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Abstra ct. Let Oq(M n ) denote the coordinate ring of quantum n � n matrices. We
show there exists a subvariety Pn of P(M n ) and an automorphism � n of Pn such that
Oq(M n ) determines, and is determined by, the geometric data fP n ; � n g. The linear
span of the de�ning relations of Oq(M n ) is the set of all those elements of M �

n 
 M �
n

that vanish on the graph of � n . Moreover, if q2 6= 1, the variety Pn is independent of
q. Our main result is that there are two natural descriptions of Pn . Firstly , if q 6= 0,
there is a natural bijection betweenPn and the point modules over Oq(M n ), and the
automorphism � n is the shift functor on point modules. Secondly, since Oq(M n ) is
a 
at deformation of O1(M n ), the polynomial ring O(M n ), there is a homogenenous
Poissonbracket on O(M n ), and an associated Poissonstructure on P(M n ). In this
context, if q2 6= 1, the variety Pn consists of those points of P(M n ) which are the
zero-dimensionalsymplectic leaveswith respect to this Poissonstructure.
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Intr oduction

Fix an algebraicallyclosed�eld k, with char(k) 6= 2. Let M n denotethe ring of n � n
matrices over k, and, for q 6= 0, let Oq(M n ) denote the coordinate ring of quantum
n � n matrices over k ([FRT]).

This paper gives a geometricdescription of the de�ning relations of Oq(M n ). The
casen = 2 is treated in [V1] (seeexample 2.1). In 2.5, we show that the de�ning
relations of Oq(M n ) determine, and are determined by, a subvariety Pn of P(M n )
together with an automorphism� n of Pn . In particular, the linear spanof the de�ning
relations of Oq(M n ) is the set of all those elements in M �

n 
 M �
n that vanish on the

graphof � n . The resultswerederivedby usingthe non-commutativ ealgebraicgeometry
developed by Artin, Tate and Van den Bergh in [ATV1] (seex1.3).

For q2 6= 1, the variety Pn has two natural descriptions{ one via symplectic leaves
and the other via point modules. Viewing Oq(M n ) asa 
at deformation of the polyno-
mial ring O1(M n ) (which is the coordinate ring O(M n) of n � n matrices), and taking
the limit as q ! 1 (seex1.2), we �nd that O(M n) carries the structure of a Poisson
algebrawith respect to a homogeneousPoissonbracket of degreezero ([D]). This in-
ducesa Poissonstructure on P(M n ), with respect to which Pn consistsof thosepoints
of P(M n ) which are the zero-dimensionalsymplectic leaves (x3). On the other hand,
in x2, we associate to each point of Pn a module over Oq(M n ). A point module over
Oq(M n ) is a cyclic gradedOq(M n )-module with Hilbert series(1 � x) � 1 ([ATV1]). Let
M be a point module over Oq(M n ). The degreeone component of the kernel of the
surjective homomorphismOq(M n ) ! M is of codimensionone in Oq(M n )1 (= M �

n ),
and sothe homomorphismdeterminesa point of P(M n ). This point belongsto Pn , and
the resultsof x2 show that for all q 6= 0 there existsa natural bijection betweenPn and
the isomorphismclassesof point modules over Oq(M n ). This natural bijection shows
that Pn represents the functor \p oint modules with valuesin : : : " which is described
in [ATV1, 3.9]. Here the automorphism � n is the shift functor on point modules ([A],
[ATV1]). Combining theseresults, for q2 6= 1, gives a natural bijection between the
zero-dimensionalsymplectic leavesand the isomorphismclassesof point modulesover
Oq(M n ). This shows that the Poissonstructure on the polynomial ring O(M n ) yields
information about the module theory of the \generic" deformation Oq(M n ).

Section 4 considersthe R-matrix construction of an algebra A(R), which yields
Oq(M n ) for a certain matrix R ([FRT]). In 4.2,weshow that if (x; y) 2 P(M n ) � P(M n ),
then (x; y) belongsto the zero locus of the de�ning relations of A(R) if and only if
x 
 y commutes with � R, where� is the map: � (u 
 v) = v 
 u for all u, v 2 kn .

The author's thesis [V2] will considermore general(
at) deformationsof the poly-
nomial ring and will show that, under certain conditions, the variety parametrizing the
point modulesover the \generic" deformation is contained in the variety consistingof
the zero-dimensionalsymplectic leaves.

Acknowledgements. The author thanks S. P. Smith for suggestingthe comparison
of the above symplectic geometry with the non-commutativ e algebraic geometry of
[ATV1, 2]. The hospitality of the University of Auckland during this work is much
appreciated.
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1. Preliminaries

Fix throughout an indeterminate t and an integer n � 2. Let A be the k[t; t � 1]-
algebra on n2 generatorsf x ij : 1 � i; j � ng, with de�ning relations determined
by the requirement that whenever r < s and l < m there exists a k[t; t � 1]-algebra
isomorphism:

k[t; t � 1]

"
a b
c d

#
�� ! k[t; t � 1]

"
xr l xr m

xsl xsm

#

; (� )

where the k[t; t � 1]-algebra k[t; t � 1][a;b;c;d] = k[t; t � 1]

"
a b
c d

#

has the six de�ning

relations:
ab = tba; bd = tdb; bc = cb;
cd = tdc; ac = tca; ad � da = (t � t � 1)bc:

The algebraA is the coordinate ring of quantum n � n matricesover the ring k[t; t � 1],
and for nonzeroq 2 k we have A=A(t � q) = Oq(M n ) ([FRT]). We write O(M n ) for
O1(M n ), the polynomial ring on n2 variables.

1.1. The Maps � and 	 .
Let f x ij : 1 � i; j � ng denote a basis for M �

n . For each r < s and l < m, we de�ne
maps

� r l
sm : M �

n ! M �
2 and 	 r l

sm : M �
2 ! M �

n ;

by

� r l
sm

"
xr l xr m

xsl xsm

#

=

"
a b
c d

#

; � r l
sm (x ij ) = 0 for all i =2 f r; sg or j =2 f l ; mg

and

	 r l
sm

"
a b
c d

#

=

"
xr l xr m

xsl xsm

#

:

Thesemaps induce k-algebrahomomorphisms

� r l
sm : T(M �

n ) ! T(M �
2 ) and 	 r l

sm : T(M �
2 ) ! T(M �

n );

whereT(M �
n ) denotesthe tensoralgebraon M �

n . Let R2 denotethe subspaceof M �
2 
 M �

2
generatedby the de�ning relations of Oq(M 2), and de�ne

Rn =
X

1� r <s � n;
1� l<m � n

	 r l
sm (R2):

Comparing this with (� ), we have Oq(M n ) �= T(M �
n )=hRn i . Notice that � r l

sm � 	 r l
sm jM �

2

is the identit y on M �
2 , and henceon T(M �

2 ), and that � r l
sm � 	 r 0l0

s0m0 = 0 if (r; s; l ; m) 6=
(r 0; s0; l0; m0). Therefore,	 r l

sm (R2) � Rn by de�nition of Rn , and

� r l
sm (Rn ) =

X

1� r 0<s 0� n;
1� l 0<m 0� n

� r l
sm � 	 r 0l0

s0m0(R2) = � r l
sm � 	 r l

sm (R2) = R2:

It follows that, for each r < s and l < m, � r l
sm : T(M �

n ) ! T(M �
2 ) and 	 r l

sm : T(M �
2 ) !

T(M �
n ) induce k-algebrahomomorphisms

� r l
sm : Oq(M n ) � Oq(M 2) and  r l

sm : Oq(M 2) ,! Oq(M n ):

The map  r l
sm is a specialization of the map (� ).
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The maps� r l
sm induce corresponding comorphisms

f r l
sm : P(M 2) ,! P(M n )

which embedP(M 2) asa linear subspaceof P(M n ). The maps r l
sm inducecorresponding

comorphisms

P(M n ) n V(xr l ; xr m ; xsl ; xsm ) � P(M 2):

Since  r l
sm and � r l

sm are Poissonalgebra homomorphisms,their corresponding comor-
phismssendsymplectic leavesto symplectic leaves.

For d � n, let Dd � M d denotethe setof diagonald� d matrices. SoO(Dd) �= O(kd).
Let I = (i 1; : : : ; i d) and J = (j 1; : : : ; j d) where1 � i 1 < i 2 < � � � < i d � n and 1 � j 1 <
j 2 < � � � < j d � n. Let � I J : Dd ,! M n denotethe linear map sendingdiag(� 1; : : : ; � d)
to the matrix with � k in the i k j k position for each k 2 f 1; : : : ; dg, and zeroselsewhere.
For each I and J , the linear dual of � I J inducesa k-algebrahomomorphismT(M �

n ) !
T(D �

d), which inducesa k-algebrahomomorphismOq(M n ) ! O(Dd).
The interplay betweenall thesemapswill be usedin x2.

1.2. The Poisson Brac ket on O(M n).
SinceA is a freek[t; t � 1]-module, wemay view Oq(M n ) asa (
at) deformationof O(M n )
via the algebraA. SinceOq(M n ) hasa Poincar�e-Birkho�-Witt basisover k, the element
h := t � 1 is a central, regular element of A. If f ; g 2 O(M n ) then ~f ~g� ~g ~f 2 Ah where
~f ; ~g are preimagesof f , g in A. With this notation, we de�ne a Poissonbracket f ; g
on O(M n ) by:

f f ; gg = h� 1( ~f ~g � ~g ~f ) modulo Ah

(see,for example,[D]), which is independent of the choiceof preimagesof f and g.
This bracket extendsto O(M n )[z� 1] for any homogeneouselement z 2 O(M n ), and

since the bracket is homogeneousof degreezero, it restricts to the degreezero part
(O(M n)[z� 1])0. In this way, the bracket inducesa Poissonstructure on the projective
spaceP(M n ). By standard results, the maximal connectedcomponents of P(M n ) on
which the Poissonstructure is nondegenerateare symplectic manifolds, and P(M n )
decomposesas the disjoint union of thesesymplectic manifolds, or symplectic leaves
([K]). The zero-dimensionalsymplectic leaves in P(M n ) are given by the vanishing of
the Poissonbracket on (O(M n )[z� 1])0 for all homogeneousz 2 O(M n). We introduce
the term symplectic points to refer to the zero-dimensionalsymplectic leaves.

1.3. Non-comm utativ e Algebraic Geometry.
We view M �

n acting as linear forms on P(M n ), and M �
n 
 M �

n as bilinear forms on
P(M n ) � P(M n ). Let

� n := f (x; y) 2 P(M n ) � P(M n ) : f (x; y) = 0 for all f 2 Rng:

The main results (2.3, 2.5) of x2 show that, for all q 6= 0, there is a variety Pn � P(M n )
and an automorphism � n of Pn such that � n is the graph of � n . In 2.8, we show
that for all q 6= 0 there is a natural bijection betweenPn and the point modulesover
Oq(M n ). The main result of the paper, proved in x3, is that if q2 6= 1, then the variety
Pn consistsof those points of P(M n ) which are the symplectic points for the Poisson
structure on P(M n ).
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2. The Point Variety

We retain the notation of x1. In this section,we show there exists a subvariety Pn

of P(M n ) (called the point variety of Oq(M n )) and an automorphism � n of Pn with
graph � n � P(M n ) � P(M n ) such that, for all q 6= 0,

Oq(M n ) �=
T(M �

n )
hf 2 M �

n 
 M �
n : f (� n ) = 0i

:

For q2 6= 1, we show Pn is independent of q. For q = 1, O1(M n ) is the polynomial
ring O(M n ), and since the de�ning relations are the skew-symmetric tensors, � n is
the diagonal, so Pn = P(M n ) and � n is the identit y map. Thus, loosely speaking,
the geometricdata fP n ; � ng \encodes" the non-commutativit y of Oq(M n ). The case
q = � 1 is exceptionalbut its proof follows from that for q2 6= 1 (2.3, 2.5) { we discuss
this casein remark 2.6.

Example 2.1. { the n = 2 case.
For q2 6= 1 and n = 2, it is shown in [V1] that R2 = f f 2 M �

2 
 M �
2 : f (� 2) = 0g,

and that � 2 is the graph of an automorphism � 2 of a subvariety P2 of P(M 2), where
P2 = Q [ L, Q = V(ad � bc) (the singular matrices in P(M 2)), and L = V(b;c) (the
diagonalmatrices). On L, � 2 is the identit y map, and on Q

� 2

 "
a b
c d

#!

=

"
q� 1a b

c qd

#

:

The geometricdata f L; � 2jL g correspondsto the quotient of Oq(M 2) by the ideal hb;ci
{ the factor ring is isomorphicto the polynomial ring O(k2) on two variables,which is
the coordinate ring of the diagonalmatrices.

The following remark is usedin the proof of 2.3.

Remark 2.2. Considerthe coordinate ring of quantum a�ne n-space,Oq(kn ), given
by the algebrak[y1; : : : ; yn ] with de�ning relations yi yj = qyj yi for all 1 � i < j � n
where q 2 k, q 6= 0 ([FRT]). Let f ei gn

i=1 denote the dual basis to f yi gn
i=1 in P(kn ).

For n � 3, and q 6= 1, the collection of points in P(kn ) � P(kn ) on which the de�ning
relations of Oq(kn ) vanish is given by

f (p; � n (p)) : p = pi ei + pj ej ; � n (p) = pi ei + qpj ej for all 1 � i < j � n; (pi ; pj ) 2 P1g:

This variety is the graph of the automorphism� n : L ! L whereL =
[

1� i<j � n

` ij and ` ij

is the line in P(kn ) through ei and ej ; that is, L consistsof thosepoints of P(kn ) having
at most two nonzerocoordinates with respect to the coordinate functions y1; : : : ; yn .
The linear span of the de�ning relations are the only elements of (kn )� 
 (kn )� that
vanish on the graph of � n . Moreover, L is in natural bijection with the point modules
over Oq(kn ), and so we refer to L as the point variety of Oq(kn ). We remark that
Oq(kn ) may be viewed asa (
at) deformationof O1(kn ), the polynomial ring O(kn ) on
n variables,inducing a Poissonstructure on P(kn ). In this case,the variety consisting
of the symplectic points for this Poissonstructure is the point variety L .

Recall the maps � r l
sm and 	 r l

sm de�ned in x1.1. In the following, the term submatrix
refersto the d� d matrix formed from a matrix in M n by deleting n � d rows and n � d
columns.

Prop osition 2.3. For all n � 2 and for all q 6= 0, � n is the graphof an automorphism
� n of a variety Pn � P(M n ). If q2 6= 1, the variety Pn is independentof q and is the
(nondisjoint) union of the following varieties:
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(a)
�

n
2

� 2
copiesof Q [ L, namely f r l

sm (P2) for all r < s and l < m;

(b)
�

n
d

� 2
copiesof P d� 1 for all d = 1; : : : ; n, namely� I J (Dd) for all I = (i 1; : : : ; i d),

J = (j 1; : : : ; j d) where 1 � i 1 < i 2 < � � � < i d � n and 1 � j 1 < j 2 < � � � < j d �
n.

Pro of . The �rst statement for q2 = 1 is discussedin remark 2.6. Henceforthassume
q2 6= 1.

Sincethe n = 2 caseis proved in [V1], we will assumen � 3. Suppose((aij ); (bij )) 2
� n . Fixing m 2 f 1; : : : ; ng and comparing the relations in M �

n 
 M �
n of the form

xmi 
 xmj � qxmj 
 xmi for 1 � i < j � n with the relations for quantum a�ne n-space
(given in remark 2.2), we �nd that at most two entries of the m'th row of both (aij )
and (bij ) are nonzero,and that ami = 0 if and only if bmi = 0 for all i = 1; : : : ; n.
A similar argument holds for the columns, and hencethere are at most two nonzero
entries in each row and each column of (aij ) and (bij ), and aij = 0 if and only if bij = 0
for all i; j = 1; : : : ; n.

Suppose((aij ); (bij )) 2 � n . For all r < s and l < m, we have (� r l
sm )� 1(Rn ) = R2. It

follows that the elements of R2 vanish on the pair
  

ar l ar m

asl asm

!

;

 
br l br m

bsl bsm

! !

2 P(M 2) � P(M 2):

Hence,this pair of 2� 2 matricesbelongsto � 2 � P(M 2) � P(M 2). It follows that these
matrices are of the form
  

ar l 0
0 asm

!

;

 
ar l 0
0 asm

! !

; or

  
ar l ar m

asl asm

!

;

 
q� 1ar l ar m

asl qasm

! !

;

wherethe latter pair of submatricesaresingular. This describesall the 2� 2 submatrix-
tuples of ((aij ); (bij )) 2 � n .

By combining theseresults, it follows that a11a12a23 = 0 = a11a22a23, and the \trans-
pose" equation also holds; that is, a11a21a32 = 0 = a11a22a32. Similarly for the other
2 � 3, and 3 � 2, submatricesof (aij ). It follows that either (aij ) consistsof a nonzero
diagonal submatrix with all other entries equal to zero, or (aij ) consistsof a 2 � 2
nonzerosingular submatrix a such that all other entries are equal to zero. Analysis of
the 2 � 2 submatrix-tuples shows that in the �rst case,(bij ) = (aij ), and in the second
bij = 0 if and only if aij = 0 with the nonzero2 � 2 submatrix of (bij ) being given by
� 2(a).

It follows that if ((aij ); (bij )) 2 � n , then (bij ) is uniquely determinedby (aij ) and vice
versa,and that the projections � n ! P(M n ), of � n onto the �rst or secondcomponent,
are equal. Therefore, denoting the imagesof these projections by Pn , we have that
� n is the graph of an automorphism � n of Pn . The fact that Pn has the desiredform
follows from the description of the (aij ) that occur.

Remark 2.4. The automorphism� n can be described explicitly from the proof of 2.3.
For matrices in Pn described in 2.3(b), � n acts as the identit y map, whereasfor those
in 2.3(a), � n is given by the action of � 2 on the nonzerosingular 2 � 2 submatrix.

Theorem 2.5. For all q 6= 0,

Oq(M n ) �=
T(M �

n )
hf 2 M �

n 
 M �
n : f (� n ) = 0i

:

Pro of . The caseq2 = 1 is discussedin remark 2.6. Henceforthassumeq2 6= 1.
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It follows from the de�nition of � n in x1.3 that

Rn � f f 2 M �
n 
 M �

n : f (� n) = 0g:

Thus, we needonly prove the reverseinclusion.
For a contradiction, supposethere exists f 2 (M �

n 
 M �
n ) n Rn such that f (� n ) = 0.

We may assumef is a linear combination of tensorsof the form x ij 
 xuv wherei � u
and j � v, or i < u and j > v. Then there exist integersr , s, l and m with r < s and
l < m such that � r l

sm (f ) is nonzeroand is not an element of R2. However,

(� r l
sm (f ))(� 2) = (f � (f r l

sm � f r l
sm ))(� 2);

which is zero since(f r l
sm � f r l

sm )(� 2) � � n . Hence,� r l
sm (f ) 2 R2 by [V1, 1.4], contra-

dicting the earlier assertion.

Remark 2.6. As remarked above, if q = 1, then Pn = P(M n ) and � n is the identit y
map, so 2.5 holds in this case. If q = � 1 and n = 2, O� 1(M 2) is a twist (in the sense
of [ATV2, x8]) of the polynomial ring O(M 2), and soP2 = P(M 2). Here, � 2 is given by

� 2

 "
a b
c d

#!

=

 "
a � b

� c d

#!

:

For q = � 1 and n � 3, a similar proof to that of 2.3 shows that a matrix in Pn either
consistsof a 2� 2 nonzero(possiblynonsingular)submatrix with all other entries equal
to zero,or it contains at most onenonzeroentry per row and at most onenonzeroentry
per column. In the latter case,any arrangement of the nonzeroentries is possible,since
no longer do we have the restriction (as in 2.3) that a 2 � 2 submatrix is diagonal or
singular. Moreover, for the �rst case,� n is given by the action of � 2 on the 2 � 2
submatrix (c.f. the action of � n for q2 6= 1 on the matricesin 2.3(a)), and in the second
case,� n acts as the identit y map (c.f. the action of � n for q2 6= 1 on the matrices in
2.3(b)). A similar proof to that of 2.5 shows that 2.5 alsoholds if q = � 1.

De�nition 2.7. ([ATV1]) A point module over Oq(M n ) is a cyclic, graded Oq(M n )-
module with Hilbert series(1 � x) � 1.

Corollary 2.8. For all q 6= 0, the point modulesover Oq(M n ) are parametrized, up to
isomorphism,by the variety Pn .

Pro of . The result follows from [ATV1, 3.13] and proposition 2.3 since� n , the set of
zerosof the de�ning relations, is the graph of an automorphismof Pn .

This correspondencemay bedescribedasfollows. Givena vectorspaceM = � i � 0kvi ,
we may de�ne an Oq(M n )-module action on M by declaringx ij :vm = x ij (� � m

n (p))vm+1 ,
for all i; j ; m, and some�xed p 2 Pn . Conversely, givena point module M over Oq(M n ),
a basisfor M exists such that the module action may be described in this way.

Moreover, in the categoryof gradedmodulesover Oq(M n ) (modulo the torsion mod-
ules) the automorphism � n acts as the shift functor on point modules ([A], [ATV1]).
That is, if M (p) = � i � 0M i represents a point module corresponding to the point
p 2 Pn , then the point module � i � 1M i is isomorphic to the representativ e M (� � 1

n (p))
of a point module corresponding to the point � � 1

n (p) 2 Pn .

Henceforth,we refer to the variety Pn as the point variety of Oq(M n ).
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3. The Symplectic Points

In this section, we show that the point variety Pn , found in x2, consists of the
symplectic points for the induced Poissonstructure on P(M n ) described in x1.

Recall the de�nition of the Poissonbracket given in x1.1. On the generatorsx ij of
O(M n ) the bracket becomes:

f x im ; x j lg = 0
f x il ; x j mg = 2x im x j l

f x il ; x im g = x il x im

f x il ; x j lg = x il x j l

9
>>>=

>>>;

if i < j and l < m:

Example 3.1. { the n = 2 case.

Writing Oq(M 2) = k[a;b;c;d] = k

"
a b
c d

#

, we have

f b;cg = 0; f a;dg = 2bc; f a;bg = ab; f a;cg = ac; f b;dg = bd; f c;dg = cd:

Furthermore, the Poissonbracket extends to the ring of fractions O(M n )[z� 1] and
restricts to the degreezero part, (O(M n)[z� 1])0, where z is a nonzerohomogeneous
element of O(M n ). The symplecticpoints in P(M n ) are the points which are the zeros
for the brackets

n
x
z ; y

z

o
on (O(M n )[z� 1])0 for all homogeneouselements x; y; z of the

samedegree.

Prop osition 3.2. The variety in P(M n ) consistingof the symplectic points is the point
variety Pn of Oq(M n ) for q2 6= 1.

Pro of . Let P 0
n denote the variety in P(M n ) de�ned by the symplectic points; that

is, the variety de�ned by the vanishing of all the brackets
n

x
z ; y

z

o
, where x; y; z are

homogeneousand deg(x) = deg(y) = deg(z). However,
� x

z
;

y
z

�

= z� 3 (f x; ygz + f y; zgx + f z; xgy);

so P0
n is the variety de�ned by the vanishing of all the polynomials:

f x; ygz + f y; zgx + f z; xgy:

Let [x; y; z] denotethis polynomial. Sinceit is invariant under cyclically permuting the
variables,it su�ces to �nd the zerosof at most

�
n2

3

�
polynomials.

For n = 2, P 0
2 is the zero locusof the four polynomials:

[a;b;c] = 0; [a;b;d] = 2b(ad � bc);

[b;c;d] = 0; [a;c;d] = 2c(ad � bc);
(1)

giving P 0
2 = Q [ L, which is P2. It follows that, for all n � 2, the 2 � 2 submatricesof

a matrix in P 0
n are either diagonalor singular.

Now, supposen � 3 and p 2 P 0
n . Focusingon the m'th row and m'th column of p

in turn shows that the polynomials

[xmi ; xmj ; xml ] = xmi xmj xml and [x im ; x j m ; x lm ] = x im x j mx lm (2)

vanish at p. This provesthat p has at most two nonzeroentries per row and at most
two nonzeroentries per column. Next, considera 2 � 3 block of p. To easenotation,
considerthe �rst 2 rows and �rst 3 columnsof p. Then the polynomials

[x11; x12; x23] = x11x12x23 + 2x13(x11x22 � x12x21);
[x11; x22; x23] = x11x22x23 + 2x12(x12x23 � x13x22)

(3)
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vanish at p. Combining (1), (2) and (3) implies that x11x12x23(p) = 0 = x11x22x23(p).
Similarly, for the other 2� 3 submatricesof p. Moreover, the \transp ose"polynomials
[x11; x21; x32], [x11; x22; x32] to (3) alsovanish at p, and similarly for the other 3 � 2
submatricesof p. It follows that P 0

n � Pn .
To completethe proof, it su�ces to show that the \diagonal" polynomials,

[xu u+ m ; xv v+ m ; xw w+ m ];

all vanish on Pn . Let p 2 Pn , and consider

[x11; x22; x33] = 2(x11x23x32 � x22x31x13 + x33x12x21)

at p. Since p consistsof either a 2 � 2 nonzero singular submatrix or a diagonal
submatrix, it follows that [x11; x22; x33] vanishesat p. A similar argument holds for
the other diagonalpolynomials { proving they alsovanish at p. Hence,Pn = P 0

n .

Corollary 3.3. If q2 6= 1, then the isomorphismclassesof point modulesover Oq(M n )
are in natural bijection with the symplectic points in P(M n ).

Pro of . Combine 2.8 and 3.2.

4. The Rela tionship between � n and the R-Ma trix

Let R 2 M n 
 M n . Following [FRT], wede�ne below a quadratic algebraA(R) which
yields Oq(M n ) if

R = q
nX

i =1

eii 
 eii +
nX

i;j =1
i 6= j

eii 
 ej j + (q � q� 1)
nX

i;j =1
i>j

eij 
 ej i ; (z)

where f eij g is the usual basisof M n . The algebraA(R) is a quotient of T(M �
n ), and

we denoteby �( R) the zerolocusin P(M n ) � P(M n ) of the quadratic relations de�ning
A(R). Theorem4.2 givesa succinct description, in terms of R, of the pair of matrices
(x; y) which belongto �( R).

Let T denoteT(M �
n ), the tensoralgebraon M �

n . As in section1, we �x a basisf x ij g
for T(M �

n )1 (= M �
n ), and de�ne

X =
nX

i;j =1

eij 
 x ij 2 M n 
 T;

X 1 =
nX

i;j ;m=1

eij 
 emm 
 x ij 2 M n 
 M n 
 T and

X 2 =
nX

i;j ;m=1

emm 
 eij 
 x ij 2 M n 
 M n 
 T:

We considerR asan element of M n 
 M n 
 T by identifying R with R 
 1. There is a
natural k-algebraisomorphism

M n 
 M n 
 T ! M n2 
 T ! M n2 (T)

whereM n2 (T) is the ring of n2 � n2 matrices over T. Let I (R) denote the ideal of T
generatedby the n4 entries of the matrix

RX 1X 2 � X 2X 1R; (� )
8



where the multiplication takes place in M n2 (T). Since these matrix entries are ho-
mogeneouselements of degreetwo, I (R) is generatedby its degreetwo component
I (R)2 � M �

n 
 M �
n .

De�nition 4.1. ([FRT]) We de�ne

A(R) :=
T(M �

n )
I (R)

:

Theorem 4.2. De�ne � : kn 
 kn ! kn 
 kn by � (u 
 v) = v 
 u, and consider � as
an elementof M n 
 M n . Let

�( R) := f (x; y) 2 P(M n ) � P(M n ) : f (x; y) = 0 for all f 2 I (R)2g:

We have

�( R) = f (x; y) 2 P(M n ) � P(M n ) : (� R)(x 
 y) = (x 
 y)( � R)g:

Remark 4.3. This theoremwas alsoproved independently by S. P. Smith.

Pro of . By viewing the x ij as homogeneouscoordinateson P(M n ), it follows from (� )
that (x; y) 2 �( R) if and only if

R(X 1jx )(X 2jy) � (X 2jx )(X 1jy)R = 0;

whereX i jx , resp. X i jy, meansevaluation at x, resp. y. Thus, (x; y) 2 �( R) if and only
if

R(x 
 1)(1 
 y) = (1 
 x)(y 
 1)R

in M n2 . Equivalently, (since the map M n 
 M n ! M n2 is a ring homomorphism)we
have (x; y) 2 �( R) if and only if

R(x 
 y) = (y 
 x)R;

where x 
 y, y 
 x 2 P(M n 
 M n ) are the imagesof (x; y), (y; x) respectively under
the Segreembedding P(M n ) � P(M n ) ! P(M n 
 M n ). However the map � satis�es
y 
 x = � (x 
 y)� for all (x; y) 2 P(M n ) � P(M n ). Thus, (x; y) 2 �( R) if and only if

R(x 
 y) = � (x 
 y)� R:

Applying � to the left of both sidescompletesthe proof.

Remark 4.4. Theorem 4.2 is reminiscent of an enhancement of � R, where � R satis-
�es the quantum Yang-Baxter equation (see[T, x2]); an enhancement of � R requires
(amongstother things) a choiceof matrix y 2 M n such that y 
 y commutes with � R
(and hencey 
 y also commutes with R, since � (y 
 y)� = y 
 y for all y 2 M n ).
Write y = (yij ) and supposey 
 y commutes with � R. Then the assignment x ij 7! yij

gives a one dimensionalmodule over A(R), since the image of the matrix (� ) under
this assignment is R(y 
 y) � (y 
 y)R, which is zero. Hence,an enhancement of � R
involvesa choiceof onedimensionalmodule over A(R). Furthermore, any y 2 P(M n )
such that y 
 y commutes with � R determinesa point module M (y) over A(R) which
is �xed by the shift functor and, conversely, if M is a point module �xed by the shift
functor then it is isomorphicto someM (y) wherey 
 y commutes with � R. Every one
dimensionalA(R)-module is a quotient of such a point module M (y). This explains
the geometricsigni�cance of the �rst condition given in [T, x2] for an enhancement of
� R. In the caseof Oq(M n ), by 2.4, every x given by 2.3(b) satis�es the �rst condition
required for an enhancement of � R.
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