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Abstra ct. A family of at deformations of a commutativ e polynomial ring S on n gen-
erators is considered, where eadh deformation B is a twist of S by a semisimple, linear
automorphism  of P" 1, such that a Poissonbracket is induced on S. We shaw that if
the symplectic leavesassiated with this Poissonstructure are algebraic, then they are the
orbits of an algebraic group G determined by the Poissonbracket. In this case,we prove
that if is \generic enough”, then there is a natural one-to-one correspondencebetween
the primitiv e ideals of B and the symplectic leavesif and only if has a represettativ e in
GL(C") which belongsto G. As an example, the results are applied to the coordinate ring
04(M3) of quantum 2 2 matrices which is not a twist of a polynomial ring, although it is
a at deformation of one;if g is not a root of unity, then there is a bijection betweenthe
primitiv e ideals of Oq(M ) and the symplectic leaves.

Intr oduction

Two non-comnutativ e analoguesof commnutativ e algebraswere introducedin [1, 2]: a
twist of a comnutativ e algebraby an automorphism, and a twisted homogeneousoordinate
ring. In this paper, we considerthe twist B of a polynomial algebraS on n generatorsover
the complex eld C by a semisimpleautomorphism of P" 1. In this caseB may alsobe
descriked as the twisted homogeneousoordinate ring B(P" 1; ;O(1)) where O(1) is the
invertible sheafof linear forms on P" 1. The algebraB is generally non-comnutativ e; it is
comnutative if and only if is the identity map. Howewer, due to the construction of B
from 2 Aut(P" 1), there is a natural geometryassaeiated to B; namely, that of (P" 1; )
or, equivalertly, (C"; ).

In this paper we considera family of twists B (m) of S, wherethe family is parametrized
by the maximal idealsm of a principal ideal domain R. The multiplication in the \generic"
B(m) (which is determinedby an automorphism ., of P" 1) inducesa Poissonbradcket on
S, and hencea Poissonstructure on C".

Our main objective is to analysethe interplay betweenthe geometryof (C"; ) and the
Poissongeometry
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The main resultsof the paper are Theorems3.8and 3.12which prove that if the symplectic
leaves of the Poissonstructure are algebraic, then the primitiv e ideals of the genericB (m)
are parametrized by the symplectic leavesif and only if , hasa represemative in GL(C")
which belongsto a certain algebraic group G whoseorbits are the symplectic leaves. In
particular, in this case,the symplecticleavesare n-invariant.

This problem is motivated by the following well known classicaland quartum examples.
The primitiv e ideals of the universal enveloping algebraof an algebraicsolhable Lie algebra
g are parametrized by the symplectic leavesin g , and the symplectic leavesare the orbits
of an algebraic subgroup of GL(g) (namely, the adjoint algebraicgroup of g) ([4]). In the
early 1990's,Hodgesand Levasseurprovedin [7, 8] that the primitiv e idealsof the quantum
group O4(SL,) are parametrizedby the symplecticleavesin SL, which are asseiated to the
Poissonbracket induced on O(SL,); this has since beenextendedby Josephin [9, 10, 11]
from SL,, to more arbitrary groups. Sincesomehomomorphicimagesof O4(SL,) and other
guartum groupsare twists of commutativ e algebrasor are twisted homogeneougoordinate
rings, it seemseasonableto askif similar results hold for suc algebras.

In x1, we considercertain homogeneougloissonstructures on C" induced from Poisson
bradkets on group rings, and de ne the algebraicgroup G (De nition 1.3) whoseorbits are
the minimal Poissonsubvarieties. In Proposition 1.4, necessaryand su cien t conditions are
found under which the orbits of G are the symplectic leaves. The group G plays a role
analagousto that of the adjoint algebraicgroup of an algebraic sohable Lie algebra{ the
analogyis made more precisein Remark 1.6.

The next sectionfocuseson a family of twisted group rings C™, where is a freeabelian
group of rank n and m is a maximal ideal of a principal ideal domain R. For eath m, we
de ne a group of automorphismsf . : C ! C j 2 g which is determined by the
multiplication of C™. We prove in Proposition 2.7 that if . 2 Gforall 2 , then the
spectrum of the \generic" C™ is homeomorphicto the Poissonspectrum of C .

The third section specialisesx2 to a family of twists of a polynomial algebraS. We
shaw that, in this case,if the Poissonbradket is nonzero, then it hasrank two (Lemma
3.3), and conditions on the Poissonbracket are determined for the symplectic leavesto be
algebraic(Corollary 3.4). The main results (stated above) appearin Theorems3.8and 3.12,
after which we give someexamplesand apply the results to an algebrathat is not a twist
of a polynomial algebra; namely the coordinate ring O4(M;) of quartum 2 2 matrices,
whereq 2 C ([6]). The family Oy4(M,) inducesa homogeneoudPoissonbracket on the
polynomial ring on four variables and hencea Poissonstructure on M,(= C%). Corollary
3.15 demonstratesthat if g is not a root of unity, then the primitiv e ideals of O4(M,) are
parametrizedby the symplectic leavesin M.



TWISTS OF POLYNOMIAL RINGS 3

We nish the paper by comparingthe geometryof (C"; ) with the Poissongeometry of
C", in the caseof twists B(m) of S under the hypothesesof Theorem3.12,where ., hasa
represemative in GL(C") which belongsto G. In Remark 3.16we obsene that the varieties
of C" correspnding to the primitiv e ideals of B(m) are connectedand -invariant, and
that their irreducible componerts are cyclically permuted by ..

Acknowledgmen t . The author would like to thank K. R. Goodearl and T. J. Hodgesfor
many helpful suggestionon revising the rst versionsof this paper.

1. Poisson Geometr y of (C )"

Let C denoteCnfOg and let S be the comnutative free C-algebra on n generators

X1;::1;Xn. Wede ne agradingon S by deg(;) = 1for all i; the vector spaceof homogeneous
elemerts of degreem in S will be denotedS;,.

Fix afreeAbeliangroup( ;+) ofrankn. ThegroupringC = C[x : 2 ] isisomorphic
to the algebraS[x, %;::: ;x, ] where = (i;;:::;in) $ xi xin = x . Letb: I C

be a skew-symmetricbilinear form and de ne a Poissonbracket f ; gobonC via
fx ;x go=0(; )x x
forall ; 2 . A Poissonidealof C isanideald of C sudithat fJ;C g J.

De nition 1.1. Let Z,(C) denotethe subalgebraff 2 C :ff;gg,= Oforallg2 C gof
C, andlet |, denotethe subgroupf 2 :b( ; )=O0forall 2 gof.

Lemma 1.2.
(@ Zu(C) =C
(b) If J is a Poissonideal of C , thenJ = C(J\ Zy,(C)) .

Pro of. Part (a) is an easyconsequencef the de nition. To prove (b) considerC asa
-modulevia (x )=hb; )x =fx;x gx foral ; 2 . Asa -module,C =

-1 Zp(C) X whereT is any transversalfor ,in ; eadh Z,(C) x , where 2 T,isa
weight spacefor this module action. If J is a Poissonideal of C, then J is a -submodule
of C, and, asa sum of weight spaces,

M M
J= I\ (ZuC)x )= I\ ZyC)) x
2T 2T

sincex isaunit in C. The result follows. [ |

Sud a Poissonbracket on C inducesa Poissonstructure on (C )"; more precisely the
extension,b, of b by scalarsinducesa symplecticform on (C )". In our situation, in which
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the Poissonbracket is homogeneousthe rank of the symplectic form at any point of (C )"
is constart and is given by the rank of b at any point.

A symplectic leaf in (C )" is a maximal connectedPoissonsubmanifoldL of (C )" on
which the symplecticform determinedby bis nondegeneratein particular, dim(L) = rank(b),
which is evensincebis skew-symmetric. By standardtheory (e.g.,se€12)), (C )" isadisjoint
union of its symplecticleaves. Howewer, although the symplecticleavesneednot be algebraic
varieties, the maximal Poissonidealsof C determineminimal Poissonsubvarietiesof (C )".
Sinceeadt minimal Poissonsubvariety is a union of symplectic leaves,any componert of a
minimal Poisson subvariety would be a Poisson subvariety, and so the minimal Poisson
subvarieties of (C )" are connected.

A symplectic leaf is determined by a Poissonideal in a suitable (possibly nonalgebraic)
extensionring of C. We will call a symplecticleafL in (C )" algebraicif L = V(J) where
J is a Poissonideal in C .

Denition 1.3. Let G (C )" denotethe zerolocusin (C )" of the ideal of C which is
generatedby all elemens of the form x 1where 2 .

The variety G is an algebraic group under coordinatewise multiplication. The following
result shovs G plays a role analogousto that of the adjoint algebraicgroup of an algebraic
sohable Lie algebra.

Prop osition 1.4. The minimal Poissonsubvarietiesin (C )" are the orbits of G in (C )";
they are the sympletic leavesif andonly if Rad(lb) = C ; ,, wheeb:(C ) (C z) !
C is extensionof b by salars.

Pro of. SinceC is algebraically closed,the maximal idealsM of Z,(C) are generatedby
elemerts of the form x forall 2 ,where 2 C (by the Nullstellensatz). It
follows from Lemma 1.2 that the maximal Poissonidealsof C are generatedby sud M .
If 2Gand 2 V(x ), then

(x )X )=x()x () =1 =0
which implies that the minimal Poissonsubvarieties are invariant under G. Similarly, if
;2 V(X ywhere = (i), = (i), thentheelemen = (; ;%) 2 V(x 1)
satises ( ) = . Hencethe orbits of G are the minimal Poissonsubvarieties and they all

have dimensionn rank( ).

The rank of the symplectic form at eat point is constart, soin order to che its rank,
it suces to ched the rank of b at one point p 2 (C )". By identifying C 7 with the
tangert spaceT,((C )") via 7! (d=dx )j,, the radical of the symplecticform on T,((C )")
may be iderti ed with the radical of b; thus,C ; , Rad(b). Equality holdsif and only
if rank(b) = n rank( ), which is the dimensionof ead minimal Poissonsubvariety and so
completesthe proof. [
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If the symplectic leavesare algebraic,then they are the minimal Poissonsubvarieties, in
which caseRad(b) = C ; pandthe dimensionof ead leafisn rank( ). In this situation,
rank(b) = n rank( p) = dim(G).

If b= 0, then the symplectic leaves are given by the maximal idealsof C, and so are
algebraic.

Corollary 1.5.
(@) If b= b% whee 2 C and b’ takesvaluesin Q, then the sympletic leavesare

algebaic.
(b) If rank(b) = 2, then the sympletic leavesare algebaic if and only if b= b° whee
2 C and b takesvaluesin Q.

Proof. (a) Letb;l®: (C ) (C ;) ! C denoteextensionof b and bk’ by scalars.
Since ¥ takes valuesin Q, there exists a basisfor  with respect to which k° has matrix
M 2 M,(Q). Howewer, Rad(? consistsof all v2 C ; sud that B ;v) = 0; that is,
Mv=0.To nd allsudhv2 C ; , onemay performrow operationson M, which yields
that Rad(tf) is generatedby all v 2 Q" sudch that Mv = 0 (sinceM 2 M, (Q)). By clearing
denominators, we have that Rad(t?) is generatedby all v 2 Z" sud that Mv = 0; that
is, Rad(d = C ; . The result follows by Proposition 1.4, sinceRad(b) = Rad(®) and

b= wif 6 0.

(b) Supposethat the symplectic leaves are algebraic and that rank(b) = 2. Then, by
Proposition 1.4, rank( ) = n 2. Since = y is torsionfree,there existsa basis ;:::;
for sudthat 3;:::; ,isabasisfor . It followsthat b( 1; ;)= Oforallj 3, which
forcesb( 1; ) = forsome 2 C . Moreover, b i; j) = 0 wheneerfi;jg 6 1,29,
so that the matrix (b( i; ;)) hasonly two nonzeroertries, namely . Hencethe form
’=  btakesvaluesin Z. The result follows by invoking part (a). [

Remark 1.6. Iff 2C, deneadf :C ! C by (adf)(g) = ff;ggyforallg2 C. Since
(ad xi)js 2 Sx;, it follows that x; *(ad x;)js, 2 gl(S:1). Let g denotethe subspaceof gI(S;)
spannedby fx; *(ad x;)js, : i = 1;:::;ng, which is an abelian Lie algebraunder the usual
Lie bracket of gl(S;). The smallestalgebraicsubgroupof GL(S;) whoseLie algebracortains
g is isomorphicto the group G, sincethe former cortains the group fexp X : X 2 gg which
is isomorphicto G (and G is algebraicby de nition).
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2. Families of Twisted Gr oup Rings

Let R denotea commutativ e nitely generatedC-algebrawhich is a principal ideal domain

but not a eld, and let U(R) denotethe group of units of R. Let ; ©°: I U(R) be
bimultiplicativ e, skew-symmetricforms suc that = ( 9?2, and considerthe twisted group
rng R = R[x : 2 ] which hasde ning relations
x x = 9 )x.
forall ; 2 . It followsthat
X X = (; )X X;
forall ; 2 . Wede ne afamily of twisted group rings C™ by
R
c" = —
hmi
wherem is a maximal ideal of R. We assumethat there existsa maximal ideal Rh of R suc
that ( ; ) 21modulohhi forall ; 2 , sothat R =hhi = C. Hence,eahh C" isa

at deformationof C.

The deformationsC™ induce a Poissonbracket on C asfollows. The hypothesesmply
that if f;g2 C andif f5¢garepreimagesof f;gin R , thenf- g g f 2 hhi, and for
ead (f7 @) the multiple of h that arisesin this way is well de ned sinceR is a torsionfree
R-module.

Denition 2.1. [5] If f;g 2 C, then the Poissonbracket of f and g induced by the
deformationsC™ is de ned to be

ff;gg= % modulo hhi;
wheref~; g denotepreimagesof f;gin R .

This bracdket is given by a skew-symmetricbilinear form asfollows. Dene d : I C

by
d(:)= (T)l modulo Hhi

forall ; 2 .

Lemma 2.2. The form d is bilinear and skew-symmetricand determinesthe Poissonbra-
cketon C in De nition 2.1 via

fx ;xg=d (; )X X
forall ; 2 . [

Let o: ' R! R=m denotethe skew-symmetricbimultiplicativ e form correspnd-
ing to C™.
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De nition 2.3. Let  (respectively, ) denotethe subgroupof consistingofthose 2
suh that ( ; )= 1(respectively, ( ; )=1)forall 2 .

Clearly, m for all m.

Lemma 2.4.
(a) The centre of C™ s the groupring C ..
(b) If J is anideal of C™ , thenJ = C™( J\ (C ).

Pro of. Part (a) is an easyconsequencef the de nition. To prove (b), considerC™ as
a -modulevia (x)= w; )x =x x x foral ; 2 . Asa -module,
cm = - >7(C n) x whereT is any transversalfor ., in ; eat (C ) Xx , where

2 T, is a weight spacefor this module action. If J is an ideal of C™, then J is a
-submodule of C™, and, asa sum of weight spaces,

M M
J= J\V(Cwm x)= @\Cwm Xx
2T 2T

sincex isaunit in C". The result follows. [ |
De nition 2.5. Wecall m, or C", genericif =

Since has courtable cardinality, there are at most courtably many m which are not
generic. We aim to nd conditions on ,, which relate the Poissonideals of C and the
prime idealsof C™ for genericm.

Foreatch 2 de ne the automorphism . 2 Aut(C) by

m (X )= m(; )X
forall 2 . Wemayview . 2 (C )"; indeed,ewaluating x at . vyieldsx (m )=
m( ; )forall 2 .

Recall the algebraicgroup G from De nition 1.3 and that the bilinear form determining
our Poissonbracket in this sectionisd (Lemma 2.2).

Lemma 2.6. If mis generic,then = 4 ifandonlyif . 2 Gforall 2

Pro of. Sincem is generic, , = ¢ by denition ofd . It followsthat 4 =
if andonlyif ( ; )= 121forall 2 4 forall 2 . Hence 4 =  if andonly if
X (m)=1lforall 2 4 forall 2 , which completesthe proof. [ |

The following result comparesSpec(C™ ) with the Poissonspectrum of C, wherethe
latter is the setof Poissonprime idealsendaved with the topology of the Poissonideals. (A
Poissonprime ideal is a Poissonideal P with the property that if | and J are Poissonideals
sudhthat 1J P,thenl P orJ P; the closedsetsof the Poissonspectrum are given
by setsV(J) = fPoissonprime idealsP : P Jg whereJ is a Poissonideal of C .)
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Prop osition 2.7. If mis genericandif . 2 G forall 2 , thenSpc(C™) is home-
omorphic to the Poissonspectrum of C and the primitive ideals of C™ are maximal; the
homemorphismis givenbyl 7! (I\ C ,)C =(\ C 4)C wheel C"™ is primitive.

Pro of. By Lemma2.6,wehave . 2 Gforall 2 ifandonlyif = 4. Thus,the
hypotheses,Lemma 1.2 and Lemma 2.4 imply that both the Poissonspectrum of C and
Spec(C™) are homeomorphicto the spectrum of the groupring C . The homeomorphism
isgivenby | 7' (1I\ C ,)C =(I\ C 4)C wherel C™. Hencethe maximal idealsof
C™ are homeomorphicto maximal Poissonidealsof C, and vice versa.
If P is a primitiv eideal of C™, then the certre of Fract(C™ =P) is isomorphicto C. It

follows that x 2 Pforal 2 ., forsome 2 C. HenceP is homeomorphicto a
maximal Poissonideal, soP is maximal. [ |

The automorphisms . appearin [3, x4.5] and play a role in determining the cliquesof
prime idealsof C™ providing the group generatedby f ( ; ): ; 2 gistorsionfree.

3. Families of Twists of Pol ynomial Rings

In this section,we specialisethe theory of x2 to a certain subfamily of the algebrasanalysed
in that section. The subfamily consistsof C-algebrassud that ead menber is a \t wist"
(de ned below) by a semisimplelinear automorphismof the polynomial algebraS introduced
in x1. In particular, eatcy menber is of the form C[xy;::: ;X,] with de ning relations x;x; =

i X; X for all i;j, whereeadhr ; 2 C, j = land j ;- = 1foralli;j; . Our main
results are Theorems 3.8 and 3.12 which give necessaryand su cient conditions for the
primitiv e ideals of the genericmemnber of this subfamily to be in one-to-onecorrespndence
with the symplectic leavesof the Poissonstructure.

Formally, we de ne the subfamily as follows. Recall from x1 that S denotesthe graded
polynomial algebraover C onn variablesand let R and U(R) bede ned asin x2. The natural
degreefunction on S may be extendedto the commutative R-algebraR ¢ S, wherely we
viewR ! R ¢Ssudthat degR) = 0. Let 2 Aut(P} '); that is, determinesa graded,
degreezero,R-algebraautomorphismof R ¢S. Weusex to denote (x)forallx 2 R ¢S.

De nition 3.1. [1] Thetwist (R ¢S) of R ¢S by the automorphism is de ned to be
the R-algebrawhich is determinedby the two conditions:
1) (R ¢S) =R (S asgradedR-modules,and
(2) the multiplication in (R ¢S) isgivenby x y= x jy forallx2 (R ¢S) ),
forally2 (R ¢S) ), foralli;j (wherethe right hand side usesthe multiplication
of R ¢9).
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Weremarkthat if 2 Autg(R ¢S)sudthat jr .5, 2 U(R) jr s, then(R ¢S) =
(R ¢9S).

Henceforth, we additionally assumethat hasa represermativ e which acts semisimplyon
R ¢ S; in the sensethat there exist generatorsxq;::: X, 2 S; for R ¢ S which form
a basisfor R ¢ S; asa free R-module sud that x; 2 U(R) ¢ x; for all i. With these
assumptions,the twist (R ¢ S) hasgeneratorsxs;::: ; X, over R and de ning relations:

Xi Xj=TrijX; Xi where rj 2U(R); rij =1 and rjrpry=1 ()
for all i;j; . Moreover, it is straightforward to showv that any R-algebrawith generators
X1;::1;Xn over R and de ning relations () isatwist (R ¢S) forsome 2 Aut(R ¢S)
which acts semisimply (in the above sense)on R ¢ S;. Clearly, (R ¢S) [x;%;:::;%x,1]is
a twisted group ring of a free abelian group, so the results of x2 may be applied.

For eath maximal ideal m of R, the C-algebra

(R ¢9S)
B =
(m) -
is a twist of S by the inducedmap ., 2 Aut(S). As in x2 we assumethat there exists a
maximal ideal Rh of R sud that identit y modulo hhi.

Remark 3.2. Since 2 Aut(P} 1), the algebraB(m), where m is a maximal ideal of R,
determinesthe automorphism ,, only up to a scalarmultiple. In particular, if f » 2 C f
for somef 2 C, then the scalarmultiple of f obtainedin this way is only well de ned if
f is homogeneousf degreezero. For this reason,in the rest of the paper, we view , 2
Aut( P _t) wherewe identify PL_t with P(S,).

The family f B(m)g inducesa Poissonbracket on S and on C, asde ned in De nition
2.1 (and recall Lemma2.2), which is determinedby a nonzeroskew-symmetricbilinear form
b: I C. Since(R ¢S) [x;%::::x,1] is a twisted group ring R , where

' U(R) is the bimultiplicativ e skew-symmetricform determinedby the multiplication
in(R ¢S) [x;%:::;%,%], we havethat b= d . Let d have matrix (d ij ) with respect to
the generatorsxs;:::;X,; by ( ), weobtaind j = Oandd j +d;-+d =O0forallij; .

As mertioned in x1, the rank of the induced symplectic form at any point of (C )" is

constart and is referredto asthe rank of d , whered is extensionof d by scalars.

Lemma 3.3. If d 6 O, thentherankof d is two.

Pro of. With respectto the generatorsxs;::: ;X,, anarbitrary 3 3 submatrix of (d ) has
the form 9 3
d sa d sb d sc
gdta d w dtc%; (y)

dua dub duc
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wherea;b;c;s;t;u 2 f1;:::;ng. Howewer, sinced j +d ;-+d = Oforall i; j; ", subtracting
the rst column of (y) from ead of the other two columns changesthose columns into
multiples of (1;1;1)". Sothe submatrix (y) hasrank at most two. [

Corollary 3.4. The sympletic leavesin (C )" assiated to the sympletic form d deter-
mined by (R ¢ S) [x;%;:::;%,'] are algebaic if andonly if d = B whee b takesvalues
inQand 2C.

Pro of. By Lemma3.3we havethat rank(d ) 2. The result followsfrom Corollary 1.5. ®

Recallfrom x2 that m is saidto be genericif , =

Prop osition 3.5. Suppmsethatd 6 0 andthat the sympletic leavesin (C )" are algebaic.

@ If 2 4,thendegy(x )= 0, and everyPoissonideal of C is homagen@us.
(b) If mis generic, then the ideals of B(m)[x,*;::: ;x,*] are homaen®us.
(c) fdg(x )= 0andx "= x ,then 2 .

Pro of. (a) By Proposition 1.4wehaveC , 4 = Rad(d ), so,by Lemma3.3,rank( 4 ) =
dm(C 7 4)=n 2. By relabelling the x; if necessarywe may assumethat d ;, 6 0.

With respect to the basisf x;g, considerelemerts of the form v = (v;) wherev; = d 5 L+
dj, L+d o J' for all i, wherej 3 and denotesthe Kroneder delta symbol. The dot
product of row s of (d ;) with sud an elemen v is

dadgy+dedji+dgdpp=dgdyy+ (da+tdip)(d+do)+
+(dsatdeo+dg)da
=0

for all s and for all j 3,s0v 2 4. Sincesud v are linearly independert and since
rank( ¢ ) = n 2, it follows that sud v form a basisfor 4 . This provesthe rst part
of (a), sincethe coordinates of v sumto zero.

The Poissonidealsof C aregeneratedby their intersectionwith the Poissoncertre, C 4 ,
by Lemma 1.2, so (a) follows.

(b) Since 4 , part (@) impliesthat degk ) = Oforall 2 . If mis generic,then
the sameholdsfor all 2 , sothe result follows by Lemma2.4.

(c) Fix arepresetative of , in GL(C") sud that x;™ = gx; whereg 2 C for all

i. If = (05 n) and =5( 10 n) Where i = 0, then a computation shows
that (; )= ('®%* @) . Howewr, if x™ = x , then 4'®?> ¢q," = 1, so
m( ; )= 1. Since wasarbitrary, the proof is complete. [ |

Recallthe algebraicgroup G from De nition 1.3.

Lemma 36.If 4 f 2 :deg(x )= 0g, then , hasarepresentativein GL(C") which
belongsto G if andonly if . 2 G for all 2
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Pro of. Fix arepresemative of ., in GL(C") sud that x;™ = gXx; whereg 2 C for all i.
By viewing ,, 2 (C )"and 2 (C )", a computation shaws that
P

P
X(m)=(@ q") 'x(m)
where =( ;)2 and = ()2 . Hence,by our hypothesis,we have
P

X(m)=K&(m)
forall 2 4,forall 2 . Thus,if 2 G,then , 2 Gforall 2 . Moreover, if
m 2 Gforall 2 , then, by choosing = ( 1;0;:::;0)2 , wehavethat x ( m) =1
forall 2 4, which completesthe proof. [ |

By Proposition 2.7,it seemgeasonabldo comparethe symplecticleavesin (C )" with the
primitiv eidealsof the deformationB (m)[x, %;::: ;x,*] of C. By Proposition 3.5and Lemma
3.6, it follows that Proposition 2.7 shows that if the symplectic leavesare algebraic,then a
su cien t condition to obtain a correspndenceis to have a represemative in GL(C") of
which belongsto G; to havethis condition alsobe necessarywe considerthe homeomorphism
in the proof of Proposition 2.7from adi erent viewpoint, asoutlined in the following remarks.

Remarks 3.7.

(1) SinceB(m) = S as graded vector spaces,an elemen f 2 B(m); is an elemen of
Si and vice versa; for example, B(m), cortains X; X; which is x; X; 2 S,. Hence,
a homogeneoudeft ideal | of B(m) is a homogeneousdeal of S, sud that if | =
P iB(m) f; wheref; 2 B(m);, (= §;,), thenl| = P i Sfi.

(2) The precedingremark also applies to the twisted group rings B(m)[x; %;::: ;x4
= C™ and S[x;%:::;x,Y = C. It follows that, for homogeneousdeals, the
homeomorphismof Proposition 2.7 is the identi cation in the precedingremark be-
tweenhomogeneousdealsof C™ and homogeneougdealsof C, wherethe elemerts
of the idealsare the same.

(3) If | is an ideal of S (respectively, S[x,';:::;x,']), then we may assaiate to it a
variety, denotedV(l ), in C" (respectively, (C )") which is the commonlocusof zeros
of the elemerts of I .

Theorem 3.8. Supmsethat C™ hasthe form B(m)[x,*;::: ;x,'] and that m is generic.

@ If ¢ f 2 :degy(x ) = Og, then the primitive ideals of C" and the Poisson
ideals of C are homaeneus.

(b) If 4 f 2 :de(x ) = Og, then the correspndene in Remarks3.7(1) de nes
a one-to-onecorrespnden@ between the primitive ideals of C™ and the maximal
Poissonideals of C if and only if , hasa representativein GL(C") which belongs
to G.
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coif ¢ f 2 :dgx)=0gord =0, thenthemapP 7! V(P) (C )" denes
a one-to-onecorrespndene between the primitive ideals of C™ and the orbits of G
in (C )" if andonly if , hasa representativein GL(C") which belongsto G.

(d) If the sympletic leavesin (C )" are algebeic, thenthe map P 7! V(P) (C )"
de nes a one-to-one correspndene between the primitive ideals of C™ and the
sympletic leavesin (C )" if and only if ,, hasa representativein GL(C") which
belongsto G.

Pro of. (a) Since = d f 2 :degk )= Og, the result follows from Lemma
2.4and Lemmal.2.

(b) By Proposition 2.7, Lemma 3.6, Remarks3.7 and part (a), if ., 2 G, then the corre-
spondenceholds. Cornversely if the correspndenceholds, then we may view any primitiv e
ideal of C™ as cortaining the sameelemeits as the correspnding maximal Poissonideal
of C. It followsthat = 4, by LemmaZ2.4andLemmal.2. Hence,by Lemma2.6 and
Lemma3.6,we have 2 G.

(c) By Proposition1.4,ifd 6 O,thenthisispart (b). Ifd = 0,then 4 = , Gistrivial
and the orbits of G in (C )" arethe points of (C )". Hence,in this case the correspndence
holds if and only if the primitiv e ideals correspnd to the points of (C )". This happensif
and only if C™ is commutative, that is, if and only if , hasa represemative in GL(C")
which is the identit y.

(d) Ifd = 0,thenthisis(c). If d & 0 and if the symplecticleavesare algebraic,then,
by Proposition3.5, 4 f 2 :degk )= Og, and hence(d) follows from (c). [

The Poissonbracket on S makes C" a Poissonmanifold, but the rank of the induced
symplectic form on C" is not constart; the rank is either two or zero at the points of C".
We call a symplecticleaf L in C" algebraicif L, or its closureL (in the Zariski topology),
is equalto V(J) whereJ is a Poissonideal in S. A Poissonideal of S which is the de ning
ideal of the closureof a symplectic leaf neednot be a maximal Poissonideal of S.

Since Poissonideals of C correspnd to Poissonideals of S which do not cortain any
monomialin the x; and sincemaximal Poissonidealsof C areprime, an algebraicsymplectic
leafof (C )" is alsoan algebraicsymplecticleafof C". If followsthat if the symplecticleaves
of (C )" are algebraic,then any symplecticleaf of C" either lies on someV(x;) or intersects
none of the V(x;).

The factor algebraB (m)=hx;,;:::;x;,i, wherel r n, is the twist of the polynomial
algebraonn r generatorsby the inducedautomorphism 2 2 Aut(S;=(Cx;, +  + Cx;,)).
It follows that

ey T Lix; 8 x;. forall > r]
|1,.--, |

r

is a twisted group ring C™ °where Cis a subgroupof ofrankn .
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De nition  3.9. Recall the notation from x2 concerningtwisted group rings. For ewery
subgroup ° , let °denote jo o, ( 9, the restriction nj o oandd °the restriction
djo o.Dene( 9o ( Ym ( %g0oand G%analogouslyto , ., 4 andG, and de ne

= f maximal idealmof R: ( 9 o= ( 9,, for all subgroups °of g:
Clearly, if m2 , then mis generic.

Lemma 3.10. If the sympletic leavesof (C )" are algebaic, then so are the sympletic
leavesof C".

Pro of. By Corollary 3.4, if the symplecticleavesof (C )" arealgebraic,thend = Bwhere
2 C and btakesvaluesin Q. It followsthat if °is a subgroupof , thend °= 1 o o

Hence,by Corollary 1.5, the symplecticleavesassaiatedto C °are algebraicfor all ©

If Oisthe subgroupgeneratedby

f(j)2 : j=0forall” rg
whererank( 9 = n r, then sud symplecticleavescorrespnd to Poissonidealsof S of the
form J + hx;,;:::;%;, 1 whereJ is anideal of S sud that (J + hx; ;00X )= ;005X
doesnot cortain any monomial. [

Lemma 3.11. Supmsethat the sympletic leavesof (C )" are algebric. If m2 , then
m hasa representativein GL(C") which belongsto G if and only if 2 hasa representative
which belongsto G° for everysulgroup °

Pro of. It suces to prove that if |, hasa represemative in GL(C") which belongsto G,
then @ hasa represetativ e which belongsto G°for every subgroup °of . Supposethat
m2 andthat ., hasarepresemativein GL(C") which belongsto G.

If d = 0,then G istrivial, SO n isthe identity on PX_} and hence 9 is the identity on
Pt ! for all subgroups ®of rankn r wherel r n 1 (recall Remark 3.2); thus, in
this case,  hasa represetativ e which belongsto G°

Supposethat d 6 0andthat rank( 9 = n 1. In particular, by Lemma2.6, Proposition
3.5and Lemma 3.6, we have ,, = 4 since . has a represemative in GL(C") which
belongsto G. LetW = (C ; 4)\ (C z 9, whichis asubspaceof C ;( 94 0 and has
dimensionn 3orn 2.If d °6 0, then, by Proposition 1.4, Lemma3.3 and Lemma3.10,
we have rank(( 9¢ o) = n  3,sodim(W) = n 3. It followsthat W = C 7 ( 9o, SO
C z2( %o C 7z 4 =rad(d). Thus,( g0 rad(d )\ , so( Yg0 4. Hence
(%o 4\ %= o\ 9 (9, Howewer,sincem2 , wehave( 9= ( 9o ( 9qo
soequality holdsin this case.lIt followsthat 2 hasa represemativ e which belongsto G° by
Lemma?2.6, Proposition 3.5and Lemma3.6. On the other hand, if d °= 0,then %= ( 940
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anddim(W)=n 2(sinced 6 0). SoC ; 4 C z ¢ sothat

M 2

c ; °= c;, C

i=1
wherethe ;2 4 and 2(C 7z 9n(C ; 4). Howewer, 4 = nand ( ; )=1,s0
by extending °to (C ; 9 (C 7z 9via Amia;myb) = Ya;b™™M2, wherems;m, 2 C,
ab2 %wendthat {° 9 =1,s0(9,= 2 It followsthat 2 is the identity
on P%_2, and hencehas a represenativ e which belongsto G° The result now follows from
reverseinduction on the value of n. [ |

Theorem 3.12. Supmsethat the sympletic leavesin (C )" are algebric and that m 2

(a) The nonmaximal primitive ideals of B(m) are homagen®us.

(b) ThemapP 7! V(P) C" de nes a one-to-onecorresppndene between the primitive
ideals of B (m) and the sympletic leavesin C" if and only if , hasa representative
in GL(C") which belongsto G.

Pro of. By Theorem3.8, the primitiv eidealsof B (m) which do not cortain any x; correspnd
to the symplectic leavesof (C )" if and only if , has a represemative in GL(C") which
belongsto G. Sinceead hx;i is a Poissonideal, we may apply Theorem 3.8 (together with
Lemma3.10and Lemma 3.11) inductively to B(m)=hx;,;:::;x;, i forallr n to yield the
result. [

Example 3.13. Supposethat n = rank() = 4andthat R = C[h][(1 h) '], whereh is an
indeterminate. Dene 2 Aut(R ¢S) by x; = X1, X, = (1 h) 2, x3=(1 h) xzand
X, = (L h) 2x4, sothat (R ¢S) = R[Xy;:::;X4] with six de ning relations

X1 X2= (1 h)xz X;; X2 Xg=(1 h)xg Xz; Xz Xz= Xz Xp;

x1 x3=(1 h)xz X155 X3 xa=(1 h)xqg xz  x1 xa= (1 h)’xs xa
The Poissonbracdket inducedon S is determined by

fX1;X20= XiXa;  fXoiXa@=  XoXa;  fXz;X3g= 0;
fX1;X30= XiXs;  fXaixa@= XsXs;  FX1iXa@=  2XiXq;

sothe symplecticleavesare algebraicby Corollary 3.4. It thereforefollows from Proposition
3.5that degk ) = Oforall 2 4 ,sothat G= V(X2 Xs3;X3 XiX4)\ (C )% The maximal
idealsof R havethe form hh g whereq2 C, q6 1,so , hasarepresetativein GL(C")
which belongsto G for all m, and m2 if andonly if g 1 is not a root of unity, which
holdsif and only if mis generic. Henceby Theorem3.12there is a one-to-onecorrespndence
betweenthe primitiv e ideals of the genericdeformation B (m) and the symplectic leavesin
c4.

In this example,the Poissonideal lx1x4 XoX3i of Sis y-invariant. The correspnding
factor algebraof B(m), wherem= hth 1+ qi,isA(m) = B(m)=hx; X4 0OXp Xsi, which is
isomorphicto a factor algebraof the coordinate ring of quantum 2 2 matrices(seeCorollary



TWISTS OF POLYNOMIAL RINGS 15

3.15) and alsoto a twist by an automorphism of a factor algebraof the coordinate ring of
guantum symplectic 4-dimensionalspace.

Example 3.14. Let R = C[h][(1+ ah) ' :i = 1;:::;n] wherethe a 2 C are distinct for
alli. Dene 2 Aut(R ¢S) by x; = (1+ ah)x; for all i. Then the twist (R ¢ S) is
the R-algebrageneratedby Xxi;::: ; X, with de ning relationsx; X; = rjX; x; foralli;j,
wherethe rj = (1+ ah)(1+ ah) % In (R ¢S) wehave
Xi X X X =ha a)l+ah) ' x
for all i; j. Hencethe induced Poissonbracket on S is determined by
fXi;xj0= (& a)XiX;

for all i;j.

By Corollary 3.4, the symplecticleavesare algebraicif and only if there exists 2 C sudh
that & & 2 Q foralli;j. Moreover,if m= hh qi, then a calculation shavs that m 2
if and only if the subgroupof C generatedby f1+ a;q:i = 1;:::;ng hastorsionfreerank

n 1sincethe g aredistinct. If the symplecticleavesare algebraic,then degi ) = O for
all 2 4 (by Proposition3.5),s0(x ) "x 2 Ciswelldened forall 2 4, nomatter
which represemative of , 2 Aut(Ph_t) is used(seeRemark 3.2). In this case,a calculation

m

shovsthat |, hasarepresetativein GL(C") which belongsto G if andonly if x mx =1
Y
forall 2 4 ,whichistrueif andonlyif (1+aq) "= 1forall =( 1;:::; n)2 ¢.

If wetaken= 3anda =i 1fori= 1, I2_13 then the symplecticleavesare algebraic,and
m=hh q 2 if andonly if the subgroupof C generatedby f 1+ g; 1+ 2qg hastorsionfree
rank equalto two. Howewer, 4 = Z( 1,2, 1),s0G= V(x3 xix3)\ (C )3, which yields
that |, hasa represemative in GL(C") which belongsto G if and only if m = hhi, which
isnotin . Hencethe desiredcorrespndencefails. In fact, the maximal Poissonidealsare
haxyxs + bxsi for all a;b2 C and

i XXX, d (2)
for all i, for all c2 C andfor all distinct i4;i,;13. If m2 , then the primitiv e idealsof B (m)

are thosein (z) and 0. So, in this example,not only doesthe corresppndencefail, but, in
addition, neither list of idealsis cortained in the other.

As a corollary to Example 3.13, we may use Theorem 3.12to prove that there is a one-
to-one correspndencebetweenthe primitiv e idealsof the genericcoordinate ring O4(M,) of
quartum 2 2 matrices and the symplectic leavesin M,. In [6], O4(M.) is de ned to be a
C-algebraon four generatorsa;b;c;d with six de ning relations

ab= gba; bd= qdb; bc= cb;
ac=qca; cd=qdc; ad da= (g g Y)bc;
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whereqg2 C . If g = 1, then O;(M;) = O(My), a polynomial ring. It is well known
that O4(M,) is a at deformation of O(M;) such that M, (= C*) carriesthe structure of a
Poissonmanifold. By [13, 14], O4(My) is neither a twist of a polynomial ring nor a twisted
homogeneougoordinate ring.

Corollary 3.15. If g is not a root of unity, then the primitive ideals of Oy(M>) are in
one-to-onecorrespndene with the sympletic leavesin M.

Pro of. If gis not aroot of unity, then the certre of O4(M;) is C[ 4] where 4= ad dbc
Thus (by standard theory) a primitiv e ideal of O4(M,) cortains forsome 2 C. The
primitiv e ideals which cortain 4 correspnd to primitiv e ideals of the algebra A(m) from
Example 3.13. It follows that if g is not a root of unity, then the primitiv e ideals which
cortain 4 are in one-to-onecorrespndencewith the symplecticleavesin V( ;1) Ma.

On the other hand, if 6 0, then the automorphism : O4(M3) ! O4(M2) de ned by

(@=a, (= b, (c=c (d = dtakes to ( ¢ 1). The primitiv e ideals
which cortain ; 1 correspnd to primitiv e idealsof O4(SL;) and, in [7], it is showvn that
they are in one-to-onecorresppndencewith the symplecticleavesin SL,=V( ;1 1) M,
if gis not a root of unity. The result follows. [

Remark 3.16. Supposethat the hypothesesof Theorem 3.12hold and that , hasa rep-
resertative in GL(C") which belongsto G. Then ewvery nonmaximal primitiv e ideal P of
B (m) is homogeneousand V(P), the closure of the correspnding symplectic leaf in C",
is connected(but not necessarilyirreducible). Sincethe symplecticleavesin (C )" are the
orbits of G, they are -invariant. It follows from Lemma 3.10 and Lemma 3.11that the
closuresof the symplecticleavesin C" are p-invariant. In fact, we claim that , cyclically
permutes the irreducible componerts of V(P) where P is a primitiv e ideal of B(m). This
can be seenas follows.

If P is maximal, then, after factoring out suitable x;, P correspndsto a maximal Poisson
ideal P° in a suitable polynomial ring suc that V(P) = V(P°). SinceP?® is prime, V(P)
is irreducible, so has no proper irreducible componerts. On the other hand, if P is a non-
maximal primitiv e ideal of B(m), then the Poissonideal to which it correspndsis an ideal
of the form J; + J, whereJ; = x;,;:::;X;, 1 and J, is generatedby the imagesof x
inSwhere 2C and 2 4 issudhthat = ( 5;:::; ) where j, = = 4 =0.
If V(P) cortains a proper p-invariant subvariety V, then J, is cortained in an ideal J of
S generatedby certain homogeneous n,-invariant factors of the generatorsof J,. Howe\er,
sud factors multiplied by an appropriate x in C have degreezeroand are -invariant
with eigervalue one. By Proposition 3.5(c), sud an elemen belongsto , which equals 4
since , hasarepresemativein GL(C") which belongsto G. It followsfrom Lemma1.2that
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J is a Poissonideal of S sothat V is a point of V(P). SinceV(P) is connected,the claim is
proved.
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