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Abstra ct. Let Oq(Mp) denotethe coordinate ring of quantum n  n matrices. We
show there exists a subvariety P, of P(M,,) and an automorphism |, of P, such that
Og¢(My) determines, and is determined by, the geometric data fP ,; ng. The linear
span of the de ning relations of O4(M,,) is the set of all those elemens of M, M,
that vanish on the graph of . Moreover, if ¢° 6 1, the variety P, is independert of
g. Our main result is that there are two natural descriptions of P,,. Firstly, if q6 0,
there is a natural bijection betweenP, and the point modules over Oq(M,), and the
automorphism , is the shift functor on point modules. Secondly since Oq(Mp) is
a at deformation of O1(My), the polynomial ring O(Mp), there is a homogenenous
Poissonbracket on O(M,), and an assaiated Poissonstructure on P(M,). In this
context, if > 6 1, the variety P, consistsof those points of P(M,) which are the
zero-dimensionalsymplectic leaveswith respect to this Poissonstructure.
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Intr oduction

Fix an algebraicallyclosed eld k, with char(k) 6 2. Let M, denotethe ring ofn n
matrices over k, and, for q 6 0, let O4(M,) denote the coordinate ring of quanum
n n matricesover k ([FRT]).

This paper gives a geometricdescription of the de ning relations of O4(M,). The
casen = 2 is treated in [V1] (seeexample2.1). In 2.5, we shaw that the de ning
relations of O4(M,) determine, and are determined by, a subvariety P, of P(M,)
together with an automorphism , of P,. In particular, the linear spanof the de ning
relations of O4(Mp) is the set of all those elemeris in M,, M, that vanish on the
graphof ,. The resultswerederivedby usingthe non-comnutativ e algebraicgeometry
deweloped by Artin, Tate and Van den Berghin [ATV1] (seexl1.3).

For ¢f 6 1, the variety P, hastwo natural descriptions{ onevia symplectic leaves
and the other via point modules. Viewing O4(M,) asa at deformation of the polyno-
mial ring O1(My) (which is the coordinate ring O(M,) of n  n matrices), and taking
the limit asq! 1 (seexl.2), we nd that O(M,) carriesthe structure of a Poisson
algebrawith respect to a homogeneougloissonbradket of degreezero ([D]). This in-
ducesa Poissonstructure on P(M,), with respect to which P,, consistsof those points
of P(M,) which are the zero-dimensionalsymplectic leaves (x3). On the other hand,
in X2, we assaiate to ead point of P, a module over O4(M,). A point module over
Oq(M,,) is a cyclic gradedOq(M,)-module with Hilbert series(1  x) ! ([ATV1]). Let
M be a point module over O4(M,). The degreeone componert of the kernel of the
surjective homomorphismO4(M,) ! M is of codimensiononein Oy(My)1 (= M),
and sothe homomorphismdeterminesa point of P(M ). This point belongsto P,, and
the results of x2 show that for all q 6 0 there existsa natural bijection betweenP, and
the isomorphismclassesof point modules over Oq(M,). This natural bijection shovs
that P, represeis the functor \p oint moduleswith valuesin :::" which is descriked
in [ATV1, 3.9]. Here the automorphism , is the shift functor on point modules ([A],
[ATV1]). Combining theseresults, for ¢ 6 1, givesa natural bijection betweenthe
zero-dimensionakymplectic leavesand the isomorphismclassesf point modulesover
O4(My). This shaws that the Poissonstructure on the polynomial ring O(M,) yields
information about the module theory of the \generic" deformation O4(My,).

Section 4 considersthe R-matrix construction of an algebra A(R), which yields
Oqy(My) for acertain matrix R ([FRT]). In 4.2,weshaw that if (x;y) 2 P(M,) P(My),
then (x;y) belongsto the zero locus of the de ning relations of A(R) if and only if
X y comnuteswith R, where isthemap: (u v)=v wuforallu,v2Kk".

The author's thesis[V2] will considermore general( at) deformationsof the poly-
nomial ring and will show that, under certain conditions, the variety parametrizingthe
point modulesover the \generic" deformation is cortained in the variety consistingof
the zero-dimensionakymplectic leaves.

Acknowledgements. The author thanks S. P. Smith for suggestingthe comparison
of the above symplectic geometry with the non-comnutativ e algebraic geometry of
[ATV1, 2]. The hospitality of the University of Auckland during this work is much
appreciated.



1. Preliminaries

Fix throughout an indeterminate t and an integern 2. Let A be the k[t;t 1]
algebraon n? generatorsfx; : 1  i;]j ng, with de ning relations determined
by the requiremen that whenewer r < s and | < m there exists a k[t;t !]-algebra
isomorphism:

b# " #
-+ 1 a L1 Xrl Xrm
Kt '] 3 g okt 0 ()
" #
where the k[t;t !]-algebrak[t;t ][a;b;c;d] = Kk[t;t 1] i 3 has the six de ning
relations:
ab = tha; bd = tdb; bc = cb;
cd = tdc; ac = tca; ad da = (t t Ybc:

The algebraA is the coordinate ring of quartum n  n matricesover the ring k[t; t 1],
and for nonzeroq 2 k we have A=A(t ) = O4(M,) ([FRT]). We write O(M,,) for
01(M,,), the polynomial ring on n? variables.

1.1. The Maps and .
Letfx; :1 i;j ngdenotea basisfor M,,. Foreah r < s and| < m, we de ne
maps

H:M,! M, and U :M,! M,;

sm * n?

b
y .
& ;(;: Z: = 33 ; L.(xj)=0foralli2fr;sgorj 2fl;mg
and ) . ,
rl a b - X Xrm
sm c d Xsl Xsm

Thesemapsinduce k-algebrahomomorphisms
i T(Mp) ! T(Mp) and 5o T(Mp)! T(M,);

whereT (M) denotesthe tensoralgebraonM,,. Let R, denotethe subspaceofM, M,
generatedby the de ning relations of O4(M>), and de ne

- X rl .
Rn - sm(RZ)-

1 r<s n;
1 lkm n

Comparing this with ( ), we have Oy(M,) = T(M,)=R,i. Noticethat [,  Ljm,
is the idertity on M,, and henceon T(M,), and that ggﬁo = 0if (r;s;l;m) 6

sm

(r%s%1%m9. Therefore, g',>n<(R2) R, by de nition of R,,, and
0
im(Rn) = i tmo(R)= G G(R2) = Ry

1 r%s 0 p:
1 10«m 0 n

It followsthat, foreahir < sandl<m, L :TM,)! T(M,)and I :T(M,)!
T(M,) induce k-algebrahomomorphisms

H:0q(My)  Og(Mp) and L :04(M2) ] Og(My):

sm -

sm

The map [l is a specialization of the map ( ).
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The maps &, induce correspnding comorphisms
fim: P(M2) I P(My)

which embedP(M,) asalinear subspacefP(M,). The maps [ inducecorrespnding
comorphisms

P(Mn) nV(Xr1; Xrm; Xsl; Xsm) P(M.):

Since [ and L are Poissonalgebrahomomorphisms,their correspnding comor-

phismssendsymplectic leavesto symplectic leaves.
Ford n,letDy Mg denotethe setofdiagonald d matrices. SoO(Dgy) = O(k9).

Letl = (iqg;:::5ig)andd = (jg;:::;jg) wherel i3<i,< <ig nandl j;<
j2 < <jg n.Let ;;:Dgq! M, denotethe linear map sendingdiag( 1;:::; q)
to the matrix with | in the iy jy position for eat k 2 f1;::: ;dg, and zeroselsewhere.

For ead | and J, the linear dual of |; inducesa k-algebrahomomorphismT (M) !
T(D4), which inducesa k-algebrahomomorphismOg4(M,) ! O(Dgy).
The interplay betweenall thesemapswill be usedin x2.

1.2. The Poisson Brac ket on O(M).
SinceA isafreek[t; t ']-module, we may view O4(M,) asa(at) deformationof O(M)
via the algebraA. SinceO4(M,) hasa Poincare-Birkho -Witt basisoverk, the elemen
h:=t 1lisacertral, regularelemen of A. If f;g2 O(M,) thenf &2 Ah where
f~ g are preimagesof f, g in A. With this notation, we de ne a Poissonbracket f ; g
on O(M,) by:

ff;gg=h Y(fg &) modulo Ah

(see,for example,[D]), which is independer of the choice of preimagesof f and g.

This bracket extendsto O(M,)[z 1] for any homogeneoulemen z 2 O(M,), and
since the bracket is homogeneouof degreezero, it restricts to the degreezero part
(O(M)[z o. In this way, the bracket inducesa Poissonstructure on the projective
spaceP(M,). By standard results, the maximal connectedcomponerts of P(M,) on
which the Poissonstructure is nondegenerateare symplectic manifolds, and P(M )
decompmsesas the disjoint union of these symplectic manifolds, or sympletic leaves
([K]). The zero-dimensionakymplectic leavesin P(M,) are given by the vanishing of
the Poissonbradcket on (O(M,)[z 1]), for all homogeneoug 2 O(M,). We introduce
the term sympletic points to refer to the zero-dimensionakymplectic leaves.

1.3. Non-comm utativ e Algebraic Geometry.
We view M, acting as linear forms on P(M,), and M, M, as bilinear forms on
P(M,) P(M;). Let

no=f(xy) 2 P(M,)  P(Mp) i f(x;y)=0forall f 2 R,0:

The main results (2.3, 2.5) of x2 show that, for all g6 0, thereisavariety P, P(Mp)
and an automorphism , of P, sud that , is the graph of . In 2.8, we shawv
that for all g6 O there is a natural bijection betweenP,, and the point modules over
Oq(My). The main result of the paper, provedin x3, is that if ¢ 8 1, then the variety
P, consistsof those points of P(M ) which are the symplectic points for the Poisson
structure on P(M ).



2. The Point Variety

We retain the notation of x1. In this section, we show there exists a subvariety P,
of P(M,) (called the point variety of O4(M,)) and an automorphism , of P, with
graph , P(M,) P(M,) sud that, for all g6 O,

T(M,) .
H2M, M,:f(,)=0"
For o> 6 1, we showv P, is independen of g. For g = 1, O1(M,) is the polynomial
ring O(M,), and since the de ning relations are the skew-symmetrictensors, , is
the diagonal, so P, = P(M,) and , is the identity map. Thus, loosely speaking,
the geometricdata fP ,; ,g \encodes" the non-comnutativit y of Oy(M,). The case
q= 1is exceptionalbut its proof follows from that for ¢? 6 1 (2.3, 2.5) { we discuss
this casein remark 2.6.

Oq(My) =

Example 2.1. { the n = 2 case.
For @ 6 1andn = 2, it is shown in [V1] that R, = ff 2 M, M, :f( 2) = Og,
and that , is the graph of an automorphism , of a subvariety P, of P(M,), where
P,=Q[ L, Q= V(ad bg (the singular matricesin P(M;)), and L = V(b;c) (the
diagonalmatrices). On L, »isthe ide;gtity map, and or?;Q
ab _ glab
2 ¢cd c qd

The geometricdata fL; »j_g correspndsto the quotient of Oy(M;) by the ideal ho;ci
{ the factor ring is isomorphicto the polynomial ring O(k?) on two variables,which is
the coordinate ring of the diagonal matrices.

The following remark is usedin the proof of 2.3.

Remark 2.2. Considerthe coordinate ring of quartum a ne n-space,O4(k"), given
by the algebrakl[ys;::: ;yn] with de ning relationsy;y; = qy;y; forall1l i<j n
whereq 2 k, q 6 O ([FRT]). Let fegL, denotethe dual basisto fy,gL, in P(k").
Forn 3,andq6 1, the collection of points in P(k") P(k") on which the de ning
relations of O4(k") vanishis given by
f(p; n(M) :p=pe+pe; n(p)=pe+opg foral 1 i<j n; (p;p)2Po
This variety is the graph of the automorphism , : L ! L whereL = N and
1if n
is the line in P(k") through e and g ; that is, L consistsof thosepoints of P(k") having
at most two nonzerocoordinates with respect to the coordinate functions yq;::: ;yn.
The linear span of the de ning relations are the only elemens of (k") (k") that
vanish on the graph of . Moreover, L is in natural bijection with the point modules
over Oqy(k"), and so we refer to L asthe point variety of Oy(k"). We remark that
Oq(k") may beviewedasa (at) deformationof O;(k"), the polynomial ring O(k") on
n variables,inducing a Poissonstructure on P(k"). In this case,the variety consisting
of the symplectic points for this Poissonstructure is the point variety L.

Recallthe maps £ and L dened in x1.1. In the following, the term submatrix
refersto thed d matrix formedfrom a matrix in M, by deletingn drowsandn d

columns.

Prop osition 2.3. Foralln 2andfor all g6 0, , is the graphof an automorphism
, of avariety P, P(M,). If ¢ 6 1, the variety P, is independentof g and is the

(nondisjoint) union of the following varieties:
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(@) rz' * copiesof Q[ L, namelyt L}, (P2) for all r < sand | < m;
d

(b) ooplesof Pd lforalld= 1;:::;n, namely ,;(Dg) foralll = (iy;::: ;iq),
J=(j1:::;jd) wheel i;<i,< <ig nandl ji1<j.< <jg

n.

Pro of. The rst statemen for ¢ = 1 is discussedn remark 2.6. Henceforthassume
6 1.

Sincethe n = 2 caseis provedin [V1], we will assumen 3. Suppose((a; ); (b)) 2
n. Fixing m 2 f1;:::;ng and comparing the relations in M, M, of the form
Xmi Xmj  Xmj  Xmi forl i< ) nwith the relationsfor quartum a ne n-space
(givenin remark 2.2), we nd that at most two ertries of the m'th row of both (a; )
and (b; ) are nonzero,and that ay, = Oif and only if by, = O for all i = 1;:::;n.
A similar argumern holds for the columns, and hencethere are at most two nonzero
ertries in ead row and eat columnof (a; ) and (b; ), anda; = Oif andonly if b = 0

foralli;j = 1;:::;
Suppose((a; ); (hJ )) 2 ,. Forallr<sandl<m,wehave( 1) %R, = Ry It
follows that the elemerns of Rzlvanish on the |pa|ir

A Am . . brI brm - .
oy am | by by 2 M2 P(M):
Hence,this pair of 2 2 matricesbelongsto , P(M;) P(My). It followsthat these

matrices are ofI the form | | -

ag 0 . a O . & am . d'ar am .
Oasm ' Oasm ' ds| dgm ' dg qasm '

wherethe latter pair of submatricesaresingular. This descrikesall the 2 2 submatrix-
tuples of ((a; ); (b)) 2 .

By combining theseresults, it followsthat a;;a;,a,3 = 0= ajjaay3, and the \trans-
pose" equation also holds; that is, ajiazias, = 0 = ajyazas,. Similarly for the other
2 3,and3 2, submatricesof (g; ). It followsthat either (a; ) consistsof a nonzero
diagonal submatrix with all other ertries equal to zero, or (a;) consistsof a 2 2
nonzerosingular submatrix a sud that all other ertries are equalto zero. Analysis of
the 2 2 submatrix-tuples showvs that in the rst case,(b;) = (&; ), andin the second
by = 0if and only if a; = O with the nonzero2 2 submatrix of (b ) being given by

2(a).

It followsthat if ((a;);(ky)) 2 «, then(b;) is uniquely determinedby (a; ) and vice
versa,and that the projections ,! P(M,), of ,, onto the rst or secondcomponert,
are equal. Therefore, denoting the imagesof these projections by P,, we have that

n Is the graph of an automorphism ,, of P,,. The fact that P, hasthe desiredform
follows from the description of the (a; ) that occur. [ |

Remark 2.4. The automorphism , canbe descriked explicitly from the proof of 2.3.
For matricesin P, descrikedin 2.3(b), , actsasthe identity map, whereasfor those
in 2.3(a), n is given by the action of , onthe nonzerosingular2 2 submatrix.

Theorem 2.5. For all g6 0,

O4(Mp) = T

H2M, f()=0

Pro of. The caseq? = 1 is discussedn remark 2.6. Henceforthassumeg? 6 1.
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It follows from the de nition of , in x1.3that
R, ff2M, M,:f( )= 0g

Thus, we needonly prove the reverseinclusion.

For a cortradiction, supposethere existsf 2 (M, M,)nR, sud that f( ,) = 0.
We may assumef is a linear combination of tensorsof the form x; X,y wherei u
andj v,ori<uandj > v. Then there existintegersr, s, | and m with r < s and
| < m sudthat [ (f) is nonzeroand is not an elemen of R,. Howe\er,

m(ENC 2= (F (i f&a) 2);

which is zerosince(ffl  fI)( ) . Hence, I (f) 2 R, by [V1, 1.4], contra-
dicting the earlier assertion. [ |

Remark 2.6. As remarked above, if g= 1, then P, = P(M,) and , is the identity
map, so 2.5 holdsin this case.If q= l1andn= 2,0 ;(M,) is atwist (in the sense
of [ATV2, x8]) of the polynomial ring O(M,), and soP, = P(M,). Here, , is givenby

#! #l
ab _ a b

2 ¢d ~ c d

Forg= 2landn 3, asimilar proof to that of 2.3 shows that a matrix in P, either
consistsofa2 2 nonzero(possiblynonsingular) submatrix with all other entries equal
to zero,or it cortains at most onenonzeroertry per row and at mostonenonzeroertry

per column. In the latter case,any arrangemen of the nonzeroertries is possible,since
no longer do we have the restriction (asin 2.3)that a2 2 submatrix is diagonal or
singular. Moreover, for the rst case, , is given by the action of , onthe 2 2
submatrix (c.f. the action of |, for ¢ 6 1 onthe matricesin 2.3(a)), andin the second
case, , acts asthe idertity map (c.f. the action of , for ¢ 6 1 on the matricesin

2.3(b)). A similar proof to that of 2.5shavsthat 2.5alsoholdsif q= 1.

De nition  2.7. ([ATV1]) A point module over O4(My) is a cyclic, graded O4(M)-
module with Hilbert series(1 x) 1.

Corollary 2.8. For all g6 0, the point modulesover O4(M,) are parametrized, up to
isomorphism, by the variety P,.

Pro of . The result follows from [ATV1, 3.13]and proposition 2.3 since ,, the set of
zerosof the de ning relations, is the graph of an automorphismof P,,. [ |

This correspndencemay be descrikedasfollows. GivenavectorspaceM = | okv;,
we may de ne an Oq(M,)-module action on M by declaringX; :Vm = Xj ( , ™(P))Vin+1,
foralli; j; m, andsome xed p 2 P,. Conversely givena point module M over Oq(Mp),
a basisfor M exists sud that the module action may be described in this way.

Moreover, in the categoryof gradedmodulesover O4(M,) (modulo the torsion mod-
ules) the automorphism |, acts as the shift functor on point modules ([A], [ATV1]).
That is, if M(p) = i oM; represeis a point module correspnding to the point
p 2 Py, then the point module ; ;M; is isomorphicto the represetative M ( ,1(p))
of a point module correspnding to the point ,(p) 2 P,.

Henceforth, we refer to the variety P, asthe point variety of Oq(My).
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3. The Symplectic Points

In this section, we shav that the point variety P,, found in x2, consistsof the
symplectic points for the induced Poissonstructure on P(M,,) described in x1.

Recall the de nition of the Poissonbracket given in x1.1. On the generatorsx; of
O(M,) the bracket becomes:

9
fXim; X9 = 0 3
X3 Xim@ = Xim Xj1 ifi<jandl< m;
fXi;Xmg = XiXm 3
fXi X9 = XX
Example 3.1. { the n = 2 case.. #
Writing Ogy(M32) = K[a;b;c;d] = k 2 g , we have

fb;cg=0; fa;dg= 2bc; fa;bg= ab; fa;cg= ac; fb;dg= bd; fc;dg= cd:

Furthermore, the Poissonbradket extendsto the ring of fractions O(M,)[z 1] and
restricts to the degreezero part, (O(My)[z !])o, where z is a nonzerohomogeneous
elemen of O(My). Thg symplectic points in P(M ) are the points which are the zeros

for the brackets %; £ on (O(M)[z '])o for all homogeneouglemetts x;y; z of the
samedegree.

Prop osition 3.2. The variety in P(M,) consisting of the sympletic points is the point
variety P, of O4(M,) for ¢ 6 1.
Pro of. Let P? denote the variety in P(M,) de ned by the, symplectic points; that
is, the variety de ned by the vanishing of all the brackets %; ¥ , wherex;y;z are
homogeneousnd degx) = degfy) = deg(z). Howewer,
Xy
z'z
soP? is the variety de ned by the vanishing of all the polynomials:

=z 3(fx; ygz + fy; zgx + fz; xgy);

fx; ygz+ fy; zgx + fz; xgy:
Let [X; y; z] denotethis polynomial. Sinceit is invariant under cyclically permuting the
variables, it suces to nd the zerosof at most "’ polynomials.

3
For n = 2, P2 is the zerolocus of the four polynomials:

[a;b;c] = O [a;b;d] = 2(ad  bg; L

[b;c;d] = O; [a;c;d] = 2c(ad  bg; 1)
giving P; = Q[ L, which is P,. It followsthat, for alln  2,the 2 2 submatricesof
a matrix in P? are either diagonal or singular.

Now, supposen 3 and p 2 P?2. Focusingon the m'th row and m'th column of p
in turn shaws that the polynomials

[Xmis Xmjs Xmi] = Xmi Xmj Xmi and [Xim s Xjm; Xim] = Xim XjmXim (2)

vanish at p. This provesthat p hasat most two nonzeroertries per row and at most
two nonzeroertries per column. Next, considera 2 3 block of p. To easenotation,
considerthe rst 2 rowsand rst 3 columnsof p. Then the polynomials

[X11; X12; Xa23] X11X12X23 + 2X13(X11X22  X12X21);

[X11; X22; Xa23] X11X22X23 + 2X12(X12X23  X13X22)
7
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vanish at p. Combining (1), (2) and (3) implies that X11X12X23(p) = 0= X11X22X23(pP).
Similarly, for the other 2 3 submatricesof p. Moreover, the \transp ose" polynomials
[X11; X217 Xao], [X11; X22; X32] to (3) alsovanish at p, and similarly for the other 3 2
submatricesof p. It followsthat P? P,.

To completethe proof, it su ces to show that the \diagonal" polynomials,

Xuurm: Xvvem: Xww+ml;

all vanishon P,. Let p2 P,, and consider
[X11; X225 Xa3] = 2(X11X23X32  X22X31X13 + X33X12X21)

at p. Sincep consistsof either a 2 2 nonzero singular submatrix or a diagonal
submatrix, it follows that [x11; X22; X33] vanishesat p. A similar argumen holds for
the other diagonal polynomials{ proving they alsovanishat p. Hence,P, = P?. ®

Corollary 3.3. If ¢? 8 1, then the isomorphismclassesof point modulesover O4(M,)
are in natural bijection with the sympletic points in P(M ).

Pro of. Combine 2.8 and 3.2. [ ]

4. The Rela tionship between  and the R-Matrix

LetR2 M, M,. Following [FRT], we de ne below a quadratic algebraA(R) which
yields Oq(My,) if
X X x
R=q & &+ & e+ q") e e (€4
i=1 ij =1 ij =1
i6] i>]
wheref g; g is the usual basisof M,. The algebraA(R) is a quotient of T(M,,), and
we denoteby ( R) the zerolocusin P(M,) P(M,) of the quadratic relations de ning
A(R). Theorem4.2 givesa succinctdescription, in terms of R, of the pair of matrices
(x; y) which belongto ( R).
Let T denoteT(M,), the tensoralgebraon M ,. Asin sectionl, we x a basisfx; ¢
for T(M,)1 (= M,), and de ne

X
X = €; Xij 2 Mg, T;
ijj =1
X
X = & ©m Xj 2M, M, T and
ijj ;m=1
X
Xo= €nm € Xj 2M, M, T:
ijj ;m=1

We considerR asan elemen of M, M, T by identifying R with R 1. Thereis a
natural k-algebraisomorphism

My My, T! My T! Mp(T)

where M ,2(T) is the ring of n2  n? matricesover T. Let | (R) denotethe ideal of T
generatedby the n* ertries of the matrix

RX X, Xo.X4R; ()
8



where the multiplication takes placein M,2(T). Sincethese matrix ertries are ho-
mogeneouselemerts of degreetwo, | (R) is generatedby its degreetwo componert
I(R), M, M

De nition 4.1. ([FRT]) Wede ne

n-

T(M,)

I (R

Theorem 4.2. Dene :k" k"! k" k" by (u v)=v u, andconsider as
an elementof M,, M,. Let

(R):=1f(x;y) 2 P(M,) P(M,):f(x;y)=0forall f 21(R),0:

AR) =

We have

(R) =f(xy)2P(M,) PMn):( R)(x y)=(x y)( R
Remark 4.3. This theoremwas also proved independerily by S. P. Smith.

Pro of. By viewing the x; ashomogeneougoordinateson P(M), it follows from ( )
that (x;y) 2 ( R) if and only if

R(X1jx)(Xz2ly)  (X2jx)(X41jy)R = 0;
whereXijy, resp. Xijy, meansevaluation at x, resp.y. Thus, (x;y) 2 ( R) if and only
if

Rx 1A y)=@1Q x)(y IR

in M,2. Equivalertly, (sincethe map M, My ! Myz is aring homomorphism)we
have (x;y) 2 ( R) if and only if

Rx y)=( xR;
wherex vy,y x2 P(M, M,) arethe imagesof (x;y), (y;x) respectively under
the Segreembedding P(M,) P(M,)! P(M, M,). Howewer the map satises
y x= (x y) forall (x;y)2 P(M,) P(M;). Thus,(x;y) 2 ( R) if and only if

Rx y)= (x y) R
Applying to the left of both sidescompletesthe proof. [ |

Remark 4.4. Theorem4.2is reminiscen of an enhanement of R, where R satis-
es the quantum Yang-Baxter equation (see[T, x2]); an enhancemehof R requires
(amongstother things) a choiceof matrix y 2 M, sud that y y comnmuteswith R
(and hencey vy alsocomnutes with R, since (y y) =y yforaly?2 Mjy).
Write y = (y; ) and supposey y commuteswith R. Then the assignmen x; 7! y;
gives a one dimensionalmodule over A(R), sincethe image of the matrix ( ) under
this assignmehis R(y y) (y Y)R, which is zero. Hence,an enhancemenof R
involvesa choice of one dimensionalmodule over A(R). Furthermore,any y 2 P(M)
suth that y y comnuteswith R determinesa point module M (y) over A(R) which
is xed by the shift functor and, corversely if M is a point module xed by the shift
functor then it is isomorphicto someM (y) wherey y comnuteswith R. Every one
dimensional A(R)-module is a quotient of such a point module M (y). This explains
the geometricsigni cance of the rst condition givenin [T, x2] for an enhancemen of
R. In the caseof Oy(My), by 2.4, every x given by 2.3(b) satis es the rst condition

required for an enhancemenof R.
9
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