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Abstra ct . We proposethat the notion of \quantum space"from Artin, Tate and Van den
Bergh's non-comnutativ e algebraic geometry be consideredthe \non-commutativ e space"
of a quantum group.

1 Intr oduction

Analysis of solutions to the quarntum Yang-Baxter equation from the quartum inverse
scattering method is bestapproatedvia the irreducible nite-dimensional represemations of
the coordinate ring of a quantum group ([11, 12, 13, 35]). For this reasonand many others,
it is now a well-establishedfact that quantum groups are an important algebraic tool in
mathematical physics.

In the spirit of classicalphysics,a quantum group is commonlyviewed asa \deformation™
of an algebraof functions of somevariety or topological group, and sothe quantum group is
consideredto be an algebraof nhon-commuting functions acting on some\non-commutativ e
space" ([8]). Howewer, at this time, there is still much debate over whether or not such a
non-comnutativ e spaceexists although it is believed that if it does,then it should be useful
in determining properties of the quantum group and its represetation theory. The objective

of this paper is to demonstratethat a good candidate for this non-comnutativ e spaceis the
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notion of \quantum space"that arisesin the theory of non-comnutativ e algebraicgeometry
ala M. Artin, J. Tate and M. Van den Bergh ([1, 2, 3, 4]).

Roughly speaking, Artin, Tate and Van den Bergh usethe category of graded modules
of a non-comnutativ e algebraas the spacein which to do geometry The rst main success
at applying this theory to quantum groups was seenin the analysisby S. P. Smith et al.
in their classi cation of the nite-dimensional, irreducible represetations of the Sklyanin
algebraon four generators([21, 32, 33, 31]). It should be emphasizedthat many physicists
and mathematicianshad attacked this problem since1981,but without succesantil Smith
et al. succeededn 1991. Smith et al. usedproperties of the quantum spaceof the Sklyanin
algebrain order to determine structural properties of the algebra. An attractiv e feature of
this geometrictheory is that it recovers comnutativ e algebro-geometricresults in addition
to being applicableto non-comnutativ e algebras.

In Sections2-4, someexamplesfrom quantum groupswill be discussed/ia thesegeometric
ideas; namely, the Sklyanin algebra, the coordinate ring of quantum matrices and graded
Cliord algebras. In Section5, the theory of non-comnutativ e algebraic geometry will be
outlined in generalwith recert dewelopmerts alsodiscussed.

Surprisingly, within the corntext of Poissonalgebrasand quadratic quantum groups, the
points of the quartum space of the quantum group are related to the projective zero-
dimensionalsymplectic leaves of the Poissonmanifold (Theorem 6.18).

Recerntly, the theory has begunto grow independertly of deformational issues,with a
shift in emphasistowards analyzing non-comnutativ e projective sdhemesin their own right
([6, 14, 34, 42, 43]). For example,in [42], Van den Bergh has deweloped a theory of non-
commnutative blowing up at a point on a non-comnutativ e projective surfacein order to
classify the nite-dimensional irreducible represetations of the family of three-dimensional
regular algebrasin [2, 3]. Thus, an intersectiontheory and a notion of isomorphismbetween
non-comnutative geometricobjects is neededin order to comparegeometricobjects in one
\quantum space"with thosein another and this is the current focus of P. Jorgensen,S. P.
Smith and J. Zhangin [14, 34].

Throughout the paper, k denotesan algebraically closed eld sud that char(k) 6 2 and

V(X)) denotesthe locus of commonzerosof the set X .



2 The Skl yanin Algebra

In the early 1980s,using Baxter's elliptic solutionsto the Yang-Baxterequation, Sklyanin
constructeda family of gradedalgebrason four generatorsde ned in terms of elliptic functions
([29]). In [10], thesealgebras(now dubbed Sklyanin algebras)were shovn to depend on an
elliptic curve in P and an automorphism. In this section, we discussthe Sklyanin algebra
on three generatorsand the Sklyanin algebraon four generators.

It should be noted that methods which had beene ectiv e for enveloping algebras,group
algebrasof polycyclic-by- nite groups and polynomial-idertity rings were ine ective when
appliedto the Sklyanin algebras,mainly becausehey have nothing like a Poincare-Birkho -
Witt basis.

2.1 The Sklyanin Algebra on Three Generators
Let a;b;c2 k sud that (3abg® 6 (a®+ b*+ ¢%)3. The k-algebraA on generatorsx, y

and z with de ning relations
cx?+ bzy + ayz = O;

cy? + bxz+ azx = O;
¢z’ + byx + axy = O;
is the Sklyanin algebraon three generatorg([2, 3]). Considertheserelationsasbihomogeneous
(1;1)-forms on P> P? and let  denote their locus of common zerosin P> P2 It is
shown in [3] that s the graph of an automorphism of an elliptic curve E in P?, where
E=V(@+ P+ cS)xyz abdx®+ y3+ z%)). The following is proved in [3, 4].
A twisted homaen®us coordinate ring B (E) of E is obtained by usingthe automorphism
to deform the multiplication in the comnutative homogeneougoordinate ring of E. We
refer the readerto [3, 5] for details. This processproducesa non-comnutativ e algebraB (E)
whosealgebraicproperties are entwined in the geometricproperties of E. The algebraB (E)
is a quotient of A via B(E) = A=hgi whereg 2 A is homogeneou®f degreethree. As sud,
the algebraicproperties of A are encaledin E and , and this is demonstratedby the fact
that g belongsto the certre of A. Indeed, A is a nite module over its certre if and only if
has nite order.
The geometry determined by E and  were important tools in establishingthat A is
a noetherian domain with Hilbert seriesthe sameas that of the polynomial ring on three

generators.



The above discussionsuggeststhat the elliptic curve E together with its automorphism
should play the role of a non-commutativ e spacefor A. In fact, Section4 will demonstrate
that sometimesthe locus of zerosof the de ning relations is too small to be tractable. The
notion of \quantum space"(to be discussedn Section5) for A includes and plus some
other geometric data in such a way that the points of E may be viewed as points of the

quartum space.

2.2 The Sklyanin Algebra on Four Generators

The Sklyanin algebraon four generatorsis the k-algebraA on generatorsxg, X1, X, and

X3 with six de ning relations

XoXi  XiXo = i(XjXk + XkXj);

XoXi + XiXo = Xj Xk XkXj;
where (i; j ; k) is a cyclic permutation of (1;2;3), and ( 1; »; 3) 2 k® where ; 6 0; 1 for
aliand 1+ >+ 3+ 1 , 3= 0(29). The readeris referredto [21, 32 33]for details
of the following.

Considertheserelations asbihomogeneougl; 1)-formson P> P3. Their locusof common
zeros  P® P3isthe graph of an automorphism of a substiemeE [ S  P3, whereE
is an elliptic curve and S consistsof the four points

e = (1,0,0,0); e =(0;10,0); e=(0;0;1,0) and e;= (0;0;0;1)
in P2,

As in the three-generatorcase,one may form the twisted homogeneousoordinate ring
B(E) of E by using the automorphism to deform the multiplication of the comnutative
homogeneouscoordinate ring of E. As before, the algebra B(E) is a quotient of A via
B(E) = A=hy; i whereg;; g, 2 A are homogeneousf degreetwo. In fact, kg, kg
belongsto the certre of A, and generatesthe certre of A if hasin nite order. Moreover,
A is a nite module over its certre if and only if has nite order. As before,the geometry
of establishesthat A is a noetherian domain with Hilbert seriesthe sameas that of the
polynomial ring on four generators.

The abelian group structure of the elliptic curve E and the position of the g in P* with
respect to E were critical componerts in conclusiely determining the nite-dimensional
irreducible represemations of A ([31, 33).

The notion of \quantum space”(to be discussedn Section5) for A includesE [ S and
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plus someother geometricdata in sud a way that the points of E [ S may be viewed as

points of the quantum space.

3 The Coordina te Ring of Quantum Matrices

Let M, denotethe ring of n  n matricesover k and, for q2 k , let O4(M,) denotethe
coordinate ring of quantum n  n matricesover k ([9]). The algebraO4(M,) is the k-algebra
onn? generatorsfx; : 1 i;j ng, with de ning relations determinedby the requiremer

that whenewerr < s and| < m there exists a k-algebraisomorphism:
" " #

#
a b Xr| er
Kq c d 'k Xsl  Xsm
" #
wherethe k-algebrakg[a; b;c;d] = Kq 2 3 hasthe six de ning relations:
ab = qgba; bd = qdb; bc = cb;
cd = gdc; ac = qca; ad da = (q q YHbc:

The results stated in this sectionare givenin [3§].

We rst focus on the casen = 2. As in Section 2.2, considerthe relations of O4(M>)
as bihomogeneouq1; 1)-formson P> P3. If ¢ 6 1, then the locus of common zerosin
P® P? of the relations is the graph of an automorphism of a substiemeQ [ L of P,
whereQ = V(ad bg is a nonsingular quadric in P® correspnding to the matrices with
zerodeterminart, and L = V(b;c) is a line in P® which meetsQ at two distinct points and
correspndsto the diagonal matrices.

There is a unique nonzerohomogeneou®lemen (up to nonzeroscalar multiples) of de-
greetwo in Oy(M2) which vanisheson the graph of jo but not on the graph of . This
distinguishedelement is the famousquantum determinart of Oy(M2) which is certral in
Oqy(M32). In fact, Oq(M2)=h i is the twisted homogeneougoordinate ring of Q determined
by jo. Moreover, the twisted homogeneougoordinate ring of the line L determinedby j,
is givenby O4(M;)=hb;ci. In other words, it is asif the geometryis determining the quartum
determinart and the normal elemerts b and c in O4(M5).

SinceO4(My) is a nite module over its certre if and only if q has nite order, it follows
from [38] that O4(M3) is a nite module over its certre if and only if has nite order.

The casen > 2 generalizeghat of n = 2 asfollows. Foralln 2 andforall q2 k , the

locus of commonzerosof the de ning relations of Oq(M,) is the graph of an automorphism
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of a subshiemeof P(M,). If ¢f 6 1, this substhiemeis independert of g and is the nondisjoirt

union of 7 ? copiesof Q[ L and "  copiesof PY Yforalld= 1;:::;

2 d
n = 2, the quantum determinart of Oy(M,) may be read o from this subshiemeand its
automorphism and so can the normal elemens of degreeone in Oy4(M,). The notion of
\quantum space"(to be discussedn Section5) for O4(M,) includesthis substiemetogether
with its automorphism, plus someother geometricdata in such a way that the points of this

subshiememay be viewed as points of the quantum space.

4. Graded CIiff ord Algebras

(Y ) 2 M, (R) denotea symmetric matrix whoseertries are homogeneousdinear polynomials
in the variablesy;.
De nition 4.1 In the terminology of [41] and [17, x4], the gradedCli or d algeba A = A(Y)

relations x;xj + x;x; = Y; for all i;j, andy; certral for all i. The algebraA is graded by
taking degk;) = 1 and deg(y;) = 2 for all i.

Writing Y = Yyyi+  +Y,y,, wherethe Y; 2 M, (k) aresymmetric matrices,we may asseiate
to Y an n-dimensionallinear systemQ = kQ; + + kQ, of quadricsQq;:::;Q, P!
by taking eah Q; to be the quadric in P" ! correspnding to Y;; that is, Q; = fy 2 P" *:
yTY;y = Og. A basepoint of Q is a commonpoint of intersection of all the Q;.

If Q hasno basepoints, then A is generatedby the x; only and is a nite module over R
and hencenoetherian. In this case by [7, x3], A is the envelopingalgebraof a Lie superalgebra
and sohasn(n 1)=2 de ning relations and they are of the form P i im(XiXp +X;x;) =0
wherethe jn 2 k, and A hasHilbert seriesthe sameas that of the polynomial ring on n

variables. Henceforth, we assumethat Q hasno basepoints.

the precedingsections,considerthe relations as bihomogeneoug1; 1)-formson P" *  pP" 1
and let denotetheir locus of commonzeros.Let ;: ! P" ! denotethe ith projection
map. Sincethe de ning relations of A have the aforemenioned description, () = 2().

Owing to the symmetry of the de ning relations, if (a;b) 2 , then sois (b;a); in other words,

is the graph of an automorphism : () ! () where hasordertwo.

6



In this situation, apoint (a;b) 2 if andonly if P i im(@h+ah)=0forallm n(n
1)=2. In other words, (a;b) 2  if and only if the symmetricmatrix ab" + ba" = (ah + ah) is
azeroofP i imXj foralm n(n 1)=2, whereX; denotesthe ij th coordinate function.
Following [40], we considersymmetricn n matrices as P", whereN + 1 = n(n + 1)=2,
anddeneamap :P" ! P11t PV py (u;v)=uv' + vu" (which is a matrix of rank

2). Sincek is algebraically closedwith char(k) 6 2, and sinceGL, (k) acts transitively on
matrices of the samerank, the imageof consistsof all symmetricn n matrices X sud
that rank(X) 2.

Depending on the de ning relations, it is possiblefor to be nite. In fact, by [40,
Theorem 1.7], the cardinality of is2r,+ r; 2 N[ f0;1g wherer; denotesthe number of
matrices in P(P L, kY;) which haverank j. If is nite, thenry, 2 f0;1g. The surprising
fact is that it is possiblefor to consistof only onepoint (counted with multiplicit y twerty)
([40Q)). It is perhapseven more surprising that evenif  consistsof only one point, the space
W consistsof all those bihomogeneougl; 1)-forms which vanishon ([2€]). It follows that
properties of the algebra are entwined in properties of . In spite of this, one nds that
algebraicproperties of the algebrado not leapto the reader'seye from asthey seemto be
doing in the precedingexamples. This suggeststhat perhapsthere is more geometric data
that one may asseiate to A which, although completely determinedby , would be more
insightful. The notion of \quantum space” (to be discussedn Section5) for A includes
plus someother geometricdata in sud a way that the points of may be viewed as points

of the quantum space.

5 Non-commut ative Algebraic Geometr y

In the previous sections,the algebraswere quadratic, and the locus of commonzeros
of ead algebra'sde ning relations was considered. In this sectionthe notion of quarntum
spacewill be de ned and the scheme will constitute (someof the) points in the quartum
space.Roughly speaking,the quarntum spaceof an algebrais a (quotient) categoryof graded
modulesof the algebra,in which certain modulesplay the role of points, certain modulesplay
the role of lines, and soforth. In addition, there are incidencerelations betweenthe modules
which determinewhether or not a point lieson aline, a line lies on a plane, etc. Within this

category there are certain modules which are parametrized by projective schemesand may
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be determinedvia computation. Two sud sthemesare the so-calledpoint schemeand line
schemeof [28, 39.

Until Section 5.3, unlessotherwise stated, A denotesa nitely generated, connected,
positively gradedk-algebrageneratedoy homogeneouglemerns of degreeone,and A; denotes
the homogeneouslegreet elemens of A. Any A-module will be either a left A-module or a
right A-module.

5.1 The Point Scheme

De nition 5.2 [3] A point module of A is a graded, cyclic A-module which is generatedby
elemens of degreezero and which has Hilbert series(1 t) . A truncated point module
of length r is a graded, cyclic A-module which is generatedby elemerts of degreezero and

which hasHilbert seriesl + t + +t" 1

In particular, if M is a point module, then M = ilzoMi wheredim,(M;) = 1 for all i.

If A iscommutativeandgeneratedby n+ 1 elemerns, thenit isthe homogeneousoordinate
ring of a substiemeS of P". In this case,any truncated point module of length three may be
extendedto a point module, and the setof point modulesof A is in one-to-onecorrespndence
with the points of S. In fact, if M = AM is a point module, then V(fa2 A; : aMq = 0g) is

A=(Aa; + + Aa,) is apoint module.
SupposeA is non-comnutative. If M is a truncated (left) point module of length three,
then V(fa2 Ay : aMy = 0g) is a point of P" and A=A(fa2 A; :aMg= 0g)! M.

Theorem 5.3 [3] Thereis a schemewhich representsthe functor of truncated point madules

of length three. [ |

If A hasthe property that ewery truncated point module of length three may be extendedto
a point module, then this result says that the point modules are parametrized by a scheme
(called the point schemein [39]). Algebras of global dimensionthree which are \regular”,

accordingto the following de nition, were consideredin [2, 3, 4] and have this property.



De nition 5.4
1. [2, Page 171] The algebraA is called regular if the global (homological) dimension of
A (gldim(A)) is nite, A haspolynomial growth, and A is Gorensteinin the sensethat
Ext(k;A) = Ik wheren = gldim(A).

2. [20, x2] The algebraA is called Auslander-regularif gldim(A) is nite, andif, for every
nitely generatedA-module M and for everyi 0 and for every A-submadule N of
Exty(M;A), we havej(N) i, where

j(N) = inffj : Ext(N;A) 6 Og:

3. [20, x5] The algebra A is said to satisfy the Cohen-Macaulg property if GKdim(A)
= j(M)+GKdim( M) for all nonzero nitely generatedA-modules M where GKdim

denotesGelfand-Kirillov dimension.

In [20], it was shavn that any Auslander-regularalgebrawhich has polynomial growth
is regular. The algebrasconsideredin Sections2-4 of this article are noetherian, Auslander-
regular, have polynomial growth and satisfy the Cohen-Macaulg property ([2, 3, 4, 21, 32,
37, 38, 40]). If the global dimensionis three, then regularity is su cient to ensurethat the
zero locus of the de ning relations is the graph of an automorphism, and in this casethe
point sdhemeis the zerolocusof the de ning relations ([3]).

The following result was proved in [39 with an additional geometric hypothesiswhich

was subsequetly removed in [27].

Theorem 5.5 [27] Supmsethat A is a quadatic, connected, nitely geneated, noetherian
k-algebrm, which is Auslander-iegular of glolal dimension four, and satis es the Cohen-
Macaulay property. If the Hilbert series of A is the same as that of the polynomial ring
on four variables,then the zerw locus of the de ning relations of A is the graph of an au-
tomorphism of a subschemef P3. In particular, any truncated point madule of length three
may be extendel to a point module, and  representsthe functor of point modules, so it is

the point scheme. [ |

Theseresults on regularity suggestthat noetherian (Auslander-)regularalgebrasof poly-

nomial growth which satisfy the Cohen-Macaulg property are non-commutative analogues



of the polynomial ring. Moreover, they suggestthat to understandsucd algebras,one should
rst classifywhich subshiemesand automorphismsariseasthe zerolocusof de ning relations.

The regularalgebrasof global dimensionthree wereclassi ed and fully analyzedin [2, 3, 4].
Howewer the regularalgebrasof global dimensionfour arenot yet classi ed asthis caseappears
to be lessaccessiblefor instance,sud an algebra'sde ning relations neednot be determined
by their zerolocus ewenif isthe point scheme([27, 39,44]). Instead, attention hasshifted
to genericregular algebrasof global dimensionfour, in particular thosewhich are quadratic
on four generatorswith six de ning relations. It is now well known that the relations of
a quadratic algebra on four generatorswith six generic de ning relations has zero locus
consisting of twerty points. This motivates the classi cation of regular algebrasof global
dimensionfour which have a nite point stheme. Indeed, the following result demonstrates
that ewvenif a quadratic algebrais not regular, the de ning relations may be recosered from

their zerolocus providing the latter is nite.

Theorem 5.6 [28 SupmwseA is a quadiatic, connected, nitely-generated k-algeba on four
geneartors with six de ning relations. If the zeo locus of the de ning relations of A is
nite, then the span of the de ning relations consists of those (1; 1)-forms which vanish on

|

This result motivates classifyingthe geometricdata which arisesas the zerolocus of the
de ning relations of a quadratic algebra. Recallfrom Section4 that it is possibleto construct
gradedCli ord algebraswhich have one point of multiplicit y twenty asthe zerolocus of the
de ning relations. In that case,the point is the point scheme. It follows from Theorem 5.6
that the de ning relations of suth a Cli ord algebraare completely determinedby that one

point (and automorphism) (see[26] for additional details).

5.2 The Line Scheme
It wasremarked in Section4 that sometimesthe point sthemeis too small to give much
insight into the structure of the algebra, even if the point scheme determinesthe de ning

relations.

De nition 5.7 [3] A line module of A is a graded, cyclic A-module which is generatedby

elemens of degreezero and which has Hilbert series(1 t) 2. A truncated line module of
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length r is a graded,cyclic A-module which is generatedby elemens of degreezeroand which

hasHilbert seriesl + 2t + +rt" 1,

In particular, if M is aline module, then M = 1 M; wheredim,(M;) =i+ 1 for all i.

If A is comnutative with n + 1 generators,then any truncated line module of length
three may be extendedto a line module, and the set of line modules of A is in one-to-one
correspndencewith the lines on the schemeS for which A is the homogeneousoordinate
ring. Mimicking the discussionfor point modules, if M = AMy is a line module, then
V(fa2 A;:aMg=0g)isalineonSandM = A=A(fa2 A; : aMg = 0g). Conversely if
"= V(ag;::iia, 1) isaline on S, then A=(Aa; + + Aa, ;) is aline module.

SupposeA is non-comnutative. If M is a truncated (left) line module of length three,
then V(fa2 A; :aMy = 0g) isalinein P" and A=A(fa2 A; : aMqg= 0g)! M.

Theorem 5.8 [2§ There is a schemewhich representsthe functor of truncated line modules

of length three. [

If A isregular of global dimensionthree or if, instead, A is quadratic, noetherian, Auslander-
regular of global dimensionfour, satis es the Cohen-Macaulg property and hasHilb ert series
the sameasthat of the polynomial ring on four variables,then every truncated line module
of length three may be extendedto a line module ([3, 21]). In this case,Theorem 5.8 says
that the line modules are parametrizedby a scheme,the line scheme It is straightforward

to show that under these conditions, the line schemeis at least one-dimensional(see[40]).

Moreover, if the line schemehasminimal dimension,then it determinesthe de ning relations
([28)).

Evenif the line shemeis well de ned, it might not be straightforward to compute. The
readeris referredto [28] for methods on computing the line scheme and for results on the

line shemeof gradedCli ord algebraswhich have a singleton point stcheme.

5.3 Quantum Spaces
Let M (p) denotea point module correspnding to a point p and let M (*) denotea line
module correspnding to a line *. If M(C)! M(p), then p 2 . The converseholds if A

is Auslander-regularof global dimensionthree or four. Thus, one may do geometry with
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the graded modules, where the incidence relations between the modules play the role of
containment of the physical objects.

Of course,one may de ne higher dimensional linear modules, and truncated d-linear
modules, in analogywith point and line modules. It is proved in [28] that there is a sthheme
which represems the functor of truncated d-linear modules.

In the comnutativ e setting, this ideaof doing geometrywith modulesin placeof geometric
objects was consideredin the 1950sby J.-P. Serreasfollows. Let B be a nitely generated,
commnutativ e, positively graded, connectedk-algebrageneratedby B1, and let gr-B denote

the categoryof nitely generated,gradedB-modules.

Theorem 5.9 [25 The category of coherent sheaveson Proj B is equivalentto the quotient

category (gr-B)=T, where T denotesthe full sulzategory of gr-B of madulesof nite length.

Moreover, Proj B may be recovered from the quotient category (gr-B)=T as follows. The
shift M [m] of a module M, de ned by M [m], = M., correspndsto tensor product by the
polarizing invertible sheafL = Opjg (1) of linear forms on Proj B; that is, M [1]= M L,
where M is the coherent sheafcorrespnding to M. It follows that this shift operation
de nes an autoequivalenceon the quotient category (gr-B)=T, sothat the graded algebra
- o HO(Proj B;L M) isisomorphicto B in su cien tly high degree.

Inspired by Serre'stheorem, M. Artin extendedtheseideasin [1] to the non-comnutativ e
setting as follows. Let A be a noetherian, positively graded, connectedk-algebragenerated

by A,, and let gr-A denotethe categoryof nitely generated,gradedA-modules.

De nition 5.10 [1] De ne Proj A to be the triple ((gr-A)=T;O; ) whereT denotesthe
subcategoryof gr-A of torsion modules,O denotesan object of (gr-A)=T which is represeted
by the left module A, and is the operation M ! M [1] on (gr-A)=T induced by the shift
of degreeon an A-module. A quartum P?, or quartum projective plane, is Proj A where A

is a regular algebraof global dimensionthree.

Given a quantum group A which satis es the hypothesesof De nition 5.10, one may
analyze Proj A and considerit the non-comnutative spaceof the quantum group. The
very nature of the quantum spaceof a quarntum group is to produce certain gradedmodules

which aretoolsfor nding and classifyingother modules. For instance,the nite-dimensional
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irreducible represetations of the Sklyanin algebraon four generatorsare quotients of line
modules ([33]). In general,a quartum (projective) spaceshould be Proj A for someA, but
it is unclearif regularity of A aloneis su cient to guarartee that A may be sensiblyviewed
as a deformation of a polynomial ring. As sud, there is still debate over the de nition of a
quartum P® and of a quartum projective space.Howewer, the quartum groupsin Sections2-4
satisfy all the homologicalproperties discussecherein, and sotheir asseiated categoryProj
are quartum spaces.

It shouldbe emphasizedhat the point schemeand line schemeare substiemesof Proj A.
In fact, d-linear modules play the role of d-dimensionallinear objects. Howewver, somenon-
commnutativ e algebrashave other graded modules which also play the role of d-dimensional
linear objectsand yet sudy modulesare not equivalert to d-linear modulesfor any d. Although
there is no obvious P" in which theseobjects may be visualised(unlike linear modules), the
presenceof sudh modulesmeansthat even more geometricstructure may be assaiatedto A.

We remark that evenif the algebraA is not regular, Proj A might still encale properties
of A. This wasdemonstratedin [36, Chapter 2], wherea quadratic algebraA 4 wasproduced
from a procedurewhich is the quantum analogueof a classicalconstruction as follows. Let
Uq(slz) denote the quantum universal erveloping algebra of sl, ([16, 30]). It is proved in
[22, 23, 24] that if g is not a root of unity, then for ead n 2 N there are four non-isomorphic
simple n-dimensionalUy(sl,)-modules depending on a fourth root of unity ! and that every
nite-dimensional Uy(sl,)-moduleis semisimple.Let V, denoteeither an n-dimensionalsimple
Uq(slz)-module correspndingto \!' = 1", or an n-dimensionalsimple U(sl,)-module. Then
Vn Vh=W; W; Wo, 1 where W, is a simple i-dimensional module of Ug(sl,)
(respectively, U(sly)). Let Ay := T(Vn)=hUni whereT (V,) denotesthe tensoralgebraon V,
and U, denotesan n(n 1)=2-dimensionalsubmadule of V,, V,; so, for example, Ay =
T(Vs)=hWsi and Ay = T(Va)=HW; Wsi. Classically Ay = S(V,), the symmetric algebra
on Vy; in particular, the classicalA ) is noetherianand regular of Gelfand-Kirillov dimension
n.

In the quantum case,A = Og(sok®), the coordinate ring of quartum Euclidean three-
dimensionalspace.The quantum A, is not sostraightforward to understand. In particular,
in [36], the quantum A is shovn not to be regular nor a domain. Newertheless,its point

sthemeis well de ned and is the graph of an automorphism of a twisted cubic curve C
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in P3, even though the point schemeis not the locus of zerosof the de ning relations. The
structure of Ay is determined by a nilpotert ideal N which is generatedby the nonzero
degree-tvo elemetts of A4 which vanish on the graph of . The quotient algebraA 4 =N is
a twisted homogeneousoordinate ring of C. Usingthis geometricdata, it is straightforward

to show that A is noetherian of Gelfand-Kirillov dimensiontwo (not four).

6. Quantum Spaces via Poisson Geometr y

The setting in this section is that of a non-comnutative quadratic deformation A of
the polynomial ring which induces a Poissonbracket on the polynomial ring. Our main
result, Theorem6.18, states (essetially) that the point schemeis cortained in the schemeof
projective zero-dimensionakymplectic leaves.

Example 6.11 If g2 C is generic,then Oy(M;) from Section3 inducesa Poissonbracket

on the polynomial ring O(M,) on four variablesvia
fb;eg=0; fa;dg= 2bc; fa;bg= ab; fa;cg= ac; fb;dg= bd; fc;dg= cd,

and similarly for Oq(M,) ([38]). Sincethe bracket is homogeneousit lifts to (O(Mn)[z ])o,
the degree-zerpart of the localization O(M,)[z 1], for all nonzero,homogeneoug 2 O(M,).
In this way, P(M,,) is equippedwith a Poissonstructure, andit is provedin [38] that if ¢° 6 1,
then the schemeof zero-dimensionakymplectic leavesis preciselythe rst projection of the
point shemeof Oy(M,) to P(M).

There are many other quartum groupswherethe point schemegivespreciselythe scheme
of zero-dimensionakymplectic leaves, sud asthe Sklyanin algebraon three generators,the
coordinate ring, Oq(soC3), of quantum Euclideanthree-dimensionakpace andthe coordinate
ring, O4(SpC®"), of quartum symplectic 2n-dimensionalspace,to namea few. However, the

following examplepoints out that equality neednot hold in general.

Example 6.12 Let C[h] denotethe polynomial ring in anindeterminate h, and let A denote

the C[h]-algebraon generatorsx, y and z with de ning relations

xy=(@Q+2h)yx; yz=(Q h)zy and zx= (1 h)xz;
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sothat A(0) = A=hhi is the polynomial ring on three variables. Moreover, A(q) = A=hh qi
is an iterated Ore extensionfor all g2 C sud that (1+ 2g9)(1 q) 6 0. A Poissonbracket is
inducedby A on A(0) and is given by

fx;yg= 2xy; fy;zg= vyz; fz;xg= xz

(seepagelb). In this casethe shemeconsistingof the projective zero-dimensionasymplectic
leavesis P2, but for all g2 C sud that (L+ 2q)(1 ) 6 0, the projection of the point
schemeof A(Q) to its rst componert in P* is V(xyz). So,for this example,the point scheme
encalesthe normal elemerts x, y and z of A(g) and the Poissonidealshxi, hyi and hzi of A(0)
via the componerts of the point stheme,whereasthe sthemeof zero-dimensionakymplectic

leaveslosesthis information.

Our goalis to prove that in generalthe point schemeis cortained in the sthemeof zero-
dimensionalsymplectic leaves.

Let C° denote a subsetof C cortaining zerowhosecomplemen is a nite set. Let h be
an indeterminate and let C(h) denotethe ring of rational functions on C, and let R denote
CIh[ «(h r) 1] C(h) wherer runsthrough a subsetof CnC? in particular, R is a ring of
rational functions on C which are de ned on C° (or possiblymorethan C9. For ead q2 C°
let my denotethe maximal ideal R(h ). Fix a nite-dimensional C-vector spaceV and an
R-submaduleW R .V V. LetA= (R T(V))=Wi whereT (V) denotesthe tensor

algebraon V.

De nition  6.13 We de ne the family f A(q)gqc0 of quadratic C-algebrasparametrized by
C%to be A(Q) := R=m; r A forallq2 C°

If Alisa at R-module, then the family f A(g)g is saidto bea at family, and A(q) is said

to bea at deformation of A(0).

Lemma 6.14 [36, Chapter 4] If the family f A(Q)gq2c0 is at, then the Hilbert seriesof A(q)
is independentof q for all q2 C° [ |

For eath g 2 Cthereis a C-algebrahomomorphismT (V) A(q) givenby the composition
T(V) ' R T(V) !' A I A(qg), wherethe rst mapisx 7! 1 x. Forall g2 C° let Wq
denotethe kernelof the C-algebrahomomorphismT (V)" A(q)2, sothat A(q) = T(V)=HWqi.
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Lemma 6.15 [36, Chapter 4] If A is a at R-module, then W is a free R-module, and
Wy = R=my & W for everyq2 C° |

Henceforth, we assumethat A is a at R-module and that A(O) is the polynomial ring
S(V). In particular, the rst condition implies that A is torsion-free (sinceR is a principal
ideal domain) and that Lemmas 6.14 and 6.15 hold. The secondcondition implies that
A(0) =R .S(V)=hmyi andthat Wo = C  ?(V) where ?(V) denotesthe secondexterior
power of V. Hence,if x, y 2 V, then there existsr,, 2 W of the form

hy=1 x y 1 y Xx hb(xy)
for someh,(x;y) 2 R .V V. SinceA istorsion-freeover R, it followsthat ry, = O.

Lemma 6.16 The module W is genented by the elementsr .

Pro of. For a cortradiction, supposethere existsw 2 W n P Rryy . SinceA(0) = S(V), the
imageof w in W, is zero. Therefore,there existsw®2 RV V sud that w = hw® However,
A is torsion-freesow®2 W. It follows that w®2 W nRr,,. Repeating this argumen, we
nd w2 T(mo”W). By Lemma®6.15,W is free,soT(mo”W) = (T mo")W. Howewer R is a
noetherian domain, so Krull's intersection theorem ensuresthat T me" = 0. Hencew = 0,

which is a cortradiction. [ ]

Letf, g2 A(0), and let f~, g denotepreimagesof f, g in A respectively. Then g ¢f~2
Ah. SinceA is torsion-free,we may de ne a Poissonbradcket f ; g on A(0) by [8] to be

ff;gg=h Y(fg ¢ modulo Ah;

which is independen of the choice of preimagesof f and g. In particular, if x;y 2 V, then
fX;yg= (X y).

SinceA is gradedand sincethe Poissonbracket is homogeneousf degreezero,the bracket
extendsto A(0)[z ], wheneer z is a nonzerohomogeneouslemen of A(0), and it then
restricts to the degreezero part (A(0)[z ])o. By covering the projective spaceP(V ) with
ane opensetsfp 2 P(V ) : z(p) 6 0g, where z is any homogeneouslemen of A(0),
the Poissonbracket on all sud (A(0)[z 1])o inducesa Poissonstructure on P(V ). The
maximal connectedcomponerts of P(V ) on which the Poissonstructure is nondegenerate
are symplecticmanifolds,and P(V ) is the disjoint union of thesesymplecticmanifolds, which

are called sympletic leaves(see[15)).
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Prop osition 6.17 The projective zen-dimensional sympletic leavesare given by the zer

locus of the polynomials [x;y;z] .= fx; ygz+ fy; zgx+ fz; xgy forall x,y, z2 A(0);.
Pro of. The proof givenin [3§ for O4(M,) applies. [ |

SinceA is quadratic, the polynomials[x; y; z] have degreethree.
The assumptionthat A isa at R-module impliesthat W, ! V V. Let 4 P(V)
P(V ) denotethe zerolocusof Wy, andlet : 4! P(V ) denotethe projection onto the ith

componert fori = 1;2.

Theorem 6.18 Supmsethat for eachq2 C° q Is the graph of an automorphism. If 1( ¢)
is independent of q for all nonzeo q2 C° then it is contained in the schemeconsisting of

the projective ze-dimensionalsympletic leaves.

Pro of. Throughout the proof, we assumeq 2 C°
The homogeneougoordinate ring of  is obtained by bilinearizing the de ning relations
of A(q) asfollows. If x;y 2 V, write the relation xy yx aby(X;y) asxiy> YyiXz aly(X;y)12
which we view as a relation ,, for the comnutative C-algebrageneratedby fX1; X2; y1;Y> :
X;y 2 Vg. The comnutativ e algebraB obtained this way, whosede ning relations are the
x, for all x;y 2 V, is the homogeneouscoordinate ring of 4 (see[3, x3] and [19). If

X;y;z 2 V, then, in B4, we have

X1ly(Y; 2)12 = X1(Y1Z2  Z1Y2) = d(yaly(X; 2)12 Ziby(X; Y)12)

from which it follows that if g6 0, then

Z1 (X, Y) 12 + Xaly(Y; 2) 12 + Y1ly(Z;X) 12 ()

is zeroin Bgy. Since g is the graph of an automorphism , it followsthat X, = 4(X) for
all X 2 V. Substitution into ( ) yields a polynomial pq in the variables X, where X runs
through a basisfor V. That is, if & 0, then p, is a relation for the homogeneougoordinate
ring of 1( o). Howewer, since,by hypothesis,the ( 4) areequalif g6 O, it follows that
Py = P wherefy 2 (R=my) nfOg and P is a (possibly zero) polynomial in the variablesX;

where X runs through a basisfor V.
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On the other hand, since ¢ is the idertity, it followsthat substituting g= Oand X, = X,
forall X 2 V into () yields

Z1lo(X1; Y1) + Xalbo(y1; z1) + yilo(z1:X1) = po = foP;

wheref, 2 R=mo. Hence,pg = fof !p, for all g6 0. However, the polynomials[x; y; z] which
de ne the zero-dimensionakymplectic leavesare the polynomials py. It follows that all the
polynomials[x; y; z], for all x;y;z 2 V, belongto the idealde ning 1( o) for all g6 0, which

completesthe proof. [ |

In view of this sectionand Sections2-5, the notion of quartum spaceseemso be a good
candidate for the non-comnutativ e spaceof a quartum group. This is further supported by
other exampleswhich have beenanalyzedin the literature ([18, 19, 37, 39]). Example 6.12,
Theorem 6.18 and the striking resentlance betweenthe polynomials de ning the projective
zero-dimensionabymplecticleavesand the quantum Yang-Baxterequationgive further credi-
bilit y to the quantum spaceof a quantum group beingthe quantum group's non-comrutativ e
space.

Acknowledgmen t. The author would like to thank S. P. Smith for suggestingthat the
point scheme of a quadratic quantum group be comparedwith the scheme of projective

zero-dimensionakymplectic leaves of the Poissonstructure induced on the polynomial ring.
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