-hand side) of
the perturbation bounds also can be found in [14], where Chan and Foulser
have shown that if we consider the linear system

Pz =¢, perturbed to P(z+dzx)=c+ dc,

then the following bound holds:

[9z]] _ onpr1ok (HPkC”>_1 [19¢]

< , k=1,2,....N, N=n-m, (3.29)
] oN el el

where 01 > ... > oy are singular values of the matrix P, that is

P=UXV";, and P,=UU!, Up=[unii b - Uun].

The bound (3.25) and (3.29) are based on the similar ideas, although (3.25)
is more general. As an illustration, in Example 3.2 reset 0B = 0 and

T
(11000
5G =107° . , OF = 6G.
11000

Recall that 0C' = (G6F* + 6G F*), and in (3.29) dc = vec(6C). In this case
(3.25) gives

10X e 6
o E < 259107,
Xl
while (3.29) gives
ozl g9 107
=]

which illustrates that the both bounds may be of the same quality.

On the other hand Chan and Foulser also obtained a perturbation bound for
(3.28) when P is perturbed to P 4+ ¢ P and dc = 0. This bound, given in [14,
Theorem 2], for Example 3.2 gives

which is obvious less sharp then (3.25) and (3.26).
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Since in the application often eigenvalues of A and B are close, interesting
question arises: what will happen with the bound (3.9) in that case. As was
expected the bound (3.9) are not sensitive on clustered eigenvalues, that is if
some eigenvalues of A are close to some of eigenvalues of B the bound will
increase proportionally with the norm of solution. On the other hand, the
perturbation bound (3.24) is more sensitive to the clustered eigenvalues then
the bound (3.9), but for example if the range of the matrices on the right-hand
side is close to the range of the eigenvector matrices the bound (3.9) would
remain very tight.

REMARK 3.5 It is important to note that bounds (3.24) and (3.25) have more
theoretical meaning than practical one. In practice, when applying ADI, one
does not necessarily choose the eigenvalues of A and B as the ADI shifts. One
would use Ritz values (see for example [11] or [47]) as opposed to a some subset
of the exact eigenvalues to extract information. Thus, the natural question
arise, is it possible to obtained a certain version of the upper bound in (3.24)
that uses arbitrary shifts instead of the exact eigenvalues? Unfortunately at
this moment we do not have an answer to this question. But we would like
to emphasize that certain attempt in the same direction for the Lyapunov
equation has been done in [46]. The bound obtained there is very complicated
and hard to apply thus from this point of view if one would like to derive
a version of the upper bound in (3.24) some different approach should be
implemented.

4 The non-diagonalizable case

This section accomplishes the same tasks as the previous section but for non-
diagonalizable matrices A and B.

Recall that equation (2.1) has a unique solution if and only if A and B have
no common eigenvalues, which has been assumed throughout the paper. For
the sake of simplicity, we will consider matrices A and B whose Jordan blocks
are at most 2 x 2. The idea is easily extensible to more general cases, except
more complicated results. On the other hand, the case with only up to 2 x 2
Jordan blocks does happen in practice. For example a simple planar spacecraft
model [44] has two 2 x 2 Jordan blocks. This makes our case more interesting
for investigation.

Let the Jordan canonical form of A be

A:SJAS_I, SE(mem, JA:JAJ@..-@JAJCA, (41)

where J4; @ Ja; stands for a direct sum of J4; and Ju ;, and
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Tai =\ for i=1,...,04,

Al
JAJ‘: = NI+ Ny, for 1=04+1,...,ky,
0 N\

01
2(ka — la) + €4 = m, Iy is the 2 x 2 identity matrix, and Ny = ) .
00

Similarly, let the Jordan canonical form of B be

B:TJBTil,TGCnxn, JB:JBJEB...EBJB’]QB, (42)
JBJ‘:[JJZ‘ for izl,...,€37

i 1
JB,i(’u )luilz—l—Ng,fOI' 7;:€B+17-'-ak37
0 pi

where 2(kg — ) + {5 = n.

Theorem 4.1 Assume A and B have Jordan canonical decompositions (4.1)
and (4.2). Let X be the solution of the Sylvester equation (2.1), obtained by
(2.3) — (2.5) (LR-ADI) with the set of ADI parameters

{on, a0, .. am} = { A, Apas -, Ap

and

{617527 B 7ﬁn} = {:uquluqz? s 7/J’qn}7

where each eigenvalue appears as many times as its algebraic multiplicity.
Then

RS 16,3 = DI 13ill <& [[9(s,5 = DI fs]
XTI < ASHITHID Lrg, — A,y Z )\ > 5 )
j=1 =1 ‘ _lLqu’ s=1 ‘ 5 pj‘
(4.3)

where ng = min{m, n},
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n(i,j)=o(i,5) fori=1,... 4y,

n(i, j) = (Iz Y N2> [0(i, )12 — i@, j) No| fori={La+1,.. ka,
i Mg
(4.5)
Ut VD)
o(i,j— 1) =] —2 and 0(i,0) =1, for alli, (4.6)
s=1 )\Z - lulZs
U VS W V!
w(i, j)= be Pt T8 fori =0+ 1,...ka, (4.7)
e:zl t:Hl Ai = tg (i = pig,)?
t£0
Wi, j)=7(1,5) for 1=1,...¢p, (4.8)
V(i,j) = (IQ - M‘_)\N2> [7(i,j) 12 —v(i,j) No] fori={Ip+1,... kg,
? Pji+1
(4.9)
o —
T(i,j —1)=]] =—=% and 7(i,0) =1, for alli, (4.10)
s=1 lu" - )\Ps
J g
.. Mi — g, Mg — /\Pt .
v(i,j) = fori=Ig+1,...kg, (4.11)
(=1 tzl_[1 i = Apy (i — Ap,)?
t£0

and g; (for i = 1,...,04) denotes the ith 1 x r submatriz and 2 x r (for
i=V0a+1,... ko) submatriz of the matriz G = STIG, respectively. Similarly,
fj denotes the jth, r x 1 (for j = 1,...,0p) submatriz and r x 2 (for j =
lg+1,...,kg) submatriz of the matrix B = F*T, respectively.

Proof. Similarly to (3.3), one gets

ZD =8(Ja — Ay, 1) (Ja — pg, 1) 1S 2Z07Y
:S(JA - )\pj—ll)<JA - :quI)il(‘]A - >\Pj72[>(’]14 - :qu'flj)il s
s (JA - Aplj)(JA - NQQI)il(JA - :uth[)ilsilG
= S(JA - qu]>_lrj_1rj_2 N F18_1G7 (412)
where
L= (Ja =X, D)(Ja — g, )7
Similarly to (3.4), one gets

YO =y U0 (Jg — N\, 1) (T — pig, )T
=F*"T(Jg — M\, 1) (I — Moy 1) M (g — g, I) - -+
T (‘]B - )‘pj[)_l(JB - lqufll)T_l
=F"TEEy. .. i1 (Jp — A\, [)'T 7,
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where
Zj = (Jp = g, D)(Jp — Ay, n—.

Further, note that matrices I'; and =; are block diagonal matrices, and the
1th diagonal block of IT'; is

Ai — Ap.
D)oy = ——2
(])(7) )\z_uq]

i — A
(L)) =

for i=1,..., 04, (4.13)

Dj I2 + >‘pj - :Uqg'

N — Doz for i=latlooky o (414)
? qj 7 q;

while the ith diagonal block of Z; is

Mi — :U’q]'
i — )\pj

—_ i — Mg, Hq; — >‘p' .
Zi)ea) = L1 2 N, f =/ 1,...,kg. 4.16
( J)(,) 1 — A, 2+ (Ni_)\pj)Z 2 for 2 Bt B ( )

for i=1,...,0p, (4.15)

G =

Now from (4.13) and (4.14), it follows that the ith diagonal block of
(JA - quf)_lf‘j,lfj,g .. Fl is

IR VRSN
(Ja— g, )Ty Ty 5. Ty) = i~
( 4 J J )(U) /\Z — ,qu s—1 /\z — ,uqs
. O-(Z'mj - 1)

=———2 for i=1,...,044.17
Y (4.17)

and for i =04+ 1,... ky it is

=1y i- o _
<IQ— : NQ) \ : 1_[)\Z 2p512+)\._1 ZH/\Z i )\I.H

)\i - Hq]‘

1 i1 i1
_ (IQ_ NQ) (0(2,J Jp, o+ M )N2>7
)\i_l"Lq]‘ )‘i_,qu‘ )‘i_uq]‘

where o(i,j — 1) and (i, j — 1) are defined as in (4.6)—(4.7).

Similarly from (4.15) and (4.16), it follows that the ith diagonal block of
ElEQ N Ej—l(JB — )\pjl)_l is

20

Faj v 5 Ai = gy (i — pigy



== = 1 Hi — Hq
:152...5‘_1(J /\ ]) = s
( J )(z,z) i — )‘p] sl_Il i — )\ps
-1
AT bl S PR (4.19)
Hi _>\pj
and fori =/lp+1,..., kg it is
1 =y e N T
I — N2> & 1y + ( 9 _Haqt PN,
( Ni_)‘pj pi — A H Hi = Ap, _/\pj ; tl_[l:“i_)‘pe (Ni_/\pz)z
t£l
- (12 _ N2> (T(Z’j LY 1)N2), (4.20)
/’Li_)\pj 27 _>\pj 2% _)\pj

where 7(i,j — 1) and v(i,j — 1) are defined as in (4.10)—(4.11).

Now, from (2.5) it follows that

X — Z qu Z(J) y U J)*

no A
=S (Z(qu — X, )(Ja = pig, 1) 7' 04Ty TWGEFYE S, . By (Jp — Apjf)—l) T

j=1

(4.21)

Finally, (4.3) simply follows by taking the norms at the both sides of the above
equation and taking into consideration the definitions (4.4)—(4.11). O

4.1  Error Bound

Theorem 4.2 Assume A and B having Jordan canonical decompositions (4.1)
and (4.2). Let Xy be the kth approzimation obtained by (2.3) — (2.5) with
the set of ADI parameters corresponding to subsets of exact eigenvalues of

A and B, i.e. {ar,00,...,06F = {1, Apsy s A} and {B1, o, ..., Bk} =
{lqgrs Hgss - - - 1q - Then the following inequality holds

(i, 5 — DI - gl <& 9L, j — )H erH
X=Xk < ISIHITY Z |y = Ap, | Z y >
j=kt1 i=1 |Ai — g, | =1 e = Ap,|

where 1(i, 7) and 9(0, ) are defined as in (4.4)~(4.11), respectively, and §;, fo
are defined as in Theorem 4.1, and {\,,, j > k} and {N;,, j > k} are the
eigenvalue subsets of A and B complement to the ones already used as shifts
for obtaining Xj.
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Proof. An equation similar to (3.11) holds. Taking norms and using formulas
from (4.12) to (4.20), we obtain the assertion of the theorem. O

4.2 Perturbation Bound

We’ll consider the same problem as we did in Subsection 3.2, except A and B
are no longer diagonalizable but have the Jordan canonical forms as in (4.1)
and (4.2), respectively. It can be seen that the development there up to (3.16)
remains valid.

Choose parameters such that
either a; = A, fori=1,...,m, or B = g, for j=1,...,n,

where p; = i for 1 < ¢ < {4 and py,40i-1 = Pryyoi = ba + 1 for 1 < i <
2(kga —l4), and ¢; = i for 1 < i < lp and Qrgi2i-1 = Qupi2i = {p + @ for
1 <i<2(kp —{p), recall that o; # (3;, for all i, j.

Then if we apply formula (4.21) to the Sylvester’s equation
AdX, —6X1B=—-0AX,

we have

no

5X1 =-5 (Z(/,qu — )\pj)(JA — ,quj>7lrj,1 c. Flsil(SAXTElEQ ce Ejfl(JB — )\pj[)l) Til s

=1
from which we have

10X < ISIA(T) IS~ S ANIIX| (Z |11, = Apj!ngixﬁﬁﬂ&x> : (4.22)

j=1

where TI(J;X = H(JA — ,qu[)_lfj,lfj,Q c F1H and ’19(]) = HEIEQ tee Ejfl(JB -

m. max

Ap, I)7H||. Further using (4.17), (4.18), (4.4) and (4.5) we obtain

77rnax -

() _‘

1L,j—1) n2,j—1 b j—1
diag (n( Jj )’77( Jj ),...,"( A.J ))H

A1 — Hyg; >‘2_qu )\kA — Hg;
e W77 = DI (4.23)
k ’)‘k_lu’qg"
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Similarly from (4.19), (4.20), (4.8) and (4.9) we have

ﬁgix — ‘dlag (ﬁ(la.] - 1)’ ?9(27.] - 1)’ . 19(k37j - 1))”
H1— )‘Pj H2 — )‘pj Hkp — /\Pj
— maxw. (4.24)
k |:U’k - )‘Pj|

For the solutions of the Sylvester equations (3.15) and (3.16), one can obtain
the following bounds

16| < K(S)ITHI6BT |1 X] (Z [Ha; = Aoy | 100 79Ei)ax) , (4.25)
j=1

ax

(4.26)

051 < [ISTIT IS~ (GOF" + 6GF)T| (Z [ttg, = X, | 120 O

=1

Theorem 4.3 Assume A and B having Jordan canonical decompositions (4.1)
and (4.2). Let X be the solution of the Sylvester equation (2.1) and let X +0X
be the solution of the perturbed Sylvester equation (3.12). If

e = max{[[0A[|, |6B]], 0G|, [[0F|[}

is sufficiently small, then

5X ) )
”HXHH < (R(M)ISIIS Al + &SI 16BT|

1 |S~HGOF* + 6GF*)T|

ISl . )o@, aa

where v = 37° |pq, — Ap, 980 1), and n), and V), are defined as in (4.23)
and (4.24).

Proof. From [|6X| < |[0X1| +[[6 X2l +]/6X35]| 4+ O(€?) using previous bounds
(4.22), (4.25) and (4.26) for || 0X1|, ||0X2| and [|6X3]|, respectively we obtain
assertion of the theorem. O

REMARK 4.1 Again, using | AB||r < ||A]l||B||r and ||AB||r < ||All#||B]|| ([45,
Theorem II. 3.9.], similarly like in the previous calculations, one can obtain
following bound for Frobenius norm
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0X ) _
||||X||||FF < (m(T)||S||||S LSA|| + s(S)||T 2| |6BT||

1 |S™HGOF* + 6GF*)T||p

+lISIT™
1 X [e

)7 + O(é%). (4.28)

where v = 0% g, — Ay, [98), 1), and n{), and 94, are defined as in (4.23)
and (4.24).

The bounds (4.27) and (4.28) share the same properties as the bounds for the
diagonalizable case. In order to compare new bound (4.28) with bounds (3.26)
and (3.27), we consider following example.

Example 4.1 Let A = SJ4S ! with J4 = 10 ® 20 @ (40Iy+No) @ (60I5+ N>)
and

10.1610 —0.2270 —0.0810 —0.0520 0.0120 —1.3400
—0.0990 2.5300 —0.0450 —0.0110 0.0310 —1.5770
0.0040 0.0002 0.0110 0 0.0010 —0.0490
0.0001 0.0001 0.0200 0.0060 0 —0.0060
0.0100  0.0010 0 0.0003 0.0060 —0.1070
—0.5000 —0.0720 —0.0260 —0.0030 —0.1060  5.3420

Let B=TJgT ! with Jg =11 ® 2.2 ® 3.3 ® 4.4 & (5.5, + N,) and

0.1000 0.0100 0.0073  0.0092  0.0018 0.0010
0.0100 0.4000 0.0200 0.0024 0.0078 0.0087
0.5230 2.0000 90.0000  3.0000  0.1266 0.9222
0.8643 0.5264 3.0000 160.0000  4.0000 0.5596
0.9746 0.0016 0.3493  4.0000 250.0000 5.0000
0.7726 0.7227 0.0952 0.9762  5.0000 0.7091
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Then A and B are given as

9.3438 —1.3180 240.46 —279.17 —200.96 —15.227
—0.50249 19.609 —16.181 —55.113 —6.3517 —12.382
Ao —2.1456 - 1072 —9.5733 - 1073 36.534 1.5135 0.13783 —0.21881
—1.7008 - 1073 —2.8580 - 1073 —6.2176 43.294 —0.47523 —8.6585 - 1072
—5.0208 - 1072 —2.0441- 1072 2.1992 —1.4633 59.780 —3.3920- 102
2.5271 1.3994 19.810 30.361  9.8637 61.441
1.0248 1.1159-107% 1.6806-10~* 1.3669-10~* —1.6080-10* 9.5199 - 1073
—0.56104  2.1026 2.6065-107* —2.8371-107* —1.1092 - 1073 6.1180 - 1072
B —38.622 —11.312 3.3019 1.9604 - 1072 —7.3187-10"2  3.7450
—85.894  —14.725 —3.2912-1072 4.3613 —0.13780 7.8559
—3170 —689.19  5.7388 - 1072 —2.2285 —2.9559 426.79
—96.947 —19.144  2.9388-1073 —4.9494-1072 —0.17122 14.165

where all entries are properly rounded to 5 digits.

T
2010000
G = , F=aG.
—-210000

Further,

Perturbations are

§A =101 . diag (0.2,0.2,0.0002, 0.0002, 0.0002, 0.0002), 6B = 56A,

T
s (110000
3G =107 , 0F =4G.
110000

It can be computed that

16X |

=1.05-1077,
X |

while the perturbation bounds (3.26) and (3.27) give

X
15Xl _ o 1,

16X |
. < 1.45
X~ ’

1 X =
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respectively. On the other hand, the perturbation bound (4.28) gives

10X [l

<2.84-1076.
| X]|r

As in the diagonalizable case, the above example shows that the structure of
the matrices F' and G from the Sylvester equation (2.1) sometimes can greatly
influence the perturbation of the solution.

5 Concluding remarks

We have analyzed the solution to a general Sylvester equation AX — XB =
GF* with a low rank-right hand side. LR-ADI with the exact shifts provides
us the tool to do so. Our new results contain considerably more detailed in-
formation on the eigen-properties of A and B and the right-hand side GF™
as opposed to the existing ones. Because of this, our new bounds are sharper
and provides better understanding of the solution structure, but are messier
as a tradeoff.

Although we tackled the general case by considering when A and B have
Jordan blocks of orders only up to 2, the technique is readily applicable to
Jordan blocks of orders higher than 2 with little changes.

Acknowledgement. The authors would like to thank the referees for their
remarks which have helped to clarify some of our statements and arguments
and improved the quality of the paper.
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