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ABSTRACT. For decades, the study of graded Clifford algebras has provided a theory where
commutative algebraic geometry has dictated the algebraic and homological behavior of a
non-commutative algebra. In particular, it is well known that a graded Clifford algebra, C,
is quadratic and regular if and only if a certain quadric system associated to C is base-point
free. In this article, we introduce a generalization of a graded Clifford algebra, namely a
graded skew Clifford algebra, and to such an algebra we associate a notion of quadric system
in the spirit of the non-commutative algebraic geometry of Artin, Tate and Van den Bergh.
We prove that a graded skew Clifford algebra is quadratic and regular if and only if its
associated quadric system is normalizing and base-point free. To prove our results, we extend
the notions of complete intersection, base-point free, quadratic form and symmetric matrix
to the non-commutative setting.

We use our results to produce several families of quadratic regular skew Clifford algebras of
global dimension four that are not twists of graded Clifford algebras. Many of our examples
have a 1-dimensional line scheme and a point scheme that consists of exactly twenty distinct

points, and so are candidates for generic regular algebras of global dimension four.
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INTRODUCTION

For decades, the study of graded Clifford algebras has been an area where commutative
algebraic geometry has dictated the algebraic and homological behavior of a non-commutative
algebra. Indeed, associated to a finitely generated graded Clifford algebra, C| is a system of
quadrics in a finite-dimensional projective space, and, by [4, 7], C' is quadratic and regular
if and only if the associated quadric system is base-point free (Theorem 1.1 gives the precise
statement).

In this article, we introduce an algebra that generalizes the notion of a graded Clifford
algebra, and we call such an algebra a graded skew Clifford algebra (Definition 1.12). Using
the theory of non-commutative algebraic geometry developed in [2, 3], we associate geometric
data to a graded skew Clifford algebra, analogous to that associated to a graded Clifford
algebra. In particular, in the non-commutative setting, we define a quadric, a quadric system
and what it means for a quadric system to be base-point free (Definitions 1.5, 1.11 and 1.7),
and our definitions extend the analogous concepts from commutative algebra. Although, in
general, such a non-commutative quadric might contain only finitely many points, we prove
in Theorem 4.2 that a graded skew Clifford algebra is quadratic and regular if and only if the
associated quadric system is normalizing and base-point free.

In our results, a key part is played by quadratic forms in a skew polynomial ring S on
n generators, and there is a certain n x n matrix that may be associated to such a quadratic
form. We call such a matrix a p-symmetric matrix, where g is an n x n scalar matrix
depending on S (Definition 1.2). Moreover, there is a one-to-one correspondence between
quadratic forms in S and p-symmetric matrices, and they interact in much the same way as
do symmetric matrices with their associated quadratic forms in a polynomial ring. Symmetric
matrices (respectively, skew-symmetric matrices) are p-symmetric matrices for certain choices
of u, and so p-symmetric matrices generalize the concepts of symmetric, and skew-symmetric,

matrix.
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Given a graded skew Clifford algebra A, determining the influence of its associated quadric
system necessitates consideration of a non-commutative analog of the concept of complete
intersection. To this end, we invoke many results of T. Levasseur from [8], and we develop
a notion of complete intersection for the non-commutative algebraic geometry associated to
skew polynomial rings. Our main result, Theorem 4.2, follows from using our non-commutative
analog of complete intersection in conjunction with results of Shelton and Tingey in [9] that
use regular normalizing sequences of elements in regular algebras to construct new regular
algebras.

A consequence of Theorem 4.2 is that a regular graded skew Clifford algebra may be con-
structed by simply finding a normalizing quadric system that is base-point free. Producing
a normalizing quadric system entails the entries of the matrix p satisfying some algebraic
conditions; although this is a closed property, it is not as restrictive as in the commutative
setting where all the entries of y equal one. Once a normalizing quadric system is found, the
property of being base-point free is an open condition.

Given the closed condition satisfied by the entries of i, regular graded skew Clifford algebras
are not, in general, flat deformations of regular graded Clifford algebras, and this agrees with
work of C. Ingalls which proves that, in general, flat deformations of regular graded Clifford
algebras are still regular graded Clifford algebras. Nevertheless, the family of regular graded
skew Clifford algebras promises to contribute to resolving the open problem of classifying all
quadratic regular algebras of global dimension four, so-called quantum P3s. Indeed, it is likely
that regular graded skew Clifford algebras of global dimension four yield many components
of the scheme of quadratic algebras on four generators with six relations, including some such
algebras that are considered generic quantum P3s. This claim is supported by the many
examples of quadratic regular skew Clifford algebras of global dimension four that have 1-
dimensional line schemes and point schemes consisting of exactly twenty distinct points that

are presented in the last section, and which are candidates for generic quantum P3s. Although
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various researchers have found examples of quantum P3s having finite point schemes and 1-
dimensional line schemes (c.f., [5, 9, 13, 16]), before this article, only one example had exactly
twenty distinct points and a 1-dimensional line scheme, and that algebra appeared in [9] in
2001; however, even that algebra is a graded skew Clifford algebra.

The article is outlined as follows. Section 1 presents known results for graded Clifford al-
gebras and skew polynomial rings, and introduces graded skew Clifford algebras and their
associated (non-commutative) quadric system. In Section 2, we focus on certain noetherian
Auslander-Gorenstein algebras, and prove some results concerning the Gelfand-Kirillov di-
mension of quotients of such an algebra by regular normalizing sequences. We connect the
results of Section 2 with the geometry of skew polynomial rings in Section 3, and prove, in
Corollary 3.6, that an analog of complete intersection occurs for skew polynomial rings. In
Section 4, we prove our main result (Theorem 4.2) that a graded skew Clifford algebra is qua-
dratic and regular if and only if its associated quadric system is normalizing and base-point
free. We use this result to prove that all graded regular algebras of global dimension two are
graded skew Clifford algebras. We also prove, in Theorem 4.6, that if a quadric system £ is
normalizing and base-point free, then a “hyperplane slice” of the quadric system corresponds
to a regular graded skew Clifford subalgebra of the regular graded skew Clifford algebra cor-
responding to . Another result in Section 4 gives necessary and sufficient conditions for a
regular graded skew Clifford algebra to be a twist by an automorphism of a regular graded
Clifford algebra. Some examples of regular graded skew Clifford algebras of global dimen-
sion four and their associated quadric systems are presented in Section 5. Our examples are
not isomorphic to, nor twists of, graded Clifford algebras, and most of our examples have
finite point schemes and 1-dimensional line schemes, including some that have exactly twenty

distinct points.
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1. SKEW CLIFFORD ALGEBRAS AND SKEW POLYNOMIAL RINGS

In this section, we introduce the algebras to be discussed in the paper, namely graded skew
Clifford algebras, and associate to them some geometric data.

Throughout the article, k denotes an algebraically closed field such that char(k) # 2, and
M, (k) denotes the vector space of n x n matrices with entries in k. For a graded k-algebra B,
the span of the homogeneous elements in B of degree i will be denoted B;. The notation T'(V)
will denote the tensor algebra on the vector space V', and, if R is any ring or vector space,

then R* will denote the nonzero elements in R.

1.1. Clifford Algebras.
Let M,..., M, € M,(k) denote symmetric matrices. By definition (c.f., [7]), a graded
Clifford algebra is the k-algebra C' on degree-one generators zi,...,x, and on degree-two

generators ¥, . . ., ¥y, with defining relations given by

n

(a) xiz; + xjo; = Z(Mk),j yp forall 4,7 =1,...,n, and
k=1

(b) yx central for all k =1,... n.

It is possible for all the 3 to belong to (C})?, and this happens if and only if My, ..., M, are
linearly independent. However, even in this case, C' need not be a quadratic algebra, as the
centrality of all the g, might not follow from the degree-two relations.

There is a geometry that may be associated to C' via the matrices My as follows. To

each My, associate a quadratic form g, € k[z1, ..., 2,] given by g, = 27 M}z, where
21
z = and P [21 zn}
Zn
If we view {z1,...,2,} as a dual basis in (C1)* to {z1,...,x,}, then the polynomial algebra

k[z1, ..., 2,] is the Koszul dual of the quadratic algebra C'/(y1, . .., y,); that is, let W C T'(C})s
denote the preimage in T'(Cy) of the relations of C/{yi,...,y,) and let W+ C (C1)* @ (C})*

denote the homogeneous elements of degree two in 7'((C})*) that vanish on the elements of W,
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then k[z1,. .., 2,] = T((Cy)*)/(W). With this viewpoint, the zero locus V(gi) of each ¢ is a
quadric in P(C}). A base point of the quadric system V(¢1), ...,V (g,) is a point in ﬂ V(qr);

k=1
if no such point exists, then the quadric system is said to be base-point free.

Theorem 1.1. [4, 7| The graded Clifford algebra C' is quadratic, Auslander-regular of global
dimension n and satisfies the Cohen-Macaulay property with Hilbert series 1/(1 — )" if and
only if the associated quadric system is base-point free; in this case, C' is Artin-Schelter reqular

and 1s a noetherian domain.

We intend to generalize the notion of a graded Clifford algebra, defining a graded skew
Clifford algebra in Definition 1.12, and then prove a result analogous to Theorem 1.1 for
graded skew Clifford algebras. To do so will entail generalizing the notions of quadric and

base-point free to the non-commutative setting via skew polynomial rings.

1.2. Skew Polynomial Rings.

Throughout the article, for {i,j} C {1,...,n}, let u;; € k* satisty the following property:

fijttyi =1 for all ¢ # j.

We write pn = (pi;) € M, (k).

Definition 1.2. A matrix M € M, (k) will be called p-symmetric it M;; = p;;M;; for all

,7=1,...,n.

If p1;; = 1 for all ¢, 7, then a p-symmetric matrix is a symmetric matrix, whereas if j1,; = —1
for all 7, 7, then a p-symmetric matrix is a skew-symmetric matrix. It will be convenient for
us to assume that p; = 1 for all ¢, and henceforth we assume that is the case.

Let S denote the k-algebra on zi, ..., 2, with defining relations given by z;z; = j,;22; for
all 3,7 = 1,...,n, so that S is a skew polynomial ring. In the commutative case (where all
the u;; = 1), one may associate a quadratic form to a symmetric matrix M € M, (k) in the

way outlined in Subsection 1.1 for the M, and . It should be noted that in doing so, one
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first forms 2’ Mz in T(S)), after which one uses the relations of the polynomial algebra to
rewrite the quadratic form more simply. We now propose a similar procedure if p;; # 1 for
some 7,7 =1,...,n.
Let M € M, (k) be a p-symmetric matrix, and let ¢ € T(S;) be defined by 27 Mz, where
z and 2T are column and row matrices as in Subsection 1.1. Let ¢ € S denote the image of
¢ and we call ¢ a quadratic form. Moreover, given ¢ = Zig ; Qujzizj € Sz, one may associate
to ¢ a p-symmetric matrix M = (M,;) as follows: set M;; = «; for all 7, and, for i < j, set
M;; = % and Mj; = p;; M;;. Moreover,
q= Z M;jziz; = Z M2z + Z Mjipijziz; = Z 2M;jz2; + Z M%7, (*)
4,3

1<j 1<j 1<j %

so that ¢ # 0 if and only if M # 0.

Lemma 1.3. If ¢1,...,q, € Sy and if M, denotes the u-symmetric matriz associated to
each qi, then {qr}i_, is linearly independent in S if and only if {My}7_, is linearly indepen-

dent.

Proof. By (%), if aq,...,a, € k, then

doargr =y an( Y 2AMy)iziz + Y (My)az).

i<j i
Given the defining relations of S, it follows that Y, ax(My);; = 0 for all ¢ < j if and only

if Y°r_, aggr =0 in S, which completes the proof. |

Lemma 1.3 reinforces the fact that the association between p-symmetric matrices and qua-
dratic forms in S mirrors the standard association between symmetric matrices and quadratic
forms in polynomial rings.

In order to associate a quadric to any ¢ € Sy, we first set U C T'(S})2 to be the defining
relations of S, and write V(U) for the zero locus in P((S1)*) x P((S1)*) of U.

Remark 1.4. In the language of [2] (and Definition 3.1), V(U) parametrizes the point modules

over the skew polynomial ring S. In general, since Sz = 2.5 for all k, a point module over S
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that is annihilated by any z corresponds to a point module over S/(z;) and so, by an inductive
argument, it follows that 1 < dim(V(U)) < n — 1. Moreover, in the commutative setting,
where y;; = 1 for all 4, j, V(U) is the graph of the identity map on P((S1)*), so that V(U)

may be identified with P((S7)*) in this case.

Definition 1.5. For any ¢ € Ss, we call the zero locus of ¢ in V(U) the quadric associated
to ¢, and denote it by V,(¢); in other words, V,(¢) = V(k¢+ U) = V(¢) N V(U), where q is
any lift of g to T'(S1)2. The span of elements ¢y, . .., g, in Sz will be called the quadric system

associated to qi, ..., qn-

A more general notion of (non-commutative) quadric has been proposed independently by
M. Van den Bergh in [17]; the two notions are related, but the one given in Definition 1.5

suffices for our goals in this article.

Lemma 1.6. Ifn > 2, then the quadric YV, (q) is nonempty for all ¢ € S5 and has codimension

one in V(U).

Proof. Let ¢ : P((S1)*) x P((S1)*) — P((S1 ®k S1)*) denote the Segre embedding, where
é(a,b) = ab’ (viewing a and b as column vectors). Correspondingly, any nonzero element
q € T(S1)2 maps to a nonzero element of 7'(S; ®x S1)1. Since Sz, = 2.5 for all k, both V(U)
and ¢(V(U)) have dimension at least one. Moreover, if ¢ € S5, and if ¢ is any lift of ¢ to
T(S)a, then ¢(V,(q)) = ¢(V(U))Np(V(q)), so, by intersection theory in P((S; ®xS1)*), we have

dim(V; (q)) = dim(¢(V(U))) + dim(¢(V(q))) — dim(P((51 @k 51)7))
= dim(¢(V(V))) + (n* = 2) — (n* — 1)
= dim(p(V(U))) — 1
> 0.

The result follows. |
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Definition 1.7. We call a point (a, b) € V(U) a base point of the quadric system associated
t0 q1,...,qm € So if (a, b) € V, (qx) for all k = 1,...,m. We say such a quadric system is

base-point free if ﬂ V, (qr) is empty.
k=1

Remark 1.8.

(a) Definitions 1.5 and 1.7 reduce to the usual definitions in the commutative setting
(where p1;; = 1 for all 4, j), providing V(U) is identified with P((S1)*) as described in
Remark 1.4.

(b) If n = 4, and if {u;;}i<; is algebraically independent, then V(U) has dimension one,
so a quadric need not have codimension one relative to the dimension of P((.S1)*).

(c) In the language of [2], the quadric system V, (q1),...,V, (¢x,) being base-point free is
equivalent to the algebra S/{qi, ..., ¢n) having no truncated point modules of length

three.

In order for our non-commutative quadric system to be useful in our analog of Theorem 1.1
(namely, Theorem 4.2), the quadratic forms should satisfy some additional properties. To

that end, we now remind the reader of some standard terminology.

Definition 1.9. Let B denote a k-algebra. The following terms are standard.

(a) An element b € B is said to be a normal element if Bb = bB. If by, ..., b, € B and if
the image of by1 in B/(by,...,bx) is normal for all k = 1,... ,m —1, then {by,...,b,}
is called a normalizing sequence in B.

(b) A normal element b € B is said to be regular if the only solution x € B to the equation
xb=01is x = 0. A normalizing sequence {by,...,b,} in B is said to be regular if by,
is regular in B/(by,...,b) forall k=1,... ,m—1.

(c) If B is N-graded and if By = k, then a homogeneous element b € B is said to be
1-regular if the only solutions x,y € B to the equations b =0 and by = 0 are x = 0

and y = 0.
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Remark 1.10. Normality and 1-regularity of elements have influence on elements in certain
Koszul duals as follows ([9]). Let B denote a quadratic k-algebra such that B = T'(V)/(R),
where V' is a finite-dimensional vector space over k and R is a subspace of V@ V. Let b € BS,
and let b denote any lift of b to T(V),. There exists b* € (V* @ V*)/(R @ kb)* such that
R+ = (R ® kb)* @ kb*, where b* is any lift of b* to V* @, V*. Since (V* @4 V*)/(R & kb)L is
a subspace of T(V*)/((R @& kb)), we also use b* for the image of b* in T(V*)/((R & kb)L),
where the latter algebra is the Koszul dual of B/(b). We note that b* is well defined up
to a scalar multiple. By [9, Lemma 1.3], b is normal in B if and only if b* is 1-regular in

TV /(R ®kb)L).

Definition 1.11. If a quadric system is given by a normalizing sequence in .S, then it is called

a normalizing quadric system.

The reader should note that if {¢i,...,¢,} C 53 is not a normalizing sequence in S, then,
conceivably, there could exist a normalizing sequence {¢},...,q,,} C Sy such that Y ,"  kq} =

> i kgi, in which case the quadric system associated to {qi,...,¢n} is normalizing.

1.3. Skew Clifford Algebras.

As in the preceding subsection, let u € M, (k), with u; = 1 for all 4, and let .S be the corre-
sponding skew polynomial ring on z1,...,2,. Let My,..., M, denote pu-symmetric matrices.
We write g, € T(S))s for 27 Mz and use ¢ for the image of ¢, in S. Let U denote the span

of the defining relations of S in T'(S7)s.

Definition 1.12. A graded skew Clifford algebra A = A(u, My, ..., M,) associated to p and
My, ..., M, is a graded k-algebra on degree-one generators xq,...,x, and on degree-two

generators 1, ..., y, with defining relations given by:
(a) zxj + pijrje; = Z(Mk)ijyk foralli,j =1,...,n, and
k=1
(b) the existence of a normalizing sequence {ry,...,r,} that spans ky; + - - - + ky,,.
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If pij = 1 for all 4,7 = 1,...,n, and if the r; are central for all ¢ = 1,...,n, then a
graded skew Clifford algebra A(u, My, ..., M,) is a graded Clifford algebra in the usual sense
(Subsection 1.1).

Although our definition of a graded skew Clifford algebra A does not, in general, determine
A uniquely for any given pu, My, ..., M,, we will find that, in applications, A will be quadratic,
so that the relations in Definition 1.12(b) will be determined by those in Definition 1.12(a).

In order to associate geometry to a graded skew Clifford algebra, we establish some notation
similar to that in Subsection 1.1 for a graded Clifford algebra. With S and U as above, write
V = Ay, view Sy as V*, and view {z1,...,2,} as the dual basis in V* to {xy,...,z,}. Let
V=V @& V" where V' = @) _, kys.

Let W' C V @, V be the subspace

W= > k(z;®z;+ pz; @) CV eV,

1<i<j<n

so that T'(V') /(W' + V") is the quadratic algebra T'(V')/(W’), which is the Koszul dual of S,
since (W')+ =U C T(S1)a.
Weset Y =3, Myyy, so that the entries Yj; of Y satisfy Vi; = p;; Yy foralli,j =1,...,n.

With this notation, z;z; + p;;x;2; = Y;; in Aforalli,j =1,...,n.

Lemma 1.13. With the above notation, the following are equivalent:
(a) y; € (A1)? foralli=1,...,n
(b) dim <Z k}@) =n
ij=1

(¢) My, ..., M, are linearly independent.

Proof. Since Z kY;; € V" and dim(V") = n, it follows that if (b) holds, then (a) holds.

ij=1
Conversely, if dim (Z ]kY;j> < n, then there exists k£ such that

ij=1

ue & > Ky = k(@i + ).

1,7=1 1,j=1
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However, the only relations of A that relate the y; to elements of (A;)? are given by Defini-
tion 1.12(a), so it follows that y € (A;)%. Thus, if (a) holds, then (b) holds.

(c) fails if and only if there exist ay, ..., a, € k, not all zero, such that Z ap My = 0. This
k=1
is equivalent to Y|, = 0, where o = (ay,...,a,) € P((V")*). However, Y|, = 0 for some

a € P((V")*) if and only if the zero locus of Z kY;; in P((V")*) is nonempty, which happens

ij=1

if and only if dim <Z ]kY;j> < n — 1. Hence, (b) is equivalent to (c). [ ]
ij=1

Henceforth, unless otherwise stated, we assume M, ..., M, are linearly independent, so that

y; € (A))*for alli = 1,...,n. In particular, (V) —» A, so the relations in Definition 1.12(a)
have a preimage W in T'(V)s; that is, W = (V ®x V) N J, where J is the span in T(V'), of

the relations given by Definition 1.12(a).

Lemma 1.14. The graded skew Clifford algebra A(u, My, ..., M,) is a homomorphic image
of the quadratic algebra T(V)/(W), and dim(W) = (}).

2

Proof. We have that T'(V) — A, and since W is contained in the span of the defining
relations of A, the first statement follows.

The algebra A has (72‘) +n independent relations of the type in Definition 1.12(a), and n of
these relations are used to write A as a quotient of T'(V) (i.e., to write each y; € (A;)?).

Hence, dim(W) = (3). [ ]

2

Analogous to the setting of graded Clifford algebras, the graded skew Clifford algebra A is
quadratic if and only if A = T(V)/(W). However, even if A is not quadratic, we still have

the following maps of quadratic algebras:

rv)y 1) __TWV)

W)y Wy T WV

and

G TV T S
- {0 (W) ()

where the notation r} is from Remark 1.10 and Subsection 1.2.
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If A is a graded Clifford algebra (so all the u;; = 1), the algebra T'(V*)/(U) is simply the
commutative polynomial ring on z1,..., z,, and the algebra T'(V*)/(W™) is the quotient of
this polynomial ring by (¢i,...,¢,). So the case of graded Clifford algebras goes hand-in-
hand with commutative algebraic geometry, by associating Koszul duals to the appropriate
algebras. In particular, in this case, W’ is the subspace, Symm(V ®j V'), consisting of the
symmetric elements in V ®; V.

Moreover, if all the p;; = 1 and if the quadric system is base-point free, then Theorem 1.1
implies that the Koszul dual, T(V)/(W), of T(V*)/(W™) is the associated graded Clifford
algebra A; in particular, the fact that the y; are central in A is a consequence of the quadric
system being base-point free.

If we consider 27Yz =Y. . 2i(My)i;yxz; as an element of T'(S1) ®, T(V"), then we may

i7j7k

evaluate z7Yz on V ® V as follows:

('Y 2) (2 @ 2p) = Z zi(2s) (M )ijynzj(20) = Z(Mk)styk = Y,
ik K

for any s, t =1,...,n.
Lemma 1.15. If w € W', then w € W if and only if (:7Y z)(w) = 0.

Proof. If a;; €k, for 7,5 = 1,...,n, then

(z"Yz) ( > (e @ a + pir; © xi)) = > ay(YVy+uYe) =2 > ayYy

1<i<j<n 1<i<j<n 1<i<j<n

Since Z a;;Y;; = 0if and only if Z a;j(zixj+pxix;) = 0in A, the result follows. W

I<i<j<n 1<i<j<n

Corollary 1.16. For each k=1,...,n, ¢ € W=, and {q}?_, is a basis for W+ /U C S.

Proof. Let e, = (0,...,0,1,0,...,0) € P((V")*), where the 1 appears in the kth coordinate.
For each k = 1,...,n, M}, = Y]|.,, so that gy = 2"Myz € W+ by Lemma 1.15. Since

My, ..., M, are linearly independent by our ongoing assumption, Lemma 1.3 implies that
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i, ..., qn are linearly independent in S, and hence in W*/U. Moreover, dim (W*/U) =

n* —2(%) =n, so {q}}_, spans W*/U. [ |

Remark 1.17. Since S/(ry,...,r) = T(S)/(W2), it follows from Corollary 1.16 that

ZZ:1 krj = ZZ:1 kqp.

Corollary 1.18. Suppose a,b € V. Ifa®b e W', then ab =0 in A if and only if qx vanishes
on the point (a, b) € V(U) C P(V) x P(V) for allk=1,...,n.

Proof. The result follows immediately from Lemma 1.15 and Corollary 1.16. |

By Definition 1.7, this result implies that if a,b € V and if a® b € W', then ab = 0 in A
if and only (a, b) is a base point of the quadric system V, (¢1),...,V,(¢.). Theorem 4.2 will
make the connection between base points of the quadric system and zero divisors in A even

stronger.

2. REGULAR SEQUENCES

In this section, we will prove results concerning regular normalizing sequences of elements
in a k-algebra satisfying certain natural conditions. In Section 3, we will connect these results
to geometric data in order to extend the notion of complete intersection from the commutative
setting to that of skew polynomial rings.

We will use Hg(t) to denote the Hilbert series of a Z-graded locally finite k-algebra B, and

GKdim(M) to denote the Gelfand-Kirillov dimension (GK-dimension) of a module M.

Let S denote the commutative polynomial ring on n variables of degree one, and let
fi,---, fm be homogeneous elements of S of positive degree. For each k = 1,...,m, let
S(k) = S/{fry---s fe). f{f1,..., fm} is a regular sequence, then GKdim(S(k)) = n — k, for

all k =1,...,m. In P*!, this corresponds geometrically to dim (ﬂle V(fl)> =n—k, for all
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k=1,...,m, where V(f;) denotes the zero locus of f; in P"~! for each 7. In this case, the
geometric setting and the algebra S(m) are called a complete intersection.

In particular, a quadric system V(q1), ..., V(qn) associated to a graded Clifford algebra (as
in Subsection 1.1) is base-point free if and only if it is a complete intersection. In the notation
of Section 1, this is equivalent to {qi,...,q,} being a regular sequence in the polynomial
ring T(V*)/(U). We aim to extend this result to normalizing sequences in the case where

T(V*)/(U) is a skew polynomial ring.

Lemma 2.1. If B is a locally finite, Z-graded k-algebra, and if ¢ € B is a regular, normal

element of B that is not a unit, then the Hilbert series of B/{q) is (1 —t¢)Hp(t).

Proof. The result clearly holds if d # 0. If d = 0, then, since B is locally finite, there exists
n—1

a minimal n € N such that ¢" = Y1) a;¢', where a; € k for all i. If oy = 0, then ¢ is not

regular, and if oy # 0, then ¢ is a unit; hence, d # 0. [ |

Corollary 2.2. Suppose B is a Z-graded k-algebra with Hilbert series 1/(1 — t)" for some
n € N\ A{0}. If {fi,...,fu} C Bs is a regular normalizing sequence in B, then the Hilbert

series of B/{(f1,..., fn) is (1 +1)™.

Proof. The Hilbert series of B implies that B and its quotient rings are locally finite, and that
elements of positive degree in B and in its quotient rings are not units. Applying Lemma 2.1
repeatedly, the desired Hilbert series equals that associated to the complete intersection of n

(commutative) quadrics in P"~!. The result follows. [ ]

Some results of Levasseur in [8] that use Gelfand-Kirillov dimension (GK-dimension) will be
useful in this section; the details of those results to be used later are given in Proposition 2.3.

The reader is referred to [8] for definitions.
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Proposition 2.3.

(a) [8, Theorem 5.3] Suppose that B is a noetherian k-algebra on which GK-dimension is
exact. If B is homogeneous with respect to GK-dimension, then the set X of reqular
elements in B satisfies:

X ={be B:GKdim(B/(Bb)) < GKdim(B)}
= {b € B : GKdim(B/(bB)) < GKdim(B)}.

(b) [8, Remark 3.4(3) and Proposition 5.9] If B is a noetherian, Auslander-Gorenstein
k-algebra of finite injective dimension and finite integral GK-dimension that satisfies
the Cohen-Macaulay property, then B is homogeneous with respect to GK-dimension.
Additionally, if f € B is normal and regular, then B/(f) is Auslander-Gorenstein of
finite injective dimension, satisfies the Cohen-Macaulay property and is homogeneous
with respect to GK-dimension.

(c) [8, Lemma 5.7 and Theorem 5.10] Suppose B is a finitely-generated N-graded k-algebra
with dimy(By) < oo such that B has polynomial growth. Let f € B be a homogeneous
normal element of positive degree.

(i) If f is not a zero divisor on a finitely generated graded B-module M, then
GKdim(M/(fM)) = GKdim(M) — 1.

(i) If f is regular in B, and if B/(f) is Auslander-Gorenstein of dimension v, sat-
isfies the Cohen-Macaulay property and has polynomial growth, then B is Auslander-
Gorenstein of dimension v+ 1, satisfies the Cohen-Macaulay property and has polyno-

mial growth.

Remark 2.4. In the setting of Proposition 2.3(c)(i), where f is not a zero divisor on M,
since GKdim(M/(fM)) = GKdim(M) — 1, it follows that if g is a zero divisor on M, then
GKdim(M/(gM)) > GKdim(M) — 1.

It is well known that GK-dimension is exact on finitely generated modules over an N-graded

k-algebra (c.f., [6, Theorem 6.14]).
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Theorem 2.5. Suppose B is a noetherian, N-graded, Auslander-Gorenstein k-algebra of finite
injective dimension that satisfies the Cohen-Macaulay property with GKdim(B) = n € N\{0}.
If {f1,..., fn} is a normalizing sequence in B, where each f; is homogeneous of positive
degree, then {f1,..., fn} is a reqular sequence in B if and only if dimy (B/{f1,..., fa)) < c0.
In this case, for each k = 1,....n, {f1,..., fx} is a reqular sequence in B if and only if

GKdim(B/{fi,..., fx)) =n — k.

Proof. For each k = 1,... n, write B(k) = B/{f1,..., fx), and set B(0) = B.

Suppose {f1,..., fn} is a regular sequence. By Proposition 2.3(c), GKdim(B(k)) = n — k
for all k, so dimg(B(n)) < oo.

To prove the converse, suppose {fi,..., fx} is a regular sequence for some k = 1,...,n,
but that fx,1 is not regular in B(k). By Proposition 2.3(b), B(k) is homogeneous, so by
Proposition 2.3(a) and (c¢), GKdim(B(k + 1)) = GKdim(B(k)) = n — k. It now follows,
from Proposition 2.3(c) and Remark 2.4, that, for any N = k + 2,...,n, GKdim(B(N)) >
(n—k)—(N—k—1)=n— N+ 1. Hence, GKdim(B(n)) > 1, so that dimg(B(n)) = oo,

|

which concludes the proof.

Corollary 2.6. Let S = Kk[z,...,2,] with defining relations zjz; = p,jziz; (as in Sec-
tion 1). If {f1,..., fn} is a normalizing sequence in S of homogeneous elements of positive
degree, then {f1,..., fu} is a reqular sequence in S if and only if dimy(S/(f1,..., fn)) < 0.
In this case, for each k = 1,...,n, {f1,..., fx} is a regular sequence in S if and only if

GKdim(S/{f1,.... fr)) =n — k.

Proof. It is well known that S is noetherian and that GKdim(S) = n. Since the elements
21,...,%2, are normal in S and form a regular sequence, Proposition 2.3(c) implies that S
is Auslander-Gorenstein of injective dimension n and satisfies the Cohen-Macaulay property.

Hence, Theorem 2.5 applies to .S, which completes the proof. |
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A consequence of Corollary 3.6 below will be that the normalizing sequence {fi,..., f,} in
Corollary 2.6 is regular if and only if the associated quadric system (in the sense of Defini-
tion 1.5) is base-point free (in the sense of Definition 1.7), thereby generalizing the notion of

complete intersection to the non-commutative setting of skew polynomial rings.

3. THE GEOMETRY OF NORMALIZING SEQUENCES

This section explores the concept of complete intersection for normalizing sequences in a
skew polynomial ring.

Let S = klz1, ..., 2,] with defining relations z;z; = p;;2;2;, for 1 <, j < n, with the pu;;
as in Section 1. In particular, we continue to assume pu; = 1 for all 7. In the notation of
Subsection 1.3, let V* = S}, so that U is the span in V* ®, V* of the defining relations of S.

In the spirit of [2], we write I'y = V(U) C P(V) x P(V), and we use I'y C P(V) to denote
the image of the projection of I'y onto the first copy of P(V). For all i > 3, let I'; denote all
elements (py,...,p;) of P(V) x --- x P(V) such that (p;, pj11) € Iy forall j € 1,...,i—1,

and let

F = {(p17 D2, - ) S ]P(V) X P(V) X oot (29‘]7 pj+1) c PQ for aH] Z 1}

Definition 3.1. [2] A right (respectively, left) point module over S is a cyclic graded right
(respectively, left) S-module M = @MZ such that M = M;,S (respectively, SMy) and
dimy (M;) =1 for all i. =

By [2, Proposition 3.9 and Corollary 3.13|, I" parametrizes the isomorphism classes of right
(respectively, left) point modules over S as follows. Let M = EBMl denote a right point
module over S, and, for all ¢+ > 0, write M; = ku;. For all iiz,(}, UiZ; = 04Uy, where
a;; € k. Thus, to M we may associate the point p = (p1,ps,...) € P(V) x P(V) x -- -, where
piv1 = (qu1, g, ..., u,) € P(V) for all ¢ > 0 (so that the module action may be written

w;izj = 2;(piy1)uipr for all 7, 7). Moreover, p is well defined, p € I', and I'; = T for all i > 1.
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Lemma 3.2. Suppose p = (p1,pe,...) € I', and M = MyS is the right point module over S

corresponding to p. Let f € Sy, where d > 0.

(a) We have f(p1,...,pa) =0 if and only if Myf = 0.
(b) If f is normal in S, then f(p1,...,pq) =0 if and only if M f = 0.

Proof. Clearly (b) holds if (a) holds. To prove (a), write, as above, M = @kui, so that
i>0

w;izj = 2;(piy1)uip for all 4, j. Thus, uof = f(p1, ..., pa)uq, since f € Sy, whence (a) holds. M

Definition 3.3. If I = (f1,..., fmm) C S, where f; € Sy, d; > 0, for all t = 1,...,m, then we

say p € V,() if p = (p1,p2,...) € I' and if fi(p1,...,ps;) = 0 for all i. In other words, by

Lemma 3.2(a), p € V,(I) if and only if Myf; =0, for all i = 1,...,m, where M = M;S is the

right point module over S corresponding to p.

Remark 3.4.

(a) Comparing Definition 3.3 with Definition 1.5, if m = 1 in Definition 3.3, and if f; € Ss,
then V, (1) in Definition 3.3 is V,,(f;) in Definition 1.5.

(b) Using the dual basis to {z1,...,2,} as a basis for V, for all j = 1,...,n, let ¢; =
0,...,0,1,0,...,0) € P(V), where the 1 is in the jth coordinate. Owing to the
defining relations of S, e; € I'y for all j = 1,...,n. If f € Sy, where d > 0, and
if f has no term belonging to kxzjd, for some j = 1,...,n, then f(p) = 0, where

p=(ej,...,e;) € Iy; in this case, p € V, (f).

Let X = {1,2,2%,...} C S, where z € {z1,...,2,}. The subring, S’, of SX~! consisting
of the homogeneous degree-zero elements in SX !, is again a skew polynomial ring and its
maximal ideals have codimension one. If m is a maximal ideal in S’ then k[z] ® (S"/m) is
a right S-module and is a point module over S on which z acts faithfully. If z = z;, one
can realize this correspondence geometrically in affine space A"~ and in projective space

P! = P(V) as follows: grade S’ by assigning degree one to the generators of S’, then the
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point (py,...,pn_1) € A"~ given by the zero locus of mN((S’); +k)) corresponds to the point

(p17 ce ey Di—-1, 17pi7 v 7pn71) € ]P(V>

Proposition 3.5. As above, let S = k|z1,. .., 2,] with defining relations z;z; = ;jz2; for
1<id,j<n. Let I = (fi,...,fn), where f; € Sq;, di >0 for alli=1,...,n. If {f1,..., fn}

is a normalizing sequence in S, then V, (1) is empty if and only if dimy(S/I) is finite.

Proof. Let p € I" and let M(p) denote the right point module over S corresponding to p. If
p € V,(I), then M(p) = S/J, where J is a right ideal of S and I C J. Thus, if p € V,(I),
then S/I —» M (p), so that dimy(S/I) = oc.

Suppose dimg(S/I) = oco. Thus, Sy ¢ I for all d, so there exists z € {z1,...,2,} such
that 2' ¢ I for all t € N. If no f; has a term belonging to k*z%, then, by Remark 3.4(b),
V, (I) is nonempty, and the result is proved. Hence, we may assume at least one f; has a term
belonging to k*z4%.

Letting X = {1,2,2%,...}, we have X NI = ). Let S’ be the subring of SX~! consisting of
the homogeneous degree-zero elements in SX !, and let I’ denote the image of I in S, and,
foralli =1,...,n, let f/ denote the image of f; in 5’

If I' =5, then 1 € I’ and, since {fi,..., fu} is normalizing, this would mean z* € I for
some t € N, which is false. Thus, I’ # S’ and, viewing the generators of S’ as homogeneous
of degree-one, we have I’ is a proper nonhomogeneous ideal in S” that is not contained in any
homogeneous ideal (since some f/ has a term that belongs to k*). Since S’ is noetherian, there
exists a maximal ideal m in S’ that contains I’. As remarked earlier, dim(S’/m) = 1, and
M = k[z] ® (S'/m) is a right point module over S on which z acts faithfully. Since I’ C m,
f! vanishes on S’/m for all i = 1,...,n, and since f; = f/z"™ for some m; € N, f; vanishes on
My =k ® (S'/m) for all i = 1,...,n. Hence, the point in I" that corresponds to M belongs

to V, (1), so that V, (1) is nonempty. [ ]



GENERALIZATIONS OF GRADED CLIFFORD ALGEBRAS 21

Corollary 3.6. As above, let S = Kk[z,...,2,] with defining relations z;z; = p;jziz; for
1 <i4,5 <n If{fi,...,[n} is a normalizing sequence in S of homogeneous elements of

positive degree, then the following are equivalent:

a) {f1,..., fu} is a reqular sequence in S

(a)

(b) dlmk(S/<f1, .. ,fn>) < o0

(c) for each k =1,...,n, GKdim(S/{f1,..., fr)) =n—k
)V

(d) V,(I) is empty, where I = (f1,..., [n).
Proof. The result follows from combining Proposition 3.5 with Corollary 2.6. |
Definition 3.7. As above, let S = kl[z1,...,2,] with defining relations z;z; = pu;;2;2; for
1 <id,j <n Ift{f1,...,[fn} is a normalizing sequence in S of homogeneous elements of

positive degree, then we call S/(f1,..., fn) a complete intersection if any of Corollary 3.6(a)-
(d) hold.

If all the p;; = 1, then our definition of complete intersection reduces to the usual definition
of complete intersection in the commutative setting. However, if any p;; # 1, then possibly
dim(T") < n — 1, so, for each k£ = 1,...,n, the dimension of ﬂle V., (fi), where {fi,..., fn}
is as in Definition 3.7, need not decrease by one as k increases by one (even though the

GK-dimension of the corresponding ring decreases by one each time).

4. REGULAR SKEW CLIFFORD ALGEBRAS

In this section, we prove our main result, Theorem 4.2, that the quadric system associated
to a graded skew Clifford algebra A = A(u, My, ..., M,) is normalizing and base-point free
(that is, a complete intersection) if and only if A is quadratic, Auslander-regular and unique
up to isomorphism. In Proposition 4.5, necessary and sufficient conditions are given for a
regular graded skew Clifford algebra to be a twist (see Definition 4.4) by an automorphism

of a regular graded Clifford algebra. We also prove that if the quadric system associated to
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a regular graded skew Clifford algebra A is intersected with a “hyperplane” of V(U), then it

yields a quadric system that corresponds to a regular graded skew Clifford subalgebra of A.

Definition 4.1. [9] If B is an Artin-Schelter regular N-graded k-algebra of global dimen-

sion n € N'\ {0} with Hilbert series 1/(1 —¢)", then B is called a quantum P"~1.

By [9, Theorem 2.2], a quantum P"~! is a quadratic algebra on n degree-one generators.
By [9, Theorem 2.4], if A is a finite-dimensional vector space and if B = T'(A)/(W), where
W C A®gA, is a quantum P*! and if {f,..., fn} C A @y A yields a regular normalizing
sequence in B, then T(A*)/(W +kf1 + -+ +kf,)") is a quantum P

Recall that U is the span of the defining relations of the skew polynomial ring S in Subsec-
tion 1.2. The following result uses the notions of normalizing quadric system and base-point
free given in Definitions 1.5, 1.11 and 1.7. We no longer assume the matrices M, ..., M, are

linearly independent.

Theorem 4.2. Let S =T(V*)/(U) = k[, ..., z,| with defining relations z;z; = p;j2:2;, for
1 <i,j <n, with the p;; as in Section 1, and, for allk =1,...,n, let gy = 2" M}z € Sy as in
Section 1. A graded skew Clifford algebra A = A(p, My, ..., M,) is a quadratic, Auslander-
reqular algebra of global dimension n that satisfies the Cohen-Macaulay property with Hilbert
series 1/(1—1t)™ if and only if the quadric system associated to {qu, ..., qn} s normalizing and
base-point free; in this case, A is a quantum P"' and is a noetherian domain and is unique

up to isomorphism.

Proof. Suppose A is a quadratic, Auslander-regular algebra of global dimension n that satis-
fies the Cohen-Macaulay property with Hilbert series 1/(1 —¢)". By Lemma 1.13, M, ..., M,
are linearly independent. Moreover, A = T(V)/(W). There are elements r; € Sy that

are dual to the 7 (as in Remark 1.17), and > . krj = > ,_ kg, by Corollary 1.16.
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Moreover, A/(ry,...,r,) is the Koszul dual of S, and, since S is Koszul, the Hilbert se-
ries of A/(ry,...,ry) is (1 +¢)". Since {ry,...,r,} is a normalizing sequence in A, com-
parison of Hilbert series implies that it is also a regular sequence in A. By [8, Proposi-
tion 3.5(a) and Theorem 6.3], A is noetherian and Artin-Schelter regular, so by [9, Theo-
rem 2.2], A is Koszul. Moreover, by [9, Lemma 1.3, {r},..., 7]} is a normalizing sequence
in S. Hence, the quadric system associated to qi,...,q, is normalizing, and the Koszul dual
of Ais T(V*)/(W*) = S/{q1,...,q), which has finite dimension since A is Koszul. Thus,
Corollary 3.6 implies that V,([) is empty where I = (q1,...,¢,). Since ¢; € Sy for all i,
1V, ()| = 1NiZ, Vy ()], so the associated quadric system is base-point free.

Conversely, suppose the quadric system is normalizing and base-point free. In particular,
by Corollary 3.6, ¢1,...,q, are linearly independent, and so, by Lemma 1.3, M;,..., M,
are linearly independent. By Corollary 3.6, there exists a regular normalizing sequence
{a1,....9,} C Sz such that >} kqr = >0 kg By [9, Corollary 1.4], there exists a
regular normalizing sequence {q7, ..., q}} of homogeneous degree-two elements in 7'(V') /(W).
Since Y ,_ kgy = D> p_ kry, we have > 7 kqr = >, krpy = V”. It follows that the re-
lations in Definition 1.12(b) are a consequence of the relations in Definition 1.12(a), and so
A=T(V)/(W) and is quadratic. Moreover, by Corollary 1.16, T'(V') /(W) is the Koszul dual
of S/{q1,...,qn), s0, by [9, Theorem 2.4], T(V) /(W) is a quantum P"~'. Since A = T'(V) /(W)
and since A/(qr,...,qy) is Auslander-Gorenstein and satisfies the Cohen-Macaulay property,
so does A (by Proposition 2.3(c)), and so A is Auslander-regular.

By [8, Proposition 3.5(a) and Theorem 4.8], A is a noetherian domain. Since A = T'(V')/(W),

A is unique up to isomorphism. [ |

Corollary 4.3. If B is a graded Artin-Schelter reqular algebra and if gldim(B) < 2, then B

1s a graded skew Clifford algebra.

Proof. If gldim(B) = 1, then B = k[z], so we take n = 1, 2y = z, p = 1 and M; = 1.

If gldim(B) = 2, then B = k(xy,22)/(f), where either (i) f = xjz9 + A\xoxy, A € k¥, or
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2 0

0 0],andM2—

(ii) f = x1w9 — 2921 — 23 ([1]). For both cases, we may take n = 2, M; = [

{,uou g], where in (i), (u12,v) = (A, 0), and, in (i), (g12,v) = (—1,1). Thus, ¢; = 227 and
21

@2 = 2(234+vz12), and, in S/{q1), 2242 = Go(pio1 (1—pia1)vz1+22) and gazo = ((1—pu2)vz1+22)qs,
so {q1, ¢2} yields a normalizing quadric system. Since {qi, ¢2} is also base-point free, the result

follows from Theorem 4.2. [ ]

If Ais a graded skew Clifford algebra and if S is a skew polynomial ring related to A as
in Theorem 4.2, one should note that S need not be unique, even if A is quadratic; this is
illustrated below while using the notion of twist, which is defined as follows.

Definition 4.4. [3, §8] Let B = @ B, be a quadratic algebra and let ¢ be a graded degree-
n>0
zero automorphism of B. The twist B? of B by ¢ is the vector space @Bn with a new
n>0

multiplication * defined as follows: if a,b € By, then a *x b = a¢(b), where the right-hand side

is computed using the original multiplication in B.

If n = 3 and if we take p1o = p13 = 1 # pos, then S is not a twist of a polynomial ring,
and Q = {2923,2%,25 + 25} C S determines a regular graded skew Clifford algebra A as in
Theorem 4.2. However, S/(Q) is commutative, and so A is a graded Clifford algebra; in
particular, S may be replaced with a polynomial ring.

In general, if S and A are as in Theorem 4.2, and if  C S5 is a regular normalizing sequence
of length n such that S/(Q) twists to a commutative algebra (that is, A is a twist of a graded
Clifford algebra), then, by [10, 15], it is conceivable that there is no choice for S that twists
to a polynomial ring. We address this issue in our next result. It should be noted that we
only consider automorphisms of graded algebras that are graded of degree zero. For results
concerning twists of graded algebras, the reader is referred to [3, §8] and [18]. In particular,
twisting by an automorphism is symmetric and reflexive, but is not transitive in general, and
twisting a quadratic algebra B to a quadratic algebra B’ induces a twist of the Koszul dual

of B’ to the Koszul dual of B.
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Proposition 4.5. Let n € N\ {0} and let S denote a skew polynomial ring on n generators.
Suppose there is a reqular normalizing sequence L in S corresponding to a reqular graded skew
Clifford algebra A of global dimension n, as in Theorem 4.2. If S is a twist of a polynomial
ring by an automorphism, then A is a twist by an automorphism of a reqular graded Clifford
algebra. Conversely, if A is a twist by an automorphism of a reqular graded Clifford algebra,

then there exists a choice for S so that S is a twist of a polynomial ring by an automorphism.

Proof. Suppose S is a twist of a polynomial ring, R, by an automorphism. Since £ and
the defining relations of S are given by homogeneous degree-2 elements and, since any auto-
morphism of R acts linearly on R;, Q determines elements in Ry that yield an n-dimensional
quadric system in P"~! that is base-point free. Hence, under the given hypotheses, the Koszul
dual of A twists to the Koszul dual of a regular graded Clifford algebra, and so A is a twist
of a regular graded Clifford algebra.

Conversely, suppose A is a twist by an automorphism of a regular graded Clifford algebra C'.
It follows that the Koszul dual, D, of C' is a twist by an automorphism, 7, of the Koszul dual,
B, of A. The algebra D is commutative, S —» B, and, for all ¢, D; = B;. For all b € By, we
write b” for 7(b). We denote the multiplication in D by % and write the twist as f x g = fg”

for all f,g € D;. The commutativity of D implies that, in B,

fg =gf" and  fg=g" [, (1)

for all f,g € By. The result holds if n < 3, so we may assume n > 3.
Claim 1: If z € By is normal in B, then 27 is normal in B.
Proof: Since 7 is an automorphism of B, application of 7 to Bz = 2B gives Bz™ = 2" B.
Claim 2: Eigenvectors of 7 in B; are normal elements of B.
Proof: The claim follows from (7).
Suppose there exist linearly independent, normal elements z1,..., 2, € By such that 2] =

Aizi, where )\; € k* for all i. By (1), we have z;z; = A\;'\;jz;2; in B for all i,j. It follows
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that we may rechoose S to be the algebra generated by zi,..., 2, with defining relations
2% = A;lkaizj for all 4, j, and this choice of S twists, by 7, to a polynomial ring.
Returning to the general setting, since 7 acts linearly on By, there is an eigenvector z; € By .
By scaling 7 if needed, we may assume z] = z;. By Claim 2, z; is normal in B. Since B
contains n linearly independent normal elements, we may extend {z;} to a basis {z1,...,2,}
for B, consisting of normal elements, and we may write z;2; = p;;2;2; for all 4, j where p;; € k*,
for all 4, j, as in Subsection 1.2. Moreover, by the preceding paragraph, we may assume that
2] ¢ kz, (after reordering the z;, if needed).
Claim 3: There exists w € By such that z] € k*z; + kw for all j > 2, w™ € k*w and
wz; =0 = zw.
Proof: By (t), we have

—1 —1

T T _ _ T T
2l 2] = 252 = WijZiZg = WigZ 2 (%)

for all 4, j. Since z] = z1, setting ¢ = 1 in (*) implies that

(z — iz )z =0=2(] — m;z),

for all 7 > 1. However, since A is a twist by an automorphism of a regular graded Clifford
algebra, the point scheme of A is the graph of an automorphism, and so there exists at most
one linearly independent element w € B such that zyw = 0 in B. Since 7 € Aut(B),
w satisfies z;w”™ = zJw” = 7(z;w) = 0. Claim 3 follows.
By Claim 2, the element w, from Claim 3, is normal in B.

If w and z; are linearly independent, we may rechoose 2, ..., 2, and the p;; so that zo = w

and 2] ¢ kz,, and write 2] = \yzo where Ay € k*. Using (x) with ¢ = 2 yields

—1 - 1
s 292] = ZjZa = lgj222j = )\QMQij 29,

for all j > 3, from which we obtain

ZQ()\Q_lZ; — lLLQij) =0= (Zj — )\2,&2]'2;71)22,
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for all j > 3. As above, there is at most one linearly independent element w’ € By such
that zpw’ = 0. It follows that w’ € kz; and that z; € k*z; + kz for all j > 3. However,
z1 and 2y are linearly independent and z7 € k*z; + kzp for all j > 3, so 2] € k*z; for all j,
which contradicts our assumption that 2] ¢ kz,. Hence, w and z; are linearly dependent, and
27 € k¥z; + ke for all j > 2 and z{ = 0.

We will now prove that kz; is the only eigenspace of 7 in Bj. If this is false, then there
exists z € By \ kz; such that 27 € kz (so z is normal, by Claim 1). This allows us to rechoose
Zay ..., %, (and the p;;) so that 2 is z and 2] ¢ kz,, and apply (x) with ¢ = 2 to obtain either
(i) 27 € k*z; + kzs for all j > 4 (after rechoosing z3, if needed) and 27 € k*z; for j =1,2,3
and zez3 = 0 = 2329, or (ii) 27 € k*zj + kz for all j > 3 and 2] € k*z; for j = 1,2 and
25 = 0. If (i) (respectively, (ii)) occurs, then, since z; and z3 (respectively, z5) are linearly
independent and since z] € k*z; +kz; for all 7 > 2, it follows that 2] € k*z; for all j, which
gives a contradiction as before.

It follows that kz; is the only eigenspace of 7 in By, and that we may assume 27 € k*z;4+k™ 2
for all j > 2 and that 22 = 0. For each j > 2, we write z; = a;zj + Pjz1, where oy, 5; € k™.

By Claim 1, 27 is normal in B for all j, so
ze(0yzj + Biz1) = 22 € k2l = k(o2 + Bjz1) 2k,
for all k,j > 2. However,
z(ayzj + Biz1) = (apgnz; + Biparz) 2,
for all k,j > 2. Thus, setting j = k, we have that uy, = 1 for all k (since z? = 0 implies that
221 # 0 # 2125, for all k # 1). Hence, for all j,k > 2, z; and z;, commute (though, possibly,

2kz; = 0 = z;2;, for some k, j). It follows that B is commutative, so that S may be chosen to

be a polynomial ring. [ |

The following result relates a regular graded skew Clifford subalgebra of a regular graded

skew Clifford algebra to the intersection of a quadric system with a codimension-one linear
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subspace (that is, with a “hyperplane”). The result and its proof are motivated by [14,

Proposition 1.9].

Theorem 4.6. Let n € N\ {0} and let S denote a skew polynomial ring on n generators.
Suppose there is a regular normalizing sequence L in S corresponding to a reqular graded
skew Clifford algebra A of global dimension n, as in Theorem 4.2. Let kQ denote the span
of the elements of Q and let n € Sy denote a normal element. If the image of kQ in S/(n)
has dimension at most n — 1, then it contains a regular normalizing sequence of S/(n) that

corresponds to a reqular graded skew Clifford subalgebra of A of global dimension n — 1.

Proof. The image of Q in S/(n) is a normalizing sequence, and, since 7 is normal and belongs
to S1, S/(n) is a skew polynomial ring on n — 1 generators. By Corollary 3.6, V,, (L) is empty,
so the zero locus of the image of  in S/(n) is also empty. Thus, if the image of kQ in S/(n)
has dimension at most n — 1, then, by Corollary 3.6, the image of kQQ in S/(n) has dimension
equal to n — 1, and it contains a regular normalizing sequence of S/(n) that corresponds
to a regular graded skew Clifford algebra A’ of global dimension n — 1. It follows that the
(conceivably nonquadratic) subalgebra, B, of A generated by n* is a homomorphic image of
A’ so Hp(t) < 1/(1 —t)" 1.

Writing Q = {q1, . . ., ¢, }, the dimension hypothesis implies that there exists m € {1,...,n}
and z € S| such that ¢,,—nz € kg1 +- - -+kqgy,—1. Thus, in S/{q1,. .., ¢n-1), we have ¢, = nz,
so that we may assume ¢,, = nz in S for some z € S7. Moreover, n = >/, ayzy, where
ap € k for all k. If n ¢ k*z for all ¢, then, since n is normal, p;; = 1 for all ¢, j such that
a0 # 0. It follows that we may change basis for S; and assume 1 = z,,, so that ¢, = 2,2. In
order to simplify notation, for the rest of the proof we will assume m = n, but the argument
holds for any m € {1,...,n}. Thus, we assume ¢, € S z,.

In A, for 1 < 4,5 < n, we have z;x; + px;z; = Y p_(My)ijyr, where My is the p-

symmetric n X n matrix corresponding to gy, for k = 1,...,n. Since ¢, € Sy z,, (M,);; =0
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for 1 <i,5 <n—1,sothat for 1 <17,7 <n—1, we have
n—1

LX) 4 Wit = Z(Mk)z]yk (%)
k=1

Moreover, for 1 < k < n — 1, we may replace each Mj, with the (n — 1) x (n — 1) submatrix
formed from the first n — 1 rows and first n — 1 columns of M, and retain the equations (x).
Since 2+ = kx; +- - - +ka,_, it follows that (*) gives the degree-two relations of B and of A’.
Hence, 41, ...,Yn_1 € By = (A)s.

Suppose (M,,)nn # 0. Thus, y, € k*22 + By, and x,x; € ka2 + By, + By, for 1 <i <n-—1.
Hence, A has a spanning set {Xz]}3%,, where X is a spanning set for B, and so Hp(t) >
1/(1 —t)" ! giving B= A’

Suppose (M,,)n, = 0. Thus, 22 € By, and, since ¢, € Sy z,, there exists k € {1,...,n — 1}
such that zz, + g Tntr € By +k*y,. Fix such a k and let X,, = x), + z,. Since 22 € By,
a computation in A verifies that ky,, + Z?:_ll kX,r; C kX2 + B1 X, + By. It follows that A
has a spanning set {X X7}5,, where X is a spanning set for B, and so Hg(t) > 1/(1 —t)",

giving B = A’ as before. [ |

In the proof of Theorem 4.6, if all the p;; = 1, then it is possible to change basis for
S1 to obtain (M, )n, # 0; in this case, the proof of Theorem 4.6 is similar to that of [14,

Proposition 1.9].

5. EXAMPLES OF REGULAR SKEW CLIFFORD ALGEBRAS

In this section, we construct some examples of regular graded skew Clifford algebras A
of global dimension four. Using the results of this article, the method in each case entails
starting with a skew polynomial ring S on four generators and then finding a normalizing
quadric system £ of four quadrics such that £ is base-point free. The regular graded skew
Clifford algebra A will be the Koszul dual of S/{q, ..., q4), where {q1,...,q} gives Q. Owing

to Proposition 4.5, we seek such an S that is not a twist of a polynomial ring.
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To some extent, our methods allow one to control the number of point modules over A

while constructing A; the idea behind this is described in the following two results.

Lemma 5.1. In the notation of Subsection 1.3, let A denote a graded skew Clifford algebra and
let P denote the set of pure tensors in P(W2L); that is, P = {a®b e P(W™) :a,b € T(V*)}.
If A is reqular, then the set of isomorphism classes of truncated point modules over A of

length three is in one-to-one correspondence with P, and the zero locus in P(V*) x P(V*) of

the defining relations of A is given by {(a, b) € P(V*) x P(V*):a®b € P}.

Proof. By [2, Section 3], the set of isomorphism classes of truncated point modules over A of
length three is in one-to-one correspondence with the zero locus in P(V*) xP(V*) of the defining
relations of A. The latter is V(W) = {(a, b) € P(V*) x P(V*) : f(a,b) =0 for all f € W},

which is clearly in one-to-one correspondence with P. |

Corollary 5.2. In the setting of Lemma 5.1, if A is reqular of global dimension at most four,

then P parametrizes the set of isomorphism classes of point modules over A.

Proof. By [2], if gldim(A) < 3, then the truncated point modules over A of length three can

be extended to point modules, and the same holds by [10, Theorem 1.4] if gldim(A) =4. W

We conjecture that the restriction on the value of the global dimension in the preceding
result is unnecessary.

In the following examples, we let n = 4 in each case, and let zq,...,z4 generate S as
in Subsection 1.2. Given that a regular graded skew Clifford algebra A is a domain, by
Theorem 4.2, the dimension of its line scheme may be found by computing the dimension
of the scheme of rank-two tensors in the span of the defining relations of A; for methods
to compute the line scheme itself the reader is referred to [11, 12]. Since computer-algebra
programs (e.g., Mathematica or Maple) were used in Examples 1-3 to find the minors of
certain matrices and to generate Grobner bases for certain systems of polynomial equations,

we assume char(k) = 0 in those examples.
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Example 1

Take ¢ = 2120, o = 2324, q3 € k*2% —l—kxz?, + kX2024, q1 € kX235 + k*22 + kX2 23.
From requiring that {qi,...,qs4} is a normalizing sequence, we obtain equations for the ;; as
follows: +1 = p13 = pog = (p14)? = (u23)?. Any base-point p of the quadric system would
have the form p = ((aq, ..., 4), (81, .., 51)) € P> x P3. Normality of the z; in S implies that,
for any 7, a; = 0 if and only if 3; = 0. Applying ¢; and ¢ to p implies a1 85 = 0 = a3/, and
applying g3 and g4 to p yields no solution. Hence, with the equations for the ;; satisfied, the
resulting quadric system is normalizing and base-point free, and so the corresponding graded
skew Clifford algebra is quadratic and regular of global dimension four. In particular, the
solution —1 = g3 = pa4, fl14 = oz = i, where i> = —1, together with g3 = 2} + 22 + 2224
and q = 23 + 27 + 2123, yields a regular graded skew Clifford algebra that is an algebra
presented in [9] and which has exactly twenty nonisomorphic point modules and a line scheme
of dimension one. The algebra in [9] was found without using geometry; in fact, in that work,
W. Schelter’s computer program Affine was used to verify the Hilbert series of S/{q1,...,qa).
However, computer algorithms can become limited when one wishes to incorporate parameters
into the computation, whereas the discussion above shows that any nonzero coefficients used
in the expressions for g3 and ¢, will produce a regular graded skew Clifford algebra. We will
now embed the algebra of [9] into a family of regular algebras exhibiting similar geometric
properties as that in [9].

Motivated by the algebra in [9], we assign —1 = py3 = po4, p1a = @ and pe3 = j, where
i? = —1 and j = 44, and take g3 = 2% + 22 + 2924 and q4 = 25 + 27 + 2,23, where v € k>
(nonzero coefficients besides 7 in g3 and ¢4 may be taken to be one by a diagonal change of
basis of S1). The corresponding regular graded skew Clifford algebra A is the k-algebra on

x1,...,x4 with defining relations:

— _ _ 2
Tyl1 = 1T1T4, T3 = I, xT3T1 = T1x3 — Ty,

_ 2 _ _ 2
T3Ty = JT2X3, Ty = Ty, TyTo = ToXy — YTY,
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where v € k*. However, if j = —i, then S is a twist of the polynomial ring, and so A, in
this case, is a twist of a regular graded Clifford algebra (by Proposition 4.5). If j = i, we
denote the family of regular algebras given by the relations (%) as A(7), and note that A(1)
is the algebra in [9], and that A(y) = A(—7) for all v € k*. Computer calculations verify
that, for all v € k*, A(v) has a line scheme of dimension one and a finite point scheme; in
fact, if 42 # 4, then A(7) has exactly twenty nonisomorphic point modules, whereas A(42)
has exactly twelve nonisomorphic point modules. Hence, A(7) is not isomorphic to, nor a
twist of, a graded Clifford algebra (since the latter has a line scheme of dimension at least
two). It follows that the algebras A(7) are all candidates for generic regular algebras of global
dimension four.

The other solutions for the p;; not considered above yield regular graded skew Clifford

algebras that are isomorphic to twists (by an automorphism) of the algebras discussed above.

Example 2
Consider the quadric system Q(v) that corresponds to the algebras A(y) in Example 1, and
map z; — 0. By Theorem 4.6, this yields a quadric system £Q'(7) that corresponds to a
graded skew Clifford algebra of global dimension three that is a subalgebra of A(~y). We seek
a quadric system £ that corresponds to a graded skew Clifford algebra of global dimension
four and which yields Q'(y) on mapping z; — 0. Hence, we take ¢ = 2122, @2 = 2324,
g3 = 25 + Y2924 + @127 + apz124 and gy = 23 + 22 + (12} + Baz123, where v, oy, 3 € k
for i« = 1,2. Since the ¢; have changed from those in Example 1, we seek values for the p;;
that allows {q,...,q4} to be a normalizing sequence, and there is more than one choice that
suffices. We take 13 = p14 = poa = —po3 = 1. With this choice, the quadric system is
base-point free if and only if y(a? + a33,)(67 + B3ay) # 0.

In the special case that (a9, ;) = (0,0), the resulting graded skew Clifford algebra is
isomorphic to a twist (by an automorphism) of an algebra A(y'), for some v € k*, from

Example 1.
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Henceforth, we assume v = 1 and as(as — 1) = 0. The corresponding regular graded skew

Clifford algebra A(ay, e, 01, 52) is the k-algebra on z1, ..., x4 with defining relations:

_ 2 _
371 + 1173 = (o3, ToTy = T3To,
_ 2 2 2 _ .2
TpT1 + T1T4 = Q23, a5 + frxs = o7,
.2 2_ .2
T4To + ToXy = T3, Ty = Ty,

where as(as — 1) = 0 and (a2 + a261)(5? + B3ay) # 0. Under these conditions, a com-
puter calculation confirms that A(aq, as, 01, F2) has a line scheme of dimension one, and so
A(a, g, 31, B2) is not isomorphic to, nor a twist of, a graded Clifford algebra. Moreover,
another computer calculation verifies that generic values of oy, 31, 32 yield an algebra that has
exactly twenty nonisomorphic point modules, while certain values of the parameters yield an
algebra with fewer nonisomorphic point modules.

Table 1 lists some values of the parameters where we have computed the total number, N, of

nonisomorphic point modules over A(ay, s, O, F2). Owing to the values of N in rows iii-viii of

A(ay, ag, 81, B2) N

i A(ay,0,2,0) where o (1 —a?) #0 20
i A(a1, 1, 81,0) where aq, 31 generic 20

with a1 31 (af + B1) # 0
i A(ar,1,1—20a4,2v/2) where a; generic 17
with 051(16061 + 9) (Oél — 1)(20&1 + 1) % 0

v A(0,1, B1,0) where 8, £ 0, —1 16
v A(-2,1,1,2V2) 15
vi A(1,0,2,0) 14
vii A(0,1,1,2/2) 13
viii A(0,1,-1,0) 8

TABLE 1. Some Regular Algebras from Example 2
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Table 1, the algebras in those rows are clearly not isomorphic to, nor twists of, the algebras in
Example 1. Focusing on rows i and vi of Table 1, we find that A(ay,0,2,0) = A(—a,0,2,0),
for all a; € k*, and that, at a; = 41, we obtain the algebra in row vi. The parameter values
in Table 1 are not exhaustive, so other values of N are conceivably possible for the algebras
Ao, ag, (1, B2), as well as other parameter values possibly yielding N = 20.

Since the regular algebras in Table 1 have finite point schemes and 1-dimensional line
schemes, those in rows i and ii are candidates for generic regular algebras of global dimension

four.

Example 3
Let q1 = 2120, qa =22, g3 = 27 — 2924 and q4 = 23 + 22 — 2923. The normalizing property
implies (p34)% = pio3 = 1 and pzq = pog = (p14)* = (p13)?, in which case the quadric system is

normalizing and base-point free. Hence, the corresponding graded skew Clifford algebra A is

quadratic and regular of global dimension four, and is the k-algebra on z1, . .., z4 with defining
relations:
_ _ _ 2
T1X3 = —[13T371, T3y = —[34T4T3, ToT3 + T3To = —T7,
_ 2 _ .2 _ .2
T1Tq = — 4142471, Ty = T3, Ty + [24T4To = —T7,

where the p;; satisfy the above equations. The line scheme of A has dimension at least two.
The algebra A has finitely many point modules if and only if p13u34+ 14 # 0, and, in this case,
A has exactly five nonisomorphic point modules. However, since us3qs = 41, this latter case
requires fi113 = %14, which forces the skew polynomial ring S to be a twist of the polynomial
ring, so that, in this case, A is a twist of a regular graded Clifford algebra. On the other
hand, if p13p34 + 14 = 0, then A has exactly a one-parameter family of nonisomorphic point
modules. In this latter case, the point variety is the intersection of three cubic surfaces in P3
and is not a (commutative) complete intersection.

Claim: If py3p34 + p14 = 0, then A is not a twist by an automorphism of a graded Clifford

algebra.
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Proof: Suppose A is a twist by an automorphism of a graded Clifford algebra C. It follows
that the Koszul dual, D, of C' is commutative and is a twist by an automorphism, 7, of the
Koszul dual, B, of A. Following the proof of Proposition 4.5, we write 7(b) = b7 for all
b € By and denote the multiplication in D by %, and we write the twist as fx g = fg7, for
all f,g € D; = By. In particular, (f) from the proof of Proposition 4.5 holds. Thus, writing
2] =Y . 052, where o; € k for all ¢, we have that, in B,

212 = 232] = Z 02372,
Given the relations in B and that z; is normal in B, it follows that ay = 0 = ay. Similarly,

T T
2125 = 292] = zo(Q121 + (323) = 32923,

so that ag = 0, giving 2] € k*z;. Thus, z12] = 0, and, since 2129 = 0, this implies 2] € k* 2,

since the point scheme of A is the graph of an automorphism. Consequently,
2125 = 232] = Q1}4132123,

and so z1(z] — aqpizz3) = 0. It follows that z] € k™ z3 +kzo. Writing 2] = (123 + (229, where
B1, 32 € k, we have
= (Zg)T = (Zg)z = [o29(Bo22 + 201 23).

Thus, either B2 = 0 or By29 + 23123 € kz;. Both cases imply 3y = 0, so 2] € k*z3. Similarly,
212) = Z42] = 01fl14%1% and z32) = 2473 = P1lizaZ32a,

which imply

T_

21(2zy — onpuiazy) = 0 = 23(2f — Bipisaza),

giving 2] € (kzo+kzy)N(kzs+kzy). Hence, 2] € k*z,. Consequently, we may write 2] = \;z;,
for all 7, where \; € k* for all ¢, from which the equations z;2] = 2;2], for all 4, j, together

with the relations of B, imply that \; = p;;A; for all 4,57 = 1,3,4. Thus,

HaiAs = A1 = [31A3 = U31f4a3 s = — [La1 A4,
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as f3ftz4 + p14 = 0. Since pigAg # 0 and char(k) # 2, we have derived a contradiction, so the

claim is proved.

We conclude the paper by listing some open problems.

1. In [16], a method was given for counting the number of points modules over a regular
graded Clifford algebra when the point scheme is finite. It would be useful to find such
an algorithm for regular graded skew Clifford algebras.

2. Regular graded skew Clifford algebras of global dimension four are elements of the
scheme of quadratic algebras on four generators with six relations. It would be inter-
esting to determine how many components of that scheme contain graded skew Clifford
algebras, and if any of those components can be determined.

3. Is it possible to generalize the geometric methods in this paper to the setting where .S is
a regular quadratic algebra on n generators of global dimension n, but is not necessarily
a skew polynomial ring? In particular, is the notion of a normalizing quadric system
and the notion of base-point free useful for constructing new regular algebras in such a
setting? Are there such geometric methods that can be applied to the situation in [9],
in which if 9 is a regular normalizing sequence of length n of homogeneous elements
of degree two in a regular quadratic algebra B on n generators, then the Koszul dual

of B/(9Q) is a regular quadratic algebra?
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