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Abstract — In this paper, we solve the Inverse Problem for the class of values called the Multiweighted Shapley
Values, introduced earlier by the author. This class includes the well known Shapley Values, the Weighted
Shapley Values, the Random Order Values, the Harsanyi. Examples are illustrating the results.
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MULTIWEIGHTED SHAPLEY VALUES.

In Linear Algebra we learned that in a vector
space A with dimension P, if {BI’BZ""’Bp}

is a basis, then any V € A can be written as
v=4B+BB,+..+ 5,B,, (1)

where S € R” is the vector of coordinates of V
in this basis. Obviously, (1) can be written in
vV =B/, where B is the matrix
of basic vectors. It is well known that the set of
TU games with the set of players N is a vector

p=2"-1. In

matrix form as

space A=G" with dimension

G" the two most popular bases are the standard
basis and the unanimity basis. Denote by

U={Ue G":Sc N,S #J} the unanimity
basis, where we have U (T)=1VT 25, and
U (T) =0, otherwise. No confusion could occur

if U will denote also the matrix of unanimity
basic vectors. Then, as noticed above, any game

veG" can be written as V= UA, where the
A=(A,(S)), has the
components A, (S), called the Harsanyi dividends

vector of coordinates

of coalitions S. The standard basis is well known
and if we denote by E the matrix of standard

vectors, then we have also V=EV, where we
denoted by V =(V(S)) and E is the identity

matrix. The relationships between V and A are
also well known, and are given by V =UA.

Any functional @ :G" = R" is called a
value, and @, (V) is the outcome offered by the

value to player 1€ N. In [1], L.S.Shapley
introduced axiomatically his value and obtained the
Shapley Value formula. By using the axioms of
linearity, dummy player, efficiency, and symmetry,
R.J . Weber derived in [2] the Shapley Value
formula, which was obtained in [1] by using the
unanimity basis and an equivalent system of
axioms. Moreover, by omitting the symmetry and
introducing instead the monotonicity, in [2],
R.J.Weber derived a class of values called the
Random Order Values, which generalizes the
Shapley Value. In [3], we introduced the
Multiweighted Shapley Values, (MWSVS), values

which satisfy the linearity, the dummy player and
the efficiency axioms; obviously they also
generalize the Shapley Value. In this section, we
present the MWSVs, by using the unanimity basis.
R.J.Weber obtained in [2] his results by imposing
the axioms on the standard basis of the vector
space.



A value @ is a linear value if for any pair of
games V and W, and any real numbers « and

[, we have
O(av+ W) =ad(V)+ SO(W). (2
The property can be extended to any number of
games. From V=UA,if ® is a linear value, we
get
D) =D DUHA(S), (3)
ScN

or, in matrix form, ®(V)= AA, where we have

denoted the 2" —1 columns of the matrix A by
A° =®d(U,),VS = N,S # . The linear value
@ is given by the matrix A and any property of
the value can be expressed as a property of the
matrix A. The similar thing happens if we work in
the standard basis; from V= EV, if @ is a linear
value, we get

(V)= Y O(EsV(S), 4)

ScN

or, in matrix form, ®(V)=IV, where the
columns of the matrixI" have been denoted by

y® =®(E),VS = N,S # . The linear value

@ will be given by the matrix I', and any

property of the value can be expressed as a property
of the matrix I. Now, we shall give the

characterizations of the matrices A and T,
corresponding to the MWSVS, proved in [3].

Theorem 1, ([3],p.36): A linear operator @ is
a Multiweighted Shapley Value if and only if its

representation A relative to the unanimity basis in

G satisfies for all coalitions S < N,S # O,
the equalities.
A5 =0,vigS, > A=l 5)
ieS

In this case, @ may be represented by
Q) =A,{iH)+ D AAGS),  ©
SiieS,[s|>2
forall ie N.

Theorem 2, ([3],p.40): A linear operator D is
a Multiweighted Shapley Value if and only if its
representation I relative to the standard basis in

ScN,S#0,

GN satisfies for all coalitions
the equalities

yo ==yt vies, 3 Q=1 o

TT2S jeS
where we have also used for

y? =y, VieN. In this case, ® may be

convenience

represented by

(V)= VS~V ®

S:ieS
forall ieN.

For illustration, consider the following

Example 1: Let @®:G"*¥ 5 R’ be
defined in terms of the coalitional form of the game

VeG"¥ by

1 5
@) = V() + 2v(L2) V)] +
—%[V(l, 3)-v(3)]+ %[V(l, 2,3)-Vv(2,3)],
1 3
@,(1) = V) -3 1V1L2) ~v(D] +
+ % [v(2,3)-Vv(3)]+ %[V(l, 2,3)—v(1,3)],
®,(v) = %V(s) FVL3) V(D] +

—v(2,3)-v(2)]+ % [v(1,2,3)—-Vv(2,3)].

Weber in [2] proved that for a Random Order Value
all coefficients of the brackets should be
nonnegative, As it is not the case, ® is not a
Random Order Value. Moreover, we may consider

V(1) =v(2) =v(3) =—§,

v(1,2)=v(1,3)=Vv(2,3)=V(1,2,3) =1,

the monotone game

and
55 1

compute the value <D(V)=(§,§,—Z)T- As

there is a negative component, Weber’s
monotonicity condition is contradicted, hence again
@ is not a Random Order Value.

The matrix I" defining the operator is

tr 5 3 5 3 11

4 4 4 4 4 4 4
r-|3 1 5 3 1 5 1}
4 4 4 4 4 4 4
O B
2 2 2



Obviously, this was obtained by collecting the
coefficients from the definition given above, which
is representing the expression (8). The conditions
(7) can be easily checked and the operator is a
MWSV because they hold.

To get the representation in terms of the dividend

form of the game we can compute A =I'U, or
simply use V =UA in the above definition of

®.Now, write the development in terms of the
dividends. The following matrix is easily obtained:

too 2> -1 o1
22 4
A=lo 10 -1 o 2 1)
2 2 4
00102—ll
2 2 2

The conditions (5) can be easily checked and @ is
aMWSV. In [4], Vasiliev gave a good algebraic
definition of the Harsanyi Payoffs. This is done in
terms of the dividend form of the game and
contains, beside the conditions (5), the conditions

A°>0,VieS,vScN,S = .

these conditions do not hold, hence @D is not a
Harsanyi Payoff. However, one can make the final
remark, that the Random Order Values and the

Harsanyi Payoffs are MWSVS, hence all results
shown in the next section are holding for these

values. Recalling the definition of the Shapley
Value, in which Shapley obtained from the axioms

Obviously,

1 .
the weights /1,8 ZE,VI €S, and ﬂfls =0,
otherwise, we can say that the Shapley Value is a
MWSV ; of course, there are other values which

are also MWSVS. This justifies the name chosen
in [3] for the class of values introduced there. In the
next section, we give the main results of the paper,
on the Inverse problem for the Multiweighted
Shapley Values.

THE INVERSE PROBLEM.

In [5], we solved the Inverse Problem for the
Shapley Value and the Weighted Shapley Value. In
the first case, we stated the problem as follows: a

LeR" is given; find out all games
veG" suchthat SH(V) = L. It was possible to
solve the similar problem for the Weighted Shapley

vector

Value, because the main tool used was the so called

Potential Basis of G" . In the case of MWSVs
we could not find a potential basis, so that we used
another approach.  The Inverse Problem for

MWSVS can be stated as follows:
Let A beafixed N X (2" —1) matrix which

satisfies conditions (5); let L e R" be a fixed
outcome vector. Find out the set of all games

veG" suchthat @, (V)=L, where @, is the

MWSV defined by the matrix A. No confusion
may occur if we omit the index, and write the
solution as @. The Inverse Problem will be solved
by using a well known result in Linear Algebra for
a linear operator in a vector space: the dimension of
the null space plus the dimension of the range
equals the dimension of the space (see [6],p.422).
In our case the dimension of the range is N and

the dimension of the vector space is 2" —1. It
follows that the dimension of the null space should

be 2"—n-—1. To find the null space, we should

find 2" —Nn—1 linearly independent vectors in the
null space, which will form a basis for the null
space.

Theorem 3: Let the unanimity basis of G" be
{U,eG":ScN,S#D}. For all coalitions
ScN,S=D, let A° =O(Uy), where D is
a  MWSV associated with the matrix  A.
Consider the set of games W = {W; }, where

W, =U,,,VieN, 9)
Wy =Ug—> AU, ,¥ScN,|S|=2. (10)
jes

Then, W is a basis of G", and
W*={W, eG":Sc N,

is a basis for the null space of .

an

S|>2}

Proof: Clearly, W is a basis for G", asitis
derived from the unanimity basis by a proper linear
transformation. On the other hand, the games WS

with |S| >2, form a set of 2" —n—1 linearly

independent vectors. Hence, it remains to be
shown that each of these games has a null

MWSV . By using the linearity in (10), we obtain



D, We) =, (Ug) -3 47,1y, (12)
jeS
so that by taking into account that we have
O,U,;)=0,vj=i, ®,U,)=1, (13)

the sum has only one nonzero term ﬂ,ls , and the
right hand side in (12) vanishes. In consequence,
the games W with |S| > 2 form a basis for the

null space of the MWSV . 0

Now, starting from the expression V=UA in
terms of the dividend form and using the formulas

U, =W, VieN, (14)
U =W, +Z/1 .
jeS

obtained from (9) and (10), we get the expression
of the game in basis W This is
V=2 A (LW, +
jeS
s
+ AW + D AW, 1. (16)
S:S[>2 jeS

Factoring out W{ i between the first and the third

sum and taking into account formula (6) of
Theorem 1, we obtain:

V=)D (W, + D A (SW;.

jeN S:‘S‘Z2

an

This proves

Theorem 4: For a given vector L e R", and

an nNX (2"—1) weight matrix A, the
Multiweighted Shapley Value defined by the matrix
A gives the outcome L for the games

V=2 LW+ > aW,

jeN sisfz2

(18)

where ag for all coalitions S with cardinality at

least two are arbitrary constants.

Formula (18) of Theorem 4 shows that we solved
the Inverse Problem.

Example 2: For illustration, return to the above

Example 1. For the matrix A of this example and
the monotonic game specified, we have first the
dividend form

A :(_l:_la_l 2:2:
2 2

7,
5 2:__
2 2)

55 1
and the MWSV is @(V) = AA = (g,g,—Z)T .
Now, consider the Inverse problem of finding the
games for which the MWSV associated with the

55 14
=(=,—,—) . If
(8 8 4)
we write the basis W given by (9) and (10) of

Theorem 3, first in general, then by using the

entries of the matrix A offered in Example 1, and
the solution of the Inverse Problem shown by
formula (18) of Theorem 4, we get

5 3 1 1

matrix A of example 1 is

v({l})———Ea +2a13——am,
v({2}):§+%a13 %an—%am,
wion--1-2a,:1a,-La,
v({1,2}):%+%a13 ;aﬂ—%am,
v({1,3}):§—%a12 ;am—%am,
wizan=-3+La, 20,2,

v({,2,3})=1.
The solution set depends on four parameters, and in

general, depends on 2" —N —1 parameters. In this
set one easily check that our given game is obtained

7
fora,=a,;=a, =2,and a,,= —5.
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