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Abstra ct. A family of 
at deformations of a commutativ e polynomial ring S on n gen-
erators is considered, where each deformation B is a twist of S by a semisimple, linear
automorphism � of Pn � 1, such that a Poisson bracket is induced on S. We show that if
the symplectic leavesassociated with this Poissonstructure are algebraic, then they are the
orbits of an algebraic group G determined by the Poissonbracket. In this case,we prove
that if � is \generic enough", then there is a natural one-to-onecorrespondencebetween
the primitiv e ideals of B and the symplectic leaves if and only if � has a representativ e in
GL(Cn ) which belongsto G. As an example, the results are applied to the coordinate ring
Oq(M 2) of quantum 2 � 2 matrices which is not a twist of a polynomial ring, although it is
a 
at deformation of one; if q is not a root of unit y, then there is a bijection between the
primitiv e ideals of Oq(M 2) and the symplectic leaves.

Intr oduction

Two non-commutativ e analoguesof commutativ e algebraswere introducedin [1, 2]: a

twist of a commutativ e algebraby an automorphism,and a twisted homogeneouscoordinate

ring. In this paper, we considerthe twist B of a polynomial algebraS on n generatorsover

the complex �eld C by a semisimpleautomorphism � of Pn� 1. In this caseB may also be

described as the twisted homogeneouscoordinate ring B(Pn� 1; � ; O(1)) where O(1) is the

invertible sheafof linear forms on Pn� 1. The algebraB is generallynon-commutativ e; it is

commutativ e if and only if � is the identit y map. However, due to the construction of B

from � 2 Aut( Pn� 1), there is a natural geometryassociated to B; namely, that of (Pn� 1; � )

or, equivalently, (Cn ; � ).

In this paper we considera family of twists B(m) of S, wherethe family is parametrized

by the maximal idealsm of a principal ideal domain R. The multiplication in the \generic"

B(m) (which is determinedby an automorphism � m of Pn� 1) inducesa Poissonbracket on

S, and hencea Poissonstructure on Cn .

Our main objective is to analysethe interplay betweenthe geometryof (Cn ; � m) and the

Poissongeometry.
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The main resultsof the paper areTheorems3.8and 3.12which prove that if the symplectic

leavesof the Poissonstructure are algebraic, then the primitiv e ideals of the genericB(m)

are parametrizedby the symplectic leaves if and only if � m has a representativ e in GL(Cn )

which belongsto a certain algebraic group G whoseorbits are the symplectic leaves. In

particular, in this case,the symplectic leavesare � m-invariant.

This problem is motivated by the following well known classicaland quantum examples.

The primitiv e idealsof the universalenveloping algebraof an algebraicsolvable Lie algebra

g are parametrizedby the symplectic leaves in g� , and the symplectic leavesare the orbits

of an algebraicsubgroupof GL(g) (namely, the adjoint algebraicgroup of g) ([4]). In the

early 1990's,Hodgesand Levasseurproved in [7, 8] that the primitiv e idealsof the quantum

group Oq(SL n ) areparametrizedby the symplecticleavesin SL n which areassociated to the

Poissonbracket induced on O(SL n ); this has sincebeenextendedby Josephin [9, 10, 11]

from SL n to more arbitrary groups. Sincesomehomomorphicimagesof Oq(SL n ) and other

quantum groupsare twists of commutativ e algebrasor are twisted homogeneouscoordinate

rings, it seemsreasonableto ask if similar results hold for such algebras.

In x1, we considercertain homogeneousPoissonstructures on Cn induced from Poisson

brackets on group rings, and de�ne the algebraicgroup G (De�nition 1.3) whoseorbits are

the minimal Poissonsubvarieties. In Proposition 1.4, necessaryand su�cien t conditions are

found under which the orbits of G are the symplectic leaves. The group G plays a role

analagousto that of the adjoint algebraicgroup of an algebraicsolvable Lie algebra { the

analogy is mademore precisein Remark 1.6.

The next sectionfocuseson a family of twisted group rings Cm�, where� is a freeabelian

group of rank n and m is a maximal ideal of a principal ideal domain R. For each m, we

de�ne a group of automorphismsf � m;� : C� ! C� j � 2 � g which is determined by the

multiplication of Cm�. We prove in Proposition 2.7 that if � m;� 2 G for all � 2 �, then the

spectrum of the \generic" Cm� is homeomorphicto the Poissonspectrum of C�.

The third section specialisesx2 to a family of twists of a polynomial algebra S. We

show that, in this case,if the Poissonbracket is nonzero, then it has rank two (Lemma

3.3), and conditions on the Poissonbracket are determined for the symplectic leaves to be

algebraic(Corollary 3.4). The main results (stated above) appear in Theorems3.8 and 3.12,

after which we give someexamplesand apply the results to an algebra that is not a twist

of a polynomial algebra; namely the coordinate ring Oq(M 2) of quantum 2 � 2 matrices,

where q 2 C� ([6]). The family Oq(M 2) induces a homogeneousPoissonbracket on the

polynomial ring on four variables and hencea Poissonstructure on M 2(�= C4). Corollary

3.15 demonstratesthat if q is not a root of unity, then the primitiv e ideals of Oq(M 2) are

parametrizedby the symplectic leavesin M 2.
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We �nish the paper by comparingthe geometryof (Cn ; � m) with the Poissongeometryof

Cn , in the caseof twists B(m) of S under the hypothesesof Theorem 3.12,where � m has a

representativ e in GL(Cn) which belongsto G. In Remark 3.16we observe that the varieties

of Cn corresponding to the primitiv e ideals of B(m) are connectedand � m-invariant, and

that their irreducible components are cyclically permuted by � m.

Ac knowledgmen t . The author would like to thank K. R. Goodearl and T. J. Hodgesfor

many helpful suggestionson revising the �rst versionsof this paper.

1. Poisson Geometr y of (C� )n

Let C� denote C n f 0g and let S be the commutativ e free C-algebra on n generators

x1; : : : ; xn . Wede�ne a gradingon S by deg(x i ) = 1 for all i ; the vectorspaceof homogeneous

elements of degreem in S will be denotedSm .

Fix a freeAbeliangroup(� ; +) of rank n. The groupring C� = C[x � : � 2 �] is isomorphic

to the algebraS[x � 1
1 ; : : : ; x � 1

n ] where� = (i 1; : : : ; i n ) $ x i 1
1 � � � x i n

n = x � . Let b : � � � ! C

be a skew-symmetricbilinear form and de�ne a Poissonbracket f ; gb on C� via

f x � ; x � gb = b(� ; � )x � x �

for all � ; � 2 �. A Poissonideal of C� is an ideal J of C� such that f J; C� g � J .

De�nition 1.1. Let Zb(C�) denotethe subalgebraf f 2 C� : f f ; ggb = 0 for all g 2 C� g of

C�, and let � b denotethe subgroupf � 2 � : b(� ; � ) = 0 for all � 2 � g of �.

Lemma 1.2.

(a) Zb(C�) = C� b

(b) If J is a Poissonideal of C� , then J = C�( J \ Zb(C�)) .

Pro of . Part (a) is an easyconsequenceof the de�nition. To prove (b) considerC� as a

�-mo dule via � (x � ) = b(� ; � )x � = f x � ; x � gb x � � for all � ; � 2 �. As a �-mo dule, C� =
L

� 2 T Zb(C�) x � where T is any transversal for � b in �; each Zb(C�) x � , where � 2 T, is a

weight spacefor this module action. If J is a Poissonideal of C�, then J is a �-submo dule

of C�, and, as a sum of weight spaces,

J =
M

� 2 T

J \ (Zb(C�) x � ) =
M

� 2 T

(J \ Zb(C�)) x �

sincex � is a unit in C�. The result follows.

Such a Poissonbracket on C� inducesa Poissonstructure on (C� )n ; more precisely, the

extension,�b, of b by scalarsinducesa symplectic form on (C� )n . In our situation, in which
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the Poissonbracket is homogeneous,the rank of the symplectic form at any point of (C� )n

is constant and is given by the rank of �b at any point.

A symplectic leaf in (C� )n is a maximal connectedPoissonsubmanifold L of (C� )n on

which the symplecticform determinedby bis nondegenerate;in particular, dim(L) = rank(�b),

which is evensincebis skew-symmetric.By standardtheory (e.g.,see[12]), (C� )n is a disjoint

union of its symplecticleaves. However, although the symplecticleavesneednot bealgebraic

varieties,the maximal Poissonidealsof C� determineminimal Poissonsubvarietiesof (C� )n .

Sinceeach minimal Poissonsubvariety is a union of symplectic leaves,any component of a

minimal Poisson subvariety would be a Poisson subvariety, and so the minimal Poisson

subvarieties of (C� )n are connected.

A symplectic leaf is determined by a Poissonideal in a suitable (possibly nonalgebraic)

extensionring of C�. We will call a symplectic leaf L in (C� )n algebraicif L = V(J ) where

J is a Poissonideal in C�.

De�nition 1.3. Let G � (C� )n denotethe zero locus in (C� )n of the ideal of C� which is

generatedby all elements of the form x � � 1 where� 2 � b.

The variety G is an algebraicgroup under coordinatewisemultiplication. The following

result shows G plays a role analogousto that of the adjoint algebraicgroup of an algebraic

solvable Lie algebra.

Prop osition 1.4. The minimal Poissonsubvarietiesin (C� )n are the orbits of G in (C� )n ;

they are the symplectic leavesif and only if Rad(�b) = C
 Z � b, where �b : (C
 Z �) � (C
 Z �) !

C is extensionof b by scalars.

Pro of . SinceC is algebraically closed,the maximal ideals M of Zb(C�) are generatedby

elements of the form x � � � � for all � 2 � b where � � 2 C� (by the Nullstellensatz). It

follows from Lemma 1.2 that the maximal Poissonideals of C� are generatedby such M .

If � 2 G and � 2 V(x � � � � ), then

(x � � � � )( � � � ) = x � (� )x � (� ) � � � = 1� � � � � = 0;

which implies that the minimal Poissonsubvarieties are invariant under G. Similarly, if

�; � 2 V(x � � � � ) where � = (� i ), � = (� i ), then the element � = (� i � � 1
i ) 2 V(x � � 1)

satis�es � (� ) = � . Hencethe orbits of G are the minimal Poissonsubvarieties and they all

have dimensionn� rank(� b).

The rank of the symplectic form at each point is constant, so in order to check its rank,

it su�ces to check the rank of �b at one point p 2 (C� )n . By identifying C 
 Z � with the

tangent spaceTp((C� )n ) via � 7! (d=dx� )jp, the radical of the symplectic form on Tp((C� )n )

may be identi�ed with the radical of �b; thus, C 
 Z � b � Rad(�b). Equality holds if and only

if rank(�b) = n� rank(� b), which is the dimensionof each minimal Poissonsubvariety and so

completesthe proof.
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If the symplectic leavesare algebraic, then they are the minimal Poissonsubvarieties, in

which caseRad(�b) = C
 Z � b and the dimensionof each leaf is n� rank(� b). In this situation,

rank(�b) = n� rank(� b) = dim(G).

If b = 0, then the symplectic leaves are given by the maximal ideals of C�, and so are

algebraic.

Corollary 1.5.
(a) If b = �b 0, where � 2 C and b0 takes values in Q, then the symplectic leavesare

algebraic.
(b) If rank(�b) = 2, then the symplectic leavesare algebraic if and only if b = �b 0, where

� 2 C� and b0 takesvaluesin Q.

Pro of . (a) Let �b;b0 : (C 
 Z �) � (C 
 Z �) ! C denote extensionof b and b0 by scalars.

Since b0 takes values in Q, there exists a basis for � with respect to which b0 has matrix

M 2 M n (Q). However, Rad(b0) consistsof all v 2 C 
 Z � such that b0(� ; v) = 0; that is,

M v = 0. To �nd all such v 2 C 
 Z �, onemay perform row operations on M , which yields

that Rad(b0) is generatedby all v 2 Qn such that M v = 0 (sinceM 2 M n (Q)). By clearing

denominators, we have that Rad(b0) is generatedby all v 2 Zn such that M v = 0; that

is, Rad(b0) = C 
 Z � b. The result follows by Proposition 1.4, sinceRad(�b) = Rad(b0) and

� b = � b0 if � 6= 0.

(b) Supposethat the symplectic leaves are algebraic and that rank(�b) = 2. Then, by

Proposition 1.4, rank(� b) = n � 2. Since� =� b is torsionfree,there exists a basis� 1; : : : ; � n

for � such that � 3; : : : ; � n is a basisfor � b. It follows that b(� 1; � j ) = 0 for all j � 3, which

forcesb(� 1; � 2) = � for some� 2 C� . Moreover, b(� i ; � j ) = 0 whenever f i; j g 6= f 1; 2g,

so that the matrix (b(� i ; � j )) has only two nonzeroentries, namely � � . Hencethe form

b0 = � � 1b takesvaluesin Z. The result follows by invoking part (a).

Remark 1.6. If f 2 C�, de�ne ad f : C� ! C� by (ad f )(g) = f f ; ggb for all g 2 C�. Since

(ad x i )jS 2 Sx i , it follows that x � 1
i (ad x i )jS1 2 gl(S1). Let g denote the subspaceof gl(S1)

spannedby f x � 1
i (ad x i )jS1 : i = 1; : : : ; ng, which is an abelian Lie algebraunder the usual

Lie bracket of gl(S1). The smallestalgebraicsubgroupof GL(S1) whoseLie algebracontains

g is isomorphic to the group G, sincethe former contains the group f exp X : X 2 gg which

is isomorphic to G (and G is algebraicby de�nition).
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2. Families of Twisted Gr oup Rings

Let R denotea commutativ e �nitely generatedC-algebrawhich is a principal ideal domain

but not a �eld, and let U(R) denote the group of units of R. Let � ; � 0 : � � � ! U(R) be

bimultiplicativ e, skew-symmetricforms such that � = (� 0)2, and considerthe twisted group

ring R� � = R[x � : � 2 �] which hasde�ning relations

x � � x � = � 0(� ; � )x � + �

for all � ; � 2 �. It follows that

x � � x � = � (� ; � )x � � x � ;

for all � ; � 2 �. We de�ne a family of twisted group rings Cm� by

Cm� =
R� �
hmi

wherem is a maximal ideal of R. We assumethat there existsa maximal ideal Rh of R such

that � (� ; � ) � 1 modulo hhi for all � ; � 2 �, so that R � � =hhi �= C�. Hence,each Cm� is a


at deformation of C�.

The deformationsCm� induce a Poissonbracket on C� as follows. The hypothesesimply

that if f ; g 2 C� and if ~f ; ~g are preimagesof f ; g in R� �, then ~f � ~g � ~g � ~f 2 hhi , and for

each ( ~f ; ~g) the multiple of h that arisesin this way is well de�ned sinceR � � is a torsionfree

R-module.

De�nition 2.1. [5] If f ; g 2 C�, then the Poisson bracket of f and g induced by the

deformationsCm� is de�ned to be

f f ; gg =
~f � ~g � ~g � ~f

h
modulo hhi ;

where ~f ; ~g denotepreimagesof f ; g in R� �.

This bracket is given by a skew-symmetricbilinear form asfollows. De�ne d� : � � � ! C

by

d� (� ; � ) =
� (� ; � ) � 1

h
modulo hhi

for all � ; � 2 �.

Lemma 2.2. The form d� is bilinear and skew-symmetricand determinesthe Poissonbra-

cket on C� in De�nition 2.1 via

f x � ; x � g = d� (� ; � )x � x �

for all � ; � 2 � .

Let � m : � � � ! R ! R=m denotethe skew-symmetricbimultiplicativ e form correspond-

ing to Cm�.
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De�nition 2.3. Let � � (respectively, � m) denotethe subgroupof � consistingof those� 2 �

such that � (� ; � ) = 1 (respectively, � m(� ; � ) = 1) for all � 2 �.

Clearly, � � � � m for all m.

Lemma 2.4.

(a) The centre of Cm� is the group ring C� m.

(b) If J is an ideal of Cm� , then J = Cm�( J \ (C� m)) .

Pro of . Part (a) is an easyconsequenceof the de�nition. To prove (b), considerCm� as

a �-mo dule via � (x � ) = � m(� ; � )x � = x � � x � � x � � for all � ; � 2 �. As a �-mo dule,

Cm� =
L

� 2 T (C� m) � x � where T is any transversal for � m in �; each (C� m) � x � , where

� 2 T, is a weight spacefor this module action. If J is an ideal of Cm�, then J is a

�-submo dule of Cm�, and, as a sum of weight spaces,

J =
M

� 2 T

J \ ((C� m) � x � ) =
M

� 2 T

(J \ C� m) � x �

sincex � is a unit in Cm�. The result follows.

De�nition 2.5. We call m, or Cm�, generic if � m = � � .

Since � has countable cardinality, there are at most countably many m which are not

generic. We aim to �nd conditions on � m which relate the Poissonideals of C� and the

prime idealsof Cm� for genericm.

For each � 2 � de�ne the automorphism � m;� 2 Aut( C�) by

� m;� (x � ) = � m(� ; � )x �

for all � 2 �. We may view � m;� 2 (C� )n ; indeed, evaluating x � at � m;� yields x � (� m;� ) =

� m(� ; � ) for all � 2 �.

Recall the algebraicgroup G from De�nition 1.3 and that the bilinear form determining

our Poissonbracket in this sectionis d� (Lemma 2.2).

Lemma 2.6. If m is generic, then � m = � d� if and only if � m;� 2 G for all � 2 � .

Pro of . Sincem is generic, � m = � � � � d� by de�nition of d� . It follows that � d� = � m

if and only if � m(� ; � ) = 1 for all � 2 � d� for all � 2 �. Hence� d� = � m if and only if

x � (� m;� ) = 1 for all � 2 � d� for all � 2 �, which completesthe proof.

The following result comparesSpec(Cm�) with the Poissonspectrum of C�, where the

latter is the set of Poissonprime idealsendowed with the topology of the Poissonideals. (A

Poissonprime ideal is a Poissonideal P with the property that if I and J are Poissonideals

such that I J � P, then I � P or J � P; the closedsetsof the Poissonspectrum are given

by setsV(J ) = f Poissonprime idealsP : P � Jg whereJ is a Poissonideal of C�.)



8 MICHAELA VANCLIFF

Prop osition 2.7. If m is generic and if � m;� 2 G for all � 2 � , then Spec(Cm�) is home-

omorphic to the Poissonspectrum of C� and the primitive ideals of Cm� are maximal; the

homeomorphismis given by I 7! (I \ C� m)C� = (I \ C� d� )C� where I � Cm� is primitive.

Pro of . By Lemma 2.6, we have � m;� 2 G for all � 2 � if and only if � m = � d� . Thus, the

hypotheses,Lemma 1.2 and Lemma 2.4 imply that both the Poissonspectrum of C� and

Spec(Cm�) are homeomorphicto the spectrum of the group ring C� � . The homeomorphism

is given by I 7! (I \ C� m)C� = (I \ C� d� )C� whereI � Cm�. Hencethe maximal idealsof

Cm� are homeomorphicto maximal Poissonidealsof C�, and vice versa.

If P is a primitiv e ideal of Cm�, then the centre of Fract(Cm� =P) is isomorphic to C. It

follows that x � � � � 2 P for all � 2 � m for some� � 2 C. HenceP is homeomorphicto a

maximal Poissonideal, so P is maximal.

The automorphisms� m;� appear in [3, x4.5] and play a role in determining the cliquesof

prime idealsof Cm� providing the group generatedby f � m(� ; � ) : � ; � 2 � g is torsionfree.

3. Families of Twists of Pol ynomial Rings

In this section,wespecialisethe theory of x2 to a certain subfamily of the algebrasanalysed

in that section. The subfamily consistsof C-algebrassuch that each member is a \t wist"

(de�ned below) by a semisimplelinear automorphismof the polynomial algebraS introduced

in x1. In particular, each member is of the form C[x1; : : : ; xn ] with de�ning relations x i x j =

� ij x j x i for all i; j , where each � ij 2 C, � ii = 1 and � ij � j ` � `i = 1 for all i; j ; `. Our main

results are Theorems 3.8 and 3.12 which give necessaryand su�cien t conditions for the

primitiv e idealsof the genericmember of this subfamily to be in one-to-onecorrespondence

with the symplectic leavesof the Poissonstructure.

Formally, we de�ne the subfamily as follows. Recall from x1 that S denotesthe graded

polynomial algebraover C on n variablesand let R and U(R) bede�ned asin x2. The natural

degreefunction on S may be extendedto the commutativ e R-algebraR 
 C S, whereby we

view R ,! R 
 C S such that deg(R) = 0. Let � 2 Aut( Pn� 1
R ); that is, � determinesa graded,

degreezero,R-algebraautomorphismof R
 CS. Weusex � to denote� (x) for all x 2 R
 CS.

De�nition 3.1. [1] The twist (R 
 C S)� of R 
 C S by the automorphism� is de�ned to be

the R-algebrawhich is determinedby the two conditions:

(1) (R 
 C S)� = R 
 C S as gradedR-modules,and

(2) the multiplication � in (R 
 C S)� is given by x � y = x � j
y for all x 2 ((R 
 C S)� ) i ,

for all y 2 ((R 
 C S)� ) j , for all i; j (where the right hand sideusesthe multiplication

of R 
 C S).
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We remark that if � 2 Aut R(R 
 C S) such that � jR
 CS1 2 U(R)� jR
 CS1 , then (R 
 C S)� �=

(R 
 C S)� .

Henceforth,we additionally assumethat � hasa representativ e which acts semisimplyon

R 
 C S1 in the sensethat there exist generatorsx1; : : : ; xn 2 S1 for R 
 C S which form

a basis for R 
 C S1 as a free R-module such that x �
i 2 U(R) 
 C x i for all i . With these

assumptions,the twist (R 
 C S)� hasgeneratorsx1; : : : ; xn over R and de�ning relations:

x i � x j = r ij x j � x i where r ij 2 U(R); r ii = 1 and r ij r j ` r `i = 1 (� )

for all i; j ; `. Moreover, it is straightforward to show that any R-algebra with generators

x1; : : : ; xn over R and de�ning relations (� ) is a twist (R 
 C S)� for some� 2 Aut( R 
 C S)

which acts semisimply(in the above sense)on R 
 C S1. Clearly, (R 
 C S)� [x � 1
1 ; : : : ; x � 1

n ] is

a twisted group ring of a free abelian group, so the results of x2 may be applied.

For each maximal ideal m of R, the C-algebra

B(m) =
(R 
 C S)�

hmi
;

is a twist of S by the induced map � m 2 Aut( S). As in x2 we assumethat there exists a

maximal ideal Rh of R such that � � identit y modulo hhi .

Remark 3.2. Since � 2 Aut( Pn� 1
R ), the algebra B(m), where m is a maximal ideal of R,

determinesthe automorphism � m only up to a scalarmultiple. In particular, if f � m 2 C� f

for somef 2 C�, then the scalar multiple of f obtained in this way is only well de�ned if

f is homogeneousof degreezero. For this reason,in the rest of the paper, we view � m 2

Aut( Pn� 1
R=m) wherewe identify Pn� 1

R=m with P(S�
1).

The family f B (m)g inducesa Poissonbracket on S and on C�, as de�ned in De�nition

2.1 (and recall Lemma2.2), which is determinedby a nonzeroskew-symmetricbilinear form

b : � � � ! C. Since (R 
 C S)� [x � 1
1 ; : : : ; x � 1

n ] is a twisted group ring R� �, where � :

� � � ! U(R) is the bimultiplicativ e skew-symmetricform determinedby the multiplication

in (R 
 C S)� [x � 1
1 ; : : : ; x � 1

n ], we have that b = d� . Let d� have matrix (d� ij ) with respect to

the generatorsx1; : : : ; xn ; by (� ), we obtain d� ii = 0 and d� ij + d� j ` + d� `i = 0 for all i; j ; `.

As mentioned in x1, the rank of the induced symplectic form at any point of (C� )n is

constant and is referredto as the rank of d� , whered� is extensionof d� by scalars.

Lemma 3.3. If d� 6= 0, then the rank of d� is two.

Pro of . With respect to the generatorsx1; : : : ; xn , an arbitrary 3� 3 submatrix of (d� ij ) has

the form
2

6
4

d� sa d� sb d� sc

d� ta d� tb d� tc

d� ua d� ub d� uc

3

7
5 ; (y)
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wherea;b;c;s; t; u 2 f 1; : : : ; ng. However, sinced� ij + d� j ` + d� `i = 0 for all i; j ; `, subtracting

the �rst column of (y) from each of the other two columns changesthose columns into

multiples of (1; 1; 1)T . So the submatrix (y) has rank at most two.

Corollary 3.4. The symplectic leavesin (C� )n associated to the symplectic form d� deter-

mined by (R 
 C S)� [x � 1
1 ; : : : ; x � 1

n ] are algebraic if and only if d� = � ~b where ~b takesvalues

in Q and � 2 C.

Pro of . By Lemma3.3wehave that rank(d� ) � 2. The result follows from Corollary 1.5.

Recall from x2 that m is said to be genericif � m = � � .

Prop osition 3.5. Supposethat d� 6= 0 and that the symplectic leavesin (C� )n are algebraic.

(a) If � 2 � d� , then deg(x � ) = 0, and every Poissonideal of C� is homogeneous.

(b) If m is generic, then the ideals of B(m)[x � 1
1 ; : : : ; x � 1

n ] are homogeneous.

(c) If deg(x � ) = 0 and x � m
� = x � , then � 2 � m.

Pro of . (a) By Proposition 1.4we have C
 Z � d� = Rad(d� ), so,by Lemma3.3, rank(� d� ) =

dim(C 
 Z � d� ) = n � 2. By relabelling the x i if necessary, we may assumethat d� 12 6= 0.

With respect to the basisf x i g, considerelements of the form v = (vi ) wherevi = d� 2j � i
1 +

d� j 1� i
2 + d� 12� i

j for all i , where j � 3 and � denotesthe Kronecker delta symbol. The dot

product of row s of (d� ij ) with such an element v is

d� s1d� 2j + d� s2d� j 1 + d� sj d� 12 = d� s1d� 2j + (d� s1 + d� 12)(d� j 2 + d� 21) +

+ (d� s1 + d� s2 + d� sj )d� 12

= 0

for all s and for all j � 3, so v 2 � d� . Since such v are linearly independent and since

rank(� d� ) = n � 2, it follows that such v form a basis for � d� . This proves the �rst part

of (a), sincethe coordinatesof v sum to zero.

The Poissonidealsof C� aregeneratedby their intersectionwith the Poissoncentre, C� d� ,

by Lemma 1.2, so (a) follows.

(b) Since� � � � d� , part (a) implies that deg(x � ) = 0 for all � 2 � � . If m is generic,then

the sameholds for all � 2 � m, so the result follows by Lemma 2.4.

(c) Fix a representativ e of � m in GL(Cn) such that x � m
i = qi x i where qi 2 C� for all

i . If � = (� 1; : : : ; � n ) and � = (� 1; : : : ; � n ) where
P

� i = 0, then a computation shows

that � m(� ; � ) = (q� 1
1 q� 2

2 � � � q� n
n )

P
� i . However, if x � m

� = x � , then q� 1
1 q� 2

2 � � � q� n
n = 1, so

� m(� ; � ) = 1. Since� was arbitrary, the proof is complete.

Recall the algebraicgroup G from De�nition 1.3.

Lemma 3.6. If � d� � f � 2 � : deg(x � ) = 0g, then � m hasa representativein GL(Cn ) which

belongsto G if and only if � m;� 2 G for all � 2 � .
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Pro of . Fix a representativ e of � m in GL(Cn ) such that x � m
i = qi x i whereqi 2 C� for all i .

By viewing � m;� 2 (C� )n and � m 2 (C� )n , a computation shows that

x � (� m;� ) = (q� 1
1 � � � q� n

n )
P

� j (x � (� m)) �
P

� i

where� = (� j ) 2 � and � = (� i ) 2 �. Hence,by our hypothesis,we have

x � (� m;� ) = (x � (� m)) �
P

� i

for all � 2 � d� , for all � 2 �. Thus, if � m 2 G, then � m;� 2 G for all � 2 �. Moreover, if

� m;� 2 G for all � 2 �, then, by choosing � = (� 1; 0; : : : ; 0) 2 �, we have that x � (� m) = 1

for all � 2 � d� , which completesthe proof.

By Proposition 2.7, it seemsreasonableto comparethe symplecticleavesin (C� )n with the

primitiv eidealsof the deformationB(m)[x � 1
1 ; : : : ; x � 1

n ] of C�. By Proposition 3.5andLemma

3.6, it follows that Proposition 2.7 shows that if the symplectic leavesare algebraic,then a

su�cien t condition to obtain a correspondenceis to have a representativ e in GL(Cn ) of � m

which belongsto G; to havethis condition alsobenecessary, weconsiderthe homeomorphism

in the proof of Proposition 2.7from a di�eren t viewpoint, asoutlined in the following remarks.

Remarks 3.7.

(1) Since B(m) = S as graded vector spaces,an element f 2 B(m) i is an element of

Si and vice versa; for example,B(m)2 contains x i � x j which is x �
i x j 2 S2. Hence,

a homogeneousleft ideal I of B(m) is a homogeneousideal of S, such that if I =
P

i B(m) � f i wheref i 2 B(m) j i (= Sj i ), then I =
P

i Sf i .

(2) The preceding remark also applies to the twisted group rings B(m)[x � 1
1 ; : : : ; x � 1

n ]

= Cm� and S[x � 1
1 ; : : : ; x � 1

n ] = C�. It follows that, for homogeneousideals, the

homeomorphismof Proposition 2.7 is the identi�cation in the precedingremark be-

tweenhomogeneousidealsof Cm� and homogeneousidealsof C�, wherethe elements

of the idealsare the same.

(3) If I is an ideal of S (respectively, S[x � 1
1 ; : : : ; x � 1

n ]), then we may associate to it a

variety, denotedV(I ), in Cn (respectively, (C� )n ) which is the commonlocusof zeros

of the elements of I .

Theorem 3.8. Supposethat Cm� has the form B(m)[x � 1
1 ; : : : ; x � 1

n ] and that m is generic.

(a) If � d� � f � 2 � : deg(x � ) = 0g, then the primitive ideals of Cm� and the Poisson

ideals of C� are homogeneous.

(b) If � d� � f � 2 � : deg(x � ) = 0g, then the correspondence in Remarks3.7(1) de�nes

a one-to-onecorrespondence between the primitive ideals of Cm� and the maximal

Poissonideals of C� if and only if � m hasa representativein GL(Cn ) which belongs

to G.
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(c) If � d� � f � 2 � : deg(x � ) = 0g or d� = 0, then the map P 7! V(P) � (C� )n de�nes

a one-to-onecorrespondence between the primitive ideals of Cm� and the orbits of G

in (C� )n if and only if � m hasa representativein GL(Cn ) which belongsto G.

(d) If the symplectic leavesin (C� )n are algebraic, then the map P 7! V(P) � (C� )n

de�nes a one-to-one correspondence between the primitive ideals of Cm� and the

symplectic leavesin (C� )n if and only if � m has a representativein GL(Cn ) which

belongsto G.

Pro of . (a) Since� m = � � � � d� � f � 2 � : deg(x � ) = 0g, the result follows from Lemma

2.4 and Lemma 1.2.

(b) By Proposition 2.7, Lemma 3.6, Remarks3.7 and part (a), if � m 2 G, then the corre-

spondenceholds. Conversely, if the correspondenceholds, then we may view any primitiv e

ideal of Cm� as containing the sameelements as the corresponding maximal Poissonideal

of C�. It follows that � m = � d� , by Lemma 2.4 and Lemma 1.2. Hence,by Lemma 2.6 and

Lemma 3.6, we have � m 2 G.

(c) By Proposition 1.4, if d� 6= 0, then this is part (b). If d� = 0, then � d� = �, G is trivial

and the orbits of G in (C� )n are the points of (C� )n . Hence,in this case,the correspondence

holds if and only if the primitiv e idealscorrespond to the points of (C� )n . This happensif

and only if Cm� is commutativ e, that is, if and only if � m has a representativ e in GL(Cn )

which is the identit y.

(d) If d� = 0, then this is (c). If d� 6= 0 and if the symplectic leavesare algebraic,then,

by Proposition 3.5, � d� � f � 2 � : deg(x � ) = 0g, and hence(d) follows from (c).

The Poissonbracket on S makes Cn a Poissonmanifold, but the rank of the induced

symplectic form on Cn is not constant; the rank is either two or zero at the points of Cn .

We call a symplectic leaf L in Cn algebraic if L , or its closure �L (in the Zariski topology),

is equal to V(J ) whereJ is a Poissonideal in S. A Poissonideal of S which is the de�ning

ideal of the closureof a symplectic leaf neednot be a maximal Poissonideal of S.

SincePoissonideals of C� correspond to Poissonideals of S which do not contain any

monomialin the x i and sincemaximal Poissonidealsof C� areprime, an algebraicsymplectic

leaf of (C� )n is alsoan algebraicsymplecticleaf of Cn . If follows that if the symplecticleaves

of (C� )n are algebraic,then any symplectic leaf of Cn either lies on someV(x i ) or intersects

noneof the V(x i ).

The factor algebraB(m)=hx i 1 ; : : : ; x i r i , where 1 � r � n, is the twist of the polynomial

algebraon n� r generatorsby the inducedautomorphism� 0
m 2 Aut( S1=(Cx i 1 + � � � + Cx i r )).

It follows that
B(m)

hx i 1 ; : : : ; x i r i
[x � 1

j : x j 6= x i ` for all ` � r ]

is a twisted group ring Cm� 0 where� 0 is a subgroupof � of rank n � r .
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De�nition 3.9. Recall the notation from x2 concerning twisted group rings. For every

subgroup� 0 � �, let � 0 denote � j � 0� � 0, (� 0)m the restriction � mj � 0� � 0 and d� 0 the restriction

d� j � 0� � 0. De�ne (� 0)� 0, (� 0)m, (� 0)d� 0 and G0 analogouslyto � � , � m, � d� and G, and de�ne

� = f maximal ideal m of R : (� 0)� 0 = (� 0)m for all subgroups� 0 of � g:

Clearly, if m 2 �, then m is generic.

Lemma 3.10. If the symplectic leavesof (C� )n are algebraic, then so are the symplectic

leavesof Cn .

Pro of . By Corollary 3.4, if the symplecticleavesof (C� )n arealgebraic,then d� = � ~bwhere

� 2 C and ~b takesvaluesin Q. It follows that if � 0 is a subgroupof �, then d� 0 = � ~bj � 0� � 0.

Hence,by Corollary 1.5, the symplectic leavesassociated to C� 0 are algebraicfor all � 0 � �.

If � 0 is the subgroupgeneratedby

f (� j ) 2 � : � i ` = 0 for all ` � r g

whererank(� 0) = n � r , then such symplectic leavescorrespond to Poissonidealsof S of the

form J + hx i 1 ; : : : ; x i r i whereJ is an ideal of S such that (J + hx i 1 ; : : : ; x i r i )=hx i 1 ; : : : ; x i r i

doesnot contain any monomial.

Lemma 3.11. Suppose that the symplectic leavesof (C� )n are algebraic. If m 2 � , then

� m hasa representativein GL(Cn ) which belongsto G if and only if � 0
m hasa representative

which belongsto G0 for every subgroup � 0 � � .

Pro of . It su�ces to prove that if � m has a representativ e in GL(Cn ) which belongsto G,

then � 0
m has a representativ e which belongsto G0 for every subgroup� 0 of �. Supposethat

m 2 � and that � m hasa representativ e in GL(Cn ) which belongsto G.

If d� = 0, then G is trivial, so � m is the identit y on Pn� 1
R=m and hence� 0

m is the identit y on

Pn� r � 1
R=m for all subgroups� 0 of rank n � r where1 � r � n � 1 (recall Remark 3.2); thus, in

this case,� 0
m hasa representativ e which belongsto G0.

Supposethat d� 6= 0 and that rank(� 0) = n � 1. In particular, by Lemma2.6, Proposition

3.5 and Lemma 3.6, we have � m = � d� since � m has a representativ e in GL(Cn ) which

belongsto G. Let W = (C 
 Z � d� ) \ (C 
 Z � 0), which is a subspaceof C 
 Z (� 0)d� 0 and has

dimensionn � 3 or n � 2. If d� 0 6= 0, then, by Proposition 1.4, Lemma 3.3 and Lemma 3.10,

we have rank((� 0)d� 0) = n � 3, so dim(W) = n � 3. It follows that W = C 
 Z (� 0)d� 0, so

C 
 Z (� 0)d� 0 � C 
 Z � d� = rad(d� ). Thus, (� 0)d� 0 � rad(d� ) \ �, so (� 0)d� 0 � � d� . Hence

(� 0)d� 0 � � d� \ � 0 = � m \ � 0 � (� 0)m. However, sincem 2 �, we have (� 0)m = (� 0)� 0 � (� 0)d� 0,

soequality holds in this case.It follows that � 0
m hasa representativ e which belongsto G0 by

Lemma2.6, Proposition 3.5 and Lemma3.6. On the other hand, if d� 0 = 0, then � 0 = (� 0)d� 0
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and dim(W) = n � 2 (sinced� 6= 0). SoC 
 Z � d� � C 
 Z � 0, so that

C 
 Z � 0 =
n� 2M

i =1

C� i � C�

wherethe � i 2 � d� and � 2 (C 
 Z � 0) n (C 
 Z � d� ). However, � d� = � m and � (� ; � ) = 1, so

by extending � 0 to (C 
 Z � 0) � (C 
 Z � 0) via � 0(m1a;m2b) = � 0(a;b)m1m2 , wherem1; m2 2 C,

a;b 2 � 0, we �nd that � 0(� 0 � � 0) = 1, so (� 0)m = � 0. It follows that � 0
m is the identit y

on Pn� 2
R=m, and hencehas a representativ e which belongsto G0. The result now follows from

reverseinduction on the value of n.

Theorem 3.12. Supposethat the symplectic leavesin (C� )n are algebraic and that m 2 � .

(a) The nonmaximal primitive ideals of B(m) are homogeneous.

(b) The map P 7! V(P) � Cn de�nes a one-to-onecorrespondence between the primitive

ideals of B(m) and the symplectic leavesin Cn if and only if � m hasa representative

in GL(Cn ) which belongsto G.

Pro of . By Theorem3.8, the primitiv e idealsof B(m) which do not contain any x i correspond

to the symplectic leaves of (C� )n if and only if � m has a representativ e in GL(Cn ) which

belongsto G. Sinceeach hx i i is a Poissonideal, we may apply Theorem 3.8 (together with

Lemma 3.10 and Lemma 3.11) inductively to B(m)=hx i 1 ; : : : ; x i r i for all r � n to yield the

result.

Example 3.13. Supposethat n = rank(�) = 4 and that R = C[h][(1 � h) � 1], whereh is an

indeterminate. De�ne � 2 Aut( R 
 C S) by x �
1 = x1, x �

2 = (1 � h) � 1x2, x �
3 = (1 � h) � 1x3 and

x �
4 = (1 � h) � 2x4, so that (R 
 C S)� = R[x1; : : : ; x4] with six de�ning relations

x1 � x2 = (1 � h)x2 � x1; x2 � x4 = (1 � h)x4 � x2; x2 � x3 = x3 � x2;
x1 � x3 = (1 � h)x3 � x1; x3 � x4 = (1 � h)x4 � x3; x1 � x4 = (1 � h)2x4 � x1:

The Poissonbracket induced on S is determinedby

f x1; x2g = � x1x2; f x2; x4g = � x2x4; f x2; x3g = 0;
f x1; x3g = � x1x3; f x3; x4g = � x3x4; f x1; x4g = � 2x1x4;

sothe symplectic leavesare algebraicby Corollary 3.4. It thereforefollows from Proposition

3.5 that deg(x � ) = 0 for all � 2 � d� , sothat G = V(x2 � x3; x2
2 � x1x4) \ (C� )4. The maximal

idealsof R have the form hh � qi whereq 2 C, q 6= 1, so � m hasa representativ e in GL(Cn )

which belongsto G for all m, and m 2 � if and only if q � 1 is not a root of unity, which

holdsif and only if m is generic.Henceby Theorem3.12there is a one-to-onecorrespondence

betweenthe primitiv e ideals of the genericdeformation B(m) and the symplectic leaves in

C4.

In this example,the Poissonideal hx1x4 � x2x3i of S is � m-invariant. The corresponding

factor algebraof B(m), wherem = hh � 1+ qi , is A(m) = B(m)=hx1 � x4 � qx2 � x3i , which is

isomorphicto a factor algebraof the coordinate ring of quantum 2� 2 matrices(seeCorollary
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3.15) and also to a twist by an automorphism of a factor algebraof the coordinate ring of

quantum symplectic 4-dimensionalspace.

Example 3.14. Let R = C[h][(1 + ai h)� 1 : i = 1; : : : ; n] where the ai 2 C are distinct for

all i . De�ne � 2 Aut( R 
 C S) by x �
i = (1 + ai h)x i for all i . Then the twist (R 
 C S)� is

the R-algebrageneratedby x1; : : : ; xn with de�ning relations x i � x j = r ij x j � x i for all i; j ,

wherethe r ij = (1 + ai h)(1 + aj h)� 1. In (R 
 C S)� we have

x i � x j � x j � x i = h(ai � aj )(1 + ai h)� 1x i � x j

for all i; j . Hencethe induced Poissonbracket on S is determinedby

f x i ; x j g = (ai � aj )x i x j

for all i; j .

By Corollary 3.4, the symplectic leavesare algebraicif and only if there exists � 2 C such

that ai � aj 2 Q� for all i; j . Moreover, if m = hh � qi , then a calculation shows that m 2 �

if and only if the subgroupof C� generatedby f 1 + ai q : i = 1; : : : ; ng has torsionfreerank

� n � 1 sincethe ai are distinct. If the symplectic leavesare algebraic,then deg(x � ) = 0 for

all � 2 � d� (by Proposition 3.5), so (x � )� m x � � 2 C is well de�ned for all � 2 � d� , no matter

which representativ e of � m 2 Aut( Pn� 1
R=m) is used(seeRemark 3.2). In this case,a calculation

shows that � m hasa representativ e in GL(Cn ) which belongsto G if and only if x � m
� x � � = 1

for all � 2 � d� , which is true if and only if
nY

i =1

(1 + ai q)� i = 1 for all � = (� 1; : : : ; � n ) 2 � d� .

If we take n = 3 and ai = i � 1 for i = 1; 2; 3, then the symplectic leavesare algebraic,and

m = hh� qi 2 � if and only if the subgroupof C� generatedby f 1+ q; 1+ 2qg hastorsionfree

rank equal to two. However, � d� = Z(� 1; 2; � 1), soG = V(x2
2 � x1x3) \ (C� )3, which yields

that � m has a representativ e in GL(Cn ) which belongsto G if and only if m = hhi , which

is not in �. Hencethe desiredcorrespondencefails. In fact, the maximal Poissonidealsare

hax1x3 + bx2
2i for all a;b2 C� and

hx i i ; hx i 1 ; x i 2 ; x i 3 � ci (z)

for all i , for all c 2 C and for all distinct i 1; i 2; i 3. If m 2 �, then the primitiv e idealsof B(m)

are those in (z) and 0. So, in this example,not only does the correspondencefail, but, in

addition, neither list of ideals is contained in the other.

As a corollary to Example 3.13, we may useTheorem 3.12 to prove that there is a one-

to-onecorrespondencebetweenthe primitiv e idealsof the genericcoordinate ring Oq(M 2) of

quantum 2 � 2 matrices and the symplectic leavesin M 2. In [6], Oq(M 2) is de�ned to be a

C-algebraon four generatorsa;b;c;d with six de�ning relations

ab= qba; bd= qdb; bc= cb;
ac = qca; cd = qdc; ad � da = (q � q� 1)bc;
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where q 2 C� . If q = 1, then O1(M 2) �= O(M 2), a polynomial ring. It is well known

that Oq(M 2) is a 
at deformation of O(M 2) such that M 2 (�= C4) carries the structure of a

Poissonmanifold. By [13, 14], Oq(M 2) is neither a twist of a polynomial ring nor a twisted

homogeneouscoordinate ring.

Corollary 3.15. If q is not a root of unity, then the primitive ideals of Oq(M 2) are in

one-to-onecorrespondence with the symplectic leavesin M 2.

Pro of . If q is not a root of unity, then the centre of Oq(M 2) is C[
 q] where
 q = ad � qbc.

Thus (by standard theory) a primitiv e ideal of Oq(M 2) contains 
 q � � for some� 2 C. The

primitiv e ideals which contain 
 q correspond to primitiv e ideals of the algebra A(m) from

Example 3.13. It follows that if q is not a root of unity, then the primitiv e ideals which

contain 
 q are in one-to-onecorrespondencewith the symplectic leavesin V(
 1) � M 2.

On the other hand, if � 6= 0, then the automorphism � : Oq(M 2) ! Oq(M 2) de�ned by

� (a) = �a , � (b) = �b , � (c) = c, � (d) = d takes 
 q � � to � (
 q � 1). The primitiv e ideals

which contain 
 q � 1 correspond to primitiv e idealsof Oq(SL 2) and, in [7], it is shown that

they are in one-to-onecorrespondencewith the symplectic leavesin SL 2 = V(
 1 � 1) � M 2

if q is not a root of unity. The result follows.

Remark 3.16. Supposethat the hypothesesof Theorem 3.12 hold and that � m has a rep-

resentativ e in GL(Cn) which belongsto G. Then every nonmaximal primitiv e ideal P of

B(m) is homogeneous,and V(P), the closureof the corresponding symplectic leaf in Cn ,

is connected(but not necessarilyirreducible). Sincethe symplectic leaves in (C� )n are the

orbits of G, they are � m-invariant. It follows from Lemma 3.10 and Lemma 3.11 that the

closuresof the symplectic leavesin Cn are � m-invariant. In fact, we claim that � m cyclically

permutes the irreducible components of V(P) where P is a primitiv e ideal of B(m). This

can be seenas follows.

If P is maximal, then, after factoring out suitable x i , P correspondsto a maximal Poisson

ideal Po in a suitable polynomial ring such that V(P) �= V(Po). SincePo is prime, V(P)

is irreducible, so has no proper irreducible components. On the other hand, if P is a non-

maximal primitiv e ideal of B(m), then the Poissonideal to which it corresponds is an ideal

of the form J1 + J2 whereJ1 = hx i 1 ; : : : ; x i r i and J2 is generatedby the imagesof x � � � �

in S where � � 2 C� and � 2 � d� is such that � = (� 1; : : : ; � n ) where � i 1 = � � � = � i r = 0.

If V(P) contains a proper � m-invariant subvariety V, then J2 is contained in an ideal J of

S generatedby certain homogeneous� m-invariant factors of the generatorsof J2. However,

such factors multiplied by an appropriate x � in C� have degreezero and are � m-invariant

with eigenvalueone. By Proposition 3.5(c), such an element belongsto � � , which equals� d�

since� m hasa representativ e in GL(Cn ) which belongsto G. It follows from Lemma1.2 that
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J is a Poissonideal of S so that V is a point of V(P). SinceV(P) is connected,the claim is

proved.
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