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LOCAL REGULARITY AND DECAY ESTIMATES OF SOLITARY
WAVES FOR THE ROTATION-MODIFIED
KADOMTSEV-PETVIASHVILI EQUATION

ROBIN MING CHEN, YUE LIU, AND PINGZHENG ZHANG

ABSTRACT. This paper is mainly concerned with the local low regularity of so-
lutions and decay estimates of solitary waves to the rotation-modified Kadomtsev-
Petviashvili (rmKP) equation. It is shown that with negative dispersion, the
rmKP equation is locally well-posed for data in H*1:%2(R?) for s1 > —é and
s2 > 0, and hence globally well-posed in the space L?. Moreover, an improved
result on the decay property of the solitary waves is established, which shows
that all solitary waves of the rmKP equation decay exponentially at infinity.

1. INTRODUCTION
The rotation-modified Kadomtsev-Petviashvili (rmKP) equation

is a model [14, 15] to describe small-amplitude, long internal waves in a rotating
fluid propagating in one dominant direction with slow transverse effects, where
the effects of rotation balance with weakly nonlinear and dispersive effects. Here,
u(t,z,y) can be considered as the free surface, t € RT is a timelike variable, z € R
is a spatial variable in the dominant direction of wave propagation, and y € R
is a spatial variable in a direction transverse to the z-direction. The parameter
~v measures the effects of rotation and is proportional to the Coriolis force. The
high-dispersion parameter 3 # 0 determines the type of dispersion. In case § < 0
(negative dispersion), the equation models gravity surface waves in a shallow water
channel and internal waves in the ocean, while in case 8 > 0 (positive dispersion) it
models capillary waves on the surface of a liquid or oblique magneto-acoustic waves
in plasma.

Setting v = 0, equation (1.1) becomes the well-known Kadomtsev-Petviashvili
(KP) equation [19]

(ut = BUazs + (u?)2)e + tyy =0, (1.2)
which arises in modeling the propagation of weakly nonlinear dispersive long waves
on the surface of fluid, when the wave motion is essentially one-directional with
weak transverse effects along the y-axis. Equation (1.2) with 8 > 0 is known as
KP-I, while its version with g < 0 is called KP-II and it is integrable by the inverse
scattering method [1].

In the first part of this paper we consider the Cauchy problem for equation (1.1).
It has been shown in [10] by using the parabolic regularization and a compactness
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argument that equation (1.1) is locally well-posedness for data in the space X, for
s > 2, where X with s > 0 is defined as

X, ={fe H*R*): (¢'f)Y € H*(R*)},
with its norm

1£11x, = 1+ 1E )Y e

It is our purpose here to establish the local well-posedness result for equation
(1.1) with data in an anisotropic Sobolev space of low order, so that one can hope
to get the local and global low regularity of solutions. Studied here is the initial
value problem of the form

{W—mewmhwm—w=a<mwew7 (13)

u(07 x? y) = ¢(x’ y)?

where the initial profile ¢(z,y) belongs to an anisotropic Sobolev space H*1:°2(R?)
defined by

Hsl,sQ<R2) _ {¢ c SI(RQ) . H¢||Hsl,52 < OO}7 (14)
where

@l zevee = [1€€)°H (m)** @€, m)| L2

with (-) = (1+|-|?)¥/2.

The above spaces are a natural set for the initial data of the Cauchy problem
for the Kadomtsev-Petviashvili equations because their homogeneous versions are
invariant under the scale transformations preserving the KP equations. It has
been understood that flows of the KP-I and KP-II equations, considered in the
natural spaces, behave very differently. The KP-II equation can be solved by Picard
iteration ([8]) while KP-I cannot, in any Sobolev class ([21]). In [8], Bourgain proved
the local (and therefore global due to the L? conservation law) well-posedness of
KP-II equation with L? initial data. Local and global well-posedness for the KP-II
equation with data below L? were obtained in [18, 29, 30, 33]. All these results use
the Fourier transform restriction method of Bourgain. Later in [21] it was shown
that the KP-I equation has a “bad behavior”. In particular the KP-I analogue of
the crucial bilinear estimates established by Bourgain for the KP-II equation (cf.
[8]) are proved to be false. In [11] and [34], a global existence result for small initial
data was obtained via inverse scattering techniques. In [31] global existence of
weak solutions in the energy space is established. The uniqueness of such solutions
is unknown. The first result of global well-posedness of strong solutions to the KP-I
equation is established in [22], where the method combines local well-posedness and
delicate conservation laws.

However, the rmKP does not preserve any scaling because of the rotation term.
Hence it does not indicate any critical values for (s1,s2) of the initial data in
H*152(R?) with which one may expect well-posedness. But when 3 < 0 and v > 0,
the solution operator S(t) of the linear part of the equation has a good algebraic
property similar to the one of the KP-II equation, which allows us to perform the
Fourier transform restriction methods with some of the oscillatory integral estimates
[4, 20]. More explicitly, the bilinear dispersive identity of the rmKP equation (1.1)
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is
(&1 + &m +n2) — p(&m) — p(&2,m2)

(En—&m)* | &-+8&
= —3BE&(§ — &) + +7
S e -6
where p(&, n) is the associated dispersive function defined in (1.6). Clearly for v > 0,
if B> 0 (positive dispersion) this quantity could be zero, while if 8 < 0 (negative
dispersion)

Ip(§1 + &a,m +m2) — p(€1,m) — p(€2,m2)| = Cl€162(&1 + &2)].

This together with the Strichartz estimate helps to control the derivative nonlin-
earity and to obtain well-posedness for rough data. But the payoff of the negative
dispersion assumption is that we fail to establish a uniform time-decay estimate of
the oscillatory integral associated to the linear problem, again due to the rotation
term. This in turn prevents us from getting a uniform-in-time Strichartz estimate.
This difficulty is resolved by breaking up the space frequency and performing the
Strichartz estimate on each frequency part, as illustrated in Remark 1.1.

Motivated by [30], we define the following Bourgain spaces associated to equation
(L.1).

Definition 1.1. Forb,by,bs, 51,52 € R, we define ng;’zb? as a Bourgain-type space
associated to the rmKP equation

X5 = {u € S @) lulgoon e < 0.}

51,82
where
—_ b s s <T_p(£a77)>b1 N
lull ey = |7 = ple (O ) [+ F— = Jamem,  9)
with
2
+7
pl&m) =~ — (L6)
Let I C R be an interval. We define the space X!:°1:02(I) equipped with the
norm
H’U,”Xll:,bls,bg(l) = ;Iblgl b2{||v||Xg,b1s,b2 ,0(t) = u(t) on I}. (1.7)
1,52 veE Syl,S‘Q S1-52

Equation (1.3) can be written as the integral equation

ww=sm¢—ésu—ww%w»mc (18)

where S(t) is the Fourier multiplier with symbol e?*P(&7) where p(¢,7) is given in
(1.6).

In this paper we prove that with negative dispersion 8 < 0, the rmKP equation
(1.1) is locally well-posed for initial data in the anisotropic Sobolev space H*1+%2(R?)
for s1 > —1/3,s9 > 0. The main tool for the proof of the local well-posedness of
equation (1.1) is the following bilinear estimate.
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Theorem 1.2. Assume 3 <0 and v > 0. Let the real numbers b, b, by, ba, 1,52 be
such that

b1 =0, by>0, b>1/2, s3>0, s1>b -V,

s1>1—30, sp>1+3b —36 —by, b >b+1/4,
W 43by > 1, b 4+2b+by—2biby >1, s1>by—1,
b +by>1/2, 20 +by>1, s;>1—3b —3b +bo.

Then
Applying Theorem 1.2 with b = 3+, = 1— b, = 4 (depending on b'), and
by = % we have
Theorem 1.3. Assume <0 and v > 0. Let s7 > —1/3 and s2 > 0. Then
10z (wo)ll_~3+.2+.3 < Cllull 34 avaloll 30343 (1.10)

51,82 51,82 51,82

Remark 1.1. To prove Theorem 1.2, we make use of both the Strichartz-type
inequalities and direct estimates for the kernel in the integral representation of the
nonlinear estimate [20, 29, 30, 33]. As in the case of the KdV equation and KP-II
equation, one of the difficulties comes from the derivative nonlinearity. We need
to treat the small frequencies different from the high frequencies in the integral
representation of the bilinear estimate. Also note the the extra factor

<T B p(fv 77)>b1
(6)"

in the definition of the Fourier transform restriction spaces X gilg;bz is needed to-
gether with the Strichartz inequalities to treat the small frequencies in the proof
of the crucial bilinear estimate. Another difficulty here concerns the Strichartz
estimate. Unlike in the KP-II case, we are not able to obtain a uniform-in-time
Strichartz estimate for the linear problem of equation (1.1) due to the rotation
term. Our approach follows the idea in [4], which is based on the study of the
following oscillatory integral associated to the linear rmKP problem

1+ (1.11)

Io(z,t,B,7) = / goethO-20qe 50,z € R, (1.12)
0

where h(¢£) = —3¢% — % The “long-time” estimate of the above oscillatory integral

only gives a time-decay rate of t~'/3 because with the rotation term, h” (€) has a
zero at some nonzero &, which is different from the one of the amplitude function £<.
Hence we cannot use the “cancellation effect” introduced in [20] to obtain the ¢~1/2
decay. But the “short-time” estimate suggests a decay rate of t~'/2, which is the
same as for the KP-II equation. However if we split the space frequency into high
frequency and low frequency parts, then we obtain the uniform time-decay estimates
of the corresponding oscillatory integrals and therefore the Strichartz estimates on
both parts become uniform in time (see Lemma 2.6). Moreover, the time-decay
estimate on the high frequency part is the same as for the KP-II equation (t_l/ 3,
which leads to the same result on the bilinear estimate as for the KP-II equation.
On the low frequency part the decay rate is t~'/3, which seems to improve the
blinear estimate. This implies that, when combining these two estimates to the
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integral representation of the bilinear estimate, one can expect a result no worse
than the one for the KP-II equation.

A consequence of Theorem 1.3 is our local well-posedness result for the Cauchy
problem (1.3). The method involves applying the Picard fixed point argument to
the integral equation (1.8). Using the arguments of linear estimates in Bourgain’s
framework, we have the following theorem.

Theorem 1.4. Consider equation (1.1) with 3 < 0 and v > 0. Let s1 > —% and
sy = 0. Then for any ¢ € H**52(R2) such that |£|~1¢(&,n) € S'(R2) there ewist
a positive T = T(||Q||gsrs2) (lim,—oT(r) = o0) and a unique solution u(t,z,y)
of the Cauchy problem (1.3) on the time interval I = [-T,T| satisfying u €
(I, Hoo=(R) X3,

Remark 1.2. It was shown in [30] that s; = —1/3 is the critical exponent for the
bilinear estimate associated to KP-II equation and hence to the local well-posedness
of KP-II equation in the anisotropic Sobolev space H*''°(R?). As explained above,
the rotation term improves the Strichartz estimate on the low frequency part and
remains the same as for KP-II on the high frequency part. One may expect the
well-posedness for the rmKP equation with even smaller s;. However so far we
have not been able to push s; further below —1/3 with § < 0.

Formally equation (1.3) has the following conservation laws

B(u) = / <1ﬂu§ i Lotz 17(5‘x1u)2) dady, (1.13)
2 \ 2 3" T2 2
V(u) = 1/ u? dxdy, (1.14)
2 Jao
and
M(u) = / u dxdy =0 (1.15)
R2

expressing, respectively, the energy, momentum and total mass*. Here, 9, 'u and
9, 'u, are defined via the Fourier transform as

07 w)" (& m) = a(&n) /i and (95 uy)" (& n) = (n/€)a(€,n).
A combination of Theorem 1.4 and the L?-conservation law (1.14) yields the
following global well-posedness theorem

Theorem 1.5. Let 3 < 0 and v > 0. Then for any ¢ € L*(R?) such that
E]710(E,m) € S'(R?), there exists a unique global solution w of (1.3) satisfying
u € C(R, L?(R?)).

In the second part of this paper we study the decay property of the solitary
waves of equation (1.1).

A solitary wave of (1.1) is a traveling-wave solution of the form o(z — ct,y),
where ¢ € X7 and ¢ € R is the speed of wave propagation. Or equivalently, it is a
solution ¢ = ¢(z,y) in X; of the equation

—CPy 7ﬂ¢xmx + (902)x+D;1§0yy *VD;HP:O (116>

“For a general class of Kadomtsev-Petviashvili type, it is proved [23] that the zero-mass in the
z-variable

oo
/ u(t;z,y) de =0
oo

holds for ¢t € (0,T') even if it is not satisfied at ¢t = 0.
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for some c € R.

It has been shown in [10] that the solitary waves of equation (1.1) exist only
when 3,7 > 0 and ¢ < 2v/37, which falls out of the case we discuss for the local
well-posedness (0 < 0,7 > 0). In fact when 5 > 0, a “bad sign” in the identity
p(&,m) for the rmKP equation presents an apparent obstruction to performing the
bilinear estimate.

In [10] it is proved that when 3,7 > 0 and ¢ < 21/37, all solitary waves decay
algebraically, which is no better than in the KP-I case [7]. Here we obtain an
improved result. We prove that such solitary waves decay exponentially at infinity.
It can actually be viewed from the fact that the rotation term added to the kernel
smooths out the singularity as in the KP case and hence improves the decay of the
solutions. To be more precise, we have the following result

Theorem 1.6. Let 3, c and v be constants satisfying 3,y > 0 and ¢ < 2/3v. Then
for any solitary wave ¢ of (1.1), we have

p(z,y) = O(e V= Hv?), (1.17)
with a a positive constant depending only on B,c and .

Remark 1.3. By (1.17), we obtain the exponential decay of solitary wave ¢ with a
positive number « provided 3,y > 0 and ¢ < 21/37, which definitely improves the
algebraic decay estimate in Theorem 2.6 of [10], although in this paper we do not
find out the optimal number « such that (1.17) holds for solitary waves.

To prove Theorem 1.6, we start with an integral decay estimate, which was
used by Ambroseti, Felli and Malchiodi in proving integral decay results of non-
linear Schrédinger equation (Lemma 17 of [3]). Then a use of anisotropic Sobolev
embedding theorem provides the L>° bounds for the solitary waves.

This paper is organized as follows. In Section 2 we set up the Strichartz inequality
for the rmKP equation (1.1), and use that to prove a crucial estimate Lemma 2.8
for the bilinear estimate. Section 3 is devoted to the proof of the bilinear estimate.
In Section 4 we apply a Picard fixed-point argument to the integral equation (1.8),
which implies the local well-posedness in some suitably chosen space. In Section 5
we show that all solitary waves obtained in [10] decay exponentially.

Notation. We denote by - or F the Fourier transform and by F~! the inverse
Fourier transform. A ~ B means that there exists a constant C' > 1 such that
|A|/C < |B] < C|A|. The notation a+ means a £ € form arbitrarily small € > 0.
Constants are denoted by C' and may change from line to line.

Let < = (6777)74_1 = (61;771) and let
0= 0(7—74_) :T_p(gvn)v g1 = U(T17<1)7 0—2:0-(7__7—17C_C1)a
(o)™

0= 0(774):W, 01 = 0(71, (1), Oy :=0(1 — 71,{ — (1).

Let the two projection operators Py and PN be defined as follows
P f(&m) = xjeen F(&m), PNF(En) = xje=n F(€n)-

2. LINEAR ESTIMATES

We first state the result on estimate of the linear solution operator S(¢).
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1/4
Theorem 2.1. Let 3 < 0, v > 0 and N = (%) . If ¢ € L'(R?), then
S(t)¢ € L°(R?) and
PN S ()¢l oo 2y < ClEI %) B8]l (z2), (2.1)
1PN S(#)¢ll oo g2y < Clt 0] 1 m2)- (22)

To prove this, we need the following lemma.

NN

Lemma 2.2. (Van der Corput Lemma [27]) Suppose ¢ is real-valued and smooth
in (a,b) and that |¢®)| > ¢ >0 in (a,b). Then

b ) ’
/em¢(£)¢(§)d5 gck(c)\)*l/k{lw(b)lJr/ W/(ﬁ)\df} 23)

holds with Cy, independent of ¢,v¥ and \ when
(1) k=2, 0r (2) k=1 and ¢'(§) is monotonic.

Applying the above lemma we obtain the “long-time” estimate.

1/4
Lemma 2.3. Let 5 <0, v > 0,N = (%) and 0 < « < 1/2. Fiz 6 > 0.
Define

(ot 8.7) = [ €200 b5 00 cR (2.4)
0
where 5
h(§) = —p&* - 3
Then
sup [Io(z,t, 8,7)] < Ct™Y3, t>6, (2.5)
T€R

where C = C(a, 3,7, 9).
Proof. A simple computation shows that |h"(£)| = —608 + %Z > —68 > 0. Hence

N
‘ / goethO-20) el < ON* Y3, t>0,2 €R, (2.6)
0

where C' = C(a, 3,7).
We will argue as in [4]. First we have that
2y

h'(€) = 686 — =- > =366 >0, for €= N= (

—383
We also have

I (€) = —3p€2 + g—z > 3662 > 0.

Hence it follows that there exists at most one point &, > N such that h'(¢;) = x.
Define for x € R the two sets
&
A= {E2 N JE-&I< ) Bai= N0\ A,
(Note that A, can be empty.) Since % < é < % in A,, we may apply the Van der
Corput Lemma to get

, —1/2
] / g%mh(ﬁ)ﬂ@dg‘ < cgg( . 355@) < ONO—34-1/2, (2.7)
A,
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provided 0 < a < %
If A, is not empty, then for £ € B,, we have either N < & < % or £ > 3% If

N €< %“, then
5(2
1() — 2] = W (&) — W(€) = / W (n)dn
£

> ~2B(E +E)(6 — ) > —5 06

If § > 35 then

13
W (E) — 2| = H(€) — W (Ex) = / W' ()i

@

> —BE+E)(E &) > —5PE%

In either case, we have
1
W) =@ > =58, £ € B (2.8)

If A, is empty (i.e. B, = [N, 0)), then the same estimate (2.8) holds for £ > 2N
since h'(&o) > « and then A'(§) —x > h'(§) — h'(IN). Therefore, replacing B, by
[3N, 00) if needed, and retaining the notation By, we obtain that (2.8) holds for all
2 € R. Thus we have

‘/Bm gaeit(h(f)—wf)dg‘ — ‘% /Bz h’(;)a— - (%eit(h(ﬁ)—wf)>d£‘
< o wreg—a ), i =<1}
cif - Zeery /B G X 3] )

&) , |h(§) — z|?
1f 2,40 20424, 4
<ei{-Zea [ e
28 a—2,—1

when a < 2.
Combining (2.6), (2.7) and (2.9) we obtain (2.5).

O
Moreover, we have the “short-time” estimate.
Lemma 2.4. Let 6 <0, v>0 and 0 < a < 1/2. Fix T > 0. Then
sup |In(z,t,8,7)| < Ct~ "5, 0<t<T, (2.10)

r€R
where C = C(a, 8,7, T).

Proof. Performing the change of variable £ = An with A > 1, we have

3 a4y

Io(2,t,8,7) = A>T! /Oo naei(ASt)[—Bn -2 (A Pa)n] dn
0

= AL (A2, X B, ).
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Hence

sup | Lo (z,t, 8,7v)| < At sup |7, ()\_21‘, \3t, 3, )\_4'y)| < N sup [To (2, )\3t,ﬁ,7)|,
z€R z€R z€eR

where in the last inequality we have used the fact that the constant C' in (2.5) is
proportional to a certain positive power of v and the assumption that A > 1.
Therefore, for 0 < t < T, setting A = (T/t)/3 we obtain (2.10). O

Proof of Theorem 2.1. Consider ¢ being positive (the negative case can be treated
the same way). Making the change of variable p = (|t|/£)'/?n we have

St = / /OO eit[=BE> — (0> +7) /€] pi(at+yn) dédn
RJO
IESYE / " /2l 1D BE /0] g
0

Then (2.1) can be obtained from (2.6).
As for (2.2), from (2.7) and (2.9) with o = 1/2 we see that

sup | g1/2eth=28) qe| < Ct7Y2, fort > 6> 0,
zeR JN
where C = C(8,, N, ). Furthermore, from Lemma 2.4 we have for 0 < ¢ <

Ct71/2 > Sup| 51/2eit(hfa:§) df‘
z€R 0

oS N
> sup | 51/2ezt(h7$£) dE‘ — sup | 51/2€zt(h7m§) d€|
z€R JN z€R JO

Hence

0o N
sup ‘ gl/Qeit(hfwf) d£| < Ct71/2 + sup | gl/Qeit(hfwﬁ) d£|
z€R JN z€R JO

< C(t_1/2 —+—t_1/3) <t 12

if § < 1. Hence we obtain that

sup\ gl/Qeit(hfxg) d§| < Ct*l/Q'
z€eR N

Therefore we have proved (2.2). O

As a consequence of Theorem 2.1 we have

1/4
Proposition 2.5. Let § <0, v> 0 and N = (_2—;6) . For any 6 € [0,1] and
¢ € 0,(C5°(R?)),

1PN St) L2ra-or < Clt1~F |0l p2rason, (2.11)
1PN S()¢|| p2ra-0) < CIE[0) B L2rc1+0)- (2.12)

Proof. As in [20], we introduce, for A € [0,1], 1 € R, the analytic family of operators

W>\+iu(t)¢(xay) — /]R2 |§|(/\+w)/2eitp(€ﬂ7)+i(w§+yn)¢f(£7n)dgdn.
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A slight modification of Theorem 2.1 implies that
1PN Wi (8]l e < C(LA+ [ADIEC 0 11,
IPY Wi ()l < CL+ DI ol e,
while by unitary, '
IWin ()|l = D¢l 2 = (]l 2

Hence by complex interpolation (see [28] Chapter V, Theorem 4.1) we obtain (2.11)
and (2.12). O

It is standard now (see for instance [20]) to deduce the following “Strichartz
estimates”.

1/4
Lemma 2.6. Let § <0, 7>OandN:( ) . For any 6 € [0, 1]

| PNS(t)®| Lar ;L1 (r2)) < Cll9| 25, (2.13)
1PN S(t) 1)@ Loz (r;Lr2 (®2)) < C||B]| 2,5, (2.14)
where (q1,p1) = (%, fzg)a (q2,p2) = (ga 1%9)

Proof. We will just prove (2.13). The same argument applies to the proof of (2.14).
By duality, (2.13) is equivalent to

PnS(t)g(-st

2 < C”g”Lq’l (]R;Lpll (R2))?

where 1/¢1 +1/¢; = 1,1/p1 + 1/p} = 1.
By the argument in [32]

H/PNS(t ]LW) :/(/PNS dt /PNS )d

// (z,1) /PNS (t—1)g )dT)dmdt
Therefore (2.13) is equivalent to

| [ Paste=riat. e

We have from (2.11) that

< ’ ’
qu LT’I (R2)) X O”g”qu(]R;Lpl(R2))'

_ < _ »
| [ pwse=ngenar | < [ IRwSE = Dgt Dl
_ | 750/61| (. ,
<c|| [ 1= 0l Pl ]
< Cllgllpor (g Lv (2))»
where p1 =2/(1-0),1/¢1 =1/¢; — (1 — %9), ie. g1 =12/(50). O

1/4
Lemma 2.7. Let <0, v> 0 and N = ( 35) . For2<q1 €22/5,2< ¢ <4
and any u € L*(R3) we have

|PxF (o) alr. )Yl < Clullss, (2.15)

IPYF ()27, ) o < Cllul ez, (2.16)

SN—
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where
b= (1= 2/a)(1/24), by =21~ 2/q)(1/2+)
and F~' denotes the inverse Fourier transform.
Proof. From (2.13), taking § = 6/11, we obtain for any ¢ € L?(R?)
[P S ()l L22/5ms) < Cll@|L2w2)- (2.17)

From (2.17), [13] Lemma 3.3 gives, for any u € L?(R?),

1PvF= (o)1, O lgess < Clullz. (2.18)

Interpolating (2.18) and the Plancherel identity we obtain (2.15). Similarly, (2.16)
can be obtained by interpolating between

1PYF1 ()3 1a(r, Ol llzs < Clullzs
and the Plancherel identity. (]

Lemma 2.8. Let 3 <0, v >0, aj,as,a3 € [0, % + €], and let 1y, s, u3 be positive.
Then

Uy (71, C1) o (T — 71, — C1)s(7, C)
/RG (01)@1 {o2)e2 () drdCdndG < Cllullzfollellwllzz, (2:19)

provided a, + as + az > 1+ 2e.

1/4
Proof. We denote by I the left-hand side of (2.19). Let N = (f—gﬁ) . Then we

can rewrite I as

. ]—‘((PN n PN)ul) (1, <1)f<(PN T PN)uQ> (r—7,¢— Cl)}'((PN 4 PN)u3) (r,)
- /Rts (o1)e1(02)2(0)s
_ >, (products of F(Pnu;) and F(PNUi))deCdTIdCI-

RS (01)21(02)?2(0)78

By symmetry, we only need to estimate the following four terms:
F(Pnuy)F(Pnug)F(Pyus)

I = drdldrd
1= ) (01)a1 (og)a2 (o) Cdridcy,
N
I = PP w)7 (Pyuz) 7 (PNU?’)deCdndCh
Ro <01>a1<0-2>a2< >a3
= [ TETu)FPYun) F(Pyus) oo e
RS (1) {02)2 (o)
N N
L= [ TP (PN un) F(Pus) ) o
RS (01)71(02)2 (0) 8

Using Holder’s inequality, Plancherel’s identity, and Lemma 2.7 we obtain
1 < O PwF ((o0) ™ il ) oo [ Pu T~ ((o2) ™l )l | P F " ({0) ™ ] ) oo
< Cllullpzflvllzllwll 2,

provided a; = (1 —2/q¢;)(1/2+) and 1/q1 +1/g2 + 1/q3 = 1. The last condition
is equivalent to a1 + as + ag = % + 2e < 14 2e.
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As for I, we have
PN (o)™ i) an [PV ((02) =2 el ) o | PV (o) i) s
Ol e oll 2 o] 2.

provided a; = 2(1 —2/¢;)(1/2+4) and 1/g1 +1/¢g2 + 1/g3 = 1. The last condition
is equivalent to a1 + as + az = 1 + 2e.

Using the same method for I> and I3 we see that we need % +2¢ < ar1tas+tag <
1+42¢. But clearly by looking at I we know that the bigger a;+as+as is, the smaller
the integrand becomes. Hence we only need to determine the lowest possible number
that a1 +as+as can attain. Therefore we can conclude that a1 +as+as > 14+2¢. O

Iy

NN

The following two elementary calculus inequalities are also useful in our proof of
the bilinear estimates.

Lemma 2.9. For any a € R the following inequalities hold:

> dt C
[m (t)1E(t — a)1+ < (a)1E’ (2.20)
/°° = < (2.21)

oo (Y[t —al/2 T (a2

3. BILINEAR ESTIMATES

In this section we prove the crucial bilinear estimate Theorem 1.2.

Proof of Theorem 1.2. : A duality argument shows that (1.9) is equivalent to

//K(Ta ¢, 71, C1)a(7, C1)o(T — 71, ¢ = C1)w(7, ¢)dmidCrdrd(
< Cllul| g2 [|v]l 2 [lwl| L2, (3.1)
where 4,0, w can be assumed to be positive and

e ) E— ey ()
K G ) = e (o) Do P00 02) Tyl — )

We consider only the case —1/3 < s; < 0 and denote s = —s;. Moreover, from
the inequality

s2
{m) <
{m)=2(n —m)*2
we may just take the case s = 0. Therefore the kernel K(7,{,71,¢1) in (3.1)

becomes
B () e — &)
K Gm ) = S o oo P8 (]

We also have the relation

)

o B (&1m —&m)? E-¢4+8
oz = G e e—a) T e -q)

and therefore (cf. [8])
max{lol, |o1], |oa|} = —Bl€61(€ = &)l (3-2)
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By symmetry we may assume that |o1| > |o2|. Denote by J the left-hand side of
(3.1). We break our argument into several cases.

Case 1: || is small, say, [¢] < 1.

Case 1.1: |£;| < 1. Denote by Ji; the contribution of the region to J. In this case,
€ —&1| <2 and

C
()P =P1(01)b(02)"”
Since b’ —b; >0, b > %, a use of Lemma 2.8 implies the right bound for Ji;.
Case 1.2: |¢1] > 1. In this case (£)75(£1)%(€ — &1)° < C{£1)%5. Denote by Jia the
contribution of the region to J.

e |01 = |o|: From (3.2) we have |£[5(£1)% < C{oq)®. Since (0) < C(o)*1, we
know

K(Tvc,’rlvgl) <

clgl—
() =01(01)0 7% (02)"
To apply Lemma 2.8, we need b’ —b; +b—s+b > 1. This can be seen from
the fact that b > % and b’ — by > s.
e |o| > |o1]: From (3.2) we have |£|*(£1)%* < C{o)®. Hence
Clel—*
(o) =br=5(01)P(02)""

Since b > % and b — by > s, we know that b’ —b; —s+b+0b> 1. So we
can use Lemma 2.8 to get the right bound for Jis.

K(7—7C77—17C1) <

K(Ta477-1a§1) <

Case 2: [¢| > 1.
Case 2.1: |o| > |o1| and min{|& |, € — & |} > 1.

Case 2.1.1: [¢] < 10 min{|&],|€ — &1]}- Denote by Ja11 the contribution of this
region to J. Using (3.2) we know that on the support of Jo;1,

€16l — &1° < Clegn(€ — )| < Clo) 72,
o If (0)0 < |€]b2. Then

C
K T, Ca T 7( < ; 3 .
7 ) S O iy
Since b’ — 1= > 0, we can use Lemma 2.8.
o If (0)01 > |£]°2. Then
€' 60 = & ¢

K(TaC7Tla<1) <

(@) =01 (o1)%{o2)" T ()b —brmmax(s, T2 15 Vb ()b

Since b’ — by > s and b’ — by > HE;Z’Q, we may use Lemma 2.8 to complete
the proof in this case.
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Case 2.1.2: [¢] > 10 min{|&1], | — &1]}. Denote by Ja12 the contribution of this
region to J. On the support of Jy12 we have

1Mo 1allE — &l < Clgltre.
Using the Cauchy-Schwarz inequality, we obtain

1/
Jo12 < C/ (1,0) /|U (11,¢)0(7 — 71, = G1))| dTldﬁl} Qw(TaC)deQ

where

R0 dndGy v
1020 =505 P rER)

We will show that I(7, () is bounded for |£] > 1. Using (2.20) we have

C|§|1+5<9>(/< d&idm 2b>1/2'

(o) 01+ 032)
We perform the change of variables (£1,11) — (v, p):

v=-306(§—&), p=o1+o02.

I(7,¢) <

Hence
. 38
€ [=3lo], min{—=-¢%,3Jo[}], when £>0
36 .5
€ [max{——4 £, =3lol}, 3lol], when £ <0

We will discuss the case £ > 0. The case & < 0 can be treated the same way. In
this case we have

| 2dvdp

BPAEP [T+ b o+ v+ k=l

378 — €6 +€)

14

déidm =

where

k=

Thus using (2.21) we obtain

Cl¢ +s 3lo] 2dud 1/2
I(r,¢) < CIEE6) ' / / |v|!/2dvdy )
Slol J—ee 12(~ 3/2|£|3/2\/3§3T o+ v+ k — p| /()2

3 C\ﬁl it /3"' |2 dy }1/2
h 3o \/%€3+%V (o0 +v+k)L/2

Notice that we have v + k| > |v| and from (3.2) we know |o| > 1|v + k| > 1|v|.
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o If (0)% < |€]2, since min{|&y], [€—&1]} < 1—10\§|, we know that |v| <

15

-3
=3¢,

Hence | — $v['/? <[3€% + u['/? ~ [€[3/2. Therefore
I+s 3lo] 1/2
tmg < S e
(s SJosiol =3, 363+ 1y (o + v+ k
Cl¢lats Blol - |y|1/2=2 gy 172
<t —}
(0)3 /—30’ (o +v+k)/2
14s %-{-s
_Claltr_cige
@ T S (g
since b’ > 1=,
o If (0)01 > |€]b2, then

Cleli+s— 52 3|o] 1—2b’+2b1d
Ir0) < m {(/ 2 v

slol /363 + L (o + v+ k)12

)

cm%%w
[GECET=T

AN

since b’ — b; > i and b — b; > @.

1/2
>1/2}

}1/2

In this way we know that I(7, {) is bounded for large |£|. Using the Cauchy-Schwarz

inequality, we get

Ja12 < Clluf pz]|v]| g2 w]| e

Case 2.2: |o| > |o1| and min{|& [, |€ — &1} <
() (&)™ (€ - &) < C,

and we can use the same argument as in Case 2.1.2 with s = 0.

1. In this case we have

Case 2.3: |o] < |o1| and |§] > 1
Case 2.3.1: [§]| < 2/|&;]. In this case we have
2s
D <2 ama gty - ey <ol
o Clelfen+> 1
K6 Q) S 30 (o oy (g
Since |o| < |o1] and V' < b, we know
(0)"(01)" > (o))",
and bato
e <ol
for by + s < 1. Thus
1+s
(T C77—17C1) C|€1|

(o1)" (o) (o2)"
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By replacing (7, ¢) with (71,(1), we can use the same argument as in Case 2.1.2
to obtain the right bound.
Case 2.3.2: [¢] > 2|&[. Then [§] < 2|6 — & and (§)7°(61)°(§ — &)° < C(&)".

Hence
Clell&]*(0)
(@)Y (1) (o2)"(0h)
e |o|" < |€]°2. Since |o1| dominates in (3.2), we obtain
Clellal™+ ¢
(@) (o1)PT01(02)P ™ ()b (0g)b gy )orHor—max{ 5,552

K(Ta<77—1a<1) <

K(T7Ca7-17c1) g

Since b > % and ¥’ + by — max{1, #} > 0, we know that &' + b+ b+
by — max{%, ILB'H’?} > 1. Therefore we can use Lemma 2.8 to obtain the
right bound.

o 0|’ > |¢|°2. Similarly,
Clel et ¢

R O N

K(TaC/rlaCl) <

Since b > 1 and ¥’ —max{1522, =2} > 0, we know that b’ — by +b+b-+b; —
max{%, %} > 1. Therefore we can use Lemma 2.8 to give the right
bound.

Case 2.4: |o| < |o1] and |&1] < 1. Denote by Joys the contribution of this region to
J. On the support of Jo4 we know that

(€ E) € -&) <C.

Hence we can assume that s = 0. Now consider the dyadic levels
ARM = {(11,¢1) + |&a] ~ M, (o1) ~ K}, (3.3)

where K = 2 £k =0,1,2,..., and M = 2™, m = 0,—1,—-2,.... Denote by JEM
the contribution of AXM to Jy4, then

Jar <C Y IEM.
K,M
Using Cauchy-Schwartz we have

/
s < e [ 1o [lataitr - n - qPinda} ot Qdrdc,

where

9> dTl dCl 1/2
o = 9 f |
0= T (o oo 7)
Similar to Case 2.1.2, we perform the change of variables
v=—=301(§— &), p=o01+ 02
We can assume that £ > 0 and then

lv] < —=3B¢|(1¢] + 1) - 2M < —9B|¢[* M.
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Since b’ > by, we have (8) < C(o)?". Hence

rueo< ([ [ /QWM4 CIE[M 2 [ drydpdy )"
9

BlEEM 12(=B)32(00)2 (i — 00)2 /363 + Lo + v+ k) — ] *(61)

From (3.2) we know |v| < |o1|/3, and therefore
W2 _ Cloy /(e
01)2 = (o)

In this way, using (2.20) and (2.21),

oo r—9Bl¢1°M dudy
IKM : < C %Ki—bl / / I
(1,0) [3 { oo Jopielz s o (303 o 1 1/2 1/2}
) (zf +5V) (0 +v+k) = pl
—9B1¢1P M dv 1
< Cle|iKih / .
SRSy )

] 1/2
B€1> M <%§3+%V> |a+1/+k|
Since |¢] is large and |£;] is small, we have from (3.2) that |v| < %’BEP, and hence
V368 + Gv = 2[¢®. Therefore

CKi=0 ( [~98lEM dv 3
KM
I"%(r,¢) < 71{/9 71/2}

< Cloy)i 2 < CK2 2,

Nl

ISIE EERY |0+1/+k|
2

where we have used that

@ d 1 1
/ otk a) = Lo+ k—a"? < Cab
~a |o 4+ v+ k| 2 2
Therefore in this case, by using Cauchy-Schwartz we have
TN < OKA M fu 2 [[o] g2 | 2. (3.4)

Here we gain a small factor M 1. To lower by as much as possible in order to weaken
the restriction of Case 1, we need to apply Lemma 2.8 to estimate J&5M.

o If [o]* > |¢|*2. Denote by JEM the contribution of this region to JI&M.
Since |&;| < 1, using (3.2) we get |o1] = C|[€|?|€,1], and then €] < C(a1)/2|&|71/2.
Thus

C‘§| _ CM71/2K751
<0>b’<01>b+b1<02>b = (a)b'( >b+b1 61(0-2>b’

where §; > 0 will be specified later. Using Lemma 2.8 we obtain the bound

K(T7CaTl741) <

c
J241 M1/2K§1 Hu||L2||U||L2||wHL27 (35)
provided that
1
2b+b/—b1—§—(51>1. (36)
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o If o> < |¢|”2. Denote by JI&3 the contribution of this region to JI&M.
Then
Clet—" _ CM~ =4 K%

(V=01 (0 Y501 (g S (W (g )oH01— 52 =02 (00

K(TﬂCaTlaC1) <

where 0o will be specified later. A use of Lemma 2.8 gives

C
KM
M < e el (3.7)

provided that

1—by
20+ b —
+ 2

— g > 1. (38)

The factors K% and K° in (3.5) and (3.7) help us to lower b;.

(i) An interpolation between (3.4) and (3.5) with weights 2+ and £ —, respec-
tively, yield
CM®

—5p lullzz vl L2 lw] L2,

KM
‘]241 < K

with 67,65 > 0 and

(i_bl)(g—’—)_él(%_) <0, that is, 51>%—2b1-

(ii) An interpolation between (3.4) and (3.7) with weights g:ggz + and 3_12b2 -,
respectively, yield

CMd%
Ji' < W”u||L2||UHL2”wHL27

with 67,65 > 0 and

G _bl)(:%,:;ZZ +) —52(371%2 —) <0, that is, dy > (% —2b1)(1 ~ by).

We also know from (3.6) and (3.8) that

3 b 3

SL<2b4b +b—2, 5>204+b0 + = — 2.

2 2 2
Note that since we have
1

b>§, b/+3b1>1, b/+2b1+b2—2b1b2>1,

we are able to choose the proper d7, 02 to satisfy the above conditions. Therefore,
summing over K and M we obtain

Jaa < Cllull 2 ||vll 2wl 2.

This completes the proof of Theorem 1.2. O
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4. LOCAL WELL-POSEDNESS

We will apply a Picard fixed-point argument to the integral equation (1.8).
Let ¢ (t) be a cut-off function such that 1 € C§°(R?), suppy C [~2,2], and ¢ = 1
n [—1,1]. For T > 0, let ¥ (¢t) = ¢(¢t/T), and define the “temporally truncated”
operator

Lut) = $(H)S(t)é — vr(t) / " S(t — )0, (a2 () dt. (4.1)
Now define the space Y152 to be the sopace equipped with the norm

lllysores = 167 = pE M) )=, &) 12,

Then we can write the norm in X si%ébQ as
||“|‘X§fllgv2b2 ~ lullyvoron + llullystorsr-bass - (4.2)
Using Lemma 2.1 and Lemma 2.3 in [9] we have
Lemma 4.1. Let 0 <e < i, b= % +e€ V= % — 2¢, and s1,82 € R. Then
[¥(@&)S@)Pllyv.1.00 < Ol o102,

Jir [t )stutey

SCTNf(W)lly o165 -

Ybis1:82

From (4.2) and Lemma 4.1 we get

Proposition 4.2. Assume 3 <0 and~y > 0. Let 0 < e < i, b= %—&—e, b = %—26,
b1,bo > 0, and s1,s2 € R. Then

||Lu||xb’b1’b2 < Cllpll a2 + CTEHUUZDHX*I”vbl,bz' (4.3)
81,89 81,82
Proof. From (4.2) and Lemma 4.1 we have
||LU||X:,11)£‘21;2 ~ HL’LLHYz;,sl,sz + ||Lu||yb-¢-b1,s1—52,52
S Ol mere2 + 10l grer—paisn) + CT (lutig|ly —vr,0100 + [Jtthally 0101 0.5 )
S Clllaeree + OT |Juttall 010, -
1,52
Hence the proposition is proved. (Il
Now we can prove Theorem 1.4 on the local well-posedness

Proof of Theorem 1.4. Using Theorem 1.3 with b = % +e b = % — 2¢, and Propo-
sition 4.2 we obtain

HLU||X11/2§’1/6+>1/3 < Ol oree + CT€||U||§(1/2+,1/6+,1/37 (4.4)
S1,8 51,82
HLU - LU||X1/2+,1/6+,1/3 < CTEHU + ’U||X1/2+,1/6+,1/3 ||u - U||X1/2+,1/6+,1/3. (45)
s1,82 s1,82 s1,82
Choosing
1
T =

(5C2[|p[l o2 )
we deduce from (4.4) and (4.5) that the mapping L is strictly contractive on the ball

of radius 2C||¢ || ger.e» in X&/251/6T1/3  This gives the existence and uniqueness of
solution to the truncated problem (4.1), hence also proves the existence of solution
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u € Xsll/ij’l/GJr’l/?’ to the full integral equation (1.8) on the time interval [—T, T
with T = T(||¢|| grs1.52 ). Furthermore, choosing T' small enough to make ¢, ¢y = 1
on I = [T, T], we conclude the local existence and uniqueness of the solution to
(1.8).

To prove the continuity of the flow map ¢ — wu, we consider ui,us are two
solutions on [T, T] with initial data ¢ and ¢9 respectively. Then

||u1 - U2||X;1/2:;1/6+,1/3 QCH(ZH — ¢2HH51,52+
C’T€||u1 + UQHX1/2+,1/6+,1/3 ||U1 — U2HX1/2+,1/6+‘1/3,
51,89 51,52

which immediately implies the Lipschitz continuity of the flow map.

5. EXPONENTIAL DECAY OF SOLITARY WAVES

This section is concerned with the exponential decay of the solitary waves to
equation (1.1).

Let H*(R?) = NyuenH™(R?). Inspired by the argument in [6], we have the
following regularity results for solitary waves.

Proposition 5.1. Assume 3,7 > 0 and ¢ < 2v/B7y. Then any solution ¢ of (1.16)
belongs to C>=(R?)NH>(R?). Moreover, D '@ and all its derivatives decay to zero
at infinity.

We will first set up an integral decay estimate for the solitary waves. Let B,
denote the ball in R? with radius r centered in origin and

Q. =R:\B,,1, (5.1)

be domains for positive integers n and L > 1 a number to be determined later. We
have

Lemma 5.2. Under the assumption of Theorem 1.6, for any solitary wave ¢ of
(1.1) there exists positive numbers C = C(8,¢,v,¢) and a = a(B,¢,7y) such that

/ Qrp + 02+ oo + @ < Cem2en (5.2)

n

is valid for every positive integer n.

Proof. Let L > 0 as stated in (5.1). For each positive integer n we set x,(r) :
(0,+00) — [0, 1] be piecewise smooth affine function such that

Xn(r) =0, if r<nL, Xn(r)=1 ifr>(Mm+1)L
and for nL <r < (n+1)L
4

’ 1!
< —.
MAGINNAGIE

Replacing 7 by /22 + y2, we consider y,, as a function of (x,y) in plane R%. For
simplicity of notation let Xy vaz; Xn,z @nd Xn,y be the second partial derivative of xy,
with respect to x and the first derivatives to x and y, respectively. By the choice of
Xn We see these partial derivatives vanish in the ball B,,;, and the exterior domain
Qpt1, and

(5.3)

&1

|Xn,acm(55ay)|a |X7L,-”L'(‘Tay)|a |Xn,y(xay)| <
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in annular domain nL < r = /22 +y> < (n+1)L.
Taking derivative with respect to x, (1.16) is rewritten as
ﬁ‘ﬁzzxm + CPrx — Pyy VP = (@2)11’ (54)

We multiply terms of (5.4) by X, and integrate on R?, respectively. Using several
integrations by parts and recalling x,, = 0 in B,,r, it follows that

n n

= /Q (XnPzz + Xn,z2P)Pre — Xn,:vz‘piv (5.5)
2 1 2
- XnPPrz = (Xn@)z@z = XnPy — §Xn,mz90 ) (56)
Qo Qn Qp
2 1 2
- XnPPyy = o (Xn‘P)y‘Py = 0 Xn¥Py — §Xn,yy§0 ) (5.7)

and

| (s = / () 52 (5.3)

Multiplying equation (5.4) by X, and integrating on R? then using (5.5) and (5.7),
we find

/ Xn(BP2e + Cozatp + 02+ 719%)
Qn,

1
§Xn,yy§02' (59)

By Proposition 5.1, it follows @..(z,v), vz (2,v), o(x,y) — 0 as r — +oo. Then
0 < xn <1 and (5.3) implies that there exists a positive integer ng such that for
r > nglL

= / XnSO( )ww + ﬁXn $$<)0;1: ﬁXn,mcSO%Ozw +

n

1

‘(Xn@)mm(xa y)| = |(Xn50rz + 2Xn 2Pz + Xn,mchO)(zvyN < ’

from which and (5.8) we have for n > ng

'/ Xnp(p / | (xn @)z’ < %/ﬂ ©°. (5.10)

We rewrite (5.6) and apply Holder inequality to get

2 1 2
XnPy = —XnPPza + §Xn,zz§0
Qn Qn

1 1
/ §Xn903:gc =+ i(Xn + Xn,mm)@z- (511)
Qn

N

Now we come to prove (5.2) in two cases according to the sign of c.
(a) 0 < ¢ < 2y/B~. In this situation we see, by the Holder inequality, there is some
positive constant § depending only 3,7 and ¢ such that for all (z,y) € R?

8(p2, + ¢°) < B2, + cPaap + 797 (5.12)
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For simplicity of notation, let

E, = / Xn(BP2g + Cozatp + 797 + 002 + ©2),
F, = / B2y + Cozatp + 1P + 802 + o2,
Qn

where § is determined in (5.12). Note that comparing with the left hand side of
(5.9), we add a term d¢? in E, and F,, respectively. Recalling x,(z,y) = 1 in
Q,,41, the nonnegativity of the right hand side of (5.12) leads to

Applying the Holder inequality to the third integral of the right hand side of (5.9)
and using (5.10) and (5.11), we see that E,, is less than

1 1 2
[ 5 (50 Bl )+ Bl + 5 (530 + 6+ BNl + x| + 3 ) 2

under the condition n > ng. By (5.3) we can take L sufficiently large such that the
preceding integral, and therefore E,, is less than

3
Z/ 5(p2, + O + ©2).
Qn

Taking into account (5.12), we deduce for n > ng

3
TP (5.14)

it is deduced from (5.13) and (5.14) that F,1 < 2F, for n > ng, which implies for
n = ng

E,

N

3 n—no
F, < (4> Fry = Ce_QomLz

—ng

with C' = (%) F,, and o = L |1n

ST | It then follows the preceding inequality
for F,,, the definition of F,, and (5.12

7l
71
that

2 2 2 2 —2anlL
/Q 0Py + 00y + 00 + ¢y < Ce

for n > ng. The estimate is also valid for positive integers n < ng if C' is taken
sufficiently large. Replacing C by (min{1,})~*C we have proved (5.2) in the case
0<c<2ypy.

(b) ¢ < 0. In this setting, we introduce notation

G, = /xn(ﬁwﬁx—cwi+@§+w2),
Qp

Hy

/ Bprs — o2 + 0 + .
Qn

Then x,(z,y) =1 in Q,41 and ¢ < 0 imply
H,1 <G, (5.15)
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By (5.6) and (5.9) we have

C
Gn = / Xn(BP2g + COPaz + 02 + 160°) = =Xnaa®”

Q, 2

n

1 c
+7Xnyyy902 - 7Xn,aca:902~ (516)

2 2

Applying Holder inequality to the third integral of (5.16) and then using (5.10), we
see that G,, is less than

1 1 2
[ 5P el + Blinnal? + 5 (=l + Bnssl + Pl + 7 )

when n > ng. By (5.3) we can take L sufficiently large such that the preceding
integral is less than %Hn. So for n > ng

Gn

N
=]

H,. (5.17)

By (5.15) and (5.17) we get Hy, 41 < 3H,,, from which we infer for n > ng

3 e 2anlL
H, < (4> Hng = (Ce =" )

with €' = ( )_no H,, and a = 5+ ’ln %} as in the first case. Then we get

3
4 2L

2 2 2 2 —2anL

for n > ng. The inequality is also valid for positive integers n < ng if C is taken
sufficiently large. Note ¢ < 0 in this setting. With some modification on constant
C, we have proved (5.2) in the case ¢ < 0.

d

Remark 5.1. Let 1 = (I1,12) = (2,1) and p = (p1,p2) = (2,2). In terms of the
notation and terminologies of anisotropic spaces (page 165 of [5]), we get from (5.2)
that for each natural number n

lellwi,) = l#lp.a. + l#ellpo. + leyllean
lellz2(,) + leaalliz@.) + 1eyllL2@.)
< Ceonk, (5.18)
Set « = (0,0), 1 = (1,1) and q = (g1, ¢2) = (00,00). We see also that 1 < p < q
and that the basic index (see page 180 of [5] for definition)
SR 0 R . U N PSS P
P q pr b op2 2 22 21 4

Recalling ¢ is smooth by Proposition 5.1, one has

<1

g = 1Plzqgen = ess sup ( sup|¢<x,y>|>

ye z€R

ess sup|@(z,y)| = [l¢llL=(0,), (5.19)
(z,y)ER?
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where @(z,y) = o(x,y) for (x,y) € Q, and @(x,y) = 0 for (z,y) € R2\Q,.

Proof of Theorem 1.6. Note for all positive integers n, the domains €,, satisfy a
weak l-horm condition (page 153 of [5]) with the same parameters independent of
n. By generalized Sobolev imbedding theorem (see, e.g., Theorem 10.2 of [5], page
187, in the case a = (0,0) and x < 1), for all positive integers n, the norm of
Lqg(€2) is controlled by the that of WJ}(€2,) with some common positive constant
C1, that is

el g < Cillellw,)- (5.20)

For any (z,y) € R? satisfying r = /22 +y2 > L, let n be the integer such that
nL < r < (n+ 1)L. This implies (x,y) € Q,. Using (5.19) and (5.20) and then
(5.18) we get

oz, 9l < el < Cillellwa,)
< Clce—anL — ClceaLe—oc(n-i-l)L < ClceaLe—ar.

Theorem 1.6 is thereby established. ([l
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