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ABSTRACT. A family of flat deformations of a commutative polynomial ring S on n gen-
erators is considered, where each deformation B is a twist of S by a semisimple, linear
automorphism o of P"~1 such that a Poisson bracket is induced on S. We show that if
the symplectic leaves associated with this Poisson structure are algebraic, then they are the
orbits of an algebraic group G determined by the Poisson bracket. In this case, we prove
that if o is “generic enough”, then there is a natural one-to-one correspondence between
the primitive ideals of B and the symplectic leaves if and only if ¢ has a representative in
GL(C™) which belongs to G. As an example, the results are applied to the coordinate ring
O4(Ms) of quantum 2 x 2 matrices which is not a twist of a polynomial ring, although it is
a flat deformation of one; if ¢ is not a root of unity, then there is a bijection between the
primitive ideals of O,(M3) and the symplectic leaves.

INTRODUCTION

Two non-commutative analogues of commutative algebras were introduced in [1, 2]: a
twist of a commutative algebra by an automorphism, and a twisted homogeneous coordinate
ring. In this paper, we consider the twist B of a polynomial algebra S on n generators over
the complex field C by a semisimple automorphism o of P*~!. In this case B may also be
described as the twisted homogeneous coordinate ring B(P"!, o, O(1)) where O(1) is the
invertible sheaf of linear forms on P*~!. The algebra B is generally non-commutative; it is
commutative if and only if ¢ is the identity map. However, due to the construction of B
from o € Aut(P"'), there is a natural geometry associated to B; namely, that of (P"!, o)
or, equivalently, (C", o).

In this paper we consider a family of twists B(m) of S, where the family is parametrized
by the maximal ideals m of a principal ideal domain R. The multiplication in the “generic”
B(m) (which is determined by an automorphism oy, of P*~1) induces a Poisson bracket on
S, and hence a Poisson structure on C".

Our main objective is to analyse the interplay between the geometry of (C", 0y,) and the

Poisson geometry.
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The main results of the paper are Theorems 3.8 and 3.12 which prove that if the symplectic
leaves of the Poisson structure are algebraic, then the primitive ideals of the generic B(m)
are parametrized by the symplectic leaves if and only if o, has a representative in GL(C")
which belongs to a certain algebraic group GG whose orbits are the symplectic leaves. In
particular, in this case, the symplectic leaves are o-invariant.

This problem is motivated by the following well known classical and quantum examples.
The primitive ideals of the universal enveloping algebra of an algebraic solvable Lie algebra
g are parametrized by the symplectic leaves in g*, and the symplectic leaves are the orbits
of an algebraic subgroup of GL(g) (namely, the adjoint algebraic group of g) ([4]). In the
early 1990’s, Hodges and Levasseur proved in [7, 8] that the primitive ideals of the quantum
group O,(SL,,) are parametrized by the symplectic leaves in SL,, which are associated to the
Poisson bracket induced on O(SL,); this has since been extended by Joseph in [9, 10, 11]
from SL,, to more arbitrary groups. Since some homomorphic images of O,(SL,,) and other
quantum groups are twists of commutative algebras or are twisted homogeneous coordinate
rings, it seems reasonable to ask if similar results hold for such algebras.

In §1, we consider certain homogeneous Poisson structures on C" induced from Poisson
brackets on group rings, and define the algebraic group G (Definition 1.3) whose orbits are
the minimal Poisson subvarieties. In Proposition 1.4, necessary and sufficient conditions are
found under which the orbits of G are the symplectic leaves. The group G plays a role
analagous to that of the adjoint algebraic group of an algebraic solvable Lie algebra — the
analogy is made more precise in Remark 1.6.

The next section focuses on a family of twisted group rings C™I", where I is a free abelian
group of rank n and m is a maximal ideal of a principal ideal domain R. For each m, we
define a group of automorphisms {7ng : CI' — CI' | § € I'} which is determined by the
multiplication of C™I'. We prove in Proposition 2.7 that if 7,3 € G for all 8 € I, then the
spectrum of the “generic” C™I" is homeomorphic to the Poisson spectrum of CI'.

The third section specialises §2 to a family of twists of a polynomial algebra S. We
show that, in this case, if the Poisson bracket is nonzero, then it has rank two (Lemma
3.3), and conditions on the Poisson bracket are determined for the symplectic leaves to be
algebraic (Corollary 3.4). The main results (stated above) appear in Theorems 3.8 and 3.12,
after which we give some examples and apply the results to an algebra that is not a twist
of a polynomial algebra; namely the coordinate ring O,(Ms) of quantum 2 x 2 matrices,
where ¢ € C* ([6]). The family O,(M,) induces a homogeneous Poisson bracket on the
polynomial ring on four variables and hence a Poisson structure on My(= C*). Corollary
3.15 demonstrates that if ¢ is not a root of unity, then the primitive ideals of O,(Ms) are

parametrized by the symplectic leaves in Ms.
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We finish the paper by comparing the geometry of (C", 0,) with the Poisson geometry of
C", in the case of twists B(m) of S under the hypotheses of Theorem 3.12, where o, has a
representative in GL(C™) which belongs to G. In Remark 3.16 we observe that the varieties
of C" corresponding to the primitive ideals of B(m) are connected and o,-invariant, and

that their irreducible components are cyclically permuted by o,.

Acknowledgment . The author would like to thank K. R. Goodearl and T. J. Hodges for

many helpful suggestions on revising the first versions of this paper.

1. Po1ssoN GEOMETRY OF (C*)"

Let C* denote C \ {0} and let S be the commutative free C-algebra on n generators
x1,...,T,. Wedefine a grading on S by deg(z;) = 1 for all 4; the vector space of homogeneous
elements of degree m in S will be denoted S,,.

Fix a free Abelian group (I', ) of rank n. The group ring CI' = C|z,, : o € I'] is isomorphic
to the algebra S[zy*,... ,z'] where a = (i1,... ,i,) < 2 - 2" =2,. Let b: ' xT' — C

be a skew-symmetric bilinear form and define a Poisson bracket { , }, on CI" via

{.Ta, xﬂ}b = b<a7 ﬁ)xaxﬁ
for all o, 5 € T". A Poisson ideal of CI' is an ideal J of CI" such that {J,CI'} C J.

Definition 1.1. Let Z,(CT") denote the subalgebra {f € CI' : {f, g}, = 0 for all g € CT'} of
CT', and let I'y, denote the subgroup {a € I' : b(a, B) = 0 for all 5 € '} of T

Lemma 1.2.
(a) Z(CT') = CT,
(b) If J is a Poisson ideal of CT', then J = CI'(J N Z,(CI)).

Proof. Part (a) is an easy consequence of the definition. To prove (b) consider CI' as a
I-module via B(z,) = b(B, @)z, = {2, za}px_p for all o, € I'. As a I''module, CI' =
@Docr Zv(CIl)x, where T is any transversal for I', in I'; each Z,(CT')z,, where a € T, is a
weight space for this module action. If J is a Poisson ideal of CI', then J is a I'-submodule
of CI', and, as a sum of weight spaces,

J =@ JN(Z(Ch)z,) = P(J N Z,(CD))z,

acT aeT
since z,, is a unit in CI'. The result follows. [ |

Such a Poisson bracket on CI' induces a Poisson structure on (C*)™; more precisely, the

extension, b, of b by scalars induces a symplectic form on (C*)". In our situation, in which
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the Poisson bracket is homogeneous, the rank of the symplectic form at any point of (C*)"
is constant and is given by the rank of b at any point.

A symplectic leaf in (C*)" is a maximal connected Poisson submanifold L of (C*)™ on
which the symplectic form determined by b is nondegenerate; in particular, dim(L) = rank(b),
which is even since b is skew-symmetric. By standard theory (e.g., see [12]), (C*)" is a disjoint
union of its symplectic leaves. However, although the symplectic leaves need not be algebraic
varieties, the maximal Poisson ideals of CI' determine minimal Poisson subvarieties of (C*)".
Since each minimal Poisson subvariety is a union of symplectic leaves, any component of a
minimal Poisson subvariety would be a Poisson subvariety, and so the minimal Poisson
subvarieties of (C*)" are connected.

A symplectic leaf is determined by a Poisson ideal in a suitable (possibly nonalgebraic)
extension ring of CI'. We will call a symplectic leaf L in (C*)" algebraic if L = V(J) where

J is a Poisson ideal in CI".

Definition 1.3. Let G C (C*)™ denote the zero locus in (C*)" of the ideal of CI' which is

generated by all elements of the form x, — 1 where a € T,

The variety G is an algebraic group under coordinatewise multiplication. The following
result shows G plays a role analogous to that of the adjoint algebraic group of an algebraic

solvable Lie algebra.

Proposition 1.4. The minimal Poisson subvarieties in (C*)" are the orbits of G in (C*)";
they are the symplectic leaves if and only if Rad(b) = C®4Ty, where b : (C®2I) x (C®zT) —

C is extension of b by scalars.

Proof. Since C is algebraically closed, the maximal ideals M of Z,(CI") are generated by
elements of the form z, — A\, for all & € T, where A\, € C* (by the Nullstellensatz). It
follows from Lemma 1.2 that the maximal Poisson ideals of CI' are generated by such M.
If pe Gand p€V(zr, — Ay), then

(Ta = Aa)(p - ) = 2a(p)Ta(it) — Ao = 1Aa — Ao = 0,
which implies that the minimal Poisson subvarieties are invariant under G. Similarly, if
p,v € V(xq — A\o) Where = (1;), v = (), then the element p = (v;u; ') € V(z, — 1)
satisfies p(1) = v. Hence the orbits of G are the minimal Poisson subvarieties and they all
have dimension n—rank(I').

The rank of the symplectic form at each point is constant, so in order to check its rank,
it suffices to check the rank of b at one point p € (C*)". By identifying C ®z I' with the
tangent space T,,((C*)") via a — (d/dx,)|,, the radical of the symplectic form on 7, ((C*)")
may be identified with the radical of b; thus, C ®z I, C Rad(b). Equality holds if and only

if rank(b) = n—rank(I'y), which is the dimension of each minimal Poisson subvariety and so

completes the proof. [ |
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If the symplectic leaves are algebraic, then they are the minimal Poisson subvarieties, in

which case Rad(b) = C®zI', and the dimension of each leaf is n—rank(I'y). In this situation,
rank(b) = n—rank(T,) = dim(G).
If b = 0, then the symplectic leaves are given by the maximal ideals of CI', and so are

algebraic.

Corollary 1.5.
(a) If b = pb', where p € C and V' takes values in Q, then the symplectic leaves are

algebraic.
(b) If rank(b) = 2, then the symplectic leaves are algebraic if and only if b = pb’, where
p € C* and b takes values in Q.

Proof. (a) Let b0/ : (C®;T) x (C®z;T) — C denote extension of b and b by scalars.
Since b’ takes values in Q, there exists a basis for I" with respect to which &’ has matrix
M € M,(Q). However, Rad(b) consists of all v € C ®z I" such that &'(—,v) = 0; that is,
Muv = 0. To find all such v € C ® I, one may perform row operations on M, which yields
that Rad(¥') is generated by all v € Q" such that Mv = 0 (since M € M,(Q)). By clearing
denominators, we have that Rad(V') is generated by all v € Z™ such that Mv = 0; that
is, Rad(t/) = C ®z Iy. The result follows by Proposition 1.4, since Rad(b) = Rad(V/) and
Iy =Ty if p#0.

(b) Suppose that the symplectic leaves are algebraic and that rank(b) = 2. Then, by
Proposition 1.4, rank(I',) = n — 2. Since I'/T’y is torsionfree, there exists a basis aq,... ,ay,
for I" such that as, ... ,a, is a basis for I'y. It follows that b(ay, ;) = 0 for all j > 3, which
forces b(ay, as) = p for some p € C*. Moreover, b(w;,a;) = 0 whenever {7, j} # {1,2},
so that the matrix (b(a;,;)) has only two nonzero entries, namely +x. Hence the form

V' = u~'b takes values in Z. The result follows by invoking part (a). [

Remark 1.6. If f € CI', define ad f : CI' — CT" by (ad f)(g) = {f, g}» for all g € CI". Since
(ad z;)|s € Sz, it follows that x; ' (ad z;)|s, € gl(S1). Let g denote the subspace of gl(S;)
spanned by {z;'(ad z;)|s, : @ = 1,... ,n}, which is an abelian Lie algebra under the usual
Lie bracket of gl(S7). The smallest algebraic subgroup of GL(S;) whose Lie algebra contains
g is isomorphic to the group G, since the former contains the group {exp X : X € g} which
is isomorphic to G (and G is algebraic by definition).
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2. FAMILIES OF TwWISTED GROUP RINGS

Let R denote a commutative finitely generated C-algebra which is a principal ideal domain
but not a field, and let U(R) denote the group of units of R. Let 7,7' : I' x I' — U(R) be
bimultiplicative, skew-symmetric forms such that 7 = (7/)?, and consider the twisted group
ring R'T" = Rz, : @ € I'] which has defining relations

To* 25 =T (0, 3)T0oss
for all o, 8 € I'. It follows that
Tox x5 =T(0v, B)xg * X4,

for all a, 3 € I'. We define a family of twisted group rings C™I" by

R T

(m)
where m is a maximal ideal of R. We assume that there exists a maximal ideal Rh of R such
that 7(c, 5) = 1 modulo (h) for all o, 5 € T, so that R"I"'/(h) = CI'". Hence, each C™I" is a
flat deformation of CI'.

The deformations C™I" induce a Poisson bracket on CI' as follows. The hypotheses imply
that if f,g € CT and if f,§ are preimages of f,g in R'T, then f*§— g« f € (h), and for
each ( 1, g) the multiple of h that arises in this way is well defined since R"T" is a torsionfree
R-module.

C"l =

Definition 2.1. [5] If f,g € CI', then the Poisson bracket of f and ¢ induced by the
deformations C™I" is defined to be

{f.0y =250 modulo (1),

where f,§ denote preimages of f,¢ in RT.

This bracket is given by a skew-symmetric bilinear form as follows. Define d7 : I'xI' — C
by
7'(0(, ﬁ) —1

dro, ) = 200

modulo (h)
for all a, 5 € T.

Lemma 2.2. The form dr is bilinear and skew-symmetric and determines the Poisson bra-
cket on CI' in Definition 2.1 via

{20, 25} = dr(a, B)rozs

forall a, 8 €T. [ |

Let 7, : ' X' = R — R/m denote the skew-symmetric bimultiplicative form correspond-
ing to C™I.
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Definition 2.3. Let I'; (respectively, I'y,) denote the subgroup of I" consisting of those v € T’
such that 7(a, ) = 1 (respectively, Tu(c, ) = 1) for all € T.

Clearly, I', C T'y, for all m.

Lemma 2.4.
(a) The centre of C™T is the group ring CI,.
(b) If J is an ideal of C™T", then J = C™I'(J N (CI'y)).

Proof. Part (a) is an easy consequence of the definition. To prove (b), consider C™I" as
a I-module via (x,) = (8, @)xs = xg % x4 *x v_g for all a,f € . As a Imodule,
C™ = @uer(Cly) * x4 where T is any transversal for 'y, in T'; each (CT'y,) * z,, where
a € T, is a weight space for this module action. If J is an ideal of C™I', then J is a
[-submodule of C™I", and, as a sum of weight spaces,

J= JN((Clw) xz4) = P(JNCTy) * 24

acT a€ceT
since x, is a unit in C™I'. The result follows. |

Definition 2.5. We call m, or C™I', generic if 'y, =T',.

Since I'" has countable cardinality, there are at most countably many m which are not
generic. We aim to find conditions on 7, which relate the Poisson ideals of CI' and the
prime ideals of C™I" for generic m.

For each € I" define the automorphism 7, 3 € Aut(CI") by

Tim3(Za) = Tw(B, @) 20
for all & € I'. We may view 7,5 € (C*)"; indeed, evaluating z, at 7w g yields x4 (Tmg) =
Tm(0, a) for all a € T.
Recall the algebraic group G from Definition 1.3 and that the bilinear form determining

our Poisson bracket in this section is dr (Lemma 2.2).
Lemma 2.6. If m is generic, then I'y, = Iy, if and only if Tmp € G for all B € T.

Proof. Since m is generic, I',, = ', C I'y, by definition of dr. It follows that 'y, = 'y,
if and only if 7,(5,) = 1 for all a € T'y, for all 5 € . Hence I'y, = T, if and only if
Zo(Tmp) = 1 for all & € [y, for all § € I, which completes the proof. [ |

The following result compares Spec(C™I") with the Poisson spectrum of CT', where the
latter is the set of Poisson prime ideals endowed with the topology of the Poisson ideals. (A
Poisson prime ideal is a Poisson ideal P with the property that if I and J are Poisson ideals
such that IJ C P, then I C P or J C P; the closed sets of the Poisson spectrum are given
by sets V(J) = {Poisson prime ideals P : P D J} where J is a Poisson ideal of CI'.)
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Proposition 2.7. If m is generic and if Tmp € G for all § € T', then Spec(C™T") is home-
omorphic to the Poisson spectrum of CI' and the primitive ideals of C™I" are mazimal; the
homeomorphism is given by I — (I NCI'y,)CI' = (I NCT'y,)CI" where I C C™I" is primitive.

Proof. By Lemma 2.6, we have 7,3 € G for all # € I" if and only if I'y, = I'q;. Thus, the
hypotheses, Lemma 1.2 and Lemma 2.4 imply that both the Poisson spectrum of CI' and
Spec(C™") are homeomorphic to the spectrum of the group ring CI';. The homeomorphism
is given by [ — (I NCI'y,)CI' = (I NCT'y;)CT" where I C C™I'. Hence the maximal ideals of
C™ are homeomorphic to maximal Poisson ideals of CI', and vice versa.

If P is a primitive ideal of C™I', then the centre of Fract(C™I'/P) is isomorphic to C. It
follows that x, — A\, € P for all a € I'y, for some A\, € C. Hence P is homeomorphic to a

maximal Poisson ideal, so P is maximal. |

The automorphisms 7, 3 appear in [3, §4.5] and play a role in determining the cliques of

prime ideals of C™I" providing the group generated by {7,(03, ) : a, 3 € T'} is torsionfree.

3. FAMILIES OF TwisTS OF POLYNOMIAL RINGS

In this section, we specialise the theory of §2 to a certain subfamily of the algebras analysed
in that section. The subfamily consists of C-algebras such that each member is a “twist”
(defined below) by a semisimple linear automorphism of the polynomial algebra .S introduced
in §1. In particular, each member is of the form C[zy, ... , x,| with defining relations z;x; =
ajjxjz; for all 4, j, where each o; € C, a; = 1 and a;ja04 = 1 for all 4,7, . Our main
results are Theorems 3.8 and 3.12 which give necessary and sufficient conditions for the
primitive ideals of the generic member of this subfamily to be in one-to-one correspondence
with the symplectic leaves of the Poisson structure.

Formally, we define the subfamily as follows. Recall from §1 that S denotes the graded
polynomial algebra over C on n variables and let R and U(R) be defined as in §2. The natural
degree function on S may be extended to the commutative R-algebra R ®¢ S, whereby we
view R — R®c S such that deg(R) = 0. Let o € Aut(Py'); that is, o determines a graded,
degree zero, R-algebra automorphism of R®c.S. We use 27 to denote o(x) for all z € R®¢ S.

Definition 3.1. [1] The twist (R ®¢ S)? of R ®c S by the automorphism o is defined to be
the R-algebra which is determined by the two conditions:
(1) (R®c S)? = R®c S as graded R-modules, and
(2) the multiplication * in (R ®¢ S) is given by z %y = 27y for all z € (R ®¢ S)7);,
for all y € ((R®c¢ S)?);, for all i, j (where the right hand side uses the multiplication
of R®c 9).
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©

We remark that if ¢ € Autgz(R®c S) such that ¢|rg.s, € U(R)0|rges,, then (R®¢ S)?
(R ®c S)°.

Henceforth, we additionally assume that o has a representative which acts semisimply on

R ®c¢ S; in the sense that there exist generators zi,...,x, € 57 for R ®c¢ S which form

a basis for R ®¢ S; as a free R-module such that 27 € U(R) ®c¢ «; for all i. With these

assumptions, the twist (R ®c S)? has generators 1, ... ,x, over R and defining relations:
Ti* Xy = Tyl * Ty where Tij c U(R), Tii — 1 and TijT5eTei = 1 (*)

for all 7, ,¢. Moreover, it is straightforward to show that any R-algebra with generators

Z1,...,%, over R and defining relations (x) is a twist (R ®¢ S)? for some 0 € Aut(R ®c S)

which acts semisimply (in the above sense) on R ®¢ S;. Clearly, (R ®¢ S)?[z1?, ... 2,1 is

a twisted group ring of a free abelian group, so the results of §2 may be applied.
For each maximal ideal m of R, the C-algebra
(R ®c 5)°
(m)
is a twist of S by the induced map oy, € Aut(S). As in §2 we assume that there exists a
maximal ideal Rh of R such that ¢ = identity modulo (k).

B(m) =

Remark 3.2. Since ¢ € Aut(P; '), the algebra B(m), where m is a maximal ideal of R,
determines the automorphism o, only up to a scalar multiple. In particular, if fo~ € C*f
for some f € CI', then the scalar multiple of f obtained in this way is only well defined if
f is homogeneous of degree zero. For this reason, in the rest of the paper, we view o, €
Aut(P?J&l) where we identify IP’%?}H with P(S7).

The family {B(m)} induces a Poisson bracket on S and on CT', as defined in Definition
2.1 (and recall Lemma 2.2), which is determined by a nonzero skew-symmetric bilinear form
b: T xT — C. Since (R®c S)[z7",... 2" is a twisted group ring R'T, where 7 :
['xI' — U(R) is the bimultiplicative skew-symmetric form determined by the multiplication
in (R®c S)°[x1", ...,z ', we have that b = dr. Let dr have matrix (dr;;) with respect to
the generators xy, ... ,x,; by (*), we obtain dr; = 0 and dr;; + d7j; + d1y; = 0 for all 4, 5, £.

As mentioned in §1, the rank of the induced symplectic form at any point of (C*)" is

constant and is referred to as the rank of dr, where dr is extension of dr by scalars.
Lemma 3.3. If dr # 0, then the rank of dr is two.

Proof. With respect to the generators xy, ... ,z,, an arbitrary 3 x 3 submatrix of (dr;;) has

the form

dTeq dTey dTec
drye dry  dre |, (1)

ATye dTw  dTyue
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where a, b, ¢, s, t,u € {1,... ,n}. However, since dr;; +d7j,+dry; = 0 for all i, j, £, subtracting
the first column of () from each of the other two columns changes those columns into
multiples of (1,1,1)7. So the submatrix (f) has rank at most two. [

Corollary 3.4. The symplectic leaves in (C*)" associated to the symplectic form dt deter-
mined by (R ®c S)[z7Y, ...,z '] are algebraic if and only if dr = pub where b takes values
i Q and p € C.

Proof. By Lemma 3.3 we have that rank(dr) < 2. The result follows from Corollary 1.5. W
Recall from §2 that m is said to be generic if I'y, =T';.

Proposition 3.5. Suppose that dr # 0 and that the symplectic leaves in (C*)™ are algebraic.

(a) If a € Ty;, then deg(z,) = 0, and every Poisson ideal of CI' is homogeneous.
(b) If m is generic, then the ideals of B(m)[z1", ...,z '] are homogeneous.
(c) If deg(x) =0 and xZ™ = x,, then o € Ty,

Proof. (a) By Proposition 1.4 we have C®7 Ty, = Rad(d7), so, by Lemma 3.3, rank(I'g,) =

dim(C ®z I'4;) = n — 2. By relabelling the x; if necessary, we may assume that drs # 0.
With respect to the basis {x;}, consider elements of the form v = (v;) where v; = dr;0} +

drj104 + d712(5§ for all 7, where 7 > 3 and 0 denotes the Kronecker delta symbol. The dot

product of row s of (dr;;) with such an element v is
deldng + dTSQdel + dedelg = dTSldTQj + (dTSl + dTlg)(deg + dTQl) +
+ (d7s1 + d7go + d7g;)dT12
=0

for all s and for all 7 > 3, so v € I'y,. Since such v are linearly independent and since
rank(I's;) = n — 2, it follows that such v form a basis for I'y;. This proves the first part
of (a), since the coordinates of v sum to zero.

The Poisson ideals of CI' are generated by their intersection with the Poisson centre, CI'y,
by Lemma 1.2, so (a) follows.

(b) Since I'. C I'y,, part (a) implies that deg(z,) = 0 for all @ € I';. If m is generic, then
the same holds for all a € I'y,, so the result follows by Lemma 2.4.

(c) Fix a representative of oy, in GL(C") such that z{™ = ¢;x; where ¢; € C* for all
i. If a = (ay,...,0p) and B = (B1,...,0,) where > «a; = 0, then a computation shows
that (o, 5) = (q?lqg‘z---qg")zﬁi. However, if 27 = z,, then ¢{"¢?*---¢%~ = 1, so

Tm(cr, 3) = 1. Since [ was arbitrary, the proof is complete. [
Recall the algebraic group G from Definition 1.3.

Lemma 3.6. If 'y, C {a €T : deg(x,) = 0}, then oy has a representative in GL(C™) which
belongs to G if and only if Tmp € G for all B €T
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Proof. Fix a representative of o, in GL(C") such that /™ = g;z; where ¢; € C* for all 1.

By viewing 73 € (C*)" and oy, € (C*)™, a computation shows that
Ta(Tmp) = (@' - )= (Talow) " 2%
where o = (o;) € ' and § = (f;) € I". Hence, by our hypothesis, we have

Za(Twg) = (Ta(ow)” 25
for all « € I'y;, for all 8 € I". Thus, if o, € G, then 7,3 € G for all 8 € I'. Moreover, if
Tmp € G for all § € I', then, by choosing § = (—1,0,...,0) € I, we have that z,(on) = 1
for all o € Iy, which completes the proof. [ |

By Proposition 2.7, it seems reasonable to compare the symplectic leaves in (C*)™ with the
primitive ideals of the deformation B(m)[z1", ...,z '] of CT'. By Proposition 3.5 and Lemma
3.6, it follows that Proposition 2.7 shows that if the symplectic leaves are algebraic, then a
sufficient condition to obtain a correspondence is to have a representative in GL(C™) of oy
which belongs to GG; to have this condition also be necessary, we consider the homeomorphism

in the proof of Proposition 2.7 from a different viewpoint, as outlined in the following remarks.

Remarks 3.7.

(1) Since B(m) = S as graded vector spaces, an element f € B(m); is an element of
S; and vice versa; for example, B(m), contains x; * x; which is zfx; € S;. Hence,
a homogeneous left ideal I of B(m) is a homogeneous ideal of S, such that if [ =
> B(m) * f; where f; € B(m);, (=S5},), then I =3, Sf;.

(2) The preceding remark also applies to the twisted group rings B(m)[z1',... 2 "]
= C"I and S[z;',...,z;'] = CI. It follows that, for homogeneous ideals, the
homeomorphism of Proposition 2.7 is the identification in the preceding remark be-
tween homogeneous ideals of C™I" and homogeneous ideals of CI', where the elements
of the ideals are the same.

(3) If I is an ideal of S (respectively, S[z7",...,z;']), then we may associate to it a
variety, denoted V(I), in C" (respectively, (C*)") which is the common locus of zeros

of the elements of 1.

Theorem 3.8. Suppose that C™I" has the form B(m)[x1",... 2] and that m is generic.

(a) If Tqr C {a € T': deg(xy) = 0}, then the primitive ideals of C™I' and the Poisson
1deals of CI' are homogeneous.

(b) If T4r € {a € T : deg(z,) = 0}, then the correspondence in Remarks 3.7(1) defines
a one-to-one correspondence between the primitive ideals of C™T" and the maximal
Poisson ideals of CI' if and only if o has a representative in GL(C™) which belongs
to G.
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(c) If Ty C{a €T : deg(xy) =0} ordr =0, then the map P — V(P) C (C*)" defines
a one-to-one correspondence between the primitive ideals of C*I' and the orbits of G
n (C*)™ if and only if o has a representative in GL(C™) which belongs to G.

(d) If the symplectic leaves in (C*)" are algebraic, then the map P — V(P) C (C*)"
defines a one-to-one correspondence between the primitive ideals of C™I' and the
symplectic leaves in (C*)" if and only if o has a representative in GL(C™) which

belongs to G.

Proof. (a) Since I'yy =1, C Ty, C {a € T : deg(z,) = 0}, the result follows from Lemma
2.4 and Lemma 1.2.

(b) By Proposition 2.7, Lemma 3.6, Remarks 3.7 and part (a), if o, € G, then the corre-
spondence holds. Conversely, if the correspondence holds, then we may view any primitive
ideal of C™I" as containing the same elements as the corresponding maximal Poisson ideal
of CI'. It follows that I'y, = I'y,, by Lemma 2.4 and Lemma 1.2. Hence, by Lemma 2.6 and
Lemma 3.6, we have o, € G.

(c¢) By Proposition 1.4, if dr # 0, then this is part (b). If dr = 0, then 'y, = I', G is trivial
and the orbits of G in (C*)™ are the points of (C*)". Hence, in this case, the correspondence
holds if and only if the primitive ideals correspond to the points of (C*)™. This happens if
and only if C™I" is commutative, that is, if and only if o, has a representative in GL(C")
which is the identity.

(d) If d7 = 0, then this is (c). If d7 # 0 and if the symplectic leaves are algebraic, then,
by Proposition 3.5, I'y; C {a € I" : deg(z,) = 0}, and hence (d) follows from (c). |

The Poisson bracket on S makes C™ a Poisson manifold, but the rank of the induced
symplectic form on C" is not constant; the rank is either two or zero at the points of C".
We call a symplectic leaf L in C" algebraic if L, or its closure L (in the Zariski topology),
is equal to V(J) where J is a Poisson ideal in S. A Poisson ideal of S which is the defining
ideal of the closure of a symplectic leaf need not be a maximal Poisson ideal of S.

Since Poisson ideals of CI' correspond to Poisson ideals of S which do not contain any
monomial in the x; and since maximal Poisson ideals of CI" are prime, an algebraic symplectic
leaf of (C*)" is also an algebraic symplectic leaf of C™. If follows that if the symplectic leaves
of (C*)™ are algebraic, then any symplectic leaf of C™ either lies on some V(x;) or intersects
none of the V(x;).

The factor algebra B(m)/{x;,,... ,z;. ), where 1 < r < n, is the twist of the polynomial
algebra on n—r generators by the induced automorphism o/, € Aut(S;/(Cx;, + - + Czx;,)).

It follows that
B(m)

<xi1> B 7xir>
is a twisted group ring C™I"” where [ is a subgroup of I of rank n — r.

[27' : @; # @y, for all £ < 7]
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Definition 3.9. Recall the notation from §2 concerning twisted group rings. For every
subgroup IV C T', let 7/ denote 7|rxr, (7')m the restriction 7|« and d7’ the restriction
dr|rixr. Define (I')./, (I)m, (I)4 and G" analogously to I';, I'y, ['y- and G, and define

¥ = { maximal ideal m of R: (I"),» = (I'), for all subgroups I of T'}.
Clearly, if m € ¥, then m is generic.

Lemma 3.10. If the symplectic leaves of (C*)™ are algebraic, then so are the symplectic

leaves of C™.

Proof. By Corollary 3.4, if the symplectic leaves of (C*)™ are algebraic, then dr = b where
1€ C and b takes values in Q. It follows that if I is a subgroup of T, then dr’ = ul~)|pfxp/.
Hence, by Corollary 1.5, the symplectic leaves associated to CI' are algebraic for all IV C T'.
If T is the subgroup generated by

{(aj) €T ey, =0 forall ¢ <r}

where rank(I) = n — r, then such symplectic leaves correspond to Poisson ideals of S of the
form J + (x;,, ... ,x;) where J is an ideal of S such that (J + (z;, ... ,2;.))/{zi,, ... ,2;)

does not contain any monomial. [ |

Lemma 3.11. Suppose that the symplectic leaves of (C*)" are algebraic. If m € X, then
om has a representative in GL(C™) which belongs to G if and only if o), has a representative

which belongs to G' for every subgroup I'" C T'.

Proof. It suffices to prove that if o, has a representative in GL(C™) which belongs to G,
then o/, has a representative which belongs to G’ for every subgroup I'" of I'. Suppose that
m € ¥ and that o, has a representative in GL(C™) which belongs to G.

If dr = 0, then G is trivial, so oy, is the identity on Pzﬁl and hence o}, is the identity on
IPE;’I for all subgroups I'” of rank n — r where 1 < r <mn — 1 (recall Remark 3.2); thus, in
this case, o7, has a representative which belongs to G'.

Suppose that dr # 0 and that rank(I"”) = n — 1. In particular, by Lemma 2.6, Proposition
3.5 and Lemma 3.6, we have I', = Iy, since oy, has a representative in GL(C") which
belongs to G. Let W = (C ®z I'y;) N (C ®z '), which is a subspace of C ®z (I')4 and has
dimension n — 3 or n — 2. If d7/ # 0, then, by Proposition 1.4, Lemma 3.3 and Lemma 3.10,
we have rank((I")4) = n — 3, so dim(W) = n — 3. It follows that W = C ®z ()4, so
C®z (1M € C®z g = rad(dr). Thus, (I")gr C rad(dr) NT, so (I")g4 C Ty, Hence
(IMgr C Ty NI =TyNIY C (1Y), However, since m € 3, we have (I'V)n = (I'V) € (I') s,
so equality holds in this case. It follows that o), has a representative which belongs to G’ by
Lemma 2.6, Proposition 3.5 and Lemma 3.6. On the other hand, if d7’ = 0, then I'" = (I") 4~
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and dim(W) =n — 2 (since dr # 0). So C ®z ['y; C C ®z ", so that
n—2

CezI" = Ca; ® Ca

i=1
where the a; € 'y, and o € (C®7z ") \ (C®z 'yr). However, 'y, = 'y and 7(, ) = 1, so
by extending 7’ to (C®zI") x (C®zI") via 7'(myia, mab) = 7'(a, b)™ ™2, where my, my € C,
a,b € I, we find that 7/(I" x I') = 1, so (I""), = I". It follows that o/, is the identity
on IP’E:,‘, and hence has a representative which belongs to G’. The result now follows from

reverse induction on the value of n. [ |

Theorem 3.12. Suppose that the symplectic leaves in (C*)™ are algebraic and that m € 3.

(a) The nonmazimal primitive ideals of B(m) are homogeneous.

(b) The map P +— V(P) C C" defines a one-to-one correspondence between the primitive
ideals of B(m) and the symplectic leaves in C™ if and only if o has a representative
in GL(C™) which belongs to G.

Proof. By Theorem 3.8, the primitive ideals of B(m) which do not contain any x; correspond
to the symplectic leaves of (C*)™ if and only if o, has a representative in GL(C™) which
belongs to G. Since each (z;) is a Poisson ideal, we may apply Theorem 3.8 (together with
Lemma 3.10 and Lemma 3.11) inductively to B(m)/(z;,,... ,z;.) for all r < n to yield the
result. [ |

Example 3.13. Suppose that n = rank(I") = 4 and that R = C[h][(1 — k)], where h is an
indeterminate. Define o € Aut(R®c S) by 2§ = z1, 5 = (1 —h) " tzg, 2§ = (1 — h) 'z3 and
2§ = (1 — h)2x4, so that (R ®c S)° = R[x1, ... ,x4] with six defining relations

x1 % e = (1 — h)wg % 29, ok xy = (1 — h)xy * 29, To * T3 = T3 * To,
ryxx3=(1—h)zzgxx, w3*xxy=(1—h)zgxxs, w1%xx4=(1—h)%zy*2].

The Poisson bracket induced on S is determined by

{21, 22} = =179, {22, 24} = —wo14, {9, 23} =0,

{1, 23} = —mw3,  {@3, 24} = —w3w4, {21, 24} = —2m174,
so the symplectic leaves are algebraic by Corollary 3.4. It therefore follows from Proposition
3.5 that deg(x,) = 0 for all € Ty, so that G = V(xg —x3, 23 — x124) N (C*)*. The maximal
ideals of R have the form (h — ¢q) where ¢ € C, g # 1, so o, has a representative in GL(C")
which belongs to G for all m, and m € ¥ if and only if ¢ — 1 is not a root of unity, which
holds if and only if m is generic. Hence by Theorem 3.12 there is a one-to-one correspondence
between the primitive ideals of the generic deformation B(m) and the symplectic leaves in
C*.

In this example, the Poisson ideal (xjx4 — zox3) of S is oy-invariant. The corresponding

factor algebra of B(m), where m = (h —1+¢), is A(m) = B(m)/(x; x4 — qxe * x3), which is

isomorphic to a factor algebra of the coordinate ring of quantum 2 x 2 matrices (see Corollary
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3.15) and also to a twist by an automorphism of a factor algebra of the coordinate ring of

quantum symplectic 4-dimensional space.

Example 3.14. Let R = C[h|[(1 4+ a;h)"" : 4 = 1,... ,n] where the a; € C are distinct for
all i. Define o0 € Aut(R ®c S) by 27 = (1 + a;h)z; for all . Then the twist (R ®c 5)7 is
the R-algebra generated by x1, ... ,x, with defining relations x; * x; = r;;z; * ; for all 7, 7,
where the r;; = (1 + a;h)(1+ a;h)~*. In (R ®c S)° we have

xi % x5 — xj % 1 = h(a; — a;)(1+ a;h) oy * 5
for all 7, 7. Hence the induced Poisson bracket on S is determined by

{zi, 25} = (i — aj)wiw;

for all 7, j.

By Corollary 3.4, the symplectic leaves are algebraic if and only if there exists u € C such
that a; — a; € Qu for all 7, j. Moreover, if m = (h — ¢), then a calculation shows that m € X
if and only if the subgroup of C* generated by {1 + a;q:i =1,... ,n} has torsionfree rank
> n — 1 since the a; are distinct. If the symplectic leaves are algebraic, then deg(z,) = 0 for
all @ € Ty, (by Proposition 3.5), so (z,)™x_, € C is well defined for all a € T'y,, no matter

which representative of oy, € Aut(IP’E;) is used (see Remark 3.2). In this case, a calculation

shows that o, has a representative in GL(C") which belongs to G if and only if 29 z_, =1

for all @ € 'y, which is true if and only if H(l +a;q)* =1for all a = (aq,...,q,) € 4.

If we taken =3 and a; =i—1fori =1, é,_ili, then the symplectic leaves are algebraic, and
m = (h—q) € ¥ if and only if the subgroup of C* generated by {14 ¢, 1+2¢} has torsionfree
rank equal to two. However, Ty, = Z(—1,2, —1), so G = V(23 — x123) N (C*)3, which yields
that oy, has a representative in GL(C™) which belongs to G if and only if m = (h), which
is not in Y. Hence the desired correspondence fails. In fact, the maximal Poisson ideals are
(axyz3 + brd) for all a,b € C* and

(ma), @iy, @iy, Ty — €) (1)
for all 4, for all ¢ € C and for all distinct i1, i9, 3. If m € X, then the primitive ideals of B(m)

are those in (1) and 0. So, in this example, not only does the correspondence fail, but, in

addition, neither list of ideals is contained in the other.

As a corollary to Example 3.13, we may use Theorem 3.12 to prove that there is a one-
to-one correspondence between the primitive ideals of the generic coordinate ring O,(M,) of
quantum 2 x 2 matrices and the symplectic leaves in Ms. In [6], O,(Ms) is defined to be a
C-algebra on four generators a, b, ¢, d with six defining relations

ab = qba, bd = qdb, bc = cb,
ac = qca, cd = qde, ad — da = (q — q~1)be,
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where ¢ € C*. If ¢ = 1, then O;(My) = O(M;), a polynomial ring. It is well known
that O,(Ms) is a flat deformation of O(My) such that My (=2 C?*) carries the structure of a
Poisson manifold. By [13, 14], O,(Ms) is neither a twist of a polynomial ring nor a twisted

homogeneous coordinate ring.

Corollary 3.15. If q is not a root of unity, then the primitive ideals of Oy (Ms) are in

one-to-one correspondence with the symplectic leaves in M.

Proof. If ¢ is not a root of unity, then the centre of O, (M) is C[€,] where Q, = ad — gbe.
Thus (by standard theory) a primitive ideal of O,(M,) contains €2, — A for some A € C. The
primitive ideals which contain €, correspond to primitive ideals of the algebra A(m) from
Example 3.13. It follows that if ¢ is not a root of unity, then the primitive ideals which
contain €2, are in one-to-one correspondence with the symplectic leaves in V(€;) C M.

On the other hand, if A # 0, then the automorphism ¢ : O, (M) — O,(M,) defined by
o(a) = Aa, ¢(b) = Ab, ¢(c) = ¢, ¢(d) = d takes Q, — X\ to A(Q; — 1). The primitive ideals
which contain Q, — 1 correspond to primitive ideals of O,(SLy) and, in [7], it is shown that
they are in one-to-one correspondence with the symplectic leaves in SLy = V(0 — 1) C M,

if ¢ is not a root of unity. The result follows. [ |

Remark 3.16. Suppose that the hypotheses of Theorem 3.12 hold and that o, has a rep-
resentative in GL(C™) which belongs to G. Then every nonmaximal primitive ideal P of
B(m) is homogeneous, and V(P), the closure of the corresponding symplectic leaf in C™,
is connected (but not necessarily irreducible). Since the symplectic leaves in (C*)™ are the
orbits of G, they are oy-invariant. It follows from Lemma 3.10 and Lemma 3.11 that the
closures of the symplectic leaves in C" are o,-invariant. In fact, we claim that o, cyclically
permutes the irreducible components of V(P) where P is a primitive ideal of B(m). This
can be seen as follows.

If P is maximal, then, after factoring out suitable x;, P corresponds to a maximal Poisson
ideal P° in a suitable polynomial ring such that V(P) = V(P°). Since P is prime, V(P)
is irreducible, so has no proper irreducible components. On the other hand, if P is a non-
maximal primitive ideal of B(m), then the Poisson ideal to which it corresponds is an ideal
of the form J; + J; where J; = (x;,,... ,z; ) and Jo is generated by the images of z, — A\,
in S where A\, € C* and a € T'y, is such that a« = (v, ... ,,) where a;; = -+ = o, = 0.
If V(P) contains a proper oy-invariant subvariety V, then J, is contained in an ideal J of
S generated by certain homogeneous o,-invariant factors of the generators of J,. However,
such factors multiplied by an appropriate x, in CI' have degree zero and are o-invariant
with eigenvalue one. By Proposition 3.5(¢c), such an element belongs to I';, which equals Ty,

since oy, has a representative in GL(C") which belongs to G. It follows from Lemma 1.2 that
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J is a Poisson ideal of S so that V is a point of V(P). Since V(P) is connected, the claim is

proved.
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