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Abstract

A deflation technique is presented for an irreducible singular M-matrix Algebraic Riccati
Equation (MARE). The technique improves the rate of convergence of a doubling algorithm,
especially for an MARE in the critical case for which without deflation the doubling algorithm
converges linearly and with deflation it converges quadratically. The deflation also improves
the conditioning of the MARE in the critical case and thus enables its minimal nonnegative
solution to be computed more accurately.

1 Introduction
An M -Matriz Algebraic Riccati Equation' (MARE) is the matrix equation
XDX —AX - XB+C=0, (1.1)
in which A, B, C, and D are matrices whose sizes are determined by the partitioning
m n
W::<_lé 1?), (1.2)

and W is a nonsingular or an irreducible singular M-matrix. Such Riccati equations arise in
applied probability, transportation theory, and stochastic fluid models, and have been extensively
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studied. See [11, 9, 13, 14, 15, 16, 18, 19] and the references therein. It is shown in [9, 13] that
MARE(1.1) has a unique minimal nonnegative solution @, i.e., in the entrywise sense,

& < X for any other nonnegative solution X of (1.1).

Recently several doubling algorithms have been proposed to compute @ efficiently and accurately.
They include the structure-preserving doubling algorithm (SDA) of Guo, Lin, and Xu [14], the
doubling algorithm called SDA-ss of Bini, Meini, and Poloni [4] which combined a shrink-and-
shift approach of Ramaswami [18], and the alternating-directional doubling algorithm (ADDA)
of Wang, Wang, and Li [20]. We point out that the idea of using a doubling algorithm for
Riccati-type equations traces back to 1970s (see [1] and references therein). Recent resurgence
of interests in the idea, however, attributes to [7, 6] and has since led to efficient doubling
algorithms for various nonlinear matrix equations. In particular, (the optimal) ADDA is the
fastest among all doubling algorithms derivable from bilinear transformations [20].

These doubling algorithms are very fast and efficient as they are globally and quadratically
convergent, except for the so-called critical case [5]. Specifically, suppose W is irreducible and
singular, and let u,x € R™ and v,y € R™ be entrywise positive vectors such that

W @”) =0, (Z)T W = 0. (1.3)

We call MARE (1.1) is in the critical case if utz = v'y. For the critical case, the doubling
algorithms converge linearly [5], and thus are slow compared to the non-critical case. Define

(2 )

H is singular if and only if W is singular, and (1.3) implies

H <‘;) =0, <_"‘;>T H=0. (1.5)

Since the necessary condition for being in the critical case is H being singular, to speed up the
convergence, Guo, lannazzo, and Meini [12] proposed to shift away its eigenvalue 0 to a properly
chosen positive number 7:

H=H-+ nzw?t,

before SDA is applied, where z = <§> ,and w € R™*™ is entrywise nonnegative such that wT z =

1. Dramatic improvements in reducing the number of iterative steps required for convergence
were witnessed. In this article, we propose an alternative approach — deflation — to deflate out
the eigenvalue 0 of H, before a doubling algorithm, ADDA in this case, is applied. We also argue
that this shifting idea of Guo, Iannazzo, and Meini should be combined with ADDA, instead of
SDA, for better performance.

Throughout this article, A, B, C, and D, unless explicitly stated differently, are reserved for
the coefficient matrices of MARE (1.1) for which

W defined by (1.2) is an irreducible singular M-matrix, and

(1.3) holds, where 0 < u,z € R™ and 0 < v,y € R™. (1.6)




The rest of this paper is organized as follows. Section 2 presents essential properties of an
irreducible singular MARE to be used later. Section 3 outlines ADDA originally developed for
an MARE but will be applied to certain Algebraic Riccati Equations (ARESs) later in this article.
Our main contributions are described in detail in sections 4 and 5, beginning by laying out our
deflating framework and its convergent analysis in section 4 and then giving out two efficient
numerical realizations of the framework. We outline the shifting approach of Guo, Iannazzo,
and Meini [12] in section 6 for comparison purpose. Several numerical examples are presented
in section 7 to demonstrate the effectiveness of our deflating approach as well as the shifting
approach of Guo, lannazzo, and Meini. Finally in section 8 we give our concluding remarks.

Notation. R™™ is the set of all n x m real matrices, R” = R"*! and R = R!. I, (or simply I
if its dimension is clear from the context) is the n x n identity matrix and e; is its jth column.
1, , € R™ is the matrix of all ones, and 1,, = 1,, 1. The superscript «T» takes the transpose
of a matrix or a vector. For X € R"*™

L. X ;) refers to its (i, j)th entry; X(;.) refers to its ith row; X, ;) refers to its jth column;

i?j)
2. when m = n, p(X) is the spectral radius of X, eig(X) is the set of the eigenvalues of X,

and

(X0, 8) © (X — al)(X +BI)~

is the so-called generalized Cayley transformation of X;
3. | X[l = maxi<j<m > i | X(i,j)| is the £1-operator norm of X.

Inequality X < Y means X(; ;) < Y|, ;) for all (4,7), and similarly for X <Y, X > Y, and
X > Y. In particular, X > 0 means that X is entrywise nonnegative.

2 Irreducible Singular MARE

A € R™" is called a Z-matriz if it has nonpositive off-diagonal entries [3, p.284]. Any Z-matrix
A can be written as sI — N with NV > 0, and it is called an M -matriz if s > p(N); it is a singular
M -matriz if s = p(N) and a nonsingular M -matriz if s > p(N).

We call MARE (1.1) an drreducible singular MARE if its associated coefficient matrix W
given by (1.2) is an irreducible singular M-matrix. An irreducible singular MARE (1.1) always
has a unique minimal nonnegative solution @ [11] and its complementary M -Matriz Algebraic
Riccati Equation (c(MARE)

YCY -YA-BY+D=0 (2.1)

is also an irreducible singular MARE and thus has a unique minimal nonnegative solution ¥,
too. Some properties of @ and ¥ are summarized in Theorem 2.1 below.

Theorem 2.1 (]9, 10, 11, 12]). Assume (1.6).

(a) MARE (1.1) has a unique minimal nonnegative solution @, and its cMARE (2.1) has a
unique minimal nonnegative solution ¥;

(b) >0 and A — ®D and B — DP are irreducible M -matrices;

(c) Let p=u"x —v%y. Then



1. If 4 > 0, then B — D® is a singular M-matriz with® (B — D®)x = 0 and A — @D is
a nonsingular M -matriz, and ®x =1y, Yy < x;

2. If u = 0, then both B — D® and A — ®D are singular M-matrices, and dx = vy,
Uy =z;

3. If u < 0, then B—D® is a nonsingular M -matriz and A—®D is a singular M -matrix,
and x <y, Yy =x.

(d) Leteig(H) ={A1,..., Amtn}, where \;’s are ordered by their nonincreasing real parts, i.e.,
Re)j < Re); fori < j. Then Ay, and A\pq1 are real, and

Re)\ern <. < Re)\m+2 < )\m+1 <0< A <Redpo1 <0 < Re)\l, (2.2&)
cig(B — D®) = cig(B — WC) = {A1,..., Am}, (2.2b)
eig(A — @D) = eig(A — CU) = {—Amsts-- s —Aminls (2.2¢)

and

Am =0, A1 <0, if u>0;
Am = Ama1 =0, if = 0; (2.2d)
Am >0, A1 =0, if p<O.

3 ADDA: Alternating-Directional Doubling Algorithm

In this section, we briefly review the Alternating-Directional Doubling Algorithm (ADDA).
Although it was originally proposed for an MARE [20], ADDA in principle can be applied to
any Algebraic Riccati Equation (ARE), just that for a general ARE the optimal parameter
selection and analysis in [20] are no longer valid. Since later in this article we will apply ADDA
to AREs that are not necessarily MARESs, in what follows we simply state ADDA for a general
ARE. Without causing any confusion, in the rest of this section we still use

XDX - AX —-XB+C=0 (3.1)

to represent a general ARE, while in the rest of this article it is always assumed to be an MARE
satisfying (1.6).
Pick some scalars a and 3 (such that all involved inverses exist®) and set
Ag =A+ B, B, =B+ al,
Uap = A —CB.'D, Vus = Ba— DAS'C,

and
Ey=I1-(B+a)V, Yo=(B+a)B,'DU, (3.4a)
Fo=I1-B+a)Uy, Xo=(B+a)U,;CB." (3.4b)

2[9, Theorem 4.8] says in this case D@z = Dy which leads to (B — D®)x = Bx — Dy = 0.
#We know how to ensure this for an MARE [20].



ADDA computes sequences { X} and {Y} iteratively by

Epy1 = Ep(Im — Y3 Xi) " Ey, (3.5a)
Fri1 = F(I, — X3 Ye) ' Fy, (3.5b)
X1 = Xy + Fi(In — X3 Y3) "' X Ex, (3.5¢)
Vit1 = i + Ex(I, — Vi Xp) 'Y Fr. (3.5d)
In [20], it is derived that
Ep = (I - YiX) [€(R: B,0) (3.6a)
X-Xp= FBX [€Rpa)f (3.6b)
Y-Yi= EY [¢(Sa 07, (3.6¢)
Fy = (I - X,Y) (S0, 8)% (3.6d)
where X is a solution of ARE (3.1) and Y is a solution of its complementary ARE
YCY —~YA—BY +D =0 (3.7)
and
S=A-CY, R=B-DX. (3.8)

Equations (3.6b) and (3.6¢) give errors in X and Y} as approximations to the solutions of (3.1)
and (3.7), respectively. If their right-hand sides go to 0 as k — oo, X} and Yj, converge to the
solutions, respectively. Convergence in general is hard to guarantee, but for an MARE we have
the following theorem primarily from [20], except the convergence for the critical case which was
established in [12].

Theorem 3.1. For MARE (1.1), i.e., W given by (1.2) is a nonsingular or an irreducible
singular M-matriz, ADDA produces monotonically convergent sequences { Xy} and {Yy}:

0< Xg < Xpy1 <@, lim Xy =9,
k—o0

0<Y, <Y1 <V, lim Y, =¥,
k—o00

for all parameters o and B satisfying

o> Qopt d:ef max A(i,i)’ B> /Bopt d:ef max B(j,j)7 (39)
7 J

where @ and ¥ are the minimal nonnegative solutions of MARE (1.1) and its complementary
MARE (2.1), respectively. Moreover, under (3.9),

limsup @ — X | /2", limsup [|& — i |2 < p(€(S; 0, 8)) - p(€(R; B, 0)), (3.10)
k—o0 k—o0

where || - || is any matriz norm, and

<1, if W is nonsingular or singular with p # 0,

p(€ (S5, B)) - p(E(R; 8, ) { (3.11)

=1, if W is singular with p =0,

The optimal o and 8 that minimize p(€(S;a, B)) - p(€'(R; B, ), subject to (3.9), are o = aopt
and B = Bopt.-



For the ease of future reference, we summarize ADDA as follows.

Algorithm 3.1.
ADDA for ARE XDX — AX — XB+ (C =0 and,
as a by-product, for cARE YCY — YA - BY + D =0.

Pick a and S3;

A3 A+ 8I, By ¥ B+al

Compute A/gl and B !;
Compute V,5 and U,g as in (3.3) and then their inverses;
Compute Ey, Fy, Xo and Yy by (3.4);
Compute (I — XoYp)~! and (I — YpXo)™ Y
Compute X; and Y7 by (3.5¢) and (3.5d);
For k= 1,2,..., until convergence
Compute Fj and Fj by (3.5a) and (3.5b) (after substituting k + 1 for k);
10 Compute (I — X;Y)" ! and (I — Y. X;) ™}
11 Compute X1 and Y11 by (3.5¢) and (3.5d);
12 Enddo

O 3O Tt W N

Ne)

4 Deflating an Irreducible Singular MARE

Assume that (1.6) holds. We have three cases: = utz —vTy >0, =0, and p < 0. The case
i < 0 can be converted to the case u > 0 by transposing (1.1) to get

zDY7Z — zAT - BTz +cT =0, (4.1)

where Z = XT. This MARE has the unique minimal nonnegative solution T, and

AT DT\ (v _0 yT AT _pT _0
-ct BT uw) 7\« -ct BT )~
as the result of (1.3), and the new p for (4.1) is positive. By Theorem 2.1, we have ®Tv = u.
If m=1and g >0, then B— D® = 0 by Theorem 2.1(c). MARE (1.1) after setting X = &

becomes C' — AP = 0 to give & = A~LC because A is an nonsingular M-matrix.
In light of these considerations, without loss of generality, we assume from now on

p=utr—vly>0 m>2. (4.2)

By Theorem 2.1, @x = y. In what follows, we will first present a general framework for deflating
an irreducible singular MARE with (4.2), and then its convergence analysis. Two numerical
realizations of the framework will be discussed in detail in Section 5.

4.1 General Framework

The framework starts with a nonsingular matrix V e R(m+m)x(m+n) guch that

Vly=6e;, z= (Z) . (4.3)



Any numerical realization of this framework in section 5 is simply a way of constructing such a
matrix V.
& satisfies MARE (1.1), or equivalently,

H <é> = <¢Is> R, R=B-D® (4.4)
which is equivalent to
vigvv-! (é) =y! (é) R (4.5)
Partition
1 m[(Un U
N D) w)

Assuming that (U1 + Ulz@)_l exists, we have from (4.5)
-1 (1 -1
VT'HVV & (U1 + U129)

—y-! <é> (Ur1 + Upp®) [(Uu + U129) R (Un1 + U12‘15)_1] - (47

Since

1 U U -1_ -
‘/ 1 + @ - ( > ’
(@) (ta 129) (U21 + Uz2®) (Un1 + Ur29) '

we rewrite (4.7) as
I I\ ~
_1 ~ f— ~
v (qﬁ) (@) R, (4.8)

(Uzy + Uga®) (Uyy + Up9®) (4.9)
(U1 + Upa®) R (Uyy + Up9®) . (4.10)

where
b =
R=
Lemma 4.1. The first column of V"YHV is 0; so is that of P.

Proof. We have from (4.3) Ve; = 612, Thus V'HVe; =6 'V~1Hz =0, i.e., the first column
of V"1HV is 0. To show ®e; = 0, we notice

. -1 1 ([T . -1 x . -1 I o (U11+U12§p)1'
v e ()= () = v (o) o= (o oo
which gives

x=0(Un + Ulzé)il er, (U + Uxp®)x =0. (4.11)
Therefore §de; = (U1 + Uxo®) x = 0 yielding deq = 0, as claimed. O



Keeping in mind Lemma 4.1, we define matrices ;L E, 6’, 15, and 121\, E, é, D by the following
partitioning

1 m-1 n
B B 1 0 b —d
viieEv="(2 "Z)=.,..4]l0 B -D (4.12)
n \C —A ~ —~
n 0o C -A
In particular,
1 m-1 n
0 b e L (d
~ o~ ~ 1 ~ o~ ~
A=A, B_m-1(0 E)’ C= (0 C), D_m_l(ﬁ) (4.13)
Equation (4.8) says X = & satisfies the following ARE
XDX —AX —XB+C =0. (4.14)

This ARE may have many solutions, and X=20is just one of them. If this particular solution
X = & is known, then the minimal nonnegative solution @ of (1.1) can be recovered as follows:

(Usgy + Upa®)(Uyy + Upp®) ™t = ?,

= Usi + Uyp® = Qg(Ull + Ulg@)
= QUy, + BU1 2P,
= Uz — 5(]11 = (—Ux+ Q~5U12)€15.

Thus if (—Usg + 5U12)71 exists, then
® = (—Usy + Uys) ~ (Usy — $UL4 ). (4.15)
Lemma 4.1 allows us to write

b = (0 gi?) =B (4.16)

In what follows, we look for a determining ARE for ®. To this end, we substitute b= (0 5)
and the expressions in (4.13) for A, B, C, D into (4.14) to get

0 (@) 0D 102 (D E) )
& (0 #D#) - (0 %)~ (0 #B)+(0 C)=0
& ®DP— AD— BB+ C = 0.
This says that X = @ is a solution of the following ARE:

XDX-AX -XB+C=0 (4.17)



which is equivalent to

m—1
Do\ (In) s Ao o ma( B -D
A= (Y @on, Ao (D D)y

The complementary algebraic Riccati equation (cARE) of (4.17) is
YCY - YA—BY +D =0, (4.19)

or equivalently

~ (Y )% s
H = —(A-CY)].
(y)=(})-a-cm
In the above deflation framework, we assume that both
Uit + Ua®, —Uss + SUss

are invertible. Later in section 5. This assumption will be verified for the two realizations of
this framework there.

’I‘heorem 4.1. Assume (1.6) and (4.2). Suppose assume Uyy + Uio® is nonsingular, and define
& as in (4.16). Then

~

elg(H) = {)\17 te Am—h )\m+1, ey Am+n}, (420)
cig(B — D®) = {A1,..., Am_1}, (4.21)

and cARE (4.19) has a unique solution @, if exists, satisfying

cig(A — CU) = {=Ami1, - —Aman}s (4.22)
where \j (i=1,...,m+n) are H’s eigenvalues as specified in Theorem 2.1.

Proof. Equation £4.20) is a consequence of Theorem 2.1, the preceding reduction that leads to
the definition of H in (4.18), and (4.12).
We have (4.8) — (4.10). Since Rz = (B — D®)z = 0 by Theorem 2.1, using (4.11) we find

Rey = (Uyy + Upa®)R(Ury + Upa®) " 'ey = 6~ (Uyy + Upa®) Rz = 0

and thus the partitioning

1 m-—1
S (0 R
R=B D¢_m_1<0 R22> (4.23)

which together with (4.13) and & = <0 5) give Roy = B — D®. Since

eig(R) = eig(R) = {\1,..., Am}

and 0 = A\, < Redp—1 < --- < Re)p by Theorgm 2.1, we have (4.21).
Let Z € Rm+7=1)Xn 16 5 hasis matrix of H’s invariant subspace associated with the eigen-
values A1, -+ s Amtn If Z(pimyn—1,,) is invertible, then ¥ exists and is unique, and moreover

U = Z1m1.9Zomimin—1.9] " and (4.22) holds [17]. 0

9



Theorem 4.2. Assume (1.6) and (4.2). Suppose both Uiy + Uio® and —Usz + @Uu are non-
singular. Then ARE (4.17) constructed as above has a particular solution X = & characterized
uniquely by (4.21), and the minimal nonnegative solution @ can be recovered by (4.15) with

¢=(0 @)

Proof. The existence of Pisa consequence of the constructive deflation procedure above, and o
satisfies (4.21) by Theorem 4.1. That this particular solution X = @ is uniquely characterized by
(4.21) follows from the relation between the solutions of ARE (4.17) and the invariant subspaces
of H [17]. O

Theorem 4.2 suggests a natural way to compute @ by first solving ARE (4.17) for o by
Algorithm 3.1 and then recovering @ by (4.15). This leads to the following deflated Alternating-
Directional Doubling Algorithm (dADDA).

Algorithm 4.1.
dADDA for MARE XDX — AX — XB + C =0 with (1.6).

1  Compute p = ulz —vTy;

2 If 4 >0, then

3 compute A, B, C, and D as defined by (4.12) and (4.13);
4 solve (4.17) by Algorithm 3.1 for &;

5 recover @ by (4.15) with & = (0 5),

6 else

7 compute @1 instead by working with (4.1);

8 Enddo

REMARK 4.1. There are a few practically important issues to resolve for this dADDA.

1. In building ARE (4.17), we need Uj; + U12® to be nonsingular, and in recovering & by
(4.15), we need —Usy + @Ulg to be nonsingular. These requirements are satisfied for each
of the realizations in section 5.

2. Both (4.21) and (4.22) uniquely characterize the particular solution ® of (4.17) and the
particular solution &P if exists, of (4. 19) respectively. Specifically, @ is the unique solution
of (4.17) such that all eigenvalues of B — Do have positive real parts and U is the Unique
solution of (4.19) such that all eigenvalues ofA OV have nonpositive real parts. These
characterizations in principle can be used to verify that the computed solution of (4.17)
at Line 4 of Algorithm 4.1 is the right one. But such a verification can only be performed
at the end of the iterative process. In the next subsection we will show that with a
proper restriction on o and 3, this kind of verification becomes unnecessary, i.e., Line 4 of
Algorithm 4.1 will always produces the right .

3. What should o and § be for fast convergence at Line 4 of Algorithm 4.17

REMARK 4.2. So far, the existence of 7 is assumed, not proven. If it exists, it is uniquely
characterized by (4.22). One way to look into this existence issue, naturally, is to relate ¥ to the
minimal nonnegative solution ¥ of the original cMARE (2.1). We shall do it now. ¥ satisfies
cMARE (2.1), or equivalently,

H (f) _ (?) (=S), S=A—cCw. (4.24)

10



In the same way as we gotten (4.8), we can get

V'HV (i’) = (?) (-5), S=A-Cv, (4.25)

where
@ = (UHLZ/ + U12) (Uglk.p + Ugg)il s (4.26)
g = (UQllp + UQQ) S (UQlkp -+ UQQ)_l , (4.27)

assuming (Un W + Up) ™" exists. Equation (4.25) says Y = ¥ satisfies the following ARE
YCY ~YA—-BY +D =0 (4.28)

which is the complementary ARE of (4.14). Partition

p=" (%) (4.29)

and substitute this and (4.13) into (4.28) to get
0 ~\ (Y YN > (0 b (Y dy _
(6)0 ()= (2)1-6 8) () (5)-°
ez VA b dy
@>(@5@) (WA) (E@)‘F<ﬁ)“0

W(COW — A) — bW +d = 0,
“\@CP-GA-BI+ D=0
This says that Y ¥ is a solution of the complementary ARE (4.19) and v satisfies w(A C!I/)
—b¥ + d. Thus ¥ exists, provided Us1W + Uss is nonsingular. Later we will show that if u # 0,
then U1 + Uss is nonsingular for the two realizations in section 5. Unfortunately it is always
singular in the critical case as confirmed by the following lemma. But we emphasize that that
U21¥ + Usyo is nonsingular is just a sufficient condition, not a necessary one, i.e., 7 may still

exist even if Us1W¥ + Uy is singular. For example, ¥ still exists in all the critical case examples
in section 7. <&

Lemma 4.2. If p =0, then (Un¥ + Usz)y = 0 and thus Un ¥ + Usg is always singular in the
critical case.

Proof. In the critical case u = 0, ¥y = x by Theorem 2.1. Therefore

_ _ (¥ (U +Uya)y
e () (3)-
“ ‘ <y Yy (Un1¥ + Us2) y

which implies (U2 ¥ + Uaz)y = 0. O

11



4.2 Convergence Analysis

Assume, as in ADDA for the original MARE (1.1), that

> aopr & max AGgys B = Bopt © max By - (3.9)
) J
By Theorem 4.1, X=0= 5( 2:m) and ¥ are such that
I .
< > = <$> R = B DQ) elg( ) = {)\1, PN ,)\mfl}, (430&)
7 s
( > <I> =A—CU, eig(9)= {=Am+1,- -, —Amtn}- (4.30b)

Lemma 4.3. Assume (1.6) and (3.9). Let R = B— D® and S = A— C¥, and R and S as
given by (4.30). Then

p(€ (S, B)) = p(€(S; 0, B)),  p(€(R;B,0)) < p(€(R; B, ) (4.31)

and in particular

p(E (S0, ) p(€(R: . ) < p(E(S50,0)) - (€ (R; B,0)) < 1. (432)
Proof. By Theorem 2.1(b), both R and S are irreducible M-matrices. Since by (3.9)

a>max Agg) > max Sy, B> max B ;) > max Ry j),
1 7 ] ]

we have p(€(S;a,5)) - p(¢(R;B,a)) < 1 by Theorem 3.1. This is the second inequality in
(4.32). The first inequality is a consequence of (4.31) which we now prove. It follows from
Theorem 2.1(d) and Theorem 4.1 that

cig(R) C eig(R), 0ceig(R), 0¢eig(R), and eig(5) = eig(9).
Thus p(€(S; a, 8)) = p(€(S; v, B)). The proof of [20, Theorem 2.1]) implies that
p(€(R; B,0)) = [B = Auin(R)]Aumin(R) + o] 7,

where Apin(R) = 0 is the eigenvalue of R with the smallest absolute value among all eigenvalues
of R. Since —¢(R;B3,a) = —(BI — R)(al + R)™! > 0, by the Perron-Frobenius theorem [3,
p.27], we know p(%(R;[,«)) is a simple eigenvalue with the greatest magnitude among all
eigenvalues of —€'(R; 3, «), i.e., p(€(R; 3, «)) is strictly larger than the absolute value of any
other eigenvalue of —%'(R; 3, a). Since Amin(R) = 0 ¢ eig(R) C eig(R), the eigenvalues of
—%(R; B,a) are precisely those of —%€(R; 8,a), except p(€(R;f,a)). Thus p(€(R; S, a)) is
bigger than the absolute value of any eigenvalue of —Cg(f{; B, ). Therefore

p(E (R B, ) < p(€(R; B, ),

as was to be shown. O
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Theorem 4.3. Assume (1.6) and (4.2). Suppose Ur1 + Ur2® is nonsingular. Let {E},}, {F,},
{Xk} {Yk} be the sequences generated by ADDA applied to (4.17) with no breakdowns, i.e.,
all involved inverses exist. If (3.9) holds, then Xk and Yk converge quadratically to ® and W
respectively, and

lim sup & Xill'72 < p((S50,8)) - p(€(R: B, 0)) < 1, (4.33a)
—00
lim sup | — Vil < p((R: 8,0)) - p(¢(8: 00, 8)) < 1, (4.33D)
—00
where || - || is any matriz norm.

Proof. Inequalities in (4.33) are the consequences of

b %= (1- %) [6(Gi0,8) 8 [e(Rip.0)] | (4.34a)
UV, = (I - %) [%(ﬁ; 3, a)} "5 [%(@ a, 5)] " (4.34D)

Take (4.33a) for example. We have by (4.34a)

@30 (1-0[¢Gap)] B[eRsa)]")
2k 2k

— (I — 30) [%(?; a, 5)} @ [%(fe; 8, a)} . (4.35)
Since by Lemma 4.3

1/2% 1/2%

[[eGan]" | |[e@sa]”| = s@Gam n@@sa <1,

~ ~ 2k ~ 2k
r W[ (S;a,ﬂ)] P [%(R;B,a)] — 0 as k — oo. Therefore for sufficiently large k,
)~

(I — I')~! exists and*

16 — Xil|V? < (1 = D)"YV |1 - dw |/
1/2% 1/2%
1]/

2k

[%(E; 8, a)} > (4.36)

[€(S:0.9)]

Letting £ — oo in both sides of (4.36) leads to (4.33a) because as k — oo,

11— D) Y =1, |-V 1, 8V -1,

1/2k 1/2k

— p(€(S; o, B)), H [Cf(fﬁ? B, aﬂzk

H {(g(g; a’mrk p(€(R; B, a)).

That )?k and }A/k converge quadratically to @ and @, respectively, is a consequence of the in-
equalities in (4.33). O

*We assume || - || is a consistent matrix norm. This does not lose any generality because all matrix norms are

equivalent and thus lim sup ||4A5 - )/(\'k”lmk does not change with the norm used.
k—o0
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REMARK 4.3. A few comments are in order:

1. If 4 # 0, ADDA applied to the original MARE (1.1) is already quadratically convergent
[20]. But it is only linearly convergent if 1 = 0 [5]. Theorem 4.3 says that ADDA applied
to the deflated ARE (4.17) is still quadratically convergent.

2. ADDA applied to the original MARE (1.1) generates monotonic sequences, under (3.9).
But this monotonicity property is generally lost in the sequences {X i+ and {Yk} generated
by ADDA applied to (4.17).

3. Theorem 3.1 says that under (3.9) p(¢(S;a, B)) - p(€¢'(R; 3, )) is minimized at o = cvpt
and 3 = fBopt, leading to the optimal ADDA in [20]. For the current case, for fast conver-
gence we should pick o and 3 such that p(€(S;a, 8)) - p(€(R; 8, )) is minimized subject

0 (3.9). While it is not clear whether p(%(S;a, 8)) - p(€(R; 8,a)) is also minimized at
a = aopt and B = Bopy, intuitively selecting o = aopy and B = Bopt should be good. This
is what we will do in our numerical tests in section 7. <&

5 Realizations

Two numerical realizations of the deflating framework given in Subsection 4.1 will be discussed
in detail. Assume, throughout this section, (1.6) and (4.2).

5.1 By Elimination
Given an integer ig (1 <19 < m+n), set
PT = (eioa €2, .5 €in—1,€1,Cip+1,-- -, eerTL) € R(m+n)><(m+n)a (51)

a permutation matrix. Pz swaps z(j) and Z(i0) and serves as a pivoting strategy (or without one
when ig = 1), where z is given as in (4.3). Set

(1 (1
L <_2 Im-i—n—l ’ L= z Im—l—n—l ’ (523)

vi=L"1P VvV =PIL, (5.2b)
where
ﬁT = Z(_Zol) (Z(Q), e Blig—1) (1)1 Blio+1)s + - Z(m+n))

Then V=12 = Z(ip)e1- We just mentioned that Pz serves as a pivoting strategy. We call it a
complete pivoting if igp = argmax; z(;), and a partial pivoting if igp = argmax;<;<,, z(;- Simply
setting 49 = 1 corresponds to no pivoting. For the complete pivoting, ||[V||1[|V "1 < (m + n)?;
but otherwise ||V[[1]|[V 1|1 can be very large if z() is tiny relative to some other entries of z.
The involved formulas can be substantially complicated when iy > m, but are much simpler
when ig < m, especially so when ig = 1. In all of our examples in section 7, z = 1,,4,, and thus
it makes no difference with or without a pivoting strategy for them.
We can write
Pl =P=T—-wuwlt, w=e —e¢;. (5.3)
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Partition
m n m n

-1 _ m L11 0 _m w1q _m P11 P12
L _n<L21 I>’ w_n(U)Q>’ P_n<P21 P22 ‘

Use (5.2a) and (5.3) to see

pom( a0 L_1:< 1 >
n —Loy 1 ’ ! Z(1:m—1) Ip1)”’

T
Pzz:I_wlwz7

Py = —wywi for i # j.
So the four submatrices U;; of V! = L™1P partitioned as in (4.6) are

T T
Ui = Lii({ —wiwy ), Ui = —Liiwiwsg,
T

T T T
Uy = Lgl(I — wW1Wq ) —wowi, U =—Lojwiwy + 1 — waw,.

(5.4a)

(5.4b)

(5.4c)

(5.5a)
(5.5b)

Equations (4.9) and (4.15) that relate & and ® remain valid, provided that Uy, + Ujp® and

—Uyo + ®Uq4 are invertible, as ensured by Theorem 5.1 below.

Lemma 5.1 (Sherman-Morrison-Woodbury). Let E, F € RPX4. The matriz I, — EF" is in-

vertible if and only if 1, — FTE is nonsingular. Moreover

(I, -EFY) ' =1,+ E(I,- FTE)"'FT.

Theorem 5.1. Let U;; be defined by (5.1) — (5.5). Then both Uy + Ui2®@ and —Uss +(§U12 are

invertible, where @ relates to @ by (4.9).

Proof. We have by (5.5)

U11 + Ulgds = LH(I - wlwlT) - LuwleT@

=L [I—wl(wlT—i—w;F )] .

Since L1; is invertible, U1+ U;2@ is invertible if and only if T —w; (fu)lT +w2T€15) is. By Lemma 5.1,

I —wi(wl + wi®) is invertible if and only if

Cd:efl — (wi + w3 d)wy # 0.

There are three cases to consider:

1. If ip = 1, then wy = 0 and wg = 0 and thus ¢ = 1 — (v} + wiP)w; =1 > 0;

2. If 1 <49 < m, then w; = e; — e;, and wp = 0 and thus

C=1-(wi +wid)w; =1—wiw; =—1<0;
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3. If i9 > m, then wy; = e; and wy = —e;,—n, and thus
(=1- (wlT + wQT@)wl = —w;réwl = Qs(io—m,l) >0
since @ > 0 by Theorem 2.1.

Thus Ujq + Up2@ is invertible and moreover

(U + Upp®) ™! = 1+ ¢ hwy(w) +wy @)] Ly

Ll_llv for ig = 1,
= [I — wlwlT] Lﬁl, for 1 < ig < m, (5.6)
[I + 45(23 m1) e1(ef — é(io,m7:))} Ll_ll, for m < ig.
Getting to —Uso + 5U12, we have
—Upy + DU = Loyywiwy — I + wowg — §Z5Lllu)1wQT7 (5.7)
Uy + Ugy® = Lot (I — wywi ) — wowi + (—Lojwiwy + I — wyws )P, (5.8)
(Un1 + U12®) " Lywiwg = [T+ ¢ wi(wi + w3 @)] wiw; . (5.9)

Again there are three cases to consider:
1. If ig = 1, then wy = 0 and w9 = 0 and thus —Uy + 5U12 = —1I;
2. If 1 <49 < m, then wy = e; — e;, and we = 0 and thus also —Uss + 5U12 = —1I;
3. If i9 > m, then w; = e; and wy = —e;,—n, and thus
(U1 + U12d5)_1 L11w1w2T = Cilwlwg. (5.10)
Therefore by (5.8) and (5.10)
PL1wiwy = Uz + Uga®) (Ury + U1o®) ! Lyjwywy

= [La(I - wiwl) — wowi + (—Lojwiwg + I — wgwg)éﬁ] ¢ lwyws
=t [ wowy + (Lajwiwy + Pwiwy + (wowy |
= (1 — ¢ Hwwd + Loywiwy + ¢ dwiwy .

Combine this with (5. 7) to get

~Uny + U1z = —I + (T rwgwy — (L dwiwy
= —[I — ¢ Hwy — Pwi)wy ] (5.11)
which, by Lemma 5.1, is invertible if

1— ¢ lwg (wy — Pwy) = —C 1 = —@15(:; 1) # 0.

Thus —Usy + 5(]12 is invertible, too, and moreover

~ -1 —1I for ig <
(—U22 + @Um) = ' o Z,O =1 (5.12)
— [I (elo m + @( )) io— m] , for ig > m.

This completes the proof. O
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Rewrite (5.7) as
—Usy + PUpp = — [I — (wg + Loywy — §L11w1)w2T}

to get

(5.13)

50,,) wy + Logwy — ®Lyywy)wy
(—U22+¢U12> :_[I+ (w2 21W1 11W1) Wy ]

1-— wg(wg + Lojwy — 5L11w1)

The inversion formulas (5.6) and (5.13), together with (5.4) and (5.5), lead to fast algorithms
to recover one of ¢ and @ from the other. R
It is rather straightforward to extract A, B, C, and D from

VIHV = (I — 2e])PHP(I + Zef)
= PHP — %(ef PHP) + (PHP?)e] — (e] PHPZ)zZel . (5.14)

where Z = (0,27)T. The right-hand side of (5.14) lends itself for a fast evaluation of V"'HV.
In the case iy = 1, we have®

P = (O gp(:,?:m)) , D= @(:,Q:m)v é(:,l) = .%'(_S [y - ¢(272:m)x(2:m)] ) (515)

and
B\ = B(Q:m,2:m) - $(71§ x(2zm)B(1,2:m)a ﬁ = D(2:m,:) - xa% x(2:m)D(1,:)a (516&)
C = Clogm) — ) YB.2m)s A=A— 2} yDay- (5.16b)

Note also in this case N
A—®D=A—D. (5.17)

This is because @(. 1) = x@% {y — $x(2:m)}, and thus

~

T ED -1 —1
A—=®D =A—-xq,yDa) — DDy — 2y Zem) Day)
—1 = -~
=A- .’L'(l) |:y - €25*T(Qm)} D(l,:) - gﬁD(Z:m,:)
=A- Q(:,I)D(l,:) - 5-D(Q:m,:)
=A—-®D.
In Remark 4.2, we show ¥ exists if Us1¥ + Uys is nonsingular, and in Lemma 4.2 we show
U ¥ + Uys is always singular if 4 = 0. Tb\eorem 5.2 asserts that Usn1¥ + Usgs is guaranteeﬁ

nonsingular if ¢ # 0. Thus the existence of ¥ is unresolved for the case p = 0, but otherwise ¥
exists. We point out that ¥ does exist for all our critical case examples in section 7 though.

Theorem 5.2. U1 ¥ + Uy is singular when and only when p = 0.

Proof. We already know that Us1¥ 4 Usgo is singular when p = 0 by Lemma 4.2. But the
conclusion of the theorem is stronger than this. The proof below uses the explicit expressions
for Uj; given in (5.5) which gives

UV + Uyp = [Lgl (I — wlwflr) - U)QU}’IT] v — L21w1w2T +1— waQT. (518)

There are three cases to consider.

5This is not a misprint: the last m — 1 columns of & are the same as those of @.
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1. If ip = 1, then w; = 0 and wgo = 0 and thus (5.18) becomes

LW + 1= —x3yyei ¥ +1

which is nonsingular if and only if 1—56(_5 efWy # 0. Now for > 0, ¥y < x by Theorem 2.1

and then 1:(73 efwy < a:(j efx < 1 implying 1 — xaﬁ ef¥y > 0. But for p =0, ¥y = = by

Theorem 2.1 and then :c(_ﬁ elWy = a:(_S etz =1 implying 1 — :z:(_ﬁ efwy = 0.
2. If1 <49 < m, then wy = e; — ¢, and wy = 0. Write P, = I — wlwlT which is the
permutation matrix that swaps the first entry and the igth entry of x. (5.18) becomes
Lot (I —wywi)¥ +1 = —x@i) yei PLW + 1
which is nonsingular if and only if 1 — ( L el P\Wy # 0. Now for u > 0, ¥y < x by

(io)
Theorem 2.1 and then x(_@;) el Py < m(_z;) el Piz < 1 implying 1 — z ! el P¥y > 0. But

(o)
for p = 0, ¥y = = by Theorem 2.1 and then x(_zi) el POy = x(_ls) el Pz = 1 implying

1-— x&;) el Py = 0.
3. If i9p > m, then w1 = e and we = —ej,, where jo = ig — m. We have
Loy = —jei, §= y(_ai) Yy —ej+ Z/(_j;)l‘(l) Ejo-
It can be verified that Laj(I — wiw]) = 0. Therefore

T T T

Un¥ + Uy = —wowi ¥ — Loygywiwy + I — waw,
— . Ty _ 5T _e. oL

=ejoer ¥ —yej + 1 —ejoe;

=1 —(§+ejo)ej, +ejoei ¥
. el
=] — (y + €j, —ejo) <er1[10q_j>

which, by Lemma 5.1, is invertible if and only if

I — (6?%?) (7 +ejo —ej) (5.19)

-1

is invertible. Use § + ej, = y&g) Y+ Yoy T) o tO simplify the matrix (5.19) to

-1
VGt !
_y(_jo) [e’ll“wy + ) erlrwejo] 1+ erlfwejo
whose determinant is y(_ji) [e?u‘/y — :1:(1)]. Now if 4 > 0, then ¥y < x by Theorem 2.1
and thus y(_];) [elTLZ/y—x(l)] < 0. If o = 0, then ¥y = x by Theorem 2.1 and thus
y(_j;) [elTQ/y — .%(1)} = 0 implying U1 ¥ + Usgy is singular.

This completes the proof. O
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5.2 By Orthogonal Transformation
We take V to be an orthogonal matrix Q € R(m+m)x(m+n) gych that QTz = de;. Partition

_om (Qu Qr2
©=, <Q21 Q22>' (5.20)

Then V1 = QT gives Uij = Q]Z and consequently

= (Qi2 + Q?) (@11 + Q2T195)71 ; (5.21a)
= (—Q%, + PQ3) Q1 — PQT), (5.21b)

assuming QY + Q3P and —Q3y + 5@% are invertible. We know @e; = 0 by Lemma 4.1, and
& = B, 5., satisfies ARE (4.17).

Possible candidates for () include a product of m +n — 1 Givens rotations or a Householder
transformation [8]. In what follows, we will use V = @, the Householder transformation such

that Qz = —||z||2 e1, as an example, partly because then both QT; +Q3;® and —Q1, ‘1‘45@21 are
guaranteed invertibleS by Theorem 5.3 below.
The Householder transformation V' = @ such that Qz = —||z]|2 €1 is given by
-0 -0
Q=1- 2wa7 w = c €1 — z 61’ (5_22)
|2 — dexll2 gl
where
6 =—llzll2, v=lz—deil2= \/233(1)Hsz +2[|2]3. (5.23)

Partition w = <w1>7 where
w2

0<w =7 YHz—0der) €eR™, 0<wy=n~"tyeR™ (5.24)
Then the four submatrices Q;; as defined by (5.20) are

Q=1 — 2w1w1r, Q12 = —2w1wg, (5.25a)
Qo =1, — 2w2w2T, Qo1 = —2w2w1T. (5.25b)

Theorem 5.3. Let Q € RmTMX(m+n) pe the Householder transformation as given by (5.22)
and (5.23). Then both QT + Q5 ¢ and —Q3, + @QQI are invertible, where @ relates to @ by
(5.21a).

Proof. We have (5.22) — (5.25), and thus

This is not so for the Householder transformation such that Qz = ||z||2 e1. For example in Example 7.3, Q11 +

QTP = ((1) O) for the Householder transformation @ such that Q14 = 2e1, but QT, + Q1P = <__2}3 2_/2)

for the Householder transformation @ such that Q14 = —2e;.
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By Lemma 5.1, Q; + Q4,@ is invertible if and only if 1 — 2(w] + w3 ®)w; # 0 which we will
verify. We have
1 —2(wi + wyd)wy = 1 — 2wiwy — 2wy Pw

l — dex 13
=l=2

_zyllEllz + 123
zyllzll2 + 12113

— 2’11)2TQ51U1

— 2w2Tq§w1 <0

because z > 0, y > 0, @ > 0, and w; > 0. So QF; + Q3,® is invertible and

2wy (wi + w3 D)
1-— 2w1Tw1 — ngsﬁwl '

-1
(Qfi +Qn®)  =1In+
Next we have
—Qy + PQay = —1I + 2wowg — 20w wy = — |I — 2(wa — Pwi )wy
which is invertible if and only if
1 — 2wy (wa — dwy) = 1 — 2(wg wy — wy Pwy) £ 0
which we will now verify. We have
wy ( L+ QEQ@) = wy [—ngwlT + (I - 2w2w2T)€15]
= (—2w3 wo)wi + (1 — 2wy wo)wq P,
2wl wy + 2w3 dun
1-— 2w1Tw1 — QwQT@wl
1
1 - 2wiw; — 2w] Pw;
~ —1
wy bwi = wy (Qfy + Q3P - (Qf; + Qn®)  w
(—2wy wo)wiwy + (1 — 2wy wa)wy Pwr

(Q1T1 + leqj)_l wy = |1+

w1

wy,

I

1-— 2w?w1 — Qw;F@wl

wa we — w3 Pun

T T3
Wy we — Wy Pwy =
1-— 2w1Tw1 — 2w2T§Z5w1 ’

~ 1 —2wTw; — 2wlw
1 — 2(wiwy — wy Pwy) = 11 2 2

1 - 2wiw; — 2w) Pw;
1

=— > 0,
1 — 2wlw; — 2w] dw,

as expected. O

REMARK 5.1. Theorem 5.3 is proved under the inherited conditions = > 0, y > 0, ® > 0, and
®xr = y. Carefully examining the proof, one finds that the condition of the theorem can be
relaxed to

x>0, z#0, y>0 &>0,

and @ relates to @ by (5.21a). Since $x = y is never referenced, it is not required. &
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The above proof also yields

(QlTl + leds)_l = Iy +2¢  wr (wi + w3 @), (5.26a)
~ —1 ~
(-Qh+8Q%) = [l — 2 (w2 — Bun)uf], (5.26)
where
¢ =1-2wiw —2widw; < 0. (5.27)

With the help of (5.26), we can express any one of ¢ and @ in terms of the other via a rank-one
update. Details are as follows. By (5.21), we have

b= [—ngwlT +(I- 2w2w2T)Q5] [I +2¢ " wy (w;F + wQTQ)]
= [® — 2wo(w] + w3 ®)] [I +2¢  wyi(w] + wy D)]
=&+ 20 Pwy (wi + wy D)
— 2wy (wi 4 wa ) — 4¢  wy (W] 4 wg B)wy (Wi + wy D)
scalar
=&+ 20 dwy (wi + wy P) — 2 1+ 207 Y wi + w?@)wl] wo(wi + wy D)
=P+2 {C_1¢w1 -1+ 20 Y wi + wg@)wl] wy } (wi + wq P), (5.28a)
¢ = {—In + 2¢(wg — 5éwl)w;r] {—2w2w1f —®(I - 2w1w1f)}
= [—In + 2¢(we — 5w1)w2T] [—5 —2(wy — @ul)wﬂ
=& + 2(wy — Pwy)w]
— 2C(wy — Pwy)wy D — 4¢(wa — Pwy) wy (wy — Pwy) Wi
scalar

=P+2 [1 — 2Cw; (wy — ggwl)] (wy — Pw)wl — 2¢(wy — Pw: )wy ®
=& + 2(wy — Pw:) { {1 — 2Cwg (wy — @?wl)] wi — ngi} . (5.28b)

Equation (5.28b) will become handy in coding up Algorithm 4.1, where recovering @ is needed
from computed @ by (5.28b) with & = (O 5)
Extractions of the coefficient matrices A, B, C, and D for ARE (4.17) can be casily done

from the partitioning (4.12) for

VIHV = (I — 20w H(I - 2ww™)
= H —2ww'H — 2Hww" + 4(w* Hw)ww", (5.29)

where the expression in the right-hand side of (5.29) suggests an economical way to numerically
compute VIHV. R

In Remark 4.2, we show ¥ exists if Us1¥ 4 Uss is nonsingular, and in Lemma 4.2 we show
Ux1¥ + Uyo is always singular if 4 = 0. Theorem 5.4 asserts that U1 W + Use is guaranteed
nonsingular if pu # 0. Thus the existence of ¥ is unresolved for the case u =0, but otherwise v
exists. We point out that ¥ does exist for all our critical case examples in section 7 though.
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Theorem 5.4. Let Q € RmH)x(m+n) pe the Householder transformation as given by (5.22)
and (5.23). Un¥ + Uy is singular when and only when p = 0.

Proof. We have by (5.25) and U;; = JTz that
U W + Uyy = —2w2w1TLT/ +1I-— 2w2w2T =1- 2w2(w2T + w?@)

which is invertible if and only if 1 — 2(wi + wi ¥)ws # 0 which we now verify. Recall (5.23) and
(5.24) and that ¥y < x for pr > 0 and ¥y = x for p = 0. W have

29Ty + 2(x 4 | z]l2er) "Wy

_ -

Yty + (z+ ||zll2e1) 2
zyllzllz + 12113

2wy + wiw)w,

=1,

where the equality occurs when and only when ;i = 0. Therefore 1 — 2(w] + wi¥)wy > 0 with
equality when and only when p = 0. O

6 Shifting Approach of Guo, Iannazzo, and Meini

Having recognized slow convergence of SDA on irreducible singular MARES in the critical case,
Guo, Tannazzo, and Meini [12] proposed to perform a rank-one update on H to shift away one
of H’s eigenvalue 0, and then apply SDA on the resulting ARE (which is no longer an MARE,
however).

Suppose MARE (1.1) with (1.6) and x4 = "z — vTy > 0. Pick n € R to be specified in a
moment, and let

m n
- B -D
H:H—i—nszE:L(é\ —A\>’ (6.1)

where w € R™*" is entrywise nonnegative such that w'z = 1. This gives arise the following
ARE L

XDX —AX -XB+C=0. (6.2)
It is proved in [12] that X = & is the solution of (6.2) uniquely characterized by

~

eig(R) = {A1,- -, Am—1, 1},

and at the same time the complementary ARE of (6.2) has the solution v uniquely characterized
by R
elg(S) = {—Am_t,_l, ceey _>\m+n}7

where R R
R=B-D&, S=A-C0.
In solving (6.2) by SDA [14], Guo, Iannazzo, and Meini [12] picked
w = 1m+n/(1;z+nz) (6.3)
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for simplicity, and
a=pf= n= max{aopta /Bopt} (64)

to ensure’ 7 € eig(}A?) contributes nothing to p(‘f(fi; n,1)), where agpt and Bopt are as in (3.9).

It has been noted [20] that compared to ADDA, SDA will experience slow convergence if
Qopt and fopy differ substantially. Naturally applying ADDA to (6.2) would likely lead to a
faster algorithm for the same reason. The rate of convergence of ADDA on (6.2) is determined
by p(€(S;a, B)) - p(€(R; B,a)), and we will pick

o = Qopt, N = B = 5opt7 n= Bopm (6'5)

as discussed in Remark 4.3 and to make sure 7 € eig(R) contributes nothing to p(%(R; 8, a)).

For their references in the next section, we denote these two methods for solving MARE
(1.1) via ARE (6.2) by SDAs and ADDAs, respectively, with the suffix “s” standing for the shift
n (6.1). We will use the parameters in (6.3) and (6.4) for SDAs and those in (6.3) and (6.5) for
ADDAs.

7 Numerical Examples

In this section, we will present five numerical examples to test numerical effectiveness of AADDA,
in comparison with ADDA, SDAs, and ADDAs. We will use the normalized residual (NRes)
error to gauge accuracy in a computed solution @:

|BDP — A® — BB + C|

NRes = )
@ (@[l Dl + 1Al + [[Bll1) + IC]lx

(7.1)

a commonly used measure because it is readily available, and the entrywise relative error
(ERErr) and normalized error (NErr),

ERErr = max M, NErr = I# = 2]y (7.2)
i D5 12111

which are not available in actual computations but is made available here for testing purpose.

The use of £1-operator norm is inconsequential but for computational convenience, and any other

matrix norm would be equally effective in demonstrating our points. In the case of ERErr, the

indeterminant 0/0 is treated as 0. These errors defined in (7.1) and (7.2) are 0 if @ is exact, but

numerically they can only be made as small as O(u), where w is the unit machine roundoff.

In [20, 21], it was argued that the doubling algorithms SDA [14, 12], SDA-ss [4], and ADDA
[20] all can deliver computed minimal nonnegative solutions of an MARE with deserved entrywise
relative accuracy, if properly implemented to avoid harmful cancelations. But both our deflated
ARE (4.17) and the shifted ARE (6.2) are no longer MAREs and thus there is no guarantee
that all harmful cancelations can be avoided when SDA or ADDA is applied to either one of
them. This means that in general computed minimal nonnegative solutions @ may not have
deserved entrywise relative accuracy if some of the entries of @ are very tiny relative to others,
even though NRes is reduced to the level of O(u). For this reason, we will use NRes < 5x 10714
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| Example | | ADDA | SDAs | ADDAs | dADDAe | dADDAq |
7.1 NRes |2.1-107 | 3.0-107% | 3.0-1075% | 5.1-1071 | 1.0-1071®
NErr | 36-1077 |35-1074 | 35.107 | 6.3-107™ | 7.5-10°1
(€=1) || ERErr | 48-107% | 6.2-1071% | 6.2-1071% | 85.10713 | 1.5. 10713

7.1 NRes | 2.4-107'7 | 84-1071 | 43-10"16 | 5.3.10715 | 1.0-10715
NErr | 7.5-10717 [ 21-1071% [ 1.3-107*° | 1.5-107 | 3.3-1071°
(¢=10) | ERErr | 20-1073 | 2.4-10'2 | 2.3.10'! | 5.8-10'3 | 4.8 -10'2

7.2 NRes | 4.9-10716 | 3.6-1071¢ | 2.6-10716 | 9.9.10715 | 7.5.10716
NErr |22-1071% | 1.5-107% [ 1.1-107 | 2.3.107" | 3.2.10715
ERErr | 44-107% [ 2.8-1071% | 23.1074 | 1.3-10713 | 85.1071°
7.3 NRes |2.1-107" | 74-107'7 | 74-107' | 1.0-107% | 5.0-1071®
NErr | 3.6-1077 | 22.10716 [ 22.1076 | 3.0-107™ | 1.5-1071
ERErr | 36-1077 | 22-10716 | 22.10716 | 3.0-107* | 1.5- 10~ ™
7.4 NRes |2.1-107[3.2-10720{2.8-10720 | 4610717 | 9.0-107'7
NErr | 4.6-107% | 33-10716 [ 3.3-107'%2 | 2.3-10712 | 44-10712
ERErr | 46-107° [ 3.3-10716 | 33.10712 | 2.3-1071%2 | 4.4.107 12
7.5 NRes | 1.8-1076 | 1.3.107% | 1.3-10716 | 7.9.10716 | 2.5.10716
NErr |[1.0-107% | 3.7-10716 | 25.10716 | 1.5-107"° | 5.6-10716
ERErr | 1.5-107*2 [ 3.7-107% | 25.10716 | 1.5-1071 | 1.0-1071®

Table 7.1: NRes, NErr, and ERErr at convergence for all examples. Boldfaced entries are worth paying
attention to. For the critical cases (Examples 7.1 (£ = 1), 7.3, and 7.4), ADDA on the original MAREs
returns solutions with NErr about O(y/u), consistent with the error analysis in [11], even though the
corresponding NRes is already O(u). Examples 7.1 (£ = 10) is special in that @’s entries varies greatly in
magnitude and consequently SDAs, ADDAs, dADDAe, and dADDAq have trouble getting tiny entries of
& correct, even though all NErr are already O(u). ADDA would have computed @ to nearly full entrywise
relative accuracy if it had continued for two more iterations [20].

as the stopping criteria® in our tests here, instead of Kahan’s criteria [22, 20] designed to stop
the iterations only when @ is computed to its deserved entrywise relative accuracy.

All computations are performed in MATLAB with w = 1.11 x 10716, Five methods are
tested, and they are

1. ADDA of [20]. We use it as a representative for all doubling algorithms derivable from
bilinear transformations, including SDA [14, 12] and SDA-ss [4], since ADDA is the fastest
among all [20].

2. SDAs of [12] (as outlined in section 6). It is the first method ever proposed to improve

"Recall that SDA is ADDA (Algorithm 3.1) after setting o = 3, and its rate of convergence is determined by
p(€(S: 0, ) - p( (R o, ).

8Tn [12], min{||Ex||1, || Fx|/1} < 107! was used to stop the SDA iteration on (6.2). Tt unnecessarily asked too
much because X — @ is proportional to the product || Ex||1]|Fx|1. For example, Tests 2 and 3 of [12] are essentially
the same as our Examples 7.3 and 7.4. We notice on (6.2) for both examples, Xo from SDA’s initial setup is
ezact in exact arithmetic as confirmed by Maple, whereas Table 7.1 of [12] still reported that SDAs needed 5 and
4 iterations, respectively, before min{||Ex||1, || Fx|l1} < 107'° was met.
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SDA for irreducible singular MAREs.

3. ADDAs (as outlined in section 6). Since ADDA improves SDA, naturally we would expect
ADDASs improves SDAs.

4. dADDAe which is Algorithm 4.1 combined with the elimination approach in subsection 5.1.
For simplicity, all ig = 1. Actually in all examples, z = 1,,1,; so there is no need to do
pivoting to control |[V||1[|V ;.

5. dADDAq which is Algorithm 4.1 combined with the Householder transformation approach
in subsection 5.2.

Example 7.1 (]20, Example 7.2]).

B= h e RV, D=2, A=¢(B, C=¢D.
SO

-1 3
W is an irreducible singular M-matrix:

T
W1s, =0, (5_11’71) W=0 pu=(1-¢bYn.

For testing purpose, we computed for n = 100 an “exact” solution @ by the computerized algebra
system Maple with 100 decimal digits. We find that

7.4339 107" <&(; ;) < 3.8270-107", for £ =1, (7.3)
5.7251-10% <&, ;) < 6.3012- 107", for ¢ = 10.

Large variations in magnitudes in @’s entries for £ = 10 suggest that all methods, except ADDA,
may have trouble getting @’s tiny entries right. Indeed, they do.

Figure 7.1 plots the convergence histories of the five methods. For £ = 1, ADDA converges
linearly because the case falls into the critical case [5]. All methods are able to reduce NRes to
about O(u) as they should. Since @’s entries vary in magnitude by a factor about 500, we would
expect that ERErr for all be about O(500u) = O(10712) which is true for all methods, except
ADDA as shown in Table 7.1. It can be explained. ADDA is applied to the original MARE in
the critical case for which case it is argued by Guo and Higham [11] that roughly speaking a
perturbation of size € to W will result in an error in @ about O(y/€). On the other hand, the
shifting technique built into SDAs and ADDAs and the deflating technique built into dADDAe
and dAADAq make the resulting ARE (4.17) and (6.2) sufficiently well-conditioned to be solved
accurately. Guo, Iannazzo, and Meini [12] have already reported that SDAs produces more
accurate solutions than SDA. Our explanation here for ERErr applies to the rest of examples,
too.

Also for £ = 1, quadratic convergence is evident for all methods, except ADDA, as expected.
It is no longer in the critical case for £ = 10. That partially explains ADDA’s superior per-
formance. ADDA would have computed @ to with almost full entrywise accuracy if it had not
been stopped prematurely by one stopping criteria NRes < 5 x 10714 used for all. In fact, this
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NRes: Normalized Residual ERErr: Entrywise Relative Error

10° F : : : : - 10°
\x + ADDA + ADDA
* o SDAs °o SDAs
N ADDAs ADDAs
dADDAe 0 ~ dADDAe
dADDAq 10 dADDAq
10° ] T
10° ¢+ **“*M
10 =1 ]
10 &=
10 L ‘ ‘ ‘ ‘ 4 107L ‘ ‘ ‘ ‘ ‘7
0 5 10 15 20 25 0 5 10 15 20 25
Iteration Iteration
NRes: Normalized Residual © ERErr: Entrywise Relative Error
0 ‘ ‘ ‘ ‘ ‘ ‘ 10 ; ; ; ; ‘
K S B S B
o S I} S
ADDAs ADDAs
dADDAe ~ dADDAe
10° | dADDAq| | 102L dADDAq] |
-10
10 "t 7 10 B
10+ =10 1
10 1
10°} ¢ — 1
T
10°%° . . . . . . I . . . . . . .
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Iteration Iteration

Figure 7.1: Example 7.1. For £ =1 ADDA converges linearly and for £ = 10 ADDA performs the best.
Also for ¢ = 10, all methods, except ADDA (which took 7 iterations in [20], two more than here, to
deliver @ with about 15 correct decimal digits entrywise), fail to compute accurately @’s tiny entries.

example is the same as [20, Example 7.2], where ADDA delivered @ to have almost 15 correct
decimal digits entrywise in 7 iterations. The inability of the other methods to compute @’s tiny
entries accurately is evident from the right-bottom plot in Figure 7.1 and Table 7.1, even though
at the same time all methods are able to reduce NRes to about O(u). <

Example 7.2. W is an irreducible singular M-matrix, randomly generated by the following
piece of MATLAB code:

n=100;
W=rand (2x*n) ; W(n+1:2*n,:)=10%W(n+1:2%*n, :);
W=round (1000*W) ; W=diag(W*ones(2*n,1))-W;

In the end, W1y, = 0, and with m = n, the coefficient matrices A, B, C, and D for MARE
(1.1) can be readily extracted. There are a couple of comments to make about constructing W
this way. The factor 10 applied to the last n rows in the second line serves two purposes: (1) to
make A and B differ in magnitude by a factor about 10, and (2) to make sure p > 0 (although
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NRes: Normalized Residual ERErr: Entrywise Relative Error

10° 10°
10~° 1
10—10 L
10—10 i
10, ‘ ‘ ‘ ‘ ‘ L1 10, ‘ ‘ ‘ ‘ ‘ L
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Iteration Iteration

Figure 7.2: Example 7.2. ADDA is even faster than SDAs, and ADDAs, dADDAe, and dADDAq work
about equally well.

[ Ex. | \ Elimination (ig = 1) \ Householder (6 = —||z]|2) ‘
0j-1|-1 -1 0] —12 24 24
0 4 0 0 0 32 8 8
_1 1
T3 VT HY 0| 2|-2 2 91 0 8| —-16 20
0 2 2 =2 0 8 20 -16
v (0 0) -1(1 1)
0] -1 -1 -1 0] —12 24 24
0 4 0 0 0 32 8 8
1 1
T4 VT HY 0| 2|-100001 100001 91 0 8 | —900007 900011
0| 2| 100001 —100001 0 8| 900011 —900007
7 (0 0) ~1(1 1)

Table 7.2: Examples 7.3 and 7.4: V"'HV and v

not always guaranteed in theory but often it is). At the beginning of the third line, we multiply
W by 1000 and round its entries to integers so that we can save one such a W and then move the
generated W error-free to Maple to compute the “exact” @ for testing purpose. For this saved
W, we find that

4.7301-107° < P(; ;) < 1.5684 - 107>

So all entries of @ have about the same magnitude which suggests that tiny NRes implies tiny
ERErr. This is clearly the case as shown in Figure 7.2. What is interesting to see is that SDAs
is actually slower than ADDA. The reasons are twofold: (1) this is not a critical case example,
and (2) A and B have different magnitudes which SDAs (and SDA) choose to ignore but ADDA
doesn’t. ADDAs, dADDAe, and dADDAq work about equally well, with dADDAe a little worse

in accuracy, however. &
Example 7.3 ([20, Example 7.1]). In this example, m = n = 2 and

B:(_i’ _;> D=135, A=B, C=D.
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NRes: Normalized Residual
10°

ERETrr: Entrywise Relative Error
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Figure 7.3: Example 7.3.

SDAs and ADDAs get the solution in Xy from their initial setup! In fact
Xo = @ in exact arithmetic, independent of o and g, for ADDAs and thus SDAs. ADDA is linearly
convergent, and dADDAe and dADDAq work about equally well

Scaling W by 1072 recovers a null recurrent case example in [2] (see also [12, Test 7.2]). It can
be verified that

1 1
W14:0, 1IW:0, b= 122, v = 122, ,u:O. (75)

This example is small enough to allow us to write out V"'HV and ¥ in Table 7.2 for the
realizations in section 5. (So is the next example.) From the table, the coefficient matrices for
the deflated ARE (4.17) can be easily read off.

From Table 7.2, we see D= 0 for dADDAe, leading to a Sylvester equation AX+XB=C
which becomes a linear system (A + 415)X = C:

6 -2\ o 2 ~ s 1
(_2 6) X = (2) = 0] @( 2) = X = 512,
and then @ 1) = y — D9 = %12. But the deflated ARE (4.17) is still truly an ARE for
dADDAq with the Householder transformation. Figure 7.3 displays the convergence histories

ADDA converges linearly since this is a critical case example [5]. It is interesting to note that
both SDAs and ADDAs get the solution in Xy, the initial setup for the doubling algorithms

rather unusual and atypical, to say the least. In fact, our Maple code for ADDAs with arbitrary
a and 8 but n = 3 gives?, in exact arithmetic,

+

e
)

Xo=2, Yo

N | =
a
=

We did not see this phenomenon in Examples 7.1 and 7.2 both of which are nontrivial, relatively
speaking. So this kind of pleasant surprise shouldn’t be expected in general

. Nonetheless, it
comes up again in the next two examples both of which are, however, obtained from equivalently
modifying examples in [2].

&
With 8 = 0, both Xo = & and Yy = ¥, independent of o. The same happens for Examples 7.4 and 7.5.
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Figure 7.4: Example 7.4. SDAs and ADDAs get the solution in Xy from their initial setup! In fact,

Xo = @ in exact arithmetic, independent of o and g, for ADDAs and thus SDAs. ADDA is linearly
convergent, and dADDAe and dADDAq work about equally well.

Example 7.4. In this example m =n = 2, and

100002 —10° 3 -1 11
A_<—105 100002)’ B_<—1 3)’ C‘<1 1)’ b=c.

Scaling W by 1073 recovers a null recurrent case example in [2] (see also [4]). W is an irreducible
singular M-matrix and (7.5) remains valid for this example. Again D = 0 for dADDAe as in
Example 7.3. Figure 7.4 displays convergence histories for all tested methods. Asin Example 7.3,
X = @ in exact arithmetic for ADDAs and thus SDAs, as confirmed by our Maple code (with
arbitrary a and § but n = f):

Xo=d. Y= 14-8
0= 0TS s
But it is interesting to note that SDAs’ X is much more accurate than ADDAs’. This is due
to the conditioning of the involved matrices that have to be inverted. Specifically in (6.1),

- 100001.25 —100000.75 3.75 —0.25
~ \ —100000.75 100001.25 )’ —-0.25  3.75)°
For ADDA on (6.2), o = 100001.25 and 3 = 3.75 which gives A + 815 whose condition number

is 10°. Thus potentially 5 decimal digits could be lost in inverting A+ BI>. For SDA on (6.2),

a = = 100001.25 which leads to very well-conditioned A 4+ 515 and B + aly. For the same
reason, ADDAs, dADDAe, and dADDA(q delivered less accurate solutions.

)

<&

Example 7.5. This is essentially the example of a positive recurrent Markov chain with non-
square coefficients, originally from [2]. Here

A=18-T,, B=180002 I;3 —10* 1315, C =113, D=C" .

It is known @ = 118 ~1g18 = UT and p = 16 > 0. All tested methods are quadratically
convergent. As in Examples 7.3 and 7.4, Xy = @ in exact arithmetic for ADDAs and thus SDAs
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NRes: Normalized Residual ERErr: Entrywise Relative Error
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Figure 7.5: Example 7.5. Again SDAs and ADDAs get the solution in Xj from their initial setup as
they should because Xy = &, independent of a and . Both AADDAe and dADDAq take two iterations
after the initial setup, while ADDA takes five iterations.

(with arbitrary o and 8 but n = f):

1 20-8
18 20+ 8

Xo=d, Y= X 1182

Figure 7.5 displays convergence histories for all tested methods. That both NErr and ERErr
for ADDA at convergence are about 107!? can be explained by the relevant parameters in [20,
Table 7.2]. <&

From these examples as well as many more random ones, we come to the following conclusions
about speed and accuracy for the tested algorithms:

1. ADDA is linearly convergent for the critical case, but is able to deliver entrywise accurate
approximations to @, even when some of the entries of @ are extremely tiny relative to
others. But entrywise accuracy in computed @ is limited to about O(y/u).

2. The shifting technique of Guo, Iannazzo, and Meini [12] and the deflating technique in
this article can greatly improve the conditioning of an MARE in the critical case, enabling
@ to be computed much more accurately in the sense of making normalized error NErr
to about O(u). But when @’s entries vary too much in magnitude, tiny entries may lose
some or even all significant digits. When that happens, ADDA should be used directly to
the original MARE.

3. The last three examples are accidental for both ADDAs and SDAs in that Xg = &,
independent of the parameters o and 8. In general, ADDAs is faster than SDAs as one
might expect from the conclusion in [20] that ADDA is at least as good as SDA and can
be faster if A and B are very different in magnitude.

4. One may have to monitor the conditioning of the matrices that have to be inverted in all
doubling algorithms as Example 7.4 shows.
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8 Concluding Remarks

Doubling algorithms converge linearly for MARES in the critical case and quadratically for those
that are not in the critical case. Guo, lannazzo, and Meini [12] recognized it and proposed a
shifting mechanism to still retain quadratical convergence. In this paper, We establish a general
framework to deflate an irreducible singular MARE for the same purpose. Two particular
numerical realizations of the framework are presented in detail. Numerical results demonstrate
that our approach is effective and comparable to the shifting idea of Guo, Iannazzo, and Meini.

We also propose a natural improvement to the final algorithm in [12], namely ADDA instead
of SDA should be used after an appropriate shift is performed on H. The worthiness of doing
so is confirmed by our numerical tests.

The last three examples in section 7, all essentially from [2], are special in that X in ADDAs
and thus SDAs from their initial setup is exactly @. This is a pleasant surprise but should not
be expected in general as it does not happen for the first two examples in the section.

The argument in Remark 4.2 about the existence of ¥ is inconclusive when U + Uy is
singular. Unfortunately, it is always singular in the critical case as guaranteed by Lemma 4.2.
We conjecture that v always exists, despite of the inconclusive argument, but a rigorous proof
eludes us.
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