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This paper is considering the problem of dividing fairly the worth of the grand coalition in a transferable utilities game,
in case that the coalition is formed. The computational experience for the Shapley Value, the most famous solution, is
extensive, but the case of the Weighted Shapley Value and that of the Kalai-Samet Value have been barely considered.
Based upon some results connected to the null space of the first of these last two operators, an algorithm for computing
the Weighted Shapley Value is developed. The case of the Kalai-Samet Value, a more general value, that is reducible
to a vector of weighted values, is also considered. A nice new algorithm to be used for the particular case of the Shapley
Value, is derived from the Weighted Shapley Value algorithm. Examples are illustrating the stated algorithms applied
to all cases.
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1. Introduction.

, in G N , the vector space of cooperative transferable

For a finite set of players N, n= | N
utilitity games, (TU games) , consider the bases: a) standard basis of Linear Algebra, denote it
byE={E, €G" :ScN,S =D}, where E((T)=1,if T =S, and E(T) =0, otherwise;
b) the unanimity basis, used by Shapley, (1953b), to define what is called nowadays the Shapley
Value, the basis usually denoted by U ={U, e G" :S c N,S =}, where U (T) =1, if

T 28§, and U (T) =0, otherwise. Any game V€ G N is expressed in each of the two bases as

V:ZSQNV(S)ES’ or VZZSQN AV(S)LJS, (l)

where V(S) is the worth of S, given by the characteristic function of the game, and A, (S) is

the Harsanyi dividend of S, (Harsanyi, (1959)). If the characteristic function is given, then we

say that the game is in coalitional form, if the dividends are given, then the game is in dividend
form. From (1) and the definitions of the bases, the relationships between the coordinates of the
game in the two bases are

V()= A, and A(S)=D (D)), VScN,SzQ. @)
Any functional @ : G > R", is called a Value of the cooperative TU game V € G" , or
(N,V), and D, (N, V) are the payoffs offered by the value to the players | € N. Note that for
agame (N,V), and S < N,S # @, wedenote by (S,V), the sub game in G° obtained by

restricting V to S. The Shapley Value is the most famous value, defined axiomatically by
L.S.Shapley (1953b), who was proving that there is a unique value defined by his group of
axioms. This value is given by the formula



SHi(N,v):ZSMW[V(S)—V(S—{i})], VieN, 3)

which can be used for computations, for small values of N.

It should be noted that an interesting algorithm for computing the Shapley Value was given by
Maschler (1982), based upon the idea of building recursively a sequence of games, starting with
the given game, by allocating in each step the worth of a coalition to the members of that coalition,
until all coalitions have a zero worth. Then, the sum of allocations is proved to be equal to the
Shapley Value.

In a paper by Dragan et al. (1989), a basis of the null space of the Shapley Value allowed the
authors to derive another algorithm for computing the Shapley Value, by building recursively a
sequence of games which have all the same Shapley Value as the given game, but in the last game
all values of the characteristic function for coalitions of size at most N —2 equal zero, so that the
sum (3) has only N terms, and in consequence the Shapley Value can be easily computed.

In the present paper, we intend to give such an algorithm for the Weighted Shapley Value.
This is a linear value introduced also by L.S.Shapley (1953a), associated with a positive weight

vector A € Rf .- Letus follow Kalai and Samet (1987, 1988), in defining the Weighted Shapley
Value, SH(N,V, 1), by means of its values on the basic vectors of the unanimity basis, and the

linearity, just as Shapley did for the Shapley Value. For each coaliton S < N,S # J, define
A . :
SHi(N,US,i):T'S),VIES, SH;(N,Us 4)=0,VigS§s, 4)

and assume that the value is linear. This means that for any game Ve G N , by linearity, (1) and
(4), we have

AG)
S:ieS i( S)

giving the Weighted Shapley Value in terms of the dividend form. Now, from (2) and (5), we get a
formula similar to (3), (Shapley 1953a, Th.34, p.51), precisely

SH (NV, 2) =AY 7:[V(S) V(S ~{i})L, Vie N, ©

SH(N,v,A) =4 ,VieN, (5)

where

_ D'
7s=2arcsagr gy o € NS # P 9

giving the Weighted Shapley Value in terms of the coalitional form. Obviously, the Shapley Value
is obtained for A =1,Vi e N, as shown by (4), where A(S) = |S|

1
Formulas (6) and (7) offer a first alternative for computing the Weighted Shapley Value for
games in coalitional form, a second alternative is to use (5), if the game is in dividend form. Let us
illustrate the first alternative, then the second.
Example 1. Consider a game in coalitional form

v(1)=100, v(2)=200, v(3)=300,
v(1,2) = 400, v(1,3) =500, v(2,3)=600, Vv(1,2,3)=900.
By using (3) we get the Shapley Value
SH (N, V) =(200,300,400)" .

1 31
If we take the weight vector A = (§’§’E)T , and we intend to compute the Weighted Shapley
Value of the same game, by using (7), we compute first
]/_27 7/_117/_9 yo=ly _17/ _1}/ _1
1T T T g e TR T e T i T



Then, from (6) we obtain

SH(N,v,1) = (145,%,@)1

Clearly, the computation is more difficult than for the Shapley Value, where the coefficients are
easily obtained, as shown in (3). Of course, the difficulty is increasing with the number of players.

To show the second alternative we need the dividends, to be obtained by means of (2); we have
A,(1)=100,A,(2) =200,A,(3) =300,A,(1,2) = A,(1,3) = A,(2,3) =100,A,(1,2,3) = 0.
Now, by (5) with all weights equal one we get the Shapley Value and if we use (5) for the given
weights we get the Weighted Shapley Value, the same as above.

2. A Family of Bases and the Null Space of the Weighted Shapley Value.

In the paper by Dragan et al., (1989), a basis for the null space of the Shapley Value was used
to derive an algorithm for computing the Shapley Value. This algorithm was generalized in the
subsequent paper by Dragan (1991), based upon a more general basis for the null space of the
Weighted Shapley Value, into an algorithm for computing this value. However, in the present
paper the same basis will be used to derive an accelerated algorithm, which completes the
computation in two stages, where in the first stage there are only N—2 steps, and in the second
stage the formulas (6) and (7) are used, but only N+1 coefficients are needed, followed by the
application of the formula. Moreover, the accelerated algorithm will be stated in computational
details of elementary operations. To make the paper self contained, the above mentioned basis is
discussed in this section, while the algorithm will be given in the next section. In the proof, a third
alternative method to compute the value and the weighted value will be described, and used for
computing the Weighted Shapley Values of the basic vectors.

Let A€ R, beaweight vector, and consider the set of games
W={W,eG":ScN,S =2, (8)
defined as follows: for SN, W (T)=A(T), if T=S, then W (T) :—lj, if
T=SU{]},]eS; further W (T)=0 otherwise. For S =N the middle case can not

occur. We illustrate the set of vectors W for a three person game with transferable utilities, in the
case of the weight vector considered in Example 1.
Example 2. The seven vectors associated with the coalitions can be put in the table

Wl W2 W3 Wl 2 Wl 3 W23 Wl 23
n % O 0 0 0 0 O
3
B0 2 0 0 0 0 0
1
B0 0 — 0 0 0 0
ay > Lo Lo 0 o
8 8 2
am L o0 2L o0 2 0 o
2 8 8
03 0-~ 2 o o I 9
2 8 8
a2z 0 o0 o -+ 23 Lo
2 8 8



where in WS the index S is written as a sequence of elements of S. The table has been written
in order to see clearly that the seven vectors are linearly independent, so that they form a basis in
R7, and a similar thing happens for a higher number of players, when there are 2" —1 linearly
independent vectors.

Now, we intend to compute the Weighted Shapley Values of the basic vectors in W. Note that in
the earlier paper by Dragan (1992) we computed these values by using the relationships between
the games in W and the games in U. Further, we derived algebraically the recursive
relationships between the potentials of the Weighted Shapley Values, given by Hart and Mas-
Colell (1988, 1989), instead of giving some axiomatic proofs of these relationships, and derived
also the Weighted Shapley Value in terms of the potentials. To make the present paper shorter,

here we compute the Weighted Shapley Values of the games WS by computing first the

potentials, and using further the result of Hart and Mas-Colell about the relationship of the
Weighted Shapley Value with the potentials.

For a game Ve G" and its sub games (T,V), VT < N, a potential function P for the
Weighted Shapley Value, associated with the weight vector A, is defined by the equations
APV, )~ P(T = {i},v, )] =v(T),¥T c N, ©)
with
P(3,v,4)=0. (10)
By summation, from (9), and using the standard notation A(T)= ZieT/l" we obtain the

recursion formulas
POV, 2) = 2 M)+ 3, APCT (1. A1) an

which together with (10) uniquely define a function to be considered the potential of the Weighted
Shapley Value. Indeed, Hart and Mas-Colell (1988, 1989) proved that the Weighted Shapley
Value is given by

SH.(N,v,2) = A[P(N,v,A)— P(N —{i},v, )], Vie N, (12)

(1989, Th.5.2). Clearly, beside (6) and (7), which allow the computation of the Weighted Shapley
Values for games in coalitional form, and (5) which allows the computation for games in dividend
form, formulas (10) and (11) provide a third method of computation for games in potential form.
Example 3. Return to the game and the weight vector used in the previous examples, and use the
third method. From (11) and the game given in those examples, by computations we obtain

P({l},v,1) =800, P({2},v,1) :@, P({3},v, 1) = 600,

P({l,z}v,z>=@, P({1,3},v, ) = 1560, P({z,z},v,ﬂ)=$,

P({1,2,3},V,l)=%.

By using (12), we obtain the same result as in Example 1.

Theorem 1. For any basic game W; € G",ScN,S#J, wehavefor T < N :
P(T,W;,A)=1, if T=S, PT,W;,4)=0, if T=S. (13)

Proof. Forany T <, with [T|<|S|,by (10) and (11), and the definition of W, we have
P(T,W;,4)=0, when T#S. If T =S, weget P(S,W;,4)=1. Now, if S =N,then




we have the result proved; if S c N, then for |T| = |S| +1, we have from (11) that
P(T,W;,4)=0, when S & T, because Wy (T)=0; if we have T =S U{]}, j &S, then
formula (11) shows that again P(T,W,A) = 0. Further, for all T with |T| >S+2, noterm
in (11) is different of zero, so that the theorem holds. O

Theorem 2. For any weight vector A€R], and any game W, eW, we have
SH,(N,W,,2)=0, if [S|<n-2, then  SH;(N,W,_4,4)=-4,VieN, and
SH,(N,W,,4)=4,VieN.

Proof. Formula (12) applied to the game WS for any coalition S < N, thatis
SH; (N,Wg, 4) = A4[P(N, W, 4)—P(N - {i}, W, )], Vie N, (14)
together with Theorem 1, show that both terms in the bracket are zero when we have |S| <n-2,

the first is zero and the secondis —1 when S = N —{i}, and the first term is 1 and the second

is zero when S = N. 0

Earlier (Dragan,1991), we derived from Theorem 2 a result which helped us solve the so
called inverse problem: given L € R", find out the set of games such that SH(N,v, 1) = L..

Here, Theorem 2 will help for justifying the algorithm to be presented in the next section, via the
following result:

Theorem 3. In GV , the vector space of cooperative TU games with the set of players N, for any
T, the set of games
W =W eW:ScN,S=D,[S|<n-2bUu W, +> W, o}, (19

is a basis of the null space of the linear operator the Weighted Shapley Value.

positive weight vector 4 € R

Proof. In terms of linear algebra, by Theorem 2, all the 2" —N—2 vectors W,

S|<n-2,
belong to the null space of the Weighted Shapley Value. Moreover, as shown by the same
Theorem 2, the vector W, + ZiEN W, _ijy belongs also to the null space. As the games in the set

W " are 2" —n—1 linearly independent vectors, in the null space of SH(N,V, A1) € R", while
the range of the operator is N, by the fundamental theorem of linear algebra (see, for example,
K.Hoffman and R.Kunze, 1971), the set W * is a basis of the null space of the Weighted Shapley
Value. (the nullity of the linear operator should equal the difference between dimG" =2" -1

and N, the dimension of the range, that is exactly 2" —n—1, the number of linearly

independent vectors in W " ). O

2. Computing the Weighted Shapley Values of TU games.

As shown in the previous sections, for any game in coalitional form, the Weighted Shapley
Value may be computed, either by formulas (6) and (7), or by computing the dividends and using
formula (5), as in Example 1, or by computing the potentials and using the relationship (12)
between the Weighted Shapley Value and the potentials, as in Example 3. A fourth method, the
aim of the present paper, will be based upon the null space of this linear operator, determined in



the second section. The basic idea of the algorithm can be stated as follows: to any game V € G N
we can add any linear combination of vectors from W * and the new game will have the same
Weighted Shapley Value as the original game. The linear combination is chosen in each sub step
S <N —2 such that

- all coalitions of size at most S have the worth zero;

- all coalitions of size at least S+ 2 have the same worth as in V.
The coalitions of size S+1 have their worth provided by the algorithm. Further, the algorithm is

stopped after N—2 steps and the Weighted Shapley Value of the last game obtained equals the
Weighted Shapley Value of V, and is computed either by formulas (6) and (7), or by (11) and

(12). Note that in the first case only N+1 coefficients yq,

S| =n-1,n, should be computed

by (7), then (6) will be used. Obviously, in general 2" —1 coefficients should be computed,
which is a very large number, when N is large; for example, if N =10, then 2" —1=1023,

while N+1=11. The algorithm may be organized in two phases: the first one with N —2 steps,
and the second one using (6) and (7), or (11) and (12). The details of the two phases should be
explained; we start with the second phase, in which in fact, in the proof, we used (11) and (12),
based upon the following

Theorem 4. Let We G" beaTU game satisfying

wWT)=0, VTN, T=Z,[T|<n-2. (16)
Consider
xizw, VieN, (17)
AN)= 4,
and
1 .
X=——W(N)+ > AW(N={i})]; 18
/1(N)[ (N)+>_ AWN —{i})] (18)

then, the Weighted Shapley Value of W is given by
SH,(N,w,A)=A(X-%), VieN. (19)

Proof. Taking into account (16), the weighted potentials of the games (N —{i}, W) are X

for all players 1 € N, as shown by (11); then, the weighted potential of the game (N, W) is X,
by using again formula (11). Further, (19) follows from (12). [

Now, it remains to be shown how can we build in the first phase the linear transformations able to

transform any game V& G" into a game We G" satisfying (16), such that the Weighted
Shapley Value is unchanged. The procedure, to be used in the first phase of the algorithm is a
sequencial one, based upon the null space of the Weighted Shapley Value, as explained above.

Let S beaninteger, 1 <S < N-—2, such thateither S=1, or,if S>> 2, suppose that a game

v e G" derived from V° =V is available, satisfying

v'(T)=0,vT =N, VT N,

T|<s-1, (20)
and

SH(N,v*",1)=SH(N,Vv, 1), (1)
where Ve G" is a given TU game. Suppose that V™' (T)# 0 for some coaliton T < N,

with |T| =S, and S<N-—2. Then, the derivation of the game V° & G" satisfying conditions
similar to (20) and (21) is explained by the following



Theorem5. Let V¥' €G" bea game satisfying (20) and (21), and S <N —2. Then, the game

51
vi=v _ZT:\T\zs V/l(-?;)WTa (22)

where W, are the games in W explained in (8), and A(T) = ZieT A, forall T = N, with

|T| =S, satisfies the conditions obtained from (20) and (21) by changing S intoS+1.

Proof. As the Weighted Shapley Value is a linear operator in G N , and according to Theorem 2,
we have SH(N,W,,4)=0, forall T <N with |T| <Nn-2, by (21) and (22) we get that

(21) holds when S is replaced by S+1. It remains to show that conditions similar to (20) will
also hold. By components, (22) means

v(U)= vs‘l(U)—zT:T_s\Zl—é—T))WT (U),YU c N. (23)

If [U|<s—1, then W, (U)=0 forall U <N, when [T|=Ss, hence from (20) and (23), we
get VV(U)=0.If |U | =S, and |T| =S, then W, (U)#0 only when U =T, and in this case
we get WT ) =WT (T)=A(T), so that from (23), taking into account (20), we have
v*(U) =0. Hence, for all coalitions U with |U | <s wegot V'(U)=0. 0

Example 4. Return to the game considered in Example 1; as N =3, we can use Theorem 5 only

once, for S=1, to get a game V' e GN with the Weighted Shapley Value unchanged and with
all worth of coalitions of size one equal to zero. Formula (23) is
v(l v(2 v(3
ERCIITE) IATE T
4 4
where W,,W,,W, are the first three columns in the table of Example 2. As S=N-2, we

obtain the game denoted above by W, namely

w = (0, 0,0;@,975,32%)1

Now, we use Theorem 4 to compute the Weighted Shapley Value for the game W= v'. From
(17) we get

Vl

X1:26200a X, = 1560, X3:4600,
21 3
from (18) and the values already computed we obtain
50560
X="—"—
21

and (19) gives the values of the Weighted Shapley Value found in Example 1.

Note that for larger N we should work with huge vectors W, precisely 2" —1 vectors.
Therefore, it is more reasonable to transform the sketched algorithm into a more detailed form of

each step, by showing how the new values of V°(U) for coalitons U with |U | =S+1,
obtained from (23) could be easily computed. Recall that if T U, then W (U) =0, and if



U=Tu{j},then W, (U)= —A;. Hence, if U is a fixed coalition of size S+1, then in the
sum of formula (23) appear only the terms for coalitions T with |T| =S, obtained when we
have T =U —{]}, and this happens forall jeU. If |U | >5+2, then V'(U)=Vv""(U).
Therefore, formula (23) for a coalition U of size S+ 1 becomes
vViU)=v'(U)+ Z,-EU w.zj.

AU)-4,
To summarize: in step S < N—2, the computation of the transformed game is done as follows

- the worth of all coalitions of sizes 1 to S—1, (if S>1), and S+2 to N, (if

S <N —2), are unchanged;
- the worth of coalitions of size S becomes zero;

24)

- the worth of coalitions of size S+1 are computed by formula (24).
Example 5. Return to the computation done in Example 4. We have V(1) =Vv(2)=Vv(3)=0

and V(1,2,3) =900, while the coalitions of size two get the new worth provided by (24):
v(2) A+ v(1) A = 2300
A, A 3

| vi3) , v
v(1,3)=v(,3))+—A +—=A1, =975,
(1,3)=v(1,3) 7 A4 ) A

v'(1,2)=v(1,2) +

b

V(2) A= 3275

A, 3
Now, the computation of the Weighted Shapley Value continue with stage two, like in Example 4,
because S=N-—2.

| vid)
v(2,3)=Vv(2,3)+ A, +
4

The step S of the algorithm may be described as follows

Initialization: S=1,v*"' =v’ =v,k =0.

Stage 1. As long as S<N—2, for each coalition of size S+1, say U ={i,,...,I I},

compute A(U ), then sequentially the ratios
VU~ i)
N L

, for j=1,...,5,5+1, 25
-4 =

and for each ratio computed add it to the number K, the sum of V*"'(U) with the sum of the
ratios previously computed, until all j=1,...,5+1 have been considered. Then, either take
another coalition U with |U | =S+1, and S<N-3, change S into S+1 and repeat, or if

all coalitions have been exhausted, go to stage two.
Stage 2. Compute X, Vi€ N, then X, then SH(N,V, 1), by means of formulas (17), (18),
and (19), respectively, and stop.

Note that this algorithm may be used to compute the Shapley Value, which is the particular case
A =1,Vi € N. In this case, the ratios (25) become

sl g
L{J}) \V/J cU. (26)
S

2

The algorithm described above will be asking us to compute



vS(U):v“(U)+%Zj6U V(U -{j}), VUCN,

U|=s+1. 27)

Example 6. Return to the game for which the Shapley Value was computed in Example 1. As
N =3, only one step is needed in Stage 1; we have

vVii)=v'(2)=v'(3)=0, Vv'(1,2,3)=900,
as in Example 5, and we use (27) for the coalitions of size two:
VI(1,2) =v(1,2) +v(1)+Vv(2) =700,  v'(1,3)=Vv(1,3)+Vv(1)+V(3) =900,
v'(2,3) =Vv(2,3)+V(2)+V(3)=1100.
Now, by (17) and (18), where W = V! , we obtain:

1 1 1
X];@;SSO’ X2:M:450, X3=M=350,
2 2 2

and
X = %[vla,z, 3)+V'(1,2)+V'(1,3)+V'(2,3)] =750,

then, from (19), we get the same Shapley Value as in Example 1.

3. Application: computing the Kalai-Samet Value.

Let S=(S,,...,S,) be an ordered partitionof N and A &R, be a positive weight vector.

The pair (A,S) is called a weight system. If S = (N), then the weight system is called simple.
We follow Kalai and Samet (1987,1988) in defining their weighted value:
For a weight system @ = (A,S), the Kalai-Samet weighted value of a game, is a functional

k:G" - R", linearon G", and defined by its values on the unanimity basis: for each player
i e N, wehave

4
FICEY
where S'=SNS,, with Kdetermined by K=max{j:j=1...,m,S NS; #J} and
A(S') thesumofall A for heS', when 1€S', and x,(Ug;,@)=0 when i¢S' If

the weight system is simple, then, as (28) and (4) show, the Kalai-Samet Value is the Weighted
Shapley Value. In words, the above definition is constructive, so that we can compute the Kalai-

KU, @) = (28)

Samet Value as follows: consider some coalition S; find outS N S,,...,SMS_, to determine the
index K, the largest for which we get a nonempty intersection (we got also S'=S NS, ); for

each 1€S' we compute K; by (28), take all other components equal to zero, and use the
linearity.

In the following, The Kalai-Samet Value will be denoted by &(V, @), where Ve G"
and @ is a weight system. From (1) and (28), based upon the linearity, we get

K(V,@) = ZSQN A,(S)xUs,m). (29)

Apparently, this formula together with (28) is the only way to compute a Kalai-Samet Value for a
given game in dividend form. If we choose this path, we have to compute the dividends of the
game, then the Kalai-Samet Values of the basic vectors of the unanimity basis, and use (29). We
intend to show that a second path is possible by usimg an algorithm for computing the Weighted
Shapley Values.. The algorithm will be used to compute the Weighted Shapley Values of m



auxiliary games, where M is the number of blocks in the ordered partition associated with the
value. The game may be given either in coalitional form, or in dividend form.

Let (/1Sl yeees ﬂsm ) be the partition of the given weight vector corresponding to the given
ordered partition S=(S,,...,S,) of N, and @; = (isj ,S;), be the simple weight system
defined on all S s j =1,...,M. We intend to show that the Kalai-Samet Weighted Value is a

vector comprising M sub vectors where each sub vector is a Weighted Shapley Value of an

auxiliary game V]-‘ €G™, J=1,...,m, associated with V. First, notice that the expansion of any

N . - . .
game V € G in the unanimity basis can be written as a sum of games

V=210, 60)
Vl = ZQQSI AV (Q)UQa

v, = ZQQSJ,W[ZRQSN..U% A(RUQU, 4 } j=2...m. G

In the sum found in the interior bracket we have also a term for R = .
For example, if we have a four person game and S =(S,,S,), with S, ={1,2},S, ={3,4},

then the expansion (31) can be written

v, =A,(DU, +A, (U, +A,(1L,2)U,,, v, =[A, G, +A, (LU, + A, (2,3)U,, +
A(1L,2,3)U,,, 1+ [A, (AU, +A, (LU, +A,(2,4U,, +A,(1,2,4)U,,,]+
HA, 3, AU, + A, (1,3,4)U 5, +A,(2,3,4U 5, + A, (1,2,3,4U ., 1.

In the second formula, we separated the terms corresponding to the coalitions Q = {3},Q = {4},

where

and Q ={3,4}, which will make clear the discussion here below. Obviously, a similar situation

occurs if there are more than two blocks in the ordered partition.

Now, in (30) and (31), we can use the linearity to compute the Kalai-Samet Value as suggested by
formula (29), as shown in the next example

Example 7. Consider the four person game

v(l)=0, v(2)=-10, v@3)=10, v(4)=0,
v(1,2) =25, v(1,3)=30, v(1,4)=10, v(2,3)=10, v(2,4)=10, v(3,4)=30,
v(1,2,3)=50, v(1,2,4)=30, v(1,3,4)=50, v(2,3,4)=40,
v(1,2,3,4)=100.
. L . 11 11,4

Suppose that we are given the above partition and the weight vector A = (Z,E,E,E) )

The dividends, computed by formula (2) are: 0,—10,10,0 for singletons, 35,20,10,
10,20,20 for coalitions of size two, —15,—25,—10,—10 for coalitions of size three and 45
for the grand coalition. Then, we get

KU, @) =(1,0,0,0)", x(U,,@)=(0,1,0,0), K(un,w)=(%,%,o,0f,

and, by using the dividends and (29), we obtain for V, :

105 5
k(v,@)=(—,—=,0,0)".
4 4
When we compute the values for the unanimity vectors appearing in the same bracket we noticed
that we get the same results for all of them, as follows
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kU;,@)=xU,,,@) ZK(U23,ZU)=K(U123,ZU)=(O,O,I,O)T,

kU, @)=xU,,o)=xU,,m)=xU,,,,@)=(0,0,0, l)T
1 3+

kU, @)=k, m)=xkU,,,@)=xU,,,,, @)= (004 4),

where the weights shown above have been used. In this way, from each bracket we can factor out
the Kalai-Samet Value of the corresponding unanimity vectors and the sums of the dividends are

25, 5, and 45. In this way, we get for V, :

K(v,,@) = 25(0,0,1,0)" +5(0,0,0,1)" +45(0,0 % %) =(0,0 MTS 155

The Kalai-Samet Value of the given game, obtained from (30) by linearity and the above

o 105 5 145 155+
computationis x(V,@) = (— 112 )"

The above example 7 suggests a second algorithm for computing the Kalai-Samet Value. On

G ,]=12,...,m, define auxiliary games,V}‘, by using the dividend forms, relative to the

unanimity bases of the spaces GSJ , denoted A? , as follows:
A(Q)=A,Q),VQcS,
A Q=205 AMRUQLVQCSS;, j=2,..m, (32)

where in the sum R =(J is included. Of course, taking into account formulas (2), we can write
also the coalitional form of the auxiliary games:

V;(S)ZVI(S),VS <SS,
V]T(S) =V(§,U...US; | US)-V(5,U...US; ),VSc S, j=2,...,m.  (33)
Now, if the unanimity basis in G is denoted by Ul = {X(J2 eG® Qc Sj}, j=L...m

each game can be written as

o * J
V= qusj A(Q)XS. (34)
Denote by @’ = (4, Sj ), ] =1,...,m, the simple weight systems on each block, and we have
K(V;,ZUJ)IZQQSj A Q) (X, @), j=1,...m. (35)

As @' , ] =1,...,m, are simple weight systems, the Kalai-Samet Values for the basic unanimity
vectors are Weighted Shapley Values, to be computed by (4) and (5). In this way we get
k(v;,@')=SH(S;,v;,4), j=1,...m. (36)

We proved the main result of this section:

Theorem 6. For a TU game V€ G", in coalitional form, and the weight system @ = (1, S),
where 4 € R}, is a positive weight vector and S =(S,...,S,,) is an ordered partition of N,
let V}F cG® ,J=1,...,m, be the auxiliary games derived from V by (32), or (33), and let
A :(ﬁ,sl,...,/lsm) be the corresponding partition of the weight vector A. Then, the Kalai-

Samet Weighted Value x(V,@) is given by
x(v,@)=[SH (Sl,vl*,/lSl ), SH (S, m,/l )N (37).
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Example 8. Return to the game used in the Example 7, and use the new procedure for computing
the Kalai-Samet Value. The Weighted Shapley Values of the basic vectors corresponding to the

weight vectors /151 Z(%,é) and A = l,% , are

206
31
SH (S, %, 45 )= (1,0)", SH(S,,x,45)=(0,1)T, SH(Sl,xfz,/isl):(Z,Z)T,

13
SH(SZ,X32,/152)=(1,0)T, SH(SZ,Xf,lsz):(O,l)T, SH(SZ,X324,2"52):(Z,Z)T.

Now, by (35), where we use the dividends already computed in Example 7, precisely
A (1)=0, A[(2)=-10,A;(1,2) =35, for V,, and those computed by formulas (32) from
the ones of Example 7, precisely A; 3)= 25,A; 4= S,A; (3,4)=45, for V;, we obtain
105 5 145 155)T
4° 4 4° 477
so that by putting them together we get the same result as in example 7. Obviously, we were able
to compute the coalitional form of the auxiliary games by using formulas (33), then use the

algorithm developed in section 3 to compute the Weighted Shapley Values, in case that at least
one of the blocks had three or more players.

SH(Slavraﬂ’Sl):( )T’ SH(Szavzaﬂ’Sz):(

Remark. Beside the references connected to our paper, we point out that there are a few
important references for the reader who would like to find out more about the relationships
between the Weighted Shapley Values and other concepts of solution for cooperative TU games,
namely:

D.Monderer et all., (1992), “Weighted Shapley Values and the Core”, International Journal of
Game Theory, 21, 27-39.

V. Vasiliev, (2007), “Weber Polyhedron and Weighted Shapley Values”, International Game
Theory Review, 9,1, 139-150.
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